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ON MEANS OF DETERMINANTS OF MATRIX PROJECTIONS*

NICO LOMBARDI', EUGENIA SAORIN GOMEZ!, AND LINUS WIEGMANN#

Abstract. We establish determinantal counterparts of classical integral-geometric representations of quermassintegrals of
convex bodies in the case of mixed discriminants of positive semidefinite matrices and the identity matrix. In particular, we
derive an analogue of the Cauchy—Kubota formulae for those mixed discriminants. This note is inspired by a result in [4],
in which the average of the determinants of the projections of a positive semidefinite matrix onto (n — 1)-linear subspaces is
proven to be equal to a matrix analogue of the surface area of a convex body. Further, the one-to-one relation between positive
semidefinite matrices and centered ellipsoids allows us to provide this notion of projection of a matrix with a geometrical insight.
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1. Introduction. Aleksandrov introduced the mixed discriminant of positive semidefinite quadratic
forms in his second proof of the Aleksandrov—Fenchel inequality for convex bodies in [1]. Inequalities for
mixed volumes have been investigated in the context of mixed discriminants, see [2, 8, 9, 10, 12], and a
characterization of the mixed discriminant was obtained in [7].

Let S¥ denote the space of symmetric and positive semidefinite nxn real matrices. Let Q1,...,Qm € ST,
m € N, and let A\1,..., A\, > 0. The determinant of \1Q1 + -+ - + A, @m, When not zero, is a homogeneous
polynomial of degree n in Aq1,..., A, with coefficients depending only on Q1,...,Q,, i.e., there exists

D: (8})™ — R, such that

(1.1) det (D> NQi | = > XX, D@y, Q)

i=1 i1yesin=1
We call the uniquely determined symmetric coefficient D(Q1, . .., @) the mixed discriminant of Q1, ..., Qx.
We refer to Section 3 for further details and properties of the mixed discriminant D.

The identity (1.1) is a matrix counterpart of the well-known Minkowski Theorem (see Theorem 2.1)
within the realm of convex geometry. Let K™ be the set of all convex bodies in R™, i.e., nonempty convex
and compact subsets of R™, and let vol,(-) denote the volume, i.e., the n-dimensional Lebesgue measure
in R". For Kiy,...,K,, € K™ and A1,..., A\, > 0, m € N, the volume of the Minkowski combination
MK+ -+ A Ky, when not zero, is a homogeneous polynomial of degree n in Ay, ..., \,, with coefficients
given by the mixed volume V: (K™)"® — R (see Theorem 2.1), i.e.,

(1.2) voly [ D NK; | = ) A A, V(KL KG).
i=1 3

B1500yin =1
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The quermassintegrals of a convex body K € K" are particular instances of mixed volumes. We denote
the n-dimensional closed Euclidean unit ball by B, C R" and its volume by x,,. Then,

(1.3) Wi(K)=V(K,...,K,By,...,By),
(n—k)-times k-times

is the k-th quermassintegral of K for 0 < k < n. We note that Wy (K) = vol,,(K), and nW;(K) = S(K) is
the surface area of K. The (Minkowski) surface area of a convex body K can be defined by the following
variational formula [11, page 104] as follows (we refer the reader to Section 2 for further details),

(1.4) S(K) = lim vol(K + pB,,) — vol(K)
' p—0+ p ’

For @ € 8% and I, the n X n identity matrix, we consider the family of mixed discriminants defined as
(1'5) Dk(Q)::D(Q7"'7Q7In""7‘[n)’ nggn?

—_——— ——

(n—k)-times k-times
and refer to Dy as the k-th quermassintegral of the matrix @ following (1.3).

As particular instances of mixed discriminants, the quermassintegrals of a matrix () appear as coefficients
in (1.1), when m = 2, and only the two matrices @, I,, € S} are considered. More precisely, (1.1) and (1.5)
yield

(1.6) det(Q + AL,) =Y (Z) MDL(Q).
k=0

This is a counterpart of Steiner’s formula for convex bodies (see Section 2 for details). We observe that D
can be obtained from (1.6) by the following limit (cf. (1.4))

p—0t P

=nD1(Q),

which provides us with a motivation to set S(Q) := nD;(Q) as a matrix counterpart of the surface area of a
convex body, following (1.4).

Our primary aim in this note is to provide a matrix counterpart of the Cauchy—Kubota integral-geometric
representation of the quermassintegrals of a convex body. The latter establishes that the quermassintegrals
of a convex body are the averages of quermassintegrals of orthogonal projections of the convex body onto
arbitrary linear subspaces. We write £} for the Grassmannian of all k-dimensional subspaces of R™. For
L € L}, we denote by pr, the orthogonal projection onto the subspace L. A particular case of the Cauchy—
Kubota formula is the so-called Cauchy surface area formula (see Theorem 2.3 for details), which establishes

(1) s) = | o vl () dow)

Rn—1

where o denotes the spherical Lebesgue measure on the (n— 1)-dimensional Euclidean unit sphere S*~!, with
o(S"1) = nk,, vol(B,) = Ky, and, for u € S"~!, ut denotes the (n — 1)-dimensional subspace orthogonal
to u.

In [4], Barvinok proved a matrix counterpart of the Cauchy surface area formula for positive semidefinite
matrices, where the role of the volume is taken by the determinant. The result reads as follows:
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THEOREM 1.1. [4] Let Q € S} be an n x n real, positive semidefinite matriz. Then,

(1.9 DiQ) = - [ deP(@)dotu)

NKn

Here, P,1(Q) denotes the orthogonal projection of the matrix @ onto the (n — 1)-dimensional subspace
orthogonal to u € S"~!, denoted by u™.

Every centered ellipsoid £ C R" is uniquely determined by a positive semidefinite matrix Q. Moreover,
every positive semidefinite matrix ) € S} uniquely determines an ellipsoid Eq. If E is any centered ellipsoid,
then Fqg, = E. This bijection extends beyond the one-to-one correspondence to include additions: the Lo-
addition of convex bodies (in particular, ellipsoids) and the usual sum of matrices. We refer the reader to
Section 2 for details. For a subspace L € L}, provided an orthonormal basis B of L has been fixed, the
projection of a positive semidefinite matrix @ onto L is defined as the unique k X k positive semidefinite
matrix, given in basis B, defining the ellipsoid pr(Egq), which is the orthogonal projection of the ellipsoid
Eq onto L. For further details, we refer to Section 4.

Inspired by Theorem 1.1 and following the ideas of its proof, we state a matrix counterpart of the
Cauchy—Kubota formula for convex bodies. Our main result is the following theorem. Let v denotes the
O(n)-invariant Haar measure on L}. For m # n, we write D(™) for the mixed discriminant of matrices of
size m x m. If Q) is positive semidefinite and of size m x m, we write

Dgn)(Q):D(m)( Qv"'aQaIma"'aIm)a 0<k<m.
(m—k)-times k-times

THEOREM A. Let Q € ST be a real, positive semidefinite matriz of sizen xn. Let 0 < j <k < n, then

(1.10) D@ = [ D (P@) (L)

First, we provide a different proof of the identity (1.9), i.e., of Theorem 1.1, following the proof of the
Cauchy surface area formula for convex bodies given in [21]. In addition, we prove further results on S(Q)
as in the above spirit, namely, connecting S(Q) to the projection of the matrix Q. We further consider a
slightly more general notion, which can be seen as the matrix counterpart of the relative surface area of a
convex body, with respect to a second one (see [19]). For @, R € 8%, (1.1) yields
i det(Q + pR) — det(Q) D

1.11 1
(1.11) i, ;

(@, Q,R) = S(Q; ),
——

(n—1)-times
where we introduced the notation S(Q; R) in analogy to its convex body counterpart.

For the proof of Theorem A, we extend the methods used in [4, Lemma 2.3] to other mixed discriminants
and to the projection of a matrix () onto an arbitrary linear subspace of R™ of dimension 1 < k <n — 1.

We remark that Theorem A is the matrix counterpart of the so-called Cauchy—Kubota formula for convex
bodies, which is an extension of the Cauchy surface area measure (1.8).

The following statement is a direct consequence of Theorem A. Its proof follows the lines of the convex
bodies counterpart (see [13, Theorem 5.7]) and generalizes the case k = 1 shown in [4, Theorem 2.4].
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COROLLARY B. Let 0 <k <n and Q1,...,Qr € S}. Then,

D(Q17 .. '7Qka Ina v 7I7L) = / D(k)(PL(Ql)a .. 'aPL(Qk)) dyk'(L)
— LeLy

(n—k)-times

The paper is structured as follows. In Section 2, we gather several results on convex geometry, which
motivate and inspire the main results in the paper. Among others, we state the Cauchy surface area formula
and the Cauchy—Kubota formula for convex bodies, counterparts of which will be proven in the context
of positive semidefinite matrices in Section 5. In Section 3, we deal with details and properties of mixed
discriminants and of projections of matrices in ST, which are necessary for the rest of this note. In Section 4,
we state and exploit the basics of the intertwining between the theory of symmetric and positive semidefinite
matrices, and (centered) ellipsoids, presenting results and properties of matrix counterparts of classical
magnitudes for convex bodies, as the surface area or, more generally, quermassintegrals, for matrices in SY.
The main results of this work are contained in Section 5, where we first provide a new proof of Theorem
1.1, then we prove Theorem A, and finally obtain other results linking positive semidefinite matrices and
ellipsoids.

2. Background results from convex geometry: motivation. Our ambient space is the
n-dimensional Euclidean space R”, endowed with the standard inner product (-,-) and the associated Eu-
clidean norm ||-||. We denote by K™ the set of all nonempty convex and compact subsets, i.e., convex bodies,
in R™. The Minkowski sum of the convex bodies K, L is defined as K + L :={k+1 : k€ K, |l € L}.
Moreover, if @ > 0, then oK := {ak : k € K}. For every K, L € K" and «, 8 > 0, we have that oK + 8L is
again a convex body. The dimension of K € K", denoted by dim(K), is defined as the dimension of the affine
space aff(K) spanned by K. For a k-dimensional linear subspace L € L}, we recall that pr(K) denotes the
orthogonal projection of K onto L. Next, we introduce mixed volumes by means of the Minkowski theorem
(we refer the reader to [20, Chapter 5] for equivalent definitions of this notion).

THEOREM 2.1. [20] There exists a unique nonnegative symmetric function V: (K™)" — R such that for
every m € N and for every choice of K1,..., K, € K™ and Ay,..., A\ > 0, we have

Vol (MK + -+ AmK) = Y Xy A, V(KK

1Si11~~7ingm

The function V is called mized volume.

We observe that the quermassintegrals of a convex body K introduced in (1.3)

Wk(K) :V(Ka"'aKaan"'7Bn)a
—_——— ——
(n—k)-times k-times
are particular cases of mixed volumes. In particular, we recall that Wo(K) = vol,(K) and, by (1.4),

S(K) = nW(K) is the surface area of K. The quermassintegrals of K can also be introduced directly
through the polynomiality given in Theorem 2.1, namely, via Steiner’s formula.

THEOREM 2.2 (Steiner’s formula). [20, Section 4.2] For every p > 0 and K € K"

vol, (K + pBy,) = Z (Z) p"Wi(K).
k=0
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The Cauchy surface area formula retrieves the surface area of a convex body as an average of the (n — 1)-
volume of its projections. Recall that rkj stands for the k-Lebesgue measure of the Euclidean unit ball By,
in R*.

THEOREM 2.3. [20, Section 5.3] Let K € K™ and u € S"~. Then,

(2.1) sk) = | YOt (e () do)

Rn—1

The generalization of Theorem 2.3 expressing the quermassintegral of a convex body K by the mean of
quermassintegrals of projections of K onto k-dimensional subspace of R™ is called Cauchy—Kubota formula.
For L € L}, we denote by W;-k) (pr(K)) the j-th quermassintegral of py,(K) defined on the ambient space
L, with0<j<k<n.

THEOREM 2.4 (Cauchy—Kubota formula). [20, Section 5.3] Let K € K", then

Kn k
(2.2) W, _j(K) = == W (pL(K)) dui(L),
Kk JrLecy

for0<j<k<n.

Let K € K™. The support function of K is defined by h(K,z) = max{{(z,y) : y € K} for all z € R™,
which uniquely describes K. Indeed, if f: R™ — R is a positively 1-homogeneous and subadditive function
in R™, then there exists a unique convex body K € K™, such that f(z) = h(K,x), for every x € R", see [20,
Theorem 1.7.1]. We further remark, that if K is a convex body and L € L}, then

(2.3) hMEK,u) = h(pr(K),u) forallue L.

For two convex bodies K, L containing the origin, the so-called 2-mean of the support functions of K
and L provides us with the support function of a new convex body, K +5 L, called the 2-sum of K and L.
More precisely, for x € R™ and K, L € K such that 0 € K N L, the function f: R™ — R, given by

(2.4) flz) == (h(K,2)> + h(L,z)%)?,

is the support function of K +5 L, see [20, Chapter 9]. Along with the 2-sum, the dilation \ -5 K := A\/?2K,
ie., h?(\ -2 K,z) = AhW?(K, ), for A > 0 and every # € R" is introduced. The 2-sum natural framework is
the Lo-theory. The latter is the case p = 2 of the so-called L, Brunn-Minkowski theory, with p > 1, see [20,
Section 1.9].

We will prove in Section 3 that S(Q), the surface area of a matriz @ € S, is closely related to the so-
called Lo-surface of the associated ellipsoid Eg. Within the Ly-Brunn—-Minkowski theory, the Lao-surface area
is introduced as the analogue notion of surface area of a convex body obtained by means of the variational
quotient (1.4), replacing the Minkowski sum by the 2-sum, defined in (2.4). For convex bodies K and L
containing the origin, the Ly-surface area of K relative to L is defined by the following limit expression:

vol(K 432 p -2 L) — vol(K)

(2.5) So(K; L) := pliréh 5 .

Along the proofs in the coming sections, we will make use of the surface area measure of a convex body
K € K™, denoted by dS,,—1(K,-) (see e.g. [13, 20]). For completeness, we provide with the definition. In
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order to do so, we use the notation v, for the unit outward normal vector at any boundary point of x € K.
Then, the surface area measure of K € K" is the Borel measure on the unit sphere S*~! defined, for any
(measurable) w C S"1, as

dS,_1(K,w) :==H"'({x € 0K| v, € w}),

i.e., the (n — 1)-Hausdorff measure of the (set of) boundary points of K with unit outward normal vector v,
belonging to w. We notice that dS,,—1 (K, -) depends on K. Indeed, we have do = dS,,_1 (B, ). We refer to
[20, Chapters 4-5], for more details. The surface area measure dS,,—1 (K, -) of the convex body K provides
us with an integral representation result for the mixed volume.

THEOREM 2.5. [20, Theorem 5.1.7] For every pair of conver bodies K and L, the following integral
representation of the mized volume

(2.6) V(L,K,...,K):l/ h(L,u)dS,_1 (K, u),
n Jsn-1

holds.

If K = L in Theorem 2.5, the latter yields an integral representation of the volume of a convex body, namely

1
vol, (K) = —/ h(K,u)dS,—1(K,u),
n Jsn-1
whereas if L = B, as h(Bp,u) = 1 for all u € S"~!, we obtain an integral representation of the surface of a

convex body by means of the surface area measure as follows:

1
S(K) = nV(Bu, K, ..., K) = f/ 1dS, 1 (K, ).
n Jsn—1
The following theorem ensures an integral representation of the Lg-surface area, in a similar manner to
the above integral representation of the (usual) surface area of a convex body, in terms of the surface area

measure.

THEOREM 2.6. [20, Theorem 9.1.1] Let K, L € K™ be two convex bodies containing the origin. Then,
the following limit exists and it holds
vol(K 42 p-2 L) —vol(K) 1

(2.7) So(K; L) = lim = 7/ h(L,u)*h(K,u)" dS,_1(K, u).
p—0F P 2 u€eS™—1t

We observe that if L = B,, in the above expression the Lo-surface area of K relative to B,, does only depend
on K.

We finish this section with two technical results. The first one is key to representing the surface of a
matrix in terms of the Lo-surface of the associated ellipsoid. It enables a change of variable via a non-
degenerate linear transformation in an integral over the sphere w.r.t. surface area measure of a convex body,
as long as the function admits a positively 1-homogeneous extension to R™.

THEOREM 2.7. [20, Section 5.1, formula (5.24)] Let f: S"™! — R be a continuous function, which
admits a positively and 1-homogeneous extension on R™. Let K € K™ be a convex body, and T: R™ — R" a
linear, non-degenerate transformation. Then,

(2.8) / o @S (TE ) = |dey(T)| F(T™H(w)) dSn_1 (K, u).

uesSn—1
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The second one provides us with the direct value of an integral on the sphere, which happens to appear
often along the calculations.

LEMMA 2.8. [15, Lemma 3.12] Let v € S"~t. Then,

(2.9) /egnl (u,v)? do(u) = k.

3. Symmetric and positive semidefinite matrices: mixed discriminants, projections, and
ellipsoids. In the vector space of real symmetric matrices M"™, the set of symmetric positive semidefinite
ones, S¥, is a closed, convex cone. In this note, we focus mainly on mixed discriminants of matrices in S¥.
However, mixed discriminants can be introduced for arbitrary square matrices. For completeness, we state
also the definition of the mixed discriminant for arbitrary n x n matrices.

Following [3], let n € N, with n > 1, and A44,..., A, be arbitrary n x n matrices. If A;i) denotes the
i-th column of the matrix A;, then

1 M (n)
(3.1) (A1, Ag) = = 37 det (4 AT ),
oESy,
where S,, denotes the symmetric group of permutations of {1,...,n}. In the literature, other approaches to

mixed discriminants have been considered (we refer e.g. to [1, 14, 18]). In [3], also the following relation can
be found (cf. (1.1)):
1 o

We observe that all apparently different definitions of mixed discriminants do coincide with the one given
by (1.1), which we state as a theorem for completeness.

THEOREM 3.1. [3] Let n € N, with n > 1. For everym >1, Q1,...,Qum € S} and A1,..., Ay, > 0:

m

detMQ1+ . +AnQm) = D> Ay A, D@y, Q).

U1 yeeyin=1

Observe that the latter provides us with the polynomial expansion of the determinant of the positive com-
bination \iQ1 + ...+ A @ in terms of Ay, ..., A\p,.

Observe that m may not coincide with n. For connections of the mixed discriminant to other notions within
the theory of matrix analysis, we refer to [4, 5] and the references therein.

We observe that the mixed discriminants Dy given by (1.5) can be seen as the counterpart of the
quermassintegrals in convex geometry, see Section 2.

Theorem 3.1 yields (1.6), an analogue of the Steiner formula for matrices. We establish it as a theorem
for completeness and further reference.

PROPOSITION 3.2. For every @Q € S and p > 0 the following

(33) a@ 1) = Y (1) oDut)

k=0
holds.
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Along this note, the mixed discriminant D, plays a crucial role. As mentioned in the introduction, we
define S(Q), where the notation has been introduced because of its similarity with the surface area of a
convex body, more precisely, (1.7), we have

. det(Q + pl,,) — det
(3.4) S(Q) = nDy(Q) = lim SeULEPL) @)

p—0%F p

which is an analogue of the limit expression defining the (Minkowski) surface area of a convex body in (1.4).

Using elementary symmetric polynomials, the mixed discriminants Dy (Q) can be directly given in terms
of the eigenvalues of the matrix Q.
For completeness, we first recall the definition of elementary symmetric polynomials.
DEFINITION 3.3. Let 1 < k < n. The k-th elementary symmetric polynomial in n variables z1,...,z, is
er(x1,...,2pn) = Z Ty - Ty
1<ip<--<ig<n
We further set eg(x1,...,2,) = 1.

DEFINITION 3.4. Let @ € S} and let Aq,..., A, > 0 be the eigenvalues of Q). The k-th elementary
symmetric function of the matrix @ is defined as the k-th elementary symmetric function of its eigenvalues.
More precisely,

ek(Q) = ek(>\1, ey >\n);

fork=0,...,n

The following relation can be found scattered in the literature, see, e.g., [2]. As it seems a matter of
folklore, for completeness, we provide all the details in this note.

PRrROPOSITION 3.5. Let Q € 8t and 0 < k <n. Then,

(7)o@ = en-st

Proof. Let A1,..., A, > 0 be the eigenvalues of @ € ST. We use Steiner’s formula for matrices (3.3) and
expand the characteristic polynomial of —@Q. For p > 0, this gives
n n n
) (k)p’“w@) — det(Q + pl) = (—1)"det(—Q — pl) = (—1)" T[(~w -
k=0 k=1
= (=1)" Y (=) (=)™ Fenil Zp en—(
k=0

The claim follows by comparing the coefficients of p*, k =0, ..., n. ]

The following extension of Proposition 3.2 can also be found without further reference in the literature.

PROPOSITION 3.6. Let Q € S and p > 0. Then,

W(Q + o) Z( )p]Dkﬂ()

7=0

holds for k=0,...,n
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Proof. We apply (3.3) to the matrix @ + pI,, + AL, for A > 0 and obtain

> <n> MDR(Q + pl,) = det(Q + pI, + \,,) = det(Q + (p + N 1,,)

= k
(Z) (p+N)Di(Q) = i (Z) Dk(Q)é (f) PN

k=0 7

>

k=0

n n—=k k . .
=2 (k:?)( Z])D’“”(QW'

k=0  j=0

n

Comparing the coefficients of A* for k =0, ..., n yields

De(Q+ pln) =Y P’Di+j(Q) = Z p'Dr; (@),

j=0 k

= (kij()n()k;‘rj ) ”:: (n ; k) ,

<

which shows the claim. O

Next, we will deal with the projection of a matrix. In the Introduction section, we defined the projection
of a positive semidefinite matrix @ € ST onto a subspace L € L}, provided an orthonormal basis B of L has
been fixed, as the unique k x k positive semidefinite matrix in basis B, defining the ellipsoid py,(Eq), which
is the orthogonal projection of the ellipsoid Eq, associated to @), onto L.

This definition of the projection of a matrix is equivalent, as we will see in Proposition 4.2, to the next
one, which has been considered in [4] and [5], and consists of the restriction of the associated quadratic form
to a linear subspace (see e.g. [17]). See also [6, 16, 22] for results concerning inequalities involving mixed
discriminants and projections of a matrix. For a quadratic form ¢ and a subspace L of R™, we denote by
q|L the restriction ¢ to L.

DEFINITION 3.7. Let L be a linear subspace of R", let B be an orthonormal basis of L, let @ € S be
a positive semidefinite matrix, and let ¢ be the quadratic form on R™ associated to @, i.e., g(x) = (x, Q).
The projection of the matrix ) onto L is defined as the matrix associated with the restriction of ¢ to the
subspace L C R™, in basis B. It is denoted by Pr(Q) € S¢™ L.

Note that, with this definition, Pr(Q) is positive semidefinite and well defined. For @ € S} and
1 < k < n, let Q¥ denote the k x k matrix obtained from @ by extracting the (common entries of the) first
k columns and k rows. We write ey, ..., e, for the vectors of the standard basis of R™. If M is any matrix,
and L is a linear subspace of R™, we denote by ML the image in R™ of the subspace L under the linear
transformation given by M.

PROPOSITION 3.8. [/, 5] Let Q € ST be a positive semidefinite matriz, and let L € L} be a linear
subspace of R™, 1 < k <mn. Let B = (u1,...,u,) be an orthonormal of R™ such that By, = (uq,...,ux) spans
L. The following statements are equivalent:

i) Let q¢: R™ — R be the quadratic form x — {(x,Qz). Then, the projection Pr(Q) of the matriz Q
onto the subspace L is the positive semidefinite k x k matriz of the restriction of q to the subspace
L with respect to By,.

ii) Let My, € O(n) be the orthogonal matriz with Mpe; = u;, i = 1,...,n. The projection of the matriz
Q onto L is
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1 0

0
1 0 0 0 0

01 ... 00 ... 0 . : co

(3:5) P@=|. . . . . . . |M{QM. 0 ... 1],

0 0 10 0

0 ... 0

where the identity submatrices in the left- and right-hand sides are of size k X k.

We remark that (3.5) yields that Pr(Q) is the k x k principal submatrix of M QM| given by the first
k (entries of the) columns and rows of M} QM;,.

The next lemma provides us with a connection between the projection of a matrix and its principal
submatrices.

LEMMA 3.9. [6, Lemma 3.4] Let Q € ST be a positive semidefinite matriz and 1 < i < n. Then,

QM = PL(Q),

holds for L =lin(ey, ..., ;).

REMARK 3.10. Let Q € S} and Ly, Ly € L}, 1 < k < n. Let M; = My, € O(n) be as in Proposition
3.8, i.e., such that M;lin(ey,...,ex) = L;, i = 1,2. With M = M;MJ € O(n), we have

MLy =1L, and P, (Q)= Pr,(MTQM).

Indeed, we have

P, (Q) = (MTQM)™ = (MT MyMT QM MT Mo)® = (M MTQM M) = P (MTQM).

Let Q1,...,Qn-1 be (n — 1) X (n — 1) symmetric and positive semidefinite matrices. We denote by
D(”_l)(Ql7 ...y Qn—1) the mixed discriminant for matrices in Sﬁfl. Let w € S" ! and L = ut. We recall
that for any symmetric and positive semidefinite matrix @, the projection P,.(Q) is a (n —1) x (n — 1)
matrix. The following relation between the mixed discriminant of matrices in S% and the mixed discriminant
of their projections onto an (n — 1)-dimensional subspace was proven in [5, Lemma 2.5].

LEMMA 3.11. [5, Lemma 2.5] Let Q,...,Qn-1 € ST and u € S*=L. Then,

nD(Q1,...,Qn_1,ut”) =D (P, (Q1),..., Py (Qn_1)).

This result has been generalized to other mixed discriminants and to projections onto lower dimensional
subspaces in [22].

4. Results on ellipsoids. Let £ be the set of centered ellipsoids in R™. Following [7], we introduce a
bijection between S7 and £". A centered ellipsoid E € £" is the image of the closed unit ball under a linear
map. That is, there exists an n X n matrix A such that £ = AB,,. We observe that

hE,z) = max{(z, Ay) : y € B,} = max{(ATz,y) : y € By} = h(Bn, ATx) = (x, AAT2)1/2,
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for € R™. In this way, E uniquely determines the positive semidefinite matrix Qp = AAT € St. On
the other hand, any matrix @ € S} uniquely determines a centered ellipsoid Eg € £" through its support
function via

(4.1) h(Eg,r)? = (z,Qz), =€ R™

The notation Qg for the positive semidefinite matrix corresponding to £ € £" and Eq for the ellipsoid
corresponding to () € S will be used throughout.

We notice that if @ € ST is of rank one, namely, Q) = Auu” for some u € S*! and A\ > 0, then

(4.2) W Eyyr, ) = (2, uu? )2 = |(z,u)| = max{(z,y) : y € [—u,ul},
which yields E,,r = [—u,u] € £™. We also observe that
(4.3) vol(Eg) = vol(AB,,) = ky,|det(A)| = kp+/det(Q).

Now that we have formally the correspondence between S% and £", we are able to deal with the
equivalence of both mentioned definitions of the projection of a given matrix @) € S7 onto a subspace. First,
we make a remark considering the definition of projection of a matrix given in Proposition 3.8, which does
provide the key connection to ellipsoids.

REMARK 4.1. [16] Let @ € S} be a positive semidefinite matrix corresponding to the ellipsoid Eg € £".
Let L C R™ be a subspace. Let ¢(x) = (z, Qx), for all z € R™, be the quadratic form associated to @, as in
Proposition 3.8. By (2.3), we have
h(pr(Eq),u) = q(u)?,

for every u € L, where we do slightly abuse notation denoting by u also the image of u by embedding L into
R™. The latter yields, by the equivalence in Proposition 3.8, that

h(pr(Eq),u) = q|L(u)? = (u, PL(Q)u)? = h(Ep, (), ),

for all w € L. Hence,
pL(EQ) = Ep,(q) € €™,

i.e., the projection of the ellipsoid Eg onto L is the ellipsoid corresponding to the projection of the matrix
Q onto L.

This remark enables a direct proof of the equivalence of both definitions of the projection of a matrix
onto a subspace. We gather the equivalence in the following proposition, for completeness.

ProprosITION 4.2. Let () € 8¢ be a positive semidefinite symmetric n X n real matriz, and let L € L},
for 1 < k < n be a linear subspace of R™. Let B = {by,...,br} be an orthonormal basis of L, and let
B = {b1,...,bk,bgt1,.-.,bn} be any orthonormal basis of R™. The following k X k matrices coincide.

i) The matriz Pr(Q) given by (3.5).
i) The unique positive definite symmetric k x k matriz in basis B associated to the ellipsoid pr,(Eq),
i.e., the orthogonal projection onto L of the ellipsoid Eq.

Proof. For the proof, we only need to reformulate the previous remark. From Remark 4.1 follows that
pL(EqQ), the projection onto the subspace L of the ellipsoid Eq), is described by the restriction of the quadratic
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form to L. Considering the matrix associated to this quadratic form in basis B, we obtain Pr(Q), i.e., Pr(Q)
is the (unique) matrix in basis B giving ¢|L, which determines, by Remark 4.1, the projection of Eg onto
L, namely, pr,(Eq). d

For completeness, we notice also the following well-known fact.

REMARK 4.3. Let E € £" be the ellipsoid £ = AB,, for A any real n x n matrix. There is no unique
representation of the Qg as the product Qr = AAT, i.e., there is no unique linear application that brings
the ball into the ellipsoid E. However, among all the matrices A such that Qg = AAT, the matrix Q'/2 is
the unique positive semidefinite square root of ). Moreover, we have Eg = Q'/?B,,.

The correspondence between positive semidefinite matrices and ellipsoids we are dealing with can be
considered beyond the objects, namely, beyond matrices and ellipsoids.

There is a correspondence between positive semidefinite matrices and centered ellipsoids, which involves
operations on both sides. On the side of positive semidefinite matrices, the operation is the usual matrix
sum, while on the side of ellipsoids, it is the Lo-sum. This correspondence respects these operations: the
sum of positive semidefinite matrices corresponds to the Lo-sum of the corresponding ellipsoids, as shown
directly in equation (4.1).

We note that the Lo-sum FE7 +9 Es of ellipsoids E7, Es € £™ is an ellipsoid. Indeed, for z € R™, we have
<I7 QE1+2E2‘T> = h(El +2 EQ?‘T)Z = h(Elvx)z + h(E27I)2 = <l’, (QE1 + QE2)I>3
Wthh ylelds QE1+2E2 = QEI + QEZ'

We note that the positive semidefinite matrix corresponding to the closed unit ball is the identity matrix,
i.e., QBn = In
This was the motivation to define the D (Q) in analogy to the quermassintegrals of a convex body K,

given by (1.3).

Moreover, considering (3.4) we can provide with a connection of S(Q) to So(Eq; By,), i.e., the Lo-surface
area of the associated ellipsoid Eg, relative to the Euclidean ball (see (2.7)).

We extend the notion of surface area of a matrix following the notion of surface area of a convex body
K relative to another convex body L (see e.g. [19]). We define, for @, R € S},

S(Q;R) :=nD(Q,...,Q,R).
(n—1)-times

By an application of Proposition 3.2, we have

(4.4) S(Q: R) = Tim SeUQH pR) = det(Q)

p—0*F p

The latter yields the announced connection of the (relative) surface area of a matrix and the Lo-surface area
of the associated ellipsoid.

LEMMA 4.4. Let Q, R € S} be positive semidefinite matrices. Then,

S(Q: ) = /46t (@S2 Fas Fr).
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Proof. The equality follows from the correspondence of positive semidefinite matrices with ellipsoids,
using (4.4), (4.3), and (2.7) to write

det R) — det 1 I(E ERr)? — vol(Eg)?
S(Q:R) = lim et(Q + pR) e(Q):—Qlim vol(Eq +2 \/pER)” — vol(Eq)
p—0t p Ky, p—0+t P
1 d 9 2
=355 VOl(EQ “+92 \/EER) = 7V01(EQ)SQ(EQ; ER) 0
I{n dp p=0 "{n

— Hi\/mstQ;ER).

In particular, taking R = I,, in Lemma 4.4 yields

(4.5) S(Q) = S(Q: 1) = — /AT (@)S: (Fas Bu)

Using Theorem 2.7, we obtain an integral expression for S(Q; R), the surface area of a matrix Q € S}
relative to another matrix R € S (cf. (2.6)). In order to do so, we first notice that if Q € ST and Eq is
the ellipsoid associated to @, then Eg = Q'/2B,, (cf. Remark 4.3).

PROPOSITION 4.5. Let Q, R € 8%, and let Q be invertible. Then,
V/det(Q) (u Ru)
S(Q;R) =
( ) Kn uesSn—1 \/ u Q
d
= 7et(Q)/ (Q™Y?u, RQ™?u) do(u).
’IJ,GS"71

Kn

dS,—1(Eqg,u)

Proof. The first claim follows from Lemma 4.4, (2.7) and (4.1) since
\/det h(ERr )
\/ det SQ E ,ER) / 7’dSn_1(E ,U)
N 1 h(Eq,u) Q
Vdet(Q) <u Ru)

Kn ueSn—1 4/ u Q

For the second claim, we consider the continuous, positive homogeneous extension

O B
NETIE

of the integrand, u + (u, Ru)/+/{u, Qu), defined on S"~*. Applying (2.8) for Eg = Q'/?B,,, and using that
both, Q'/? and its inverse Q~/2, are symmetric (and positive definite) matrices yields

] u/nun Bu/lul)_ 01125,

dS,—1(Eqg,u).

= [l

)

S(Q; R) =

uesn= | Vv (w/llull, Qu/llu)
—1/2 —1/2
u ,R Q7 u
:det(Q)/ 10~/ (o= Bro=ru! dS(B,, ) O
Rn uwesSn—1 Q™/%u

Q-1/2y
Virgr Qrd=rman)
:M/ . (Q™Y?u, RQ™Y?u) do(u).
uesSn—1

Kn
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We observe that if R = I,,, we obtain that

(@ =s(@:n) = YD [ s (g,
:det(Q)

/ (Q 2w, @~ V2u) do(u).
uesSn—1

Kn

Proposition 4.5 yields a further geometric consequence, relating D,,_; and a sort of Ly analogue of the
mean width of the associated ellipsoid (see [20, Section 1.7] for the definition of mean width).

REMARK 4.6. Let @ € S%. Proposition 4.5 yields

1 1
D, _ I,; , d = — h(Eo,u)? do(u).
(@ =180 = = [ weuden = = [ (g wPdotw
Hence, D,,_1(Q) is the mean of the squared support function of E¢, which coincides with the mean of the
quadratic form associated to Q on S*1.

In addition, we observe that, by Proposition 3.5, we have

D,1(Q) = teu(@) = M9,

n

the surface area of @ is the trace of @, as also pointed out in [2, Proof of Theorem 1.1].

Hence, we have the following relation between the trace of (), the surface area of ), and the ellipsoid

associated to @

tr(Q) = = /esnl h(Eqg,u)? do(u).

Kn

The following observation, along with the notion of polarity for convex bodies containing the origin,
provides us with another geometrical application of Proposition 4.5.

The polar body of a convex body K € K™ containing the origin in its interior is defined by
Ke={zeR": (z,y)<lforallye K} € K".

We refer the reader to [20, Section 1.6] for properties of the polar body.
LEMMA 4.7. Let Q € S be invertible, and Eg € E™ be its associated ellipsoid. Then,

2
(4.6) S(Q) = — det(Q)S2(Bn; E3)  and  So(Eq; By) = +/det(Q)Sa(By; ES).

Kn
Proof. We observe first, that Eg = Q'/?B,, and
Ey =(QY?B,)° =Q '/?B,, = Eg-1.

Hence, by (4.1),
h(EQ,u) = (Q_l/zu,Q_l/le/Q.
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Now, using Proposition 4.5, we obtain

:Let(Q)/ . Q™ Y2u, Q7 Y?u) do(u) =
ugsn—1

Kn

7det(Q)/ h(Eé’u)z ) »
" kn Juesnt h(Bn,u) dSn—1(Bn,u) = . det(Q)S2(Bn; EQ)

det(Q)

Kn

S(Q)

/ h(ES, u)? do(u)
ueSn—1

by (2.7). Thus, (4.5) gives

S2(Eq; Bn) = v/det(Q)Sa2(By; EJ)).

5. Integral means of mixed discriminants of matrix projections. In this section, we prove our
main results expressing the quermassintegrals analogy for positive semidefinite matrices through means of
quermassintegrals of matrix projections.

The first statement regards the counterpart of Cauchy surface area formula, (2.1), for matrices. In [4,
Lemma 2.3], it was shown that

(1) et = [ de(P(@)dotu)

Kn

for any @ € St. The artful proof is based on the fact that the integral on the right-hand side is a homogeneous
symmetric polynomial of degree n — 1 in the eigenvalues of Q). Using the definition of S(Q) and Proposition
3.5, Theorem 1.1 follows. In the next, we present a different proof, following the ideas in [21] for a proof
of (2.1) and using the correspondence of positive semidefinite matrices and ellipsoids. We remark that the
following result is exactly Theorem 1.1; we provide an alternative proof. Note that by Proposition 3.5, we
have also e, —1(Q) = S(Q).

THEOREM 5.1. [4] Let Q € S}. Then,

SQ = [ dei(Pi (@) dotw).

Kn

Alternative proof to the one in [/]. We will approach the integral by partitions P, of S*~! into measur-
able subsets of diameter less or equal to 1/m for all m € N. For subsets of the sphere S € P,,, we choose a
point u(S) € S C S"~1. We use Lemma 3.11 together with the linearity (see [3, Lemma 2]) and continuity
(c.f. (3.1)) of the mixed discriminants to obtain

/ det(P,1(Q)) do(u) = n/ D(Q[n — 1], uu’) do(u)
uesSn—1

uesSn—1

= nﬂ}gnoo Z D(Q[n — 1],u(S)u(S)T)o(S)
SEPm

=n lim D <Q[n—1], Z U(S)U(S)“(S)T>

m—oo
SeP,,

=nD (Q[n— 1], lim_ > a(S)u(S)u(S)T> :

S€EPn,

For m € N, we define the positive semidefinite matrix

Qm=>_ a(Su(S)u(s)" € 8t.

SePp,
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Let z € R™\ {0}. Using (2.9), we have
lim (x, Qmx) :n}i_{noo Z o (S)(u(S), z)?

m—00
SePy,

- /uegnl (u, 2)? do(u)

2
= ||z 2/ <u,x> do(u
W oo N ) 27

= ||xH2/<;n = (z, knL,x).

Therefore, lim,, oo Qmn = Kknln. We conclude that
/ det(P,1 (Q)) do(u) = nD (Q[n ~1], lim Qm)
uesSn—1 m—00

=nk,D(Q[n — 1], I,) = k,nD1(Q) = £,5(Q),

and the claim follows. 0

Before we proceed to prove Theorem A, we show the following intermediate step, generalizing (5.1)
to every Dy, 1 < k < n — 1, and thus, to means of determinants of projections onto (n — k)-dimensional
subspaces. Recall that vy denotes the unique normalized O(n)-invariant Haar measure on £}. Since the
spherical measure o is also O(n)-invariant, uniqueness of v, 1 together with Theorem 1.1 yields the following
equivalent formulation of (5.1):

62 D@ =18@Q=m [ daPu@)do = [ de(PuQ)dva(D)

NKp Jyesn—1

n—1

for any @) € 8. In order to get a similar representation for D,,_x, 1 < k < n — 2, the idea is to show that
the integral is a symmetric, homogeneous polynomial in the eigenvalues of the matrix, of a suitable degree,
following and generalizing the proof of Theorem 1.1 in [4]; cf. (5.1).

PROPOSITION 5.2. Let Q € 8%, and let 0 < k <n. Then,
D@ = [ det(PL(@) (L),
LELTI

Proof. Let Q € 8%, and let

pQ) = [ der(Pu@) (L)

We prove that p is a symmetric, homogeneous polynomial of degree k in the eigenvalues of Q.

Let A1,..., A, > 0 be the eigenvalues of @) with corresponding eigenvectors v1,...,v, € S*~! forming
an orthonormal basis of R”. For any subspace L € L}, we choose an orthonormal basis By, = (b1,...,b) of
L. Then,

Z bj,vi)v; and Qb; = Z/\ (bj,vi)vi,

=1
for j =1,...,k. Therefore,

k n
pr(@Qb) = (Z Az-<bj,vi>) (i, br)br,
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for j=1,...,k. By Proposition 3.8, this shows that

PL(Q) = (Z Ai(bj, vi)(vi, bl>> e sk.

1<1,j<k

We conclude that det(Pr(Q)), and thus, also p(Q), is a homogeneous polynomial of degree k in the eigenvalues
of Q.

To show that p(Q) is also symmetric, let Ly, Ly € L} and M € O(n) be such that MLy, = L;. By
Remark 3.10, we have Pr, (Q) = Pr,(MTQM). Since v}, is O(n)-invariant, we obtain

p(MTQM) = / det(Pp(MTQM)) dvy (L)
LeLy

_ / det(Pyyr 1 (MTQM)) dug(L)
LeLn

_ / det(P(Q)) dui(L) = p(Q).
LecLn

In particular, by choosing M to be a permutation matrix, we get that p(Q) is symmetric in the eigenvalues

of Q.

Since p(Q) is a symmetric, homogeneous polynomial of degree k in A1,...,\,, we find coefficients
Chrk(i1,...,4,) € Rfor 1 <4y <--- <ip <n such that

p(Q) = Z (G (ST 7% DYREEED. VAN

1<i<--<ip<n

To calculate explicitly the coefficients, we assume next that Q) € S} is of rank at most k—1, i.e., at least

n —k+1 of the eigenvalues A1, ..., A, of Q are zero. In this case, also Pr(Q) is of rank at most k — 1 for all
L € L} and hence, p(Q) = 0. For indices 1 <4y < --- < i < n such that |{i1,...,i}| < k, we can choose
a @ € S} of rank smaller than k, in such a way that exactly the eigenvalues A;, ..., \;, are nonzero, which

implies Cp, k(i1,...,4x) = 0. Together with the symmetry, this implies that the polynomial p is of the form

p(Q) = C’Vl,k Z )‘il e Aika

1<i;<--<ip<n

for a constant Cy, ; € R. If we now choose Q = I,, € S}, using Proposition 3.8, we obtain that Pr(I,) =
(MTI,M)IFl = T is the k x k identity matrix for any L € £} and with a suitable M € O(n). Therefore,
p(I,) = 1. Thus,

-1

1<iy < <ip<n

We conclude the proof by means of Proposition 3.5, as

wa=(1) X =) w@=p@ ;

1<ii << <n
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Now, the matrix version of the Cauchy—Kubota formula, Theorem A, follows by application of the matrix
version of Steiner’s formula, (3.3), and Proposition 3.6.

THEOREM 5.3. Let Q € 8t and 0 < k < n, then
k
D, ;(Q) = / DY (Po(Q)) din(L),
LeLy

holds for all 0 < j < k.

Proof. Let p > 0. We use Proposition 3.6, Proposition 5.2, and Proposition 3.2 in dimension k, to obtain

k

Z (f) P'Din+i(Q) = Dn—i(Q + pl,)

=0

= / det(Pr(Q + plI,,)) dvy (L)
Lecy

— / det(Pr(Q) + pIy) dvy (L)
Lecy

- g <]:> 4 /Lec;; D (PL(Q)) dui(L).

Let j=k—ifori=0,...,k. Comparing coefficients yields

Du—j(Q) = Dy-i4i(@Q) = / _,, DV (PL(Q)dn(L) = / DY, (PL(Q)) (L),

LeLy

for ¢,5 =0,...,k, which shows the claim. 0

The following consequence of Theorem 2.4 can be found in [13, Theorem 5.7]. For 0 < k < n and
Ki,...,K; € K™, we have
Kn

V(K1s o K Bus- . Ba) = —/ VO (p (KL, .., pr () die(L),
— Kk JrLecy

(n—k)-times

where, as for D*)| the notation V*) refers to the mixed volume of convex bodies in a k-dimensional subspace
of R”, identified with R*. In the very same manner as for convex bodies, we obtain the analogue result for
positive semidefinite matrices from Proposition 5.2.

COROLLARY 5.4. Let 0 <k <n and Q1,...,Qr € S}. Then,

D(Ql,...,Qk,Jn,...,In):/ D®(PL(Q1), ..., PL(Qk)) dvp(L).
N—_—— LeLy

(n—k)-times
Proof. Let A1,...,A\x > 0. Linearity of the mixed discriminant (see [3, Lemma 2]) gives
k (k) (k)
Z )\zlAZkD(Q1177Q1k7In77In):D ZAiin"7ZAiQi7ITL7"'7ITL )
i1, in=1 — i=1 i=1 —

(n—k)-times (n—k)-times
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where Zle AiQ; appears k times in the latter expression. Thus, by Proposition 5.2 and Theorem 3.1, we

have
k
Z Ail'.'AikD(Qi17"'7Qik7In7"'7 n = n k(ZAQ>
i1in=1 —
Lotk (n—k)-times
:/ det (Z /\zPL(Qz)> dl/k(L)
LeLy i=1
k
-/ A+ A DB (PL(Qu), -, Pu(Qy,) dun (L)
LeLy i ip=1
= 3 de [ DR PLQu)) di(L).
Tlyeeey i)c LEL‘,"
Comparing coefficients shows the claim. ]

We finish the section with another counterpart of a result in the realm of convex bodies and integral
geometric formulae: we prove a formula expressing the determinant of the projection of a positive semidefinite
matrix by means of inner products on the sphere.

For a convex body K € K™ and v € S"1, the following representation of the volume of the projection
onto v+ is known (see [13, Theorem 4.12])

1

(5.3) Vol 1(py (K)) = 5 / NS (),

For Q € 8T and the corresponding ellipsoid Eq € €7, (2.8) thus shows that

1

1 / (0, u)] dS—1(Q"/2By, )
2 yeSn—1

Vdet(@) (0, Q20| do(w).

uesSn—1

VOln,1 (pvJ_ (EQ)) =

THEOREM 5.5. Let Q € ST be invertible and v € S"=1. Then,

det(P,. Vaet(Q) 1QY2u]| ™ (u, )2 dS,1 (Egn u)

ueS™—1

_ det(Q) /esn—l<v7Q_1/2u>2 da(u)

Rn

Proof. First, Lemma 3.11 shows that

det(P,(Q)) =D""V(P1(Q). . P (Q)
= aD(Q, .., Q,00") = S(Q;v0").
We apply Proposition 4.5 to obtain

V/det(Q) (u,vv"u) voTu)

det(P,.(Q)) = Y—=2 dSn 1(Eq,u)

Kn weSn—1 u7 u

\/d t
- 1Q 2| (v, u)2 dS_1 (B, u),

uesSn—1
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which shows the first claim. The second equality of Theorem 5.5 follows from a direct application of (2.8)
to the last integral of the above formula for det(P,.(Q)). 0

REFERENCES

[1] A.D. Alexandrov. On the theory of mixed volumes of convex bodies. IV. Mixed discriminants and mixed volumes (Russian).
Mat. Sb. (N.S.), 3:227-251, 1938.

[2] S. Artstein-Avidan, D. Florentin, and Y. Ostrover. Remarks about mixed discriminants and volumes. Commun. Contemp.
Math., 16(2): Paper No. 1350031, 14 pp., 2014.

[3] R.B. Bapat. Mixed discriminants of positive semidefinite matrices. Linear Algebra Appl., 126:107-124, 1989.

[4] A. Barvinok. Computing mixed discriminants, mixed volumes, and permanents. Discrete Comput. Geom., 18(2):205-237,
1997.

[5] A. Barvinok. Concentration of the mixed discriminant of well-conditioned matrices. Linear Algebra Appl., 493:120-133,
2016.

[6] C. de Vries, N. Lombardi, and E. Saorin Gémez. Notes on mixed discriminant and related linear inequalities. Linear Algebra
Appl., 674:21-45, 2023.

[7] D. Florentin, V.D. Milman, and R. Schneider. A characterization of the mixed discriminant. Proc. Amer. Math. Soc.,
144(5):2197-2204, 2016.

[8] M. Fradelizi, A. Giannopoulos, and M. Meyer. Some inequalities about mixed volumes. Isr. J. Math., 135:157-179, 2003.

[9] M. Fradelizi, M. Madiman, M. Meyer, and A. Zvavitch. On the volume of the Minkowski sum of zonoids. J. Funct. Anal.,
286(3):110247, 41 pp., 2024.

[10] A. Giannopoulos, M. Hartzoulaki, and G. Paouris. On a local version of the Aleksandrov-Fenchel inequality for the
quermassintegrals of a convex body. Proc. Amer. Math. Soc., 130:2403—2412, 2002.

[11] P.M. Gruber. Convez and Discrete Geometry. Springer, Berlin, 2007.

[12] R.A. Horn and C.R. Johnson. Matriz Analysis. Cambridge University Press, Cambridge, New York, 1985.

[13] D. Hug and W. Weil. Lectures on Conver Geometry. Springer, Cham, 2020.

[14] B. Klartag. Marginals of geometric inequalities. In: Geometric Aspects of Functional Analysis. Lecture Notes in Mathe-
matics, vol. 1910. Springer, Berlin, Heidelberg, 133-166, 2007.

[15] A. Koldobsky. Fourier Analysis in Convexr Geometry: Mathematical Surveys and Monographs, vol. 116. American Math-
ematical Society, Providence, RI, 2005.

[16] N. Lombardi, E. Saorin Gémez. Short note on some geometric inequalities derived from matrix inequalities, Positivity,
28:26, 2024.

[17] J.H. Maddocks, Restricted quadratic forms, inertia theorems, and the Schur complement. Linear Algebra Appl. 108:1-36,
1988.

[18] A.A. Panov. On some properties of mixed discriminants. Math. USSR Sbornik, 56:279-293, 1987.

[19] J.R. Sangwine-Yager. Bonnesen-style inequalities for Minkowski relative geometry. Trans. Amer. Math. Soc. 307:373-382,
1988.

[20] R. Schneider. Conver Bodies: The Brunn-Minkowski Theory. Second expanded edition. Cambridge University Press,
Cambridge, 2014.

[21] E. Tsukerman and E. Veomett. Brunn-Minkowski theory and Cauchy’s surface area formula. Amer. Math. Monthly,
10:922-929, 2017.

[22] L. Wiegmann. On inequalities in Brunn-Minkowski and elliptic Brunn-Minkowski theory, Master thesis, University of
Bremen, 2025.



	Introduction
	Background results from convex geometry: motivation
	Symmetric and positive semidefinite matrices
	Results on ellipsoids
	Integral means of mixed discriminants of matrix projections
	References

