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COMPUTING STANDARD CANONICAL FORMS OF REGULAR LINEAR TIME
VARYING DAES VIA A PRELIMINARY STAGE*

DIANA ESTEVEZ SCHWARZ!, RENE LAMOUR}, AND ROSWITHA MARZ!

Abstract. For regular linear time-invariant differential-algebraic equations (DAEs), the corresponding matrix pencil is
regular, and the computation of a standard canonical form (SCF) is well understood. Although the investigation of linear DAEs
with time-varying coefficients is more complex, it is analogously related to the examination of pairs of time-dependent matrix
functions. We show how the computation of an SCF for linear time-varying DAEs becomes possible if a suitable block structure
of the pair of matrix functions is found in a preliminary stage. Starting from this preliminary stage, an iterative process delivers
an SCF. This iteration terminates in finitely many steps due to the nilpotent structure of the involved matrix functions. The
corresponding transformation matrix functions can be provided systematically, which leads also to new representations of the
canonical subspaces and projectors related to the original DAE. We demonstrate how the structured canonical forms resulting
in the tractability and strangeness frameworks and some DAEs in Hessenberg form from applications can be transformed into
this preliminary stage and discuss some examples.
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larity, Nilpotency, Higher index, Canonical form, Block structures, Hessenberg form.
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1. Introduction. We consider linear differential-algebraic equations (DAEs) in the standard form,
(1.1) E)x'(t)+ F(t)x(t) = q(t), teT,

given by the ordered pair {E, F'} of sufficiently smooth, at least continuous, matrix functions F, F : T —
R™*™m 7 C R an interval, and suppose that F(t) is singular for all ¢ € Z. Solutions are continuously
differentiable functions z(-) that satisfy the DAE pointwise on the specified interval. We focus on equiva-
lence transformations of the DAE (1.1) and the associated ordered pair {E, F'} into several canonical forms
revealing explicitly inherent structures of (1.1) to some extent.

The question of particularly favorable equivalent representations, that is, the transformability of DAEs
into canonical forms, plays its role from the beginning of the DAE theory.

The most popular form is the so-called standard canonical form (SCF), cf. [6], [4]: A pair has SCF if

(1.2) {[Iod J%]{soz IO]} Q:Z—R™ N:ZT5R™ d>0, m=d+a,

where N is strictly upper (or lower) triangular. If in addition N is constant, then the system is in strong
standard canonical form (SSCF). In this article, we use the upper triangular formulation only.
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In the SCF (1.2), the upper part may be absent (d = 0). In the lower part, the matrix function N is
pointwise nilpotent and may undergo rank changes.

Recently, in [17], the mostly used DAE approaches are investigated and compared with focus on all their
individual constant-rank conditions supporting the constructions. As common ground, by the Equivalence
Theorem [17, Theorem 8.1], it is pointed out that regularity of (1.1) on the given arbitrary interval Z C R
formally means the existence of an index p € N and constant so-called canonical characteristics

r<m, 6y =0, for p =1,

1.
(1.3) r<m,yp>-->0,9>0, 1=0forpu>1,

that can be expressed in terms of each of the considered approaches. In particular, r := rank FE is constant
and for an SCF the nilpotent matrix IV as well as the powers of N may not undergo rank changes. Moreover,
in [18], it is succeeded to verify the [17, Conjecture 8.2]. This implies: The DAE (1.1) is regular with the
characteristics (1.3) if and only if it is equivalently transformable into SSCF with the same characteristics.

In the end, with no restriction of generality, we may suppose that the constant matrix N of the SSCF
has a certain elementary block structure that is fully determined by the canonical characteristics only [18].
This insight forms the basis of the algorithm presented here.

The paper is organized as follows:

In Section 2, we recompile and reinterpret many results from literature that are fundamental for our
approach, in particular a definition of regularity based on transformability into SSCF and an according
definition of the canonical subspaces related to DAEs. Moreover, we discuss the differences between our
approach and some approaches from literature to compute SCFs.

In Section 3, we introduce particular block structured upper triangular matrix functions as well as
specific constant elementary nilpotent matrices with a block structural pattern that depends on the canonical
characteristics only.

Based on this block structure, in Section 4, we introduce a new canonical form quite like an SCF, the
so-called QuasiSCF, for later considerations. A QuasiSCF is equivalent to an SCF in case of regularity and
will be an intermediate step in our computations.

These previously mentioned forms allow us to describe the particular assumptions for the block structure
we use in Section 5, where an appropriate starting pair for the iterative main SCF-procedure in the next
section is provided. This starting pair can be seen as a preliminary stage of the SCF and is referred to as
PreSCF.

In Section 6, then a procedure is described that, starting from such a block-structured preliminary stage,
computes an SSCF step-by-step via a QuasiSCF. Through a more detailed examination of the transformation
matrices used in the steps, a description of the canonical subspaces and the canonical projector is presented
in Section 7.

To emphasize the applicability of the procedure, first in Section 8, we show how the T-canonical and
S-canonical forms that arise from the projector-based decoupling associated to the tractability framework
and the reduction technique associated to the strangeness framework, respectively, can equivalently be
transformed into the preliminary stage of an SCF. Second, in Section 9, we show how classes of DAEs in
Hessenberg form that are relevant in applications can also be transformed into such a preliminary stage.
Some technical details and challenging examples from literature are discussed in the appendix.
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The computations for all examples were carried out using the Python library SymPy for symbolic
mathematics. The used prototype can be found at https://github.com/d-estevez/Compute_QuasiSCF_DAE.

List of symbols and abbreviations.

ODE ordinary differential equation

IVP initial value problem

DAE differential-algebraic equation

SCF standard canonical form

SSCF strong SCF, i.e., SCF with constant nilpotent matrix N
QuasiSCF particular block structure with nilpotent matrix N¥e/v) and R € BUT, nonsingular
PreSCF preliminary stage of a QuasiSCF (and therefore SCF and SSCF)
I, identity matrix of size n

ITCR interval

m €N dimension of the DAE

deN degree of freedom, dimension of pure ODE part

a=m—deN dimension of pure DAE part

ker A, im A kernel, image of a matrix valued function A : Z — R™*™

{E,F} ordered pair of quadratic matrix valued functions E, F : Z — R™*™
reN rank of F

BUT set of all block upper triangular B : Z — R**®

BUT s onsingular set of all nonsingular R € BUT

N :7Z — Raexe nilpotent matrix valued function

SUT set of all block strictly upper triangular N : Z — R**®

SUT orumn set of all N € SUT with full column rank blocks N; ;41

SUT 0w set of all N € SUT" with full row rank blocks N; ;41

N(©) ¢ Raxa constant strictly upper (and therefore nilpotent) matrix

N(Ee) ¢ Raxa elementary constant nilpotent matrix from SUT¢oiumn

N(Er) ¢ Raxa elementary constant nilpotent matrix from SUT;. .,

N(Ee/r) ¢ Raxe either N(Ee) or N(Er)

Secan canonical flow-subspace of the DAE

Nean canonical complement to the flow-subspace

eon projector onto Scq, and along Ny,

2. Fundamentals. Since we build on many concepts and results from literature, we begin with a

compilation of the necessary background, interpreted for our purposes here.

2.1. Equivalence transformations. Let us first recall what equivalence means, see, e.g., [4], [14],

[13], among others. The DAE (1.1) and the DAE

(2.4)

and correspondingly the two pairs of matrix functions {E, F'} and {E, F'} are called equivalent, if there exist

Ei + Fz =g,

pointwise nonsingular matrix functions L € C(Z,R™*™) K € C'(Z,R™*™), such that

(2.5)

E=LEK, F=LFK+ LEK'.


https://github.com/d-estevez/Compute_QuasiSCF_DAE
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The second summand of F', which is absent for constant &, makes the computation of an SCF in the general
time-varying case considerably more challenging than for matrix pencils.

For equivalent pairs of matrix functions, we use the notation {E, F} ~ {E,F} (or {E,F} e {E,F}

if we want to emphasize the used nonsingular transformation matrix functions), i.e., by definition it holds

(E,F} ~ {LEK,K LFK+LEK'}.

Recall that these transformations are reflexive, symmetric, and transitive. Moreover, for the DAE, they
correspond to

e the premultiplication of (1.1) by L and
e and the transformation of the unknown function x = K=z

leading to
LE(Kz)'+ LF(Kz) = Lq =: q,

that with (2.5) corresponds to the DAE (2.4).

2.2. Regularity. According to Equivalence Theorem [17, Theorem 8.1], regularity of (1.1) on the
given arbitrary interval Z C R means the existence of an constant index g € N and constant so-called
canonical characteristics (1.3) that can be computed within the framework of various index concepts like
differentiation, geometric, strangeness, tractability, among others. These canonical characteristics do not
change under equivalence transformations.

Thereby, r = rank E(t),t € Z, that is, the leading coeflicient has constant rank. The other characteristics
0; € N stand for constant ranks of individual matrix functions associated with different approaches. Here is
no place to go into detail since each of the approaches requires technical effort’.

In terms of transferability into SCF, according to Equivalence Theorem [17, Theorem 8.1], the meaning
of regularity is easier to formulate since the canonical characteristics (1.3) persist under equivalent transfor-
mations:

The DAE (1.1) is reqular with the characteristics (1.3) if and only if it is transformable
into SCF (2.4) in which all powers of N feature constant ranks, and

R s

rank N(t)' = > O, 1=2,...,0, ifp>2
k=i—1

rank N(t) =0, if p=1.

Moreover in [18], it is succeeded to verify the [17, Conjecture 8.2]. This implies:

The DAE (1.1) is regular with the characteristics (1.3) if and only if it is transformable
into SSCF with the same characteristics.

We use this result to establish formally the definition of regularity that we use in this article, although
we emphasize once again that there are several equivalent definitions, see [17, Theorem 8.1], [18].

I'We refer to [17, Section 8] for all the detailed formal definition as well as the phenomenological background
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DEFINITION 2.1. A pair {E, F} is regular on an interval I iff there exist constant index 1 and canonical

characteristics
pn—2
(2.6) r<m, > 20, 0>0,1=0d=r->Y 0,
i=0

such that on T the pair {E, F} is equivalent to an SSCF with a constant, nilpotent matriz N©) of index p
and

i+l i+2 n_2
f; = rank (N(C)) — rank (N(c)) , 1=0,...,u—2, dzr—Z@i,
i=0

that is

n—2

. i—2
rank (N(C)>:r—d, rank (N(C)> :defZGk: Z O, 1=2,..., 1.
k=0 k=i—1

According to [18], this constant matrix N(©) can be assumed to have a certain elementary block-structure
that is determined by the canonical characteristics only. We discuss this in Section 3 in more detail.

REMARK 2.2. It should be noted that different concepts of regularity are used in the DAFE literature. In
this regard, the comprehensive analysis [17] can be seen as an attempt to organize this terminology. We refer
in particular to the arguments in [17, Sections 8.2 and 8.4] and the examples in [17, Chapter 7]. Strictly
speaking, the above introduced regularity notion is restricted to open intervals®. If a DAE is regular on an
interval L, then this interval consists of so-called reqular points only. If reqularity is not given, the index and
the characteristics may be different on different subintervals. In our opinion, any change in the index u, the
rank r, or a characteristic value 6; indicates a critical point, which on the one hand may be associated with
a singular flow, but on the other hand may merely be a so-called harmless critical point, see, e.g., [17], [16].

If a DAE can be transformed into SCF over the entire interval, and there is then a change in rank in
an N(t)%, the points of change are only harmless critical points. In the terminology of [17], DAEs that can
be transformed into SCF belong to the class of almost reqular DAEs.

2.3. The canonical subspaces of a regular DAE. As pointed out, e.g., in [11], [12], there are two
continuously time-varying canonical subspaces related to a DAE (1.1). The first is the so-called flow subspace

Sean(t) = {x € R™ : there are § > 0 and a solution z : (f — 6,t+ ) NZ — R™

of the homogeneous DAE such that z(t) = :7:},

which is the set of consistent values for the homogeneous DAE. Here, we assume continuously differentiable
solutions that satisfy the DAE pointwise.

Due to constraints, dim Seq,(f) < 7 < m. For regular DAEs, the flow subspace Sgq, is varying in
R™ depending on ¢ and has constant dimension d. The second subspace Negp(f) is its so-called canonical
complement in R, which plays its role in the formulation of accurate initial conditions. The initial condition

2(t) — T € Nean(?),

2If the interval is not open, for border points additional considerations with one-sided limits have to be taken into account.
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ensures uniquely solvable IVPs for (1.1). Ng, may also vary in R™ depending on ¢ and has constant
dimension a. In contrast to DAEs, an explicit ODE would yield Seqr, = R™, Neop, = {0} for ¢t € 7.
Conversely, so-called pure DAEs yield Sean = {0}, Nean = R™ for t € 7.

Below, we describe both subspaces by means of SSCFs. Notice that if {E, F'} is already in SSCF, then
obviously

As mentioned before, transformability into SSCF is an equivalent criterion of regularity. Let us for a
moment suppose that L, K are nonsingular matrix functions such that

(2.7) (B, R} { [{)d N?@- ! [g ﬂ }

with a constant strictly upper triangular (and therefore nilpotent) matrix N(©) € R**® and a matrix function
Q: T — R4, For

o)) _ u®)] _
20 = a0, 1] = x @,

we see that the transformed DAE decouples into two parts.
e The first part,
(2.8) w4+ Qu=q(t),

is an explicit ODE living in R9.
If at to € Z an initial value uy € R? is given, u(-) can be computed as the unique solution of the
IVP.
e The second part,
NOY v =go(t),
is a so-called pure DAE, and v is uniquely determined by

w0 =3 (V) @00, rez

=0

Consequently, all solutions of the original DAE (1.1) are given by

and, in particular,

Uo

2(to) = K (to) {0} + K(to) L(‘zo)} — K(to) [Uz‘;’))} . up €R%

Using the fundamental matrix U(¢,to) of the explicit pure ODE (2.8) normalized at tg € Z, we arrive at
the solution representation of the original DAE

u(t) Ut to)(c + ft U(s,to)qi(s)ds)
2(t) = K(t) [ } _ k() - |

1 . i
S (CN©@) )
1=0
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I;

in which ¢ € R? is the free integration constant. Obviously, if ¢ = 0, then x(t) € im K(t) [O

|- St
In contrast, for arbitrary given zy € R™, the initial condition

(29) $(t0) =Xy,

implies the following restrictions concerning xy and g:

C C

S N@yigd gy | =0 e BT 0T = nenyigth 1))

1=0 1=0

K(to)

The integration constant ¢ € R? can be chosen to satisfy the first d entries of K~!(to)zo . However, the
other part requires an extra restriction concerning zy and ¢, otherwise solvability is lost.

An accurate initial condition should fix exactly the free constant ¢ € R?, that is

0

Iq

x(to) — T € im K(to) [ 0

] = Nean(to) or, equivalently, K (to) {Id ] K (to)  (z(to) — 2¢) = 0.
The projector valued function K {Id ] K1 is nothing else than the canonical projector introduced as

completely decoupling projector function I, in the context of the projector-based analysis, see, e.g., [14,
Definition 2.37].

The above considerations allow the following simpler definition that will be used in this article.

DEFINITION 2.3. Let the pair {E, F} be reqular on the interval T and let L, K be equivalence transfor-
mation matriz functions that provide an SSCF. Then, we define the canonical subspaces

ker [0 I,] K~'(t) cR™,

Secan(t) :==1m K (t) [-ﬂ

Nean(t) == im K (t) LO} ker [I; 0] K~'(t) cR™,
wWith Sean(t) ® Nean(t) = R™,  t € T and the time-varying canonical projector

I; 0O

ean(t) := K(t) {O 0

] K7H(1),
fulfilling ker Il .o = Negn, 1m g = Sean-
REMARK 2.4. Note that in general, if {E, F} is reqular and {E, F'} R {E,F}, then
Scan = KSCCLTH and Negn = KNcan-
2.4. About uniqueness. The uniqueness of the canonical subspaces S¢.qn and N4, and therefore also
of the canonical projector I1.,,, can be recognized using results for the SCF.

For all linear DAEs, even if they are not regular but transformable into SCF?, the SCF is unique in the
sense that the dimensions of the ODE and the pure DAE are unique, and that both parts are unique up to
equivalence transformations.

3¢f. Remark 2.2.
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THEOREM 2.5. [2, Theorem 2.1]* [Uniqueness of SCF] Let d,a, d,aeNy, m=d+a=d+a, and let
Qe CT,R™), QeC@R™), and NeCI,R™), N eC(I,R™),

where both, N and N, are pointwise strictly lower or strictly upper triangular matriz functions. If there exist

nonsingular
LeC(Z,R™™), K ecCHT,R™™),
such that _
I; O Q 0 LK I; 0 Q 0
0 N|’[0 I, 0 N|’|0 Iz])°
then:
(i) d=d, a=a,

. Ly O Ky 0
L= K =
(i) { 0 ng’ [ 0 Koo

(iii) {1, 0} {Id,Q}, (N, 1,} P {N,Ia}.

Proof. A proof for strictly lower triangular N was given in [2]. For strictly upper triangular N, it follows
with permutation matrices that invert the order of rows/columns. |

], with L1y = K", Lo = (Koz + NK},) 71,

The canonical subspaces, which are unique, may be represented in different ways, i.e., using different
bases. Furthermore, for a DAE, there is neither a unique ODE in R? nor a unique pure DAE.

COROLLARY 2.6. For m,a,d €N, m=d+a, E,F,L,L € C(Z,R™™), K,K € C}(Z,R™*™),

L ([I; 01 [Q 0 ok ([I, 01 [Q o0
e IR I e A R A 12
in witch Q,Q € C(Z,R¥™*?), N,N € C(T,R**%),

- [KiY o — [Kun 0
L= - K= _
|: 0 L22:|’ |: 0 K22 ’

and B
5 Ky 0

K =K _

o )

it holds

Sen) =i K(0) | 1] =i K0 [ 1] Noantt) =im 00|

5 : :imm[ 0 ]

Im—d:| Im—d

Mean(t) = K(1) [Id 0

Moreover, for

[~

[“(t)} — K ()(1), {

4We slightly adapted this theorem from [2] were only strictly lower triangular matrices were considered.

sio) =m0 =[5 ][]
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and the two ODEs

it holds
(2.10) Q=K 'QK, + K'KY},.
Proof. The claim follows straight forward. 0

Not surprisingly, since we are confronted with time-varying transformations, they may change the sta-
bility behavior.

EXAMPLE 2.7. For the ODE
u' +2u =0,

and the transformation with Ki1(t) = =5, we obtain
0=1a+ ("2 + € (=5)e ™) i =’ — 3a.
EXAMPLE 2.8. (c¢f. Ezample C.1) For the ODE

w4+ =0,

and the transformation with K1 (t) = \/ (nt —1)> + 1 =: 4(t), we obtain

(L ot - rt—n\ .
0= +(v(t)M(t)+7(t) O] ) *(” v(t)Q) '

With these examples we underline that, as soon as time-varying transformations are involved, the sta-
bility behavior might change arbitrarily. This motivates the following definition.

DEFINITION 2.9. If a DAFE is equivalently transformable into SCF, then we call every explicit ODE part
(2.8) living in the configuration space R% for d > 0 and resulting from such a transformation a pure ODE.

Observe that pure ODEs do not involve any derivatives of the right-hand side ¢ and are not unique for
a given DAE.

REMARK 2.10. Above we preferred the name pure ODE part for (2.8) and do not use the notation
essential underlying ODE (EUODE) for good reasons. The label EUODE itself was first used in [1] for
special DAEs without any reference to an SCF and generalized in [15] for arbitrary regular DAFEs via a very
special transformation into a structured SCF. EUODEs are, so to speak, compressed versions of the so-called
projector-based inherent ODEFEs in the context of the tractability framework. By definition, EUODEs are also
pure ODE parts; however, they are strictly bound to specific transformations L and K, which in turn arise
from complete projector-based decouplings. An EUODE shares with any pure ODE part the dimension d and
the property that it does not involve any derivatives of the right-hand side q. As it is verified in [15], to each
reqular DAE, one can form the compression in such a way that the resulting EUODE reflects the Lyapunov
spectrum of the DAE. Therefore, among the pure ODEs parts of a DAE, there is a spectrum preserving one.
Of course, if one can do with Lyapunov transformations, then the stability behavior will be maintained.
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2.5. Other approaches to compute an SCF. There are several constructive approaches that provide
transformations into canonical forms (1.2).

e Time-invariant ordered matrix pairs {E, F'} and the associated matrix pencils cE + F, o0 € R, are
closely related to generalized eigenproblems. Let the pencil be regular, E be singular and o € R
be such that the matrix o F/ + F is nonsingular. An SCF, which is at the same time an SSCF?,
when using merely time-invariant transformations L, K, separates the finite and infinite eigenspaces
of the pencil, and in the associated DAE, the pure ODE and the pure DAE part. The Drazin
inverse is a well-known tool in this context, see, e.g., [9]. For E = (aE + F)7'E, it holds that
p=ind({E, F}) = ind E and

R™ >im E D - Dim E* =im E*,
{0} Cker B C --- C ker E* = ker E#*1,

Note that V; = im Ei, W; = ker Ei, i > 0, are also known as Wong-sequences, see, e.g., [3].
Naturally, in all these cases, the transformation K := [V W}_l, V,W bases of im E* and ker E¥,
respectively, d = rank Ewr plays its role.

With regard to a generalization for higher-index time-varying DAEs, we recall that the regularity
of the so-called local pencil o E(t) + F(t) is irrelevant for the characterization of the DAE, see, e.g.,
), [9)

e The procedure sketched in [2], [7], which traces back to [6], requires analytically solvable DAEs with
real-analytic coefficients F, F' : T — R™*™_ To transform a DAFE into SCF, it repeatedly reduces the
size of the system by isolating algebraic and differential components. In contrast to our approach,
they do not require constant canonical characteristics, but only a constant d. This implies that the
rank of N and the powers of N do not have to be constant in the interval Z.

e The projector-based decoupling from [14] works for regular time-varying DAEs, and an SCF is
obtained by means of a so-called complete decoupling. This procedure is also constructive; however,
it comes with several derivatives for algorithmically determined projector functions.

The approach presented here starts from a different setting, namely the existence of an SSCF, and is
based on the properties of particularly block-structured matrix functions that are given in the regular case.
To our knowledge, there is no comparable algorithm in the literature, not even for the constant coefficient
case.

Let us now focus on these particularly structured matrix functions with size a.

3. Block structured upper triangular matrix functions. In this section, we present a compilation
of technical details concerning block upper triangular (BUT®) matrix functions that will play their role later
on for the last a rows and columns of particular regular matrix pairs.

Suppose that for p € N,y > 2 some integers
ko >00 > >0,-0>0,
are given and consider
5Quasi-Weierstraf§ form in [3], Weierstraf-Kronecker form in [14].

6Unlike the appendices of [17] and [18], our focus is not limited solely to strictly block upper triangular (SUT) and hence
structurally nilpotent matrix functions, although these are included in our discussion as well.
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REBUT NiE)
0 5 10 15 20 25 0 5 ) 5 10 15 20 25
0 0 l.
5 5 .I
10 10 l.
15 15 "
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25 25 "

FI1GURE 1. Visualization of the block structure for decreasing block sizes £1 = 10,09 = 8,03 = 5,04 = 4,05 = 2.

REBUT NESUT NE)
15

0 5 10 15 20 25 0 5 10 20 25 0 5 10 15 20 25

20

25

FIGURE 2. Visualization of the block structure for increasing block sizes £1 = 2,02 = 4,03 = 5,04 = 8,5 = 10.

e cither decreasing ¢y > --- > ¢, > 0:
by =k, li=0;_9, i=2,..., 4,
e or increasing 0 < 1 < - < /{;:
bi=0,_i1, i=1,...,0—1, £, = kKo,

and £:= > l; = ko + 25;02 ;. These two different orders appear in the well-established T-canonical and
S-canonical forms discussed in Section 8 that have several common properties that we summarize here.

For Z C R and fixed ¢, u, 4y, ..., ¢, we denote by
e BUT = BUT({,p,{1,...,£,) the set of all block upper triangular matrix functions B : T — R¢*¢

Bi1 B2 By, } 4
0 Bz B By } to
B= : : ;
0 Bu1u-1 Bu-1p }5“,1
0 0 0 By bl
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with blocks

Bij:T—RY% and B;;=0 for i>j, seeFigs. 1 and 2.

o BUTonsinguiar = BUlnonsinguiar (€, i1, 41, . . ., £,,) the set of all nonsingular R € BUT that therefore
have pointwise nonsingular diagonal blocks

R;;: T — R4,

o SUT = SUI'(¢, p, 01, ...,L,) the set of all strictly block upper triangular matrix functions N € BUT'
with zero diagonal blocks N;; =0, i.e., in the end

N;; =0 for i>j, seeFigs. 1and?2.

e In case of {1 > --- > {,,, we denote by
— SUT o1umn C SUT the set of all N € SUT having exclusively blocks (N); ;41 with full column
rank, that is

(3.11) rank (N ()41 = bix1, t=1,...,u—1 forall teT.

— N € SUT cotumn (Elementary form with full column rank) the matrix

E.
o NP0 o0 YO = ko
0o N0 0 Yl = b
N(E) .= SRR : : D
Nﬁ?ﬁ{# Hu—1 = 0,43
0 } Cy = Oy

with blocks

(B _ (Lo, £ x0;
Ny = [ Oﬂ} € Rfixtitr,

e In case of /1 < --- </, we denote by
— SUT o C SUT the set of all N € SUT having exclusively blocks (N); ;41 with full row rank,
that is

(3.12) rank (N ()41 =4¢;, t=1,...,u—1 forall teT.

— N ¢ SUT, 4, (Elementary form with full row rank) the matrix

o NP0 .o 0 YO = 0
o NEI o 0 } b 0,-3
N(ET) = . . . s
N, ;(Eq)w Hou-r = by
0 Zu = Ko

with blocks

NE) =0 1) e RExt,
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NaNzN3 NiNaN3Ng
15 15

H o H 10 20 2

10

FIGURE 3. Visualization of products of N; € SUT corumn with €1 = 10,02 = 8,03 = 5,04 = 4,05 = 2 leading to Ny --- N5 =
0, c¢f. Lemma 3.1 (e).

N1NoN3Ng
0 5 10 15 20 2

0 ENEEEEEEEE

FIGURE 4. Visualization of products of Ni € SUTrow with €1 = 2,09 = 4,03 = 5,44 = 8,05 = 10 leading to N1 --- N5 =0,
¢f. Lemma 3.1 (e).

We refer to [17], [18] for some useful properties of SUT, SUT corumn, SUTvow, NFe) and NFr) and use

also the notations
SUT.,,, NC/T, N(Ec/T)’

if SUT corumn, N€, N(E) is meant for decreasing ¢; and SUT .y, N7, N(E) for increasing ¢;, respectively.
With this notation, all N¢/" € SUT, ¢/r are pointwise nilpotent of order y and for all t € Z
rank N7 (t) = £ — ko, 0; = rank (N°/"(t))"*! — rank (N*/"(£))"*2, i =0,...,u—2.
LEmMA 3.1. For R € BULhonsingutar; N, N1, ..., Ny € SUT,,, with the same block sizes, it holds

(CL) Ril c BWnonsingular; (Ril)ii = (Rii)ilf
(b) NWFerr)R € SUT, ),

(¢) RNEerr) € SUT, ..,

(d) R+ N € BUTnonsingular;

(e) N¥ =0 and Ny--- Ny =0 for k > p. (SUT-nilpotency)
Proof. (a) — (d) follow by straight forward computation using the nonsingularity of the diagonal blocks
R;;. The SUT-nilpotency (e) follows from the SUT-structure and is illustrated in Figures 3 and 4. 0

Moreover, according to [18], for a regular pair, we know

{E,F}fv{[lod N<26/T>},[§ ﬂ} Q:I R, NP e R
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This will be the starting point here, where we suppose that, by an initial equivalence transformation (a
kind of preprocessing)

Lo, K 1, 0
(3.13) (B, F} bl HO N(Ecm] ,FO},

is already given, along with certain assumptions on the block structure of Fj;. Then, a direct computation
of an SSCF becomes possible in four main steps with L;, K;, i = 1,...,4. Consequently, the transformation
K = KyK1KsK3K,4 permits a description of the so-called canonical subspaces and the canonical projector.

4. Pairs in QuasiSCF. As mentioned before, in [17], a couple of different definitions of linear regular
DAESs were shown to be equivalent. Here, we focus only on those that involve block structured SCF's and its
variants from [18], dealing with the block structures from last section. For simplicity, if either strictly upper
block matrices SUTcotumns 0r SUlro can be considered, we use the abbreviation SUT,/,..

PROPOSITION 4.1. (Special case of [17, Theorem 8.1]) A pair of matriz functions {E, F} is reqular, iff
1, 0 Q 0
E F} ~
e~ {5 vl o o)}

N € SUT,;,, Q:T — R4,

with

The starting point for the following considerations is based on the existence of a block structured SSCF with
decreasing or increasing block sizes of the constant nilpotent matrix. In particular, we can assume that the
constant matrix N(©) has an elementary form N (Fe/r) introduced in Section 3. Both elementary matrices
are illustrated in Figs. 1 and 2 and permit the following characterization of regularity, where N (Fe/v) means
either N(Fe) or N(Er),

PROPOSITION 4.2. A pair of matriz functions {E, F'} is reqular, iff

ey~ {5 )

with Q : T — RI¥4,

The equivalence of these two possible definitions of regularity has been shown in [18]. With regard to our
purposes here, we show yet another possibility.

PROPOSITION 4.3. A pair of matriz functions {E, F'} is reqular, iff

{E,F} ~ {[Ig N(gw}’[g 2]}’

with

o O:7 — RIxI,

o R:7T — R**% whereas R is block-structured upper triangular with either ascending or descending
block sizes corresponding to NFe/r) and nonsingular, i.e., using the notation from Section 3, R €
BUTonsingular -
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Proof. One direction of the equivalence to Proposition 4.1 follows with

I, 0
L= K=1,,
)

and Lemma 3.1. For the other direction, we use specific R° and R", which can be constructed as described
in [18], see Appendix B. With these matrix functions, we can choose

L:[Id 0 } K =1,,

0 (Re)-!
L[lod <Ia+N<Er>(<)<RT>*1> >1}’ K‘Fod <RTO>1} 0

This motivates the following definition

s weol- o )

is in QuasiSCF, iff R € BUThonsingular, With block sizes corresponding to NEe/r)

DEFINITION 4.4. A pair

From the proof of Proposition 4.3, it follows that for the K used to transform an SCF into a QuasiSCF

(or vice versa), it holds
im K La =im La , im K 0 =im 0 ,
0 0 I, Ia

such that Scan, Nean, can, @ pure ODE and a pure DAE, can be characterized using the QuasiSCF instead
of an SCF, as we will see later in more detail.

5. DAEs in PreSCF. We have seen that a regular DAE possesses an equivalent QuasiSCF that is
structured according to the canonical values. If the canonical values are known, then our idea is to use
specially structured pairs as starting point for a new algorithm?.

For our computation of an SCF or even an SSCF, we first realize that a transformation into a form

Iy 0 Fi1 Fio
0 N |7 |Fy Falf’
is always possible for regular DAEs, since indeed a transformation into an SSCF exists. However, since

directly finding an SSCF is difficult, we think of transformations that leave the first matrix unchanged. For
nonsingular Fby, we obtain the following results that are decisive for the next steps.

LEMMA 5.1. For every regular pair in the form

[z 0 F11 Fio
{EOa FO} - { |:O N(Ec/r):| ’ |:F21 F22:| } ’

"This is also new for matrix pencils.
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with nonsingular Fas and the transformation matriz functions

[ [Id —F12F221} K- [Id F12F221N<EC/T>} |

0 1, 0 I,
it holds
LEYK = Ey,
Fiy FiyNEes)
LFyK + LEK' = {le o ] :
for
Fi1 = Fiy — FioFyy' Foy,
Fip = (F11 — F12F231F21)F12F231 + (F12F231)/,
Fyy = Fyg + For FroFyy! NFerr).,
Proof. Straight forward computation gives the result. 0

LEMMA 5.2. For every regular pair in the form

(I 0 Fyy Fis
{anFO} = { |:0 N(Ec/r):| ’ |:F21 F22:| } ’

with nonsingular Fas and the transformation matriz functions

S |

NEFFy I, —Fy' Py I,
it holds
LEyK = Ejy,
Fiy Fio
LEyK + LEyK' = N _
ol + 0 |:N(EC/,,,)F21 Fyy
for
Fi1 = Fiy — FioFyy' Foy,
Fo1 = Fy,' Foy (Fiy — FiaFyy Foy) — (Fop' Fay)',
Fog = Fop + N B/ EL ) .
Proof. Straight forward computation gives the result. ]

It is easy to recognize now that N (Fe/r) is introduced in expressions of the second matrix function, such
that repeating such transformations makes it possible to take advantage of the SUT-nilpotency. Indeed, these
two lemmas permit an iterative computation of a QuasiSCF if in all steps Fro € BUInonsingular 1S given
and the SUT-nilpotency guarantees a finite number of iterations, see Section 6. To ensure the feasibility, we
again use the block structures introduced in Section 3, see also Figs. 1 and 2.
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DEFINITION 5.3. A pair

14 0 Iy Fis
0 NEer)|” Fo1 Falf’

is in a preliminary stage of an SCF (PreSCF) iff Fas and Fs1F12 are block upper triangular matrices with
the same block sizes as NFerr) and Fys is nonsingular.

In short, this means Fas € BUIonsingular; F21F12 € BUT in terms of the notation from Section 3.

For DAEs in a PreSCF, the algorithm below will produce an SCF after a finite number of steps due to Lemma
5.1, Lemma 5.2 and the SUT-nilpotency, since all involved pairs of matrix functions have nonsingular Fso
thanks to the structural properties.

6. A subsequent procedure to compute an SSCF. To obtain an SSCF, we consider several trans-
formation steps with Ey = F1 = Fy = Ey:

LmKo L17K1 Ls K3 L4 Ky

Lo K
{E,F} {Eo, o} "~ {E1, Fi} P {Ey, By} {Es, Fs} {Ey, Fu} .
Step 0 prescr Step 1 (F1)12=0 Step 2 siscF Step 3 SCF Step 4 SSCF

The transformation matrices Ly, Ky depend on the structure of the given DAE. Here, we discuss them for
some particular cases later on.

Assuming that a pair of matrix functions is in a PreSCF, the transformation matrices L;, K;,i =1,2,3,4
are the ones used in the i-th step according to the notation below and result systematically from further
intermediate steps.

For Steps 1 and 2, we use the two elementary equivalence transformations that preserve the structure of
the first constant matrix from Lemmas 5.1 and 5.2 and take advantage of the SUT-nilpotency in iterations.

6.1. Step 1: Obtaining a pure ODE part. In this step, we construct the equivalence transformation

L17K1

{E07F0} {El,Fl} with (F1>12 =0.
———

PreSCF
To this end, we use Lemma 5.1 to construct a sequence F*), k € N, with F1(§) -0, FO =F. Ina
first iteration, we obtain
FY) = (Fiy — FiaFyy' Foy)FiaFiyt + (FiaFyy') )NFerr) FY = Py + Fyy FiyFy NFere).
With Lemma 3.1, we observe two aspects:

e Since F21F12F231N (Ee/r) s strictly upper block triangular, the diagonal blocks of Fyy are preserved
in F2(21)7 such that it is nonsingular.

. Fl(zl) consists of summands that at the right-hand side present one of the particularly structured
nilpotent matrices

NO = F I NEer) - NSO = (B Y NEer) = (N0 e sUT,
see Lemma 3.1. Repeating this procedure for

k k k)\—1 (k k )y — k k) —
at) .— (F() F1(2)(F2(2)) 11?2(1)>7 N1( ). (F2(2)) LN (Ber) NQ():: ((F2(2)) 1)/N(Ec/7,)
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with Nl(k)7 N2(k) € SUT, we recognize that
k k k k k) ar(k
FE — (G0 R + (PN 4 FYND.
From the SUT-nilpotency, it follows NZ-(OO) e Ni(:fll) = 0 for any i) € {1,2}, such that ng‘) =0 and
R:=F% a:=FW.
Therefore,

{ELFI}:HIO(I N<gr/c>}’{1§; 1?%”‘

We see that with this step, we already obtained a pure ODE.

6.2. Step 2: Obtaining a pure DAE part. In this step, we construct the equivalence transformation

Ly, K2

{Ey, F1} {E, Fp} .
——

QuasiSCF

We use Lemma 5.2 to construct a sequence F(*) k € N with FQ(f) =0, FO = .

e Let us first note that for F(©) = F (i.e. Fl(g) possibly nonzero), a first iteration would lead to

FQ(P = N(EC/T)(FZ_Qlel(Fll — F12F2_21F21) — (F2_21F21)/), F2(21) = Fy + N(EC/T)F2_21F21F12.

Now, with Lemma 3.1, we observe that

— Since N(EC/T)F{21F21F12 is strictly upper block triangular, the diagonal blocks of Fss are pre-

served in F2(21), such that it is nonsingular.

— BEach summand of FQ(P starts with one of the particularly structured nilpotent matrices
N = NEeIpt N = NEe) (LY = (N e SUT.
Repeating this procedure for
a) . (Fl(f) _ Fféf)(Fﬁg))*lFéf)L Nék) — N(EC/T>(F2§§>)71’ Nik) — N(EC/T)((FQ(;C))A)/,
with Nék), Nik) € SUT, we recognize that
Byt = NP (DY — (7)) - NP F.

From the SUT-nilpotency it follows Ni(::l) . Ni(oO) = 0 for any i, € {3,4}, such that FQ(f ) — .

e If Step 2 is done after Step 1, i.e., F(O) = F|, then Fl(é) =0, Fg) =R, Fl({) = ) remain unchanged
for j=0,1,..., 4.

Note that the order of Step 1 and Step 2 could also have been inverted. We prefer this order, since then we
first obtain a pure ODE with its final €.

6.3. Steps 3 and 4: Computation of an SCF and an SSCF. As soon as we have a representation

of the form
1, 0 Q0
E2 = |:0 N(Ec/r):| ’ F2 = |:0 R:| ’
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for a nonsingular block upper triangular R, with

Iy 0
Ly = Ky =1,
3 |:O R_1:| ) 3

we obtain an SCF. In a last step, if desired, an SSCF can be computed with particular Lgscr and Kssor
for the pure DAE as described in [18] and

1y 0 1 0 }
Ly = . Ky= .
! [ 0 LSSCF} ! [ 0 Ksscr

Since K3 and K4 transform algebraic variables only, they are not crucial for the canonical spaces and
therefore we will not go into them any further, cf. Section 7.

6.4. A detailed example. We consider the following example to illustrate on the one hand all the
described steps and on the other hand the importance of the regularity requirement.

EXAMPLE 6.1. [2, Example 5.6.]

sin (t) cos(t) O —sin (t) + cos (t) —sin (t) — cos (t) 0
E= 0 0 0|, F= cos (t) —sin (t) 0
—sin (t)cos(t) sin®(t) 0 sin? (t) sin (t) cos (t) —t?2—1

In [2], this example is used to illustrate their transformation into SCF that does not presuppose regularity,
but real analytic E, F. Indeed, the nilpotent matrix function of the SCF found there has rank drops at zeros
of sin, just like the matrixz E. Therefore, it is obvious that on R no equivalent transformation into an SSCF
s possible.

Here, for regularity, we require T C R\ {nw | n € Z}, such that m =3, u=2,r=2,0p=1,d=1,a =2
on T, N(E) = NUE) = [0 1] .

0 0
Step 0: With
_ 1 _ cos(t) 1 __cos (t)
1 1 sin (t) 0 sin (t) 0 sin (t)
Lo = |cos(t) 0 1, Ko=1] 0 0 1 ;
0 1 0 0 1 0
we obtain the required form of a PreSCF:
2 sin (t) cos (t)+2 sin (t)+cos (t)
110 0 — sin? (t)+cos2 (t)—1 ‘ 0 sin? (t)
Eo=|0[0 1|, Fo=| —cos(t)+ 5y | 121 —=d
0l0 O cos (t) 1
sin () 0 sin (t)
Step 1:
1. First (and in this case last) iteration step:
1o 1450 1/0 0
V=701 0 , KM =|0[1 0|,
00 1 0|0 1
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B =EY =Ey, Ly =L\, K == K,

-1 | o 0
Fio=FY = | —cos(t)+ ﬁ —t2—1 —Zfs((g
cos (t) 0 1
sin (t) sin (t)
Step 2:
1. First iteration step:
1 ]o o 1 |0
L= | “eos(® [T 0|, K= | i@ 7
0 0 1 cos (t) 01
ESY = By = Ey and
-1 | o 0
FV = | —sin(t)+cos(t) | -2 —1 —ij((g
1
0 0 " sin (t)
2. Second (and last) iteration step:
110 0 1 K
L§2) _ 011 o , K§2) _ — sin 51;):—1005 (1) 1 0
0({0 1 0 0 1

Ey = Eéz) = Egl) =FE, =Ey, Ly := Lg)Lgl), Ky = Kél)Kg(z), results in a QuasiSCF with

1| 0 0
2 cos (t
FQ::FQ(): 0 -1 7sin1§t;
0 0 " sin (t)
Step 3:
1] 0 0
t
L3 - 0 _tr"il Ct028+(1) ) KB - I3a
0 0 — sin (¢)

leads to the SCF

Step 4: Finally, with

)




A publication of the International Linear Algebra Society

Electronic Journal of Linear Algebra, ISSN 1081-3810
Volume 42, pp. 613-653, July 2026. I L

633 Computing SCF of regular linear time-varying DAEs via a preliminary stage

we obtain the SSCF

110 0O -1]70 O
Es=Ey=|0|0 1|, Fy= 011 0
0]0 O 010 1

Note that for the homogenous DAE the pure ODE v —u = 0, also given in [2], is found already after Step 1.
Howewver, it is not unique and different Ly, Ko may provide different pure ODEs. We illustrate and discuss
this in Example C.1.

In the examples from the Appendix C, for shortness, we will not specify the intermediate iteration steps of

Step 1 and Step 2 anymore.

7. Consequences for the canonical projector and pure ODEs. If K := Ko K1 K>sK3K, is the
transformation of the unknowns that was used above to transform an arbitrary DAE into an SSCF, then

the canonical projector

can be computed as
I; 0O
0 O
since K3 and K, transform algebraic variables only. Therefore, these two last steps will not be that important
for latter considerations, such that we will focus on Steps 0, 1, and 2.

Hcan = KOKIKQ |: :| KglK;1K617

PROPOSITION 7.1. For every sufficiently smooth pair of matriz functions in a PreSCF,
Iq 0 Fi1 Fio
0 NEv |7 |Fy Falf’

. I+ AB . A
Scan =1m [ B } k) Ncan = 1 {Ia} )

and the canonical projector Il.qyn s

the canonical spaces are

I.,+AB —A-— ABA]

Hean = { B —-BA

for A==l AT 5 R¥e Bi= Yo BT~ R4 resulting from

IR
) _ |1 12] ’
[Fo1 Fao
[ i—1 i—1)\—
FO = La _F1(2 )(F2(2 )) ! Fli—1) Iy A
0 I, 0 I,
[ Al
0o ol =1,..., 4,
F(M+J) = . - F(l‘H"J*l) |: 4 ]
—(FGHT) TR TINE) g, B I
0 0 )
+[N(Ec/r)B§ 0]’ i=1..u,
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for

i—1 i—1)\— j—1)\ — j—1
Ay = Fly V(g )TNGBy = (BT TR,

Proof. The assertion follows from

wim o= [l A [l A I 0] I 0

0 Ia 0 Ia Bl Ia, B,u. Ia
. I; A I; O . I;,+AB A
0 I, B I,| B I,|’
and
1, 0] [Ig —A 1, —A
Kty =Ky'Kit=| "¢ ¢ = :
12 2 [—B L]0 I, ~-B BA+1I, 0
Note that this Proposition enables us to compute in general
_ I+ AB —A—-ABA|
Hcan—K0|: B _BA :|K0 )

directly from Ko, Kl, K27 since A = (Kl)lg = (KlKg)lg, B = (K2)21 = (K1K2)21. 1\/IOI‘€OV€I'7 if needed,
a closer look provides the precise smoothness assumptions required for parts of Fy that we will not go into
here.

From the above proof, we recognize that, as soon as we finish Step 1, a pure ODE can be represented,
since it means that for every pair

([ 0 Fii 0
{ElaFl} - { |:O N(E7-/c):| ’ |:F21 F22:| } ’

La,K>2 Iq 0 Fiq 0 .
{ElvFl} ~ {[0 N(E%/c):| ) [ 0 FQJ} = {EQ’F2}a

it holds

with

_ 1y 0 _ I; O
Ly = [N(EC/T)B ]a] » Ka= {B ]J '

COROLLARY 7.2. Let Lo, Ky be matriz functions that transform a pair {E,F} into a PreSCF, and

Ly, K1 matriz functions that transform this PreSCF according to Step 1, leading to the matriz function
0: 7T — Rx9,

A pure ODE (2.8) of the DAE (1.1) is then obtained for
u:=[I; 0] (KoK1) 'z, @ :=[Ils 0]LiLog.
Proof. The assertion follows from the particular form of K3, K5, L3, La:

[Is O K;'Ky'K{'Kg'= 1[I, O|K;{'Ky', [Ii 0]LsLaLiLo=[I; 0] LiLo. 0
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8. Application to T-canonical and S-canonical forms.

8.1. Block-structured canonical forms of regular DAEs. There are further canonical forms,
which play their role within the projector-based [14] and the strangeness-reduction [13] frameworks, both
of them designed in a constructive way. We show here that they (almost) fulfill the structural assumptions
from Section 5.

Following the notation of [14, Section 2.10.1], a time-varying pair

1y Eio Fi; 0
0 N |’ Fo1 1, ’

with a strictly block upper triangular matrix function

0 N12 NlP« El
. . . l[,L
N = . LEN, (=) ti=a,
Ny—1,| “r=t =1
0 I3

is said to be in

1. T-canonical form if
E12 =0,
and each N, ;11 has full column rank for i = 1,..., 0 — 1, i.e., N = N¢ € SUl¢oiymn using the
notation from Section 3.
Note that this implies decreasing ¢y > --- > £, and rank N; ;11 = {i41.
For DAESs, a T-canonical form primarily shows a pure ODE part and provides the subspace Ngp:

i+ Fnizi=aq
Ny + o = go — Foy 1,

whereas in case of a complete decoupling F»; = 0 is given, and therefore, the T-canonical form is
already in SCF [14].
2. S-canonical form if
Fou=0, Eip=[0 (Ew): - (Bi2),
and each NV; ;11 has full row rank for i =1,...,p—1, i.e., N = N" € SUI,,, using the notation
from Section 3.
Note that this implies increasing ¢/; < --- </, and rank N; ;11 = {;.
For DAESs, an S-canonical form primarily shows a pure DAE part and provides the subspace Scq,:

Ty + Eroxh + Frizy = qu,
N"zh + 29 = qa.

Having the T- or S-canonical form with block sizes d, /1, ...,£,, we know immediately the canonical
characteristics r, 0, . .., 0, see Section 3.

We show now how each of these canonical forms can be transformed into a preliminary stage of an SCF
according to Section 5. In this context, once again the properties of block structured matrix valued functions
with decreasing or increasing block sizes, which are summarized in Section 3, play their role. Note that in
both cases, a =Y i {; =m —d.
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8.2. T-canonical form. Due to Lemma B.1, we can assume that N has the required secondary diagonal
blocks such that according to Lemma B.2

R®:= N(NENT 4 (1 = NEI(NENTY € BUTonsingutar,
is nonsingular and R™¢ := (R°)™! € BUTLonsingular fulfills R7¢N = N(Ee) | Therefore, with

I, I,
L.= K. =
c |: R_C:| ) c |: Ia:| )

R P S (R P s

that is in a PreSCF according to Definition 5.3 for decreasing block sizes ¢; > --- > ¢,,. Note further that
due to Fio = 0, the transformations in Steps 1 and 2 do not change neither {2 nor R~¢, and Steps 3 and 4

lead to
I, 0 QO 0 I, 0 Q 0
0 NEI|’|l0o R© 0 NEI|lo 1|["

COROLLARY 8.1. Let L, Kr be matriz functions that transform a reqular pair {E, F'} into a T-canonical
form. Then, for the matriz B described in Proposition 7.1, we obtain

I; O _
.o = Kr |:§ O:| KTl-

it follows

Proof. The assertion follows directly from Proposition 7.1, since due to Fij3 =0 also A = 0. 0

8.3. S-canonical form. Due to Lemma B.1, we can assume that N has the required secondary diagonal
blocks such that according to Lemma B.2

R = (NENIN + (I — (NENTNE)) € BUTonsingutar
is nonsingular and R™" := (R")™ € BUT onsinguiar fulfills NR™" = NEr) | Therefore, with

I, —FEq2 R_T:|

ld
14 L, = K, =
(8 ) " |: 1a:| ’ " |: O R_T

it follows

e B ) e P S P |

that is in a PreSCF according to Definition 5.3 for increasing block sizes £; < --- < /,,. Note further that due
to Fy1 = 0, the transformations in Steps 1 and 2 do not change either Q or R~"+N(R™")" € BUL onsingular
and Step 3 and 4 lead to

e s | R (I i

COROLLARY 8.2. Let Lg, Kg be the matriz functions that transform a regular pair {E,F} into an S-
canonical form and L,, K, be the matriz functions described in (8.14). Then, for the matriz A described in
Proposition 7.1, we obtain
Iy —A
0 O

Proof. The assertion follows from Proposition 7.1 due to F»; = 0 and therefore B = 0. 0

ewn = KsK, [ ] KRG
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9. A closer look to DAEs in Hessenberg form.

9.1. Definition and canonical characteristics. Let us consider pairs { Hg, Hr} in Hessenberg form
for 4 > 2. This means that there exist m; € N, j =1,...,u, m=mi+...+my, r=m; +... +my_1,
m, = m — r, matrix functions

Hij I — Rmiij’

and that the pattern

Hyy Hip Hi,1 Hy| }m
o Hyy  Hao Hy 0 } me
9.15 Hg=|" Hp = : : : .
(9.15) Hg [O 0} , Hr :
Hyvyu—2 Hy—1,-1 0 Py
Hyu 0 tmy, = m-—r

with pointwise nonsingular

Hy,,1H,y 19 HyHyy: T — R™XMe,
is given, such that m; > mg > --- > m, > 0.
Using [17, Theorem 8.1], the rank properties proven in [14, Theorem 3.42] imply
bp=--=0,o=my=m—r=120, d=r—(u—1)0=m—pb.
In particular, this means that

0 Iy

NE .- | with 6= =0, =0=m—r,
0 I

0

I 0
can be interpreted as N(Fe) or N(Er)  Of course, Hp can easily be transformed into [61 N(E)} . Below, if

particular orthogonal Ly and K are used, then the matrix function Fp in (3.13) presents a block structure
that corresponds to a PreSCF.

9.2. The index-2 case. Let us first focus on u = 2 and therefore

I, 0 [T Hy Hip| } o
0 07 F H21 0 }m2 = m-r=40

)

(9.16) Hp = {

with pointwise nonsingular
H21H12 1 T — RM2Xme,
We begin by focusing on Step 0, an initial orthogonal equivalence transformation into a PreSCF.

To decouple equations presenting this structure, we use a matrix function B2 whose columns are an
orthonormal basis of ker H>; and a matrix function B, > whose columns are an orthonormal basis of the
orthogonal complement, such that

Byo: I —R™>*m=0" B o T 3R™*  im Byy®im B,y = R™,
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and
BisBaz=Im—6, BqyBaz2=1Is, BjyBa2=0.

With these rectangular matrices functions, we construct the orthogonal matrix functions
ng 0

(9.17) Lp=|BT, o, KB—{

Bd,2 0 Ba,2:|
0 Iy

0 Ip O

such that {HE, HF} ~ {.E()7 F()} with

I 0
Ey=LpHpKp = = [Od N(E)] )

[ B§2B</1,2 ‘ 0 B:iszaﬂ
LpHpKp = | BI,By2 |0 BI,B.L, |,
0 0 0

F F d
Fy=LpHpKp+ LpHgKy = { . 12} { o

Fy  Fy

Withd:m_Qa:ml_mQ,Fll:I—>Rd><d and

Fyy =

)

(F22)11 (F22)12} Yo o= 0
0 (F22)22 }62 = 9:m2:m_,r.

having quadratic blocks
(Fag)11 = Bl oHiz : T — R,

(F22)22 = Hnga,g L — RGXG.
These blocks are nonsingular, since

e Hi5 has full column rank mso, BZ:Q has full row rank ms, ms = 6.

e Hy; has full row rank mo, B, 2 has full column rank mg, mo =0,

e 0 = mo =rank Hoy His = rank H21Ba)2BZ:2H12 < min {rank Hy1 B, 2, rank BZQHH} < 6, whereas
we used that Ba,ngj2 is an orthogonal projector onto (ker Hoy)*.

Moreover, we have the structure

by Lo
F12:[>)< *] m1—97

as well as
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whereas * stands for possibly nonzero and time-varying blocks.

Because of this pattern, we have the block structure

{1 Ay
FyFp=|* b =0 )
0 0 ¢,=0

such that a PreSCF is given. Therefore, F21F12F2_21N(E) and N(E)F2_21F21F12 have the strictly upper block

structure
ly Ay

0 x| =10
0 0] lo=0"
as required for Steps 1 and 2.

Once Step 0 is available, we compute an SCF and an SSCF as outlined in the previous sections.

COROLLARY 9.1. The orthogonal matriz functions L, Kg from (9.17) transform Hessenberg index-2
pairs {Hg, Hp} into a PreSCF. Consequently, an SCF and an SSCF can be computed as described in Section
6.

An example can be found in Appendix C.1.

9.3. The particular structure resulting in multibody dynamics. To motivate the structure, we
consider in the next section, let us first have closer look at the DAEs resulting in multibody dynamics.

9.3.1. Structure without angular velocities. Considering linear (or linearized) constrained multi-
body systems with p and v describing the n,, position and velocity coordinates, respectively, leads to equations
of the form

I 0 0] [y 0 —-I 0 D

0 M o| [v|+|K D GT| |v|l =g

0 0 0] [O G 0 0 A
where G is the ny x n, constraint matrix, K, D, M are the stiffness-, damping-, and mass matrices, ¢ may
contain time-dependent excitations, and the ny unknowns X are the so-called Lagrange multipliers [8]. For
constant G, K, D, M, the state space form is well understood. Here, we focus on the case that these matrices
may vary with time, although we drop the argument ¢ for the sake of clarity. We start permuting and scaling
the equations with

0o M o0 0 I, 0
Ly=|L, 0 0|, Ku=1L, 0 0],
0 0 I 0 0 I,

to obtain the pair in Hessenberg form

I 0 0] [M™'D MK MGT
{Hg,Hp} =< |0 I of,| —I 0 0 :
000 0 G 0

with nonsingular GM~1GT, m; = my = Ny, M3 =ny =0, =0, T3 =p, T3 =\
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9.3.2. Structure with angular velocities. We also want to emphasize that if in the 3D-case the
angular velocities are considered as well, then in the linear (or linearized) case, we consider

v
.'L'l:|:5:|7 T2 =D, CC3:>\, mlznp+nsa ma = Ny, m3:n)\:93

and p’ = Zv for a regular transformation matrix function Z, leading to

M—lzTGT

H13:[ 0

:| ) Hy = [_Z 0} ’ Hsp = G7

see [8], [14], with nonsingular
HsyHy Hys = —GZM ' Z7G".

9.4. Transformation for a particular Hessenberg form of order 3. From the preceding consid-
erations, it results the special Hessenberg form

Imy, 0 0 Hu  Hix Hi
0 In, O|,|[Zn0] 0O 0%y,
0 0 0 0 G 0

for a quadratic, nonsingular Z5; . Notice now that the equivalence transformation with

In, 0 0 In, 0 0O
Lzy=|0 Z3' 0|, Kz=|0 Zy 0|,
0 O Im3 0 0 ITIL3

leads to
I,, 0 O Hyy Hi2Zo1 Hiz
0 Imz 0 ’ [Imz O] 22_11251 0 ’
0 0 0 0 H39751 0

with nonsingular
H3oZ51 (I, 0H13 = —-GZM ' Z7G".
Therefore, for the sake of simplicity in the following, we assume that the particular Hessenberg structure

I.,, 0 O Hyy, Hy His
(9.18) (Hp,Hp} =4 | 0 ILn, 0|, |[Im, 0] He 0|9,
0 0 0 0 Hso 0

with pointwise nonsingular Hss[l,,, 0]H1s, implying rank Hss = ms = 0, m = my +ma + ms, 7 = mq + ma.
Of course, for m; = my, we simply assume [I,,,0] = I, = I, -

Finally, we like to note that the transformations from below could also be generalized for Hessenberg
forms with p > 3 assuming

Hi+l,i:[Im,;+1 0] for ’L:L,[L*Q

Let us focus first on Step 0, i.e. an initial orthogonal equivalence transformation into PreSCF.

To decouple pairs presenting the structure (9.18),
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o we first use a matrix function By 3 whose columns are an orthonormal basis of ker H3s and a matrix
function B, 3 whose columns are an orthonormal basis of the orthogonal complement, such that

By : T — Rmx(m2=0) B .. 7 s R™>X0 im Bys@im B,z = R™2,

and
T T T
BisBas = Im,—9, BgzBasz=1s, BgzBas=0,
e we second use matrix functions

Bg3 0
0 Ty —m,

Ba3

By = [ } T RMXm=0 B, = [ o } T — R™XY,

fulfilling ker Hso Ho1 = ker Hso[l, 0] = im Bga, im Bga ® im B, o = R™,
BiyBas =In,—0, BiaBuz=1Is, BiyBu2=0,
o finally, since ker Hzo Ho1 Hi3 = {0}, we set By 1 = Ln,.
With this notation, we define orthogonal

my ma ms3

Bg:Q 0 0 m1—9 m1—9 m2—9 ms 0 0
0 Bd7:3 O mo — 9 Bd72 0 0 Ba,2 O mq
9-19) Lp=|BT, 0 0 0 - Kp=]| o0 Bas 0 0  Bas| my
0 BI; 0 0 0 0 Imy 0 0 | mg=40

0 0 Im3 ms = 0

For (9.18) with d = m — 30 = m; + mo — 2mg3, Lo = Lp and Ky = Kp leads to

0 Ip O

I, 0
LoHg Ko = {(;i N(E)} , N® =10 0 I| eR™
00 0
mi—0 ma—0 0 0 0
Bi,B, 0 0 Bi,Bi: 0 m— 0
0 BY,Bl, | 0 0 BB | m2—0
LoHpKy= |BI,B), 0 |0 BI,B,, 0 o >
0 BT3B, | 0 0 Bi3B, 3 0
0 0 0 0 0 0 =ms3

and

Fy:=LoHrKy + LoHEK(l) =: [

Fiy Fu]} d
Fyi Fypl|} d

with d = m — 30 = my +my — 2mg, Fi1 : T — R™¢ and

(Fa2)11 (Fa2)iz (Fa2)is] } 4 =
Fay = 0 (F22)22  (Fa2)23| } b2 =
0 0 (Fa2)ss] } 43 =

\
SSESSESN



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society I I
Volume 42, pp. 613-653, July 2026.

D. Estévez Schwarz, R. Lamour, and R. Mérz 642

having quadratic blocks

(F22)11 = B§2H13 T — ROXQ’

_ RT _ _

- a, m2 a,z — - 9
(Fa2)22 = By 3[Im, 0]Ba2 = I, = Ig
(Fa2)33 = H32B, 3 : T — R?%,

that are nonsingular, since

e M3 has full column rank mg, B;’j2 has full row rank mgz = 6,
e M35 has full row rank ms, B, 3 has full column rank ms = 6,
L] H32H21H13 = HggBa73B£3 [Imz 0} H13 = H32Ba73Bgt2H13, and therefore

0= ms = rank H32H21H13 < min {rank HggBa,g,rank B£2H13} < 9,
whereas we used that B, 3By 5 is an orthogonal projector onto (ker Hzo)t.

Moreover, we have the structure

£1 £2 63
Fu_[ * *} m1—9’
x x| mo—20
as well as
m1—9 m2—9
* * ly =0
Fy = 0 * by =10 >
0 0 I3 =10

whereas * stands for possibly nonzero and time-varying blocks.

Because of this pattern, we have the block structure

{1 by A5

x  x x| £1=0
FnFio=10 « x| =0,

0 0 O0f ¢65=20

such that a PreSCF is given. Therefore, F21F12F2_21N(E) and N(E)F2_21F21F12 have the strictly upper block
structure

by Ly L3

0 * x| 61 =0
0 0 x| l=06 >
0 0 O0f ¢3=0

that is crucial for Steps 1 and 2. Recall that for arbitrary {E, F'}, the transformation matrix functions
Ly and K to obtain the block structure {Ey, Fo} may be composed step by step. Indeed, for multibody
systems, we showed

(9.20) Lo=LpLzLy, Ko=KpK;Kg.

Now that Step 0 is given, we can compute an SCF and SSCF as described before.
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COROLLARY 9.2. e The orthogonal matriz functions Lg, Kp from (9.19) transform the Hessen-
berg index-3 pairs {Hg, Hr} with the particular structure (9.18) into a PreSCF.
e Pairs resulting from linear (or linearized) constrained multibody systems as described in Section 9.3
can be transformed into a PreSCF with the nonsingular matriz functions Lo, Ko from (9.20).

Consequently, in both cases, an SCF and an SSCF can be computed as described in Section 6.
An example can be found in Appendix C.2.

10. Conclusion. DAEs in SCF or even SSCF are easy to understand and to handle. However, the
equivalence transformation of linear time-varying DAEs into an SCF is usually rather difficult. Fortunately,
for some classes of structured DAEs with known canonical characteristics, a transformation into the pre-
liminary stage PreSCF introduced in Definition 5.3 results to be simpler and as soon as we have it, the
computation of the SCF becomes possible with the described steps, which take advantage of the nilpotency
of particular block structured strictly upper matrices.

Of course, in general, the computation of this preliminary stage is not trivial either, but, at least for
some classes of DAEs, relatively easy. We showed how to transform the T-canonical and the S-canonical
forms from the tractability and strangeness frameworks into PreSCF. Moreover, we considered Hessenberg
forms that have a completely different structure and computed the SCF step-by-step via the PreSCF. We
are confident that for further classes of DAESs, appropriate general descriptions of suitable transformations
may be found.

Once the SCF and the corresponding transformation matrix function K that describes the transformation
of unknowns is found, a description of the canonical subspaces S.q, and N..,, as well as the canonical
projector is possible. In particular, we provide this for DAEs arising from linear or linearized multibody
systems.

Appendix A. A note on transformations of explicit (pure) ODEs.

Consider an explicit ODE
2+ Qx =0,

Rdxd

with a time-varying matrix function Q : Z — , and an unknown function z. A transformation x = Kz

by a pointwise nonsingular smooth matrix function K leads to
¥+ Qv =K7+Ki'+QKi=Ki + (QK + K')z,

such that the premultiplication by L := K~! provides the transformed ODE &’ + Q7 = 0 with Q =
K~Y QK + K').

Let us now suppose that for any given o € R, we want to compute K such that Q = al. From
al = K71 (QK + K'), it follows that such a matrix function K has to fulfill the system of ODEs

K' = (al — QK.

If we choose a nonsingular initial value K (0) = K, the solution K is nonsingular on Z due to the formula
of Liouville. Indeed, K is the fundamental matrix of the above ODE. Consequently,

(r, oy “~ (1, a1y
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Notice that for ai; > 0 and ag < 0, we therefore can find nonsingular K7 and K», such that the equiv-
alent ODEs present completely different stability properties. This is a crucial difference between constant
transformations of coordinates and time-varying transformations.

This means that for DAEs, as showed also in Examples 2.7 and 2.8, different pure ODEs may present
completely different stability properties. However, in both Examples, either |Ki;| or |K ﬁl‘ grows unbound-
edly for ¢t — oo.

Moreover, the above considerations imply that with the scope of the here permitted transformations, we
can formulate a further possible definition of regular DAEs.

PROPOSITION A.1. A pair of matriz functions {E, F} is reqular, iff

w {[s o [ )

or any « € R and a constant, nilpotent N(©) € Raxa,
J Yy , nalp

This proposition means that a time-varying linear DAE is regular, iff it is equivalent to a time-invariant
regular DAE. Moreover, by choosing & = 0 under the considered equivalence, the explicit ODE part can
always be simplified to the trivial case u’ = gi.

Appendix B. Some technical details of SUT matrix functions. As a supplement to Section 3,
this appendix section summarizes certain properties of particular SUT matrix functions established in [18]
that are used in the present article.

LEmMA B.1. [18]

o Fvery pair {N° 1} with a sufficiently smooth matriz function N¢ € SUT oiumn can be equivalently
transformed into a pair {N¢, I} with a matriz function N¢ € SUT ¢opumn showing special secondary
diagonal blocks

e [ Rt
Gl = 0 ;

and pointwise nonsingular K1 i41.

o Fvery pair {N",I} with a sufficiently smooth matriz function N" € SUT,q, can be equivalently
transformed into a pair {NT,I} with a matriz function N" € SUTyow showing special secondary
diagonal blocks

S
Tiyn = [Ria 0],
and pointwise nonsingular R; ;.

Proof. A proof that uses the smooth SVD can be found in [18]. A visualization of the pattern is given
in Figure 5. ]

LEmMMA B.2. [18]
o In case of decreasing {1 > --- > £, for any N¢ € SUL oumn it holds that

R¢ .= NC(N(EC))T + (I — N(EC)(N(EC))T) S BUTnonsingulaT

and
RE(NE)) = N©.
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204

10

15

20

25

FIGURE 5. Visualization of the pattern of N€, N¢ and a nonsingular R¢ constructed with Ne for decreasing block sizes
(top) as well as N", N" and a corresponding nonsingular R" for increasing block sizes (bottom), cf. Lemma B.1 and Lemma

B.2.

Moreover, if the secondary diagonal blocks have the pattern

with pointwise nonsingular Riy1 41, then R® is pointwise nonsingular and (RE)"IN¢ = N(Ee),
o In case of increasing €1 < --- < 4, for any N" € SUI} oy, it holds that

and

c | Rig1,i41
i+l — 0 )

R" = (N(ET))TNT + ([ — (N(ET))TN(ET)) S BUTnonsingular7

(NENRT = N

Moreover, if the secondary diagonal blocks have the pattern

riv1 = [Rigrim1 0],

with pointwise nonsingular R;11 41, then R" is nonsingular and N” (RT)_1 = N(Er),

Proof. A proof can be found in [18] (Lemmas 4.2 and 5.2 therein), and the reasoning thereafter.
visualization of the pattern of the nonsingular matrix functions is given in Fig. 5.

LEMMA B.3. For every N € SUTC/T, there exists a RE/™ € BUTyonsingular such that

{]\/'7 I} ~ {N(Ec/r), (Rc/r)—l}-

A
|
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Proof. The assertions follows from Lemmas B.1 and B.2. ]

Appendix C. Illustrative examples in Hessenberg form. In this appendix section, we present an
illustrative step-by-step computation of the SSCF and the canonical projector for two examples in Hessenberg
form fulfilling the assumptions described in Section 9.

C.1. An index-2 example.

ExaMpPLE C.1. [10, Section 5], [14, Example 8.11] Hessenberg form, index =2, m=3,r=2,6y =1,
d=1.

1 0 0 A -1 -1
E=10 1 0, F=|n(-nt*+t—-1) X -—nt
00 0 41 10
For shortness, let us define y(t) := \/(—nt + 1)* +1 #£ 0.
Step 0: {E, F'} ~ {Eo, Fo}
1 gl 1 —nt+1
KRR o, P
L=\ o O Ko=|%m 0 55 |
0 0 1 0 1 0
110 0
1 0
Eo=10]0 1 |= [0 N(E)} ,
010
—n(pt=D =D +D+I+(nt=D)A(pt=D)—1) | —nt(pt—D)—1  p*t*—3n334n>2+3n>t2—2n>*t—nt—1
1Ok 0] 70
Fy = —nt+1 _ 1 ntHA+ Mt —T) (it —1)+n+A(nt—1))—1
~ ()2 y() v(t)?
0 0 ()

As expected, by construction Fhy is nonsingular and (block) triangular. Now we show how starting from
{Ev, Fo} an SCF and an SSCF can be constructed.

Step 1: {E07F0} ~ {E1>F1} with E1 == EO and

1| =2+t —1 nty(t) 1|0 p*2—nt+1
Li=|0 1 0 , Ki=1]0]1 0 :
0 0 1 0/]0 1
wt) | 0 0
I = —nt+1 | 1 nPAEnZt—2nAt—n+2)
! ()2 0] ~(t)? :
0 0 7(t)

fOI‘
2At2 — 2t — 27]At+7]+2)\ —7]2t+

~(t)? - ~(t)?
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Step 2: {EhFl} ~ {EQ,FQ} with E2 = E1 = E() and
110 O
Lo=1]10|1 0|, Ky= ,
0]0 1
wt)| 0 0
_ 1 A 412 t—2n A t—n+2)
B=1 0 1-55 0
0 0 (1)
Step 3: {Es, Fo} ~{Escr, Fscr}
1 0
Ly — L K=,
b ml o
1o o W) |0 o
Escr=|0|0 —y(@) |, Fscr= 0 |1 0
010 0 0 0 1
Step 4: Following the procedure from [18], with
0 i 0 0
L4: 0 y K4: 0 —’y(t) 0 y
1 0 0 1
we finally obtain
{Escr, Fscr} ~{Esscr, Fsscr},
w()|0 0
Fsscr = Fscr = 0 |1 0
0 0 1

3

with

o =IO

10
Esscr=1|0]0
0|0
Note that the existence of an SCF and an SSCF for the same DAE corresponds to the uniqueness properties

of the SCF, see Theorem 2.5 in the Appendix 2.4.
L2 ()

Since
T
L= Lolalo = | =i 0] 0 1
0 0 1
and )
7w 0 (@)
K :=FKK K= | %5 0 nty(t)],
el 1
v(t)
provide {Fa, F5}, with
nty(t) =) 0
Ktl=|ntnt—1) —nt+1 1|,
—nt+1 1
~(t)

~(t)
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we can represent the canonical projector

100 nt -1 0
(C.21) =K 1|0 0 O| K'=|nt(nt—1) —nt+1 0
0 0O nt(—nt+1) nt—1 0

Alternatively, we can compute 1.4, with Proposition 7.1. From the representation of K; and Ks, we

—nt+1
v(t) 1 ’

know

A=[0 2 —nt+1], B= 0

such that AB = 0, therefore also ABA = 0, and

1 0 —n?t24nt—1

14 _A]Ko_lKo —nt+l (*nt+1)(n2§2*nt+l) Kt

B —-BA

Hean = Ko [ 10) 210
0 0 0
that also leads to the expression (C.21).

Let us finally compute the solution of the resulting homogeneous DAE Esscrz’ + Fsscrz = 0 for
z = K~'z. The solution of the pure ODE
le = _w(t)zla

reads

and the pure DAE leads to

such that
’)%%)1 0 () | [C-eM-A(t) 1
z=Kz= % 0 nty(¢) 0 =C-e M| pt—1
ol 1 0 —nt+1

This coincides with the known solution from literature. However, note that the pure ODE obtained in [10]
from an IERODE is Z; = —\ Z;. This apparent difference results from the choice of K only and corresponds
to z1 = 7y 21, since also the pure ODE is not unique. Indeed, in terms of Corollary 2.6, for

- [—v@®) o0 I
L= K= |70
[ 0 I’ 0 L’

it holds
o 1[0 0 A
LK
{Esscr, Fsscr} ™~ 0/0 1],]0]|1
0/0 O 010
We want to emphasize also that choosing at the beginning
s e O] 10 gt
Lo= |=28L 1. 0|, Ko=|nt—1 0 1|,

0 0 1 0 1 0
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Steps 0, 1, 2 lead to the pure ODE Z] = —\Z; straight forward. This makes clear that, although in general
we proposed to choose orthogonal Ly and K, a different scaling may be reasonable to define K as simple
as possible.

C.2. An index-3 example: The linearized Campbell-Moore DAE. The following example is a
linearized version of a test problem proposed in [5] and has been discussed extensively in [11].

ExampLE C.2. Semi-explicit, index u =3, m=7,r=26, 0y =0, =1, d=4, assuming a # 0.

Is O
e=[o
0 0 0 -1 0 0 0 )
0 0 0 0 -1 0 0
0 0 0 0 0 -1 0
F = 0 0 sin (%) 0 1 —cos(t) —acos? (t)
0 0 —cos(t) —1 0 —sin(t) —asin(¢)cos(¢)
0 0 1 0 0 0 asin (t)
lacos? (t) asin(t)cos(t) —asin(t) 0 0 0 0 ]

This DAE is not directly in Hessenberg form. To decouple it step by step, we use several equivalence
transformations

{E,F} ~ {LEK,LFK + LEK'}.

C.2.1. Permutation into Hessenberg form. With the block permutation matrix

0 I 0
P=1\1, 0 o,
0 0 1

we obtain a pair in Hessenberg form {Hpg, Hp} for Ly = Ky = P = PT such that

{E,F} ~{Hg, Hr},

and
Is 0
HE:LHRKH:E:{O 0}7 Hr = LyFKy,
[0 1 —cos(t) 0 0 sin () —acos? (t)
-1 0 —sin(¢) 0 0 —cos (t) | —asin (¢) cos (¥)
0 0 0 0 0 1 asin (t)
Hp=| -1 0 0 0 0 0 0
0 -1 0 0 0 0 0
0 0 -1 0 0 0 0
L 0 0 0 acos® (t) asin(t)cos(t) —asin(t) 0 i
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C.2.2. Transformation into a PreSCF. The goal of this step is to construct {Fy, Fy} that are in a
PreSCF and fulfill

{Hg, Hrp} ~ {Ey, Fo},

according to Section 9.4. To this end, we consider a particular basis.

e Since H3y = [acos? (t) asin(t)cos(t) —asin(t)], we may choose

sin (t) cos (t)  sin(t) cos? (t)
Bus = sin? (t) —cos (t)|, Bag= |sin(t)cos(t)
cos (t) —sin (t)

Note that Bgs is not uniquely determined and could have been chosen in a different way.

e Since H3sHy1 = —H39 we can choose Byo = Bys and Byo = Bys.
e Since H32H21H13 = 70&2 7é O7 Bal =1.

Consider
[ sin (t) cos (t) sin? (t) cos (t) 0 0 0 07
sin (t) —cos (t) 0 0 0 0 0
0 0 0 sin () cos (t) sin? (t) cos(t) |0
Lp = 0 0 0 sin (¢) —cos (t) 0 01,
cos? (t) sin (t) cos (t) —sin (t) 0 0 0 0
0 0 0 cos? (t) sin (¢) cos (t) —sin(t) | O
I 0 0 0 0 0 0 |1 |
[ sin (¢) cos (t)  sin (¢) 0 0 0 cos? (t) 0 1
sin? (t) — cos (t) 0 0 0 | sin () cos () 0
cos (t) 0 0 0 0 —sin (t) 0
Kp = 0 0 sin (t)cos(t) sin(t) |0 0 cos? (t)
0 0 sin? (t) —cos(t) | 0 0 sin (¢) cos (¥)
0 0 cos () 0 0 0 —sin (¢)
I 0 0 0 0 |1 0 0 |

Step 0: With L() = LBLP, KO = KPKB, we obtain

Ey =

O O OO O O =
O O OO O~ O

o O OO = O O

O O Ol O O O
S O Ol o o o
O O HIO O O O
o = OO0 O O O
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[ —sin (t)cos(t) O cos? (t) 0 0 —cos?(t)  —sin(t)cos(t) ]
0 0 cos (t) 0 0 0 —sin (t)
-1 0 0 sin(t) | 0 0 -1
Fy = 0 -1 — sin (t) 0 0 0 —cos (t)
sin? (t) 0 —sin(t)cos(t) 0 —a  sin (¢) cos (t) sin? (t)
0 0 1 cos(t) | O -1 0
i 0 0 0 0 0 @ i
C.2.3. Steps 1 and 2: Iterative procedures. Step 1: For
— 2 . -
100 0|0 —cos2(p) (fOr)sin@eos( 100 0/0 0 cos?() ]
01000 0 sn (0 0100[00 0
001 0lo0 0 cos® (1) +1 0 01 0|0 O 0
Li=|o 00 1l0 o cos (1) , Ki=]0 00 1[0 0 0
00001 0 0 00 00)1-0 0
00000 1 0 000040 10
[0 0000 0 1 | L0 00 0f0 0 1 ]
by Lemma 5.1, we obtain Fy = E; and
[ —sin(t)cos(t) 0 0 —cos?(t) | 0 0 0 i
0 0 cos (t) 0 0 0 0
~1 0 0 sin(t) | 0 0 0
F = 0 ~1  —sin(t) 0 0 0 0
sin? (t) 0 —sin(t)cos(t) 0 —a sin(t)cos(t) (cos?(t)+ 1)sin® ()
0 0 1 cos (1) 0 -1 0
i 0 0 0 0 0 0 « ]
Step 2: For
1 0 0 0 0 0 0]
01 0 0 0 00
0 0 1 0 0 0 O
Ly=]10 0 O 1 0 0 01|,
0 0 -1 —cos(t)|1 0 O
00 O 0 010
00 0 0 |0 0 1|
i 1 0 0 0 0 0 01
0 1 0 0 0 0 O
0 0 1 0 0 0O
Ky = 0 0 0 1 00 0],
sin? (£)+1 cos(t)  sin (¢) cos (t) _ sin® (t)+sin (t) 1 0 0
0 0 1 cos (1) 010
L 0 0 0 0 0 0 1]
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Fy = Fy = Ey and by Lemma 5.2, we obtain Fy = E; = Ey and

[ —sin(t)cos(t) 0 0 —cos®(t) | O 0 0 ]
0 0  cos(t) 0 0 0 0
-1 0 0 sin (%) 0 0 0
Fy = 0 1 —sin(t) 0 0 0 0
0 0 0 0 —a sin(t)cos(t) (cos?(t)+ 1)sin® ()
0 0 0 0 0 -1 0
I 0 0 0 0 0 0 a ]

C.2.4. Representation of the canonical projector. From the representation of K; and Ks, we

know
0 0 cos?(t)
0 0 0
A=
0 0 0 ’
0 0 0
sin? (£)+1  cos(t)  sin () cos (t) N sin® (t)+sin (¢)
B= 0 0 1 cos (t)
0 0 0 0
Also in this case, AB = 0, such that
1 0 0 0 0 0 —cos? (1) 1
0 1 0 0 0 0 0
0 0 1 0 0 0 0
.. = Ko 0 0 0 1 0 0 0 Ko_l-
sin® (£)+1  cos(t)  sin (t)cos (t) _ sin® (t)+sin (t) 00 — (sin2 (t)+1) cos? (t)
0 0 1 cos () 0 0 0
i 0 0 0 0 0 0 0

Note that for the considered index-2 and index-3 DAEs in Hessenberg form and orthogonal Ky, AB =0
follows by construction, such that in these cases, we always have

Heon = K K.
can 0 |:B —BA:l 0
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