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POSITIVE AND RE-POSITIVE SOLUTIONS TO
SOME SYSTEMS OF ADJOINTABLE OPERATOR
EQUATIONS OVER HILBERT C'—MODULES*

GUANG JING SONGT AND QING WEN WANGH

Abstract. A necessary and sufficient condition for the existence of the general common positive
solution to equations

A1X =Cy, XBy=Cy, AsXAj=Cs, A4XA;=Cy

for operators between Hilbert C*-modules is established, and an expression for the common positive
solution to the equations is derived when the solvability conditions are satisfied. As an application,
a new necessary and sufficient condition for the system of adjointable operator equations

AX=C, XB=D

over Hilbert C*-modules to have a common Re-positive solution is proved. Moreover, an expression
of the general Re-positive solution is derived when the consistent conditions are met. The results of
this paper extend some known results in the literature.
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1. Introduction. Hermitian positive semidefinite solutions to some matrix
equations or some operator equations were investigated by many authors. For fi-
nite matrices, Khatri and Mitra [12] gave necessary and sufficient conditions for the
existence of a common positive semidefinite solution to equations

AX=C, XB=D (1.1)

over the complex field C, and presented an explicit expression for the general Hermi-
tian positive semidefinite solutions to system (1.1) by generalized inverses, when the
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solvability conditions were satisfied. Baksalary [1] and Gro8 [9] studied the nonnega-
tive definite and positive definite solutions to matrix equation

AXA* =B, (1.2)

respectively. In 2007, Cvetkovié-Ili¢ et al. [2] investigated the positive solution to
equation (1.2) in C*-algebras. As a generation of equation (1.2), Zhang [26] derived a
expression of the general nonnegative definite solution to system of matrix equations

AsX A5 =C5, AYXA, =C4 (1.3)
over the complex field C. Some other results can be found in [4-6,15,16,19,24,25].

Meanwhile, the Re-positive solution to some matrix equations or some operator
equations is also active. Wu [22] studied Re-positive solutions of

AX =C. (1.4)

Wu and Cain [23] found the set of all complex Re-nnd (Re-nonnegative definite)
matrices X satisfied

XB=D

and presented a criterion for Re-nndness. Grofl [8] gave an alternative approach,
which simultaneously delivers explicit Re-nnd solutions and gave a corrected version
of some results from [23]. Beside these papers, many other papers have dealt with the
problem of finding the Re-nnd and Re-pd (Re-positive definite) solutions of some other
forms of equations (see e.g. [3,20]). Daji¢ and Koliha [5] reviewed system (1.1) from a
new perspective by studying them in the setting of associative rings with or without
involution and derived a general form of Re-positive solutions of equation (1.4) over
the Hilbert spaces. Unfortunately, the investigation of the common positive solutions
cannot be applied to the common Re-positive solutions to system (1.1), since that
method does not work for solutions which are not necessarily Hermitian.

Recently, Wang and Wu [18] presented an expression for general Hermitian solu-
tion to system of equations

A1X =Cy, XBy=Cy, AsXAL=Cs, AXAL=0Cy (1.5)

over Hilbert C*-modules. To our knowledge, so far there has been little information
on either the common positive solution to (1.5) for operators in the framework of
Hilbert C*-modules, or the Re-positive solution to system (1.1) of matrix equations
over the complex field and adjointable operator equations over Hilbert C*-modules.

Motivated by the work mentioned above, we in this paper aim to consider the
necessary and sufficient conditions for a system of adjointable operator equations (1.5)
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(or system (1.1)) to have a positive solution (Re-positive solution), as well as present
an expression for the general positive solutions (Re-positive solutions) to this system
when the consistent conditions are satisfied.

The paper is organized as follows. In Section 2, we begin with some basic con-
cepts and results about adjointable operators and generalized inverse of adjointable
operators over Hilbert C*-modules. In Section 3, we give a necessary and sufficient
condition for the existence of a positive solution to system (1.5) of adjointable op-
erator equations over Hilbert C*-modules. When the solvability conditions are met,
we present an expression for the general positive solution to system (1.1). As an ap-
plication, in Section 4, we show a necessary and sufficient condition for system (1.1)
of adjointable operator equations over Hilbert C*-modules to have a common Re-
positive solution, and derive an expression of the general Re-positive solution when
the consistent conditions are met. To conclude this paper, in Section 5, we propose
some further research topics.

2. Preliminaries. Hilbert C*-modules arose as generalizations of the notion of
Hilbert space. The basic idea was to consider modules over C*-algebras instead of
linear spaces and to allow the inner product to take values in a C*-algebra. The
structure was first used by Kaplansky [11] in 1952. For more details of C*-algebra
and Hilbert C*-modules, we refer the readers to [13] and [21].

Let 2 be a C*-algebra. An inner-product 2-module is a linear space E which is
a right A-module (with a scalar multiplication satisfying A\(za) = z(Aa) = (Ax)a for
x € E,a €A \e C), together with a map E x E — 2, (z,y) — {(x,y) such that

1) (z,ay + B2) = a(z,y) + B {z, 2);

(1) (
(2) (z,ya) = (z,y)a
(3) (z,y) = (y,2)";

(4) (x,z) >0, and (z,z) =0 2 =0

for any z,y,z € E, o, € C and a € 2. An inner-product A-module F is called a
(right) Hilbert 2-module if it is complete with respect to the induced norm ||z|| =

|, z) |12,

Assume that H and K are two Hilbert 2-modules, and B(H, K) is the set of all
maps T: H — K for which there is a map T*: K — H such that (Tx,y) = (z,T*y)
for any © € H and y € K. We know that any element T of B(H,K) is a bounded
linear operator. We call B(H, K) the set of adjointable operators from H into K. In
case H = K, B(H,H), which we abbreviate to B(H), is a C*-algebra and we use the
notation I, to denote the identity operator on H. For any A € B(H, K), the notation
R(A) and N (A) stand for the range of A and the null space of A, respectively. An
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operator A € B(H,K) is regular if there is an operator A~ € B(K,H) such that
AA~A = A, A™ is called an inner inverse of A. It is well known that A is regular if
and only if R(A) and N'(A), respectively, are closed and complemented subspaces of
K and H.

An operator A € B(H) is called Hermitian (or self-adjoint) if A* = A, and positive
if (Az,z) > 0 for all © € H, we write A > 0 if A is positive. The set B(H)" of the
positive operators is a subset of the Hermitian operators. For A > 0, A% denotes
the positive operator satisfies X2 = A. An operator A € {(H) is called unitary if
A*A = AA* = I;. The real part (or Hermitian part) of A € B(H) is defined by
Re(A) = 1 (A+ A*), Re(A) is always Hermitian, Re(A) = A if A is Hermitian,
and Re(A) = 0 if A is skew-Hermitian. Further, Re (A + B) = Re(A) + Re(B),
Re (X*AX) = X*Re(A) X. An operator A € B(H) is called Re-positive if Re (A) >
0.

Let H, K be two Hilbert 2-modules, A € B(H,K). The Moore-Penrose inverse
At of A (if it exists) is defined as the unique element of B (K, H) which satisfies the
following four Penrose equations

AXA=A, XAX =X, (AX)" = AX, (XA)" = XA,

For any A € B(H,K), the Moore-Penrose inverse AT of A exists if and only if A
has closed range. In this case, AT exists uniquely and (A*)" = (A")*. If a regular
operator A is positive, then AT > 0 and AAT = ATA. Moreover, both P4 = ATA and
Qa = AAT are idempotent and self-adjoint. For convenience, we use notations £ 4
and R4 to stand for Iy — AT A and Ix — AA' induced by A, respectively. Obviously,
L4 and R4 are also idempotent and self-adjoint and £4 = R a~. For other important
properties of operators and generalized inverses of operators, see [10] and [14].

3. Positive solution to system (1.5) of adjointable operator equations.
In this Section, we mainly study some necessary and sufficient conditions for system
(1.5) of adjointable operator equations to have a positive solution over the Hilbert
C*-modules. We begin this section with the following lemmas, which can be deduced
from [24].

LEMMA 3.1. (Theorem 2.1 in [24]) Let A,C € B(H1,Hz), A and CA* have
closed ranges. Then the adjointable operator equation AX = C has a positive solution
X € B(H,) if and only if CA* > 0, R(C') C R(CA*). In this case, the general positive
solution is given by

X = C*(CA")~C + LASLY,

where S € B(H1) T is arbitrary, C*(CA*)~C is a particular positive solution to AX =
C, independent of the choice of the inner inverse (CA*)™.
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LEMMA 3.2. (Theorem 3.7 in [24]) Let H,K, L be Hilbert C*-modules, and let
A17CI € %(Ha’(:)7 B2702 € SB(L,H);

Al Cl :| [ C(lA?LK CIBQ
D= , E= , F= .o
[ B3 ] [ s (A1Co)* O3By

such that D, F are reqular. Then system (1.1) has a positive solution X € B(H) if
and only if F' is positive and R(E) C R(F'). In this case, the general positive solution
of system (1.1) can be expressed as

X =E‘F E+LpTLY,

where T € B(H)™ is arbitrary.

In 2000, GroB in [9] presented a solvability condition for matrix equation (1.2),
and derived an expression for the general positive solution to (1.2), which can be
generalized into Hilbert C*-module.

LeMMA 3.3. (Corollary 2.3 in [9]) Let H, K be Hilbert C*-modules. Assume
that A € B(H,K), C € B(K) such that A has closed range, C is Hermitian and
R(C) C R(A). Then equation (1.2) has a positive solution X € B(H) if and only if
C is positive. If, in addition, C has closed range, then the general positive solution
of (1.2) can be expressed as

X=[AB+(I,—AA)Y][A B+ (I,-A"A)Y]
where Y is an arbitrary operator in B(H), B is an arbitrary operator with C = BB*.

It is easy to verify the following Lemma.

LEMMA 3.4. Given operators A,C € B(H,K). Then A*A = C*C if and only if
A = CT for some unitary operator T.

THEOREM 3.5. Let A;,Cy € %(H,’Cl), By, (5 € %(K:Q,H), Aj € %(H,K:g),
Ay € B(H,K4), C3 € B(K3), Cy € B(K4) be given such that system of adjointable
operator equations

A1X =Cy, XBy=Cy, AsXAL=0C5, AXAL=0Cy (3.1)

is consistent. Denote
| CiAY 1By B . e A
w= ol cim | o-te e[ g a5

Cs3 =C3 — A3 XgA3, Cuy=Cy — AyXoAj), Asz =AsLa,,, Asa = AsLa,,.
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Suppose that Ay, Ba, Az, Ag, A3z, Asq, Cs3,Caq and M have closed ranges. Then the
following statements are equivalent:

(1) the consistent system (3.1) of adjointable operator equations has a positive solution
in B(H)T,

(2) M,Cs,Cy,Cs3,Cyy are positive,

R <[ g; D C R(M), R(CE)CR(As), R(CE)CR(Aw),  (3:2)

and there exist an unitary operator T such that
A44£A33 (A44£A33)7 (04§4T - A44A§3C3?3) - (04§4T - A44A§3C3§3) : (33)
In this case, the general positive solutions can be expressed as
! ! * .
X =Xo+ La, (A330323 + ‘CAssy) (A33C323 + ‘CA33Y) (‘CAH) ) (34>
where
1 1 _
V= (Asalag,) (0424T - A44A§30§3) + W = (Aualay,) (Asala,) W, (3.5)

with W is free to vary over B(H,K1).

Proof. (1) = (2). Suppose that system (3.1) of adjointable operator equations
has a positive solution X, then it follows from Lemma 3.2-3.3 that Cs,Cy, M are

(& ])eman

Obviously, X satisfies system of adjointable operator equations

positive, and

A X =0y, XBy =0y, (3.6)
thus there exist an operator V € B(H;)" such that
X =Xo+LpVL. (3.7
Taking (3.7) into A3 X A5 = C5 yields that
A3La,V (A3La,,)" = Cs — A3XoAj (3.8)
has a positive solution with respect to V. By Lemma 3.3, we have

C33 = O3 — A3X0A3 >0, R(C33) SR (A3La,,) =R (A33),
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and V can be expressed as
1 1 *
V= <A3_3C323 + ﬁAsaY) (A5303)23 + LA33Y> ) (3.9)
with some Y € B(H, K1). Taking (3.7) with (3.9) into A4 X A} = Cy gives
1 1 * " «

Ay (Xo Lo (A5Ch + L) (ARCH + LaY ) (Lan) ) Aj =Gy
Then Cyy = Cy — Ay XA} > 0 and R(Ci) C R (As4L4,,) = R(A44). Moreover, it
follows Lemma 3.4 that there exist an unitary operator T' such that

! 1
Aua (A330323 + £A33Y) =C4T.
Then equation
ALY = C{T — Ay AgyCly
is consistent with respect to Y, from which we can get (3.3).

Gy
C3
a positive solution which can be expressed as (3.7). Taking (3.7) into A3 X A5 = Cs,

(2) = (1). Since M is positive and R(M) C R ([ ]) , then system (3.6) has

1
and combining Cs3, Cy4 are positive, R(CZ) C R (As3), we have equation (3.8) has
a positive solution with respect to V, which can be written as

V= (4565 + L4, Y ) (A5CH + £a,Y)
Thus, equations
AlX = 017 XB2 = 027 AgXAg = C3

have a common positive solution

(3.10)

X=[ct Cg]M[Ol]

Cs
L, (4505 + £aY) (Al + £a,Y) Lhy,,

where Y free to vary over B(H, K1). Next we will show that (3.10) with (3.5) satisfies
Ay X A; = Cy. Choosing Y as (3.5) and by direct computation we have

A, (Xo VLA, (Aggcég n £A33Y> (Ag30§3 + /:ASSY) (L, )*) A;

= AaXoAi + (Aus (4505 + £4,,Y)) (Aus (4505 + £4,,Y) )

= AaXoAj + C4T (Chy ) — .
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Therefore, (3.10) is a positive solution to system (3.1).

From the above proofs, we get that (3.4) with (3.5) is a positive solution to system
(3.1). Next we show that every positive solution of system (3.1) can be expressed as
(3.4) with (3.5). Suppose that X; is an arbitrary positive solution of system (3.1),
then X; is a positive solution of system of adjointable operator equations (3.6). It
follows from Lemma 3.2 that there exists a positive Vj such that

Gy

X, =[Cy Cg]M[CS

] + £A11V0£le.

1
Setting W = V|, we have

|

1 1 1 _ 1
Y = (Asalag) <C424T - A44A3_30323) V0 — (Aualay,) (Aualay,) Ve = Vg
Taking it into (3.4), we can get

Gy

X =]t CQ]M{C;

} L, (4505 + L4V ) (450 + L4V ) (£an)"

Thus, (3.4) with (3.5) is the general positive solution of system (3.1). O
We now can consider a special case of Theorem 3.5.

COROLLARY 3.6. Let Az € %(H,’Cg), Ay € %(H,K:;L), Cs € %(’Cg) and Cy €
B(K4) be given such that system of adjointable operator equations

AsX A = Cs, ALXA;=Cy (3.11)

is consistent. Suppose Az and Ay have closed range. Then the following statements
are equivalent:

(1) System (3.11) has a positive solution.

(2) Cs, Cy are positive

R(C) S R(4s), R(CF) SR (Ad),
and there exist a T € U(H) such that
(AsLa,)” AsLa, (cf T— AA5C5) = (cf T-AACH). (312)
In this case, the general positive solution of system (3.11) can be expressed as
X = (4505 +£4,Y) (4505 + £aY) (3.13)
with

Y = (Aila,)” (CIT = AdAT G ) + W = (Asla,)” AaLa, W,
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where W is free to vary over B(H).

REMARK 3.7. For finite complex matrices, Theorem 3.5 can be seen as a com-
plementarity of Zhang [26] by adding the proof that every positive solution of system
(3.11) can be expressed as the form (3.13) with proper choice of W.

4. Re-positive solution to system (1.1) of adjointable operator equa-
tions. In order to establish some necessary and sufficient conditions for system (1.1)
of adjointable operator equations to have a Re-positive solution over the Hilbert C*-
modules, we need the following lemma which is due to Wang et al. [17].

LEMMA 4.1. Let A € B(K1,H),B € B(H,K2),C € B(K3,H) and D € B(H,K4)
be given. Denote M = R4C,N = DLp and S = CLy;. Suppose that A,B,C, D, E,
M,N,S,RAE and FELg have closed ranges. Then
(a) there exist X € B(Kq,K1), Y € B(K3,Ky) such that

AXB+CYD=FE
if and only if

R(E)CR[A C], REE)YCR([ B D)),

R(E)CR(A)@®R(D*), R(E)CR(C)®dR(B"),
or equivalently,
RyRAE =0, Ry\ELp =0, ELgLy =0, RcELp=0.
In this case, the general solution can be expressed as

X = A'EBT — ATCMTRAEBY — ATSCTELgNTDBY — ATSVRNyDB' + LAU + ZRp,
Y = M'R4ED" + Ly STSCTELgNT + Ly (V — STSVNNT) + WRp,

where U, V. W, Z are arbitrary.

LEMMA 4.2. Let A € B(K1,H), B € B(H,K2) and C € B(H) be given. Denote
M = RoB*,N = A*Lp and S = B*L);. Suppose that A, B,C, M, N and S have
closed ranges, then
(a) there exist an X € B(Ka, K1) such that

AXB+ (AXB)" =C, (4.1)
if and only if

C*=C, RC)CR[ A B* ], (4.2)
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R(C)CR(A)®R(A"), R(C)CR(B)®R(B"), (4.3)
or equivalently,
cr=c, [A B[4 B |'lc=C
and RACR, =0, LgCLg = 0.
(b) In this case, the general solution of (4.1) can be expressed as
X = % U+V"), (4.4)
where U and V' are the general solutions of equation
AUB + B*VA* =C.

Written in an explicit form

U= AfcBt — (B*)' MTR,CB? (4.5)
— ATS(B*)' CLgNTA*BT — ATSVRNyA*B' + LAU + ZRp,
V =MRAC (A + Ly StS (B*) CLpNT (4.6)

+ Ly (V= SISVNN') + WRy-,
where U, V. W, Z are arbitrary.

Proof. Suppose X satisfies (4.1). Then it is easy to see that C is Hermitian.
On the other hand, if there is an X satisfying (4.1), then there are X,Y satisfying
AXB + B*Y A* = C. Hence by Lemma 4.1, we have

R(C) C R[ A B* ] , RC)CR(A)ER(A), R(C)CR(B)®R(B").
Conversely, if (4.2) and (4.3) hold, then there exist U and V such that
AUB+ B*VA* =C.
Taking conjugate transpose for this equality gives
B*U*A* 4+ AV*B =C.
Adding these two equalities and dividing by 2 gives
A (UZV*> B+ B* (UZV*YA* el

This equality implies that for any pair of solutions of AUB + B*V A* = C the ex-
pression (4.4) is a solution to (4.1). Suppose Xy is any solution to (4.1). Then
AUB + B*V A* = C has solutions U = V* = X|5. Thus, X can be expressed as

1 1
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From Lemma 4.1, the general solutions of can be written as (4.4) with (4.5) and
(4.6). O

THEOREM 4.3. Let A,C € B(H,K1), B,D € B(Kq, H) be given such that system

(1.1) is consistent. For simplicity, put

Xo=A'C+DB'— ATADB', J=[La Rp ], M= PsRp,

N =LaQp, S=RpLyAss =PaP;, Au=QpPy,

Ho = (Xo +X5) Ry (Ry (Xo + X§) Ry)' Ry (Xo + X5),

C3 = Pa(Xo+ Xg) Pa, Ci=Qp(Xo+Xj5)Q@p, G=R;(Xo+Xj)Ry,

Z =Ry (Xo+Xg) Ry, Cs33=0C3—PaR;Z'R;Pa, Cuu=Cy—QpR;Z'R;Qp,

Cs = C3 — PaHoPa, Co=Cs— QpHoQpB.
Suppose J, M, N, S, Ass and A4y have closed ranges. Then the following statements
are equivalent:

(1) system (1.1) has a Re-positive solution,
(2) Cs,C4,G,Cs3 and Cyy are positive,

R (R (Xo+ X() Ry) SR (R (Xo+ X7)), R(C35) € R(Ass), R(CEy) SR (Asa)
and there exist a T € M(H) such that

1

AssLay, (AsaLay,)" (Cf4T - A44A:Ta303§3) = (Cf4T — Ay (Az3)! 0353) ~

In this case, the general Re-positive solution to system (1.1) can be expressed as

1
X =Xo+5La(U+Z")Rs, (4.7)
where
U=1Ls(H— (Xo+ X)) R — ReMTPy (H — (Xo + X2)) Rp (4.8)
— LASRp (H — (Xo+ X)) QaN'LsRp
— LaSWiRNLsRp + PaWs + WsQp,
Z=M'Py(H - (Xo+ X)) La+ LySTSRp (H — (X0 + X)) QaNT (4.9
+ Ly (W1 — STSWiNNT) + Wy Pa,
with

H=Hy+Q, ((PAQJ)T CZ + LPAPJY) ((PAQJ)T Cz + LPAPJY) Qs, (4.10)
and

Y = (QBQsPAQs)" (CET —QBQs(PaQy)” 05%) +LQsq,Pa@,Ws,  (4.11)
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Wi, i=1,...,5, be arbitrary.
Proof. Tt is easy to verify that the general solution of (1.1) can be expressed as
X =Xo+ LaVRp,
where Xo = ATC + DB — ATADB', V is free to vary over B(K2,H). Note that
X+X*"=Xo+X;+LasVRg+ (LAVRp)" = H.
Hence,
X+X">0& H>0.
Fix H first and it is easy to get H = H*. From Lemma 4.1, equation
LAVRp+ (LAVRB) = H — (X0 + X{) (4.12)
is consistent for V if and only if
R(H—-Xo—-X;)CR[ La Rp |, R(H—-Xo—X5) CR(La)®SR((La)")
and
R(H—Xo—X5) CR(Rg)®R((Rp)"),

which are equivalent to the following system

Ry (H — Xo— Xg) =0 RyH = Ry (Xo + X3)
Pi(H—Xo—X)Pa=0 ©{ PyAHPy=Ps(Xo+X;)Ps (4.13)
Qp(H—-Xo—X;)Qp =0 QpHQp=Qp (Xo+X3) QB

has a positive solution H. Next we will show the equivalence between (1) and (2).

(1) = (2). Suppose that system (1.1) has a Re-positive solution X;. Then it
follows from the above proof that system (4.13) has a positive solution. Noticing
Theorem 3.5, we have

Ry (Xo+ X)) Ry, Pa(Xo+Xj)Pa, Qp(Xo+Xj)@s, (4.14)
C3 — PAR;Z'R;Ps, Ci—QpR;Z'R;Qp

are positive,

R (Ry (Xo + X§) Ry) C R(Ry (Xo+ X()), R(CSs) € R(Ass), R(CEy) SR (Aua),
(4.15)
and there exist a T € Y(H) such that

1 1
2 2

AssLag, (AsaLay,)" (044T - A44A§303§3) = (044T — Ay (Az3)! 0353) . (4.16)
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(2) = (1). Note that the operators in (4.14) are all positive and equations (4.15)—
(4.16) are satisfied. By Theorem 3.5, system (4.13) has a positive solution H which
can be expressed as

H=Hy+Q,;K (Q;K)",
where
K = (PaQ)” (Pa(Xo+Xg) Pa = PaHoPa)* + Le,p,Y
with
Y = (QpQsPaQ) ((04 ~ QpHoQp)* T~ QQs (PaQs)™ (Cs — PAHOPA)%)
+LGsQ,PaQs Ws,

where W is free to vary over B(H, ;). For arbitrary H satisfies (4.13) and noting
Lemma 4.1, we can get the general solution to equation (4.12) relate to V' can be
written as V = 1 (U + Z*) with

U=1Ls(H— (Xo+ X)) R — ReMTPs (H — (X0 + X3)) Rp

— LaSRp (H — (Xo+ X)) QaNTLsRp — LASWiRNLARp + PAWs + W3Qsp,
Z =M'Py(H — (Xo+ X)) La+ LySTSR (H — (Xo + X)) QpN'T

+ Ly (Wy — STSWINNT) + W, Pa,

where W;,7 =1,...,4 are arbitrary. Then the general Re-positive solution of system
(1.1) can be expressed as (4.7) with (4.8)—(4.11). O

COROLLARY 4.4. Let A,C € B(H, K1) be given such that equation (1.4) is con-
sistent. Then (1.4) has a real positive solution if and only if Pa (ATC + (ATC)*) Py
is positive. In this case, the general real positive solution to equation (1.4) can be
erpressed as

X =AfC+ %LA (1 - aic— (afC)") (1+ATA)
with
H = Py (Pa (AC+ (ATC)7) Pa) PX + LaULa,
where
Px = Pa+LaZ (Pa(AlC+ (4TC)") PA)% :

Z is free to vary over B(K1,H) and U € B(H)* is arbitrary.



Electronic Journal of Linear Algebra ISSN 1081-3810

A publication of the International Linear Algebra Society
Volume 22, pp. 1070-1084, November 2011

Positive and Re-Positive Solutions to Systems of Adjointable Operator Equations 1083

REMARK 4.5. Grof} [8] presented a necessary and sufficient condition for the ex-
istence of Re-positive solution to matrix equation (1.4) and established the expression
of the general Re-positive solution in terms of generalized inverse of some matrices
when the solvability conditions are satisfied. However, in 2008, Daji¢ and Koliha [5]
pointed out that the general expression of Re-positive solution to matrix equation
(1.4) in [8] did not involve all of the Re-positive solution. They also gave a correct
expression of the general Re-positive solution to operator equation (1.4) in terms of
generalized inverses of some adjointable operators [5, Theorem 7.3]. In Corollary 4.4,
we also give a new expression of this general Re-positive solution which is different
from one in [5].

5. Conclusion. In this paper, we have established some necessary and sufficient
conditions for system (1.5) and system (1.1) to have a positive or Re-positive solu-
tion, respectively, and derived some expressions of the general positive or Re-positive
solutions to these systems when the conditions are satisfied.

It is worthy to say that the approach and results in this paper are also true to the
bounded operators between quaternionic Hilbert spaces, which plays an important
role in certain physical problems (see, for example, [7]).

Motivated by the work in this paper, it would be of interest to investigate the
common Re-positive solutions to equations (1.3) for Hilbert C*-modules operators.
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