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A FINITENESS RESULT FOR COMPLEX HADAMARD MATRICES IN MAXIMAL
ABELIAN SELF-ADJOINT SUBALGEBRAS OF My(C)*

SHULER HOPKINST AND REMUS NICOARA?

Abstract. Let A = UD,(C)U* be a Maximal Abelian Self-Adjoint subalgebra (MASA) of M, (C), where D, (C) denotes
the diagonal matrices and U € My, (C) is a unitary matrix. Assume that U is full superregular, i.e., all the minors of U are
nonzero. We show that A contains at most finitely many complex Hadamard matrices, up to equivalence given by multiplication
by complex units. In particular, since almost every unitary is full superregular (with respect to the Haar distribution), it follows
that almost every MASA of My, (C) contains only finitely many complex nonequivalent Hadamard matrices.
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1. Introduction. A complex Hadamard matrix is a matrix H € M,,(C) having all entries of absolute
value 1 and all rows mutually orthogonal (with respect to the complex inner product). Equivalently, H is

Hadamard if %H is a unitary matrix with all entries of the same absolute value ﬁ For example, the

2mi/n

discrete Fourier transform F,, = (wk'l) kleZ,, Withw =ce , is a complex Hadamard matrix.

In recent years, complex Hadamard matrices have found significant applications in various topics of
mathematics and physics, including Quantum Information Theory (see [2, 3, 15, 16, 19]), Operator Algebras
(see [8, 9, 10, 11, 12]), Cyclic Roots of Unity (see [7]), and Fuglede’s Conjecture in Harmonic Analysis (see
[17]). A general classification of complex Hadamard matrices is not available. A catalogue of most known
complex Hadamard matrices can be found in [16]. The complete classification is only known for n < 5 (see
[6]) and for self-adjoint matrices of order 6 (see [4]).

In this paper, we look at complex Hadamard matrices belonging to a fixed Maximal Abelian Self-Adjoint
subalgebra (MASA) of M,,(C). Denote by D,,(C) the algebra of n x n diagonal matrices with complex entries.
Then, any MASA A of M, (C) is of the form A = UD,(C)U*, where U € M, (C) is a unitary matrix. The
main result of this paper is the following:

THEOREM 1.1. Let U € M, (C) be a unitary matriz that is full superregular (i.e., all minors of U are
nonzero). Then, the algebra A = UD,(C)U* contains at most finitely many complex Hadamard matrices,
up to equivalence given by multiplication by complex units.

To prove this result, we first embed the real algebraic variety of complex Hadamard matrices that
belong to A = UD,(C)U* in a complex algebraic variety of CV, with N = 2n. Since any compact complex
algebraic variety of CV is finite, it is sufficient to show that our complex variety is compact. Since it is
clear that our algebraic variety is closed, it remains to be shown that it cannot be unbounded. We achieve
this by contradiction; a limit argument leads to new relations that contradict the superregularity of U. The
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contradiction is obtained by first proving a more general version of Tao’s uncertainty principle for cyclic
groups of prime order [18] (see also Haagerup’s equivalent formulation of this principle from [7]).

We note that almost every unitary matrix with respect to the Haar distribution has all minors nonzero
(see for instance [1]); hence, it is full superregular and satisfies the hypothesis of our theorem.

The terminology full superreqular comes from Information Theory, as full superregular matrices can be
used to generate maximal distance separable block codes [13]. In particular, it is known that Cauchy matrices
are full superregular. Additionally, real orthogonal Cauchy-like matrices are another concrete class of full
superregular matrices. These matrices were completely classified in [5], also in connection to information
theory.

In the last section of this paper we present a concrete class of nice’ MASAs of M, (C) that satisfy the
hypothesis of Theorem 1.1, and which often contain complex Hadamard matrices: for n prime and |§| = 1
we consider the algebra of all S-circulant (or S-twistulant) n x n matrices.

In particular, for § = 1 this MASA is the algebra of circulant matrices. Thus, as a consequence of
our result we also obtain that there exist only finitely many circulant complex Hadamard matrices of prime
dimension (up to multiplication by complex units). This is a theorem of Haagerup from [7], and it is the
result that inspired this paper.

2. Proof of the main result. In this section we prove Theorem 1.1. Let U € M,,(C) be a unitary
full superregular matrix. We want to show that the algebra A = UD,(C)U* contains at most finitely many
complex Hadamard matrices, up to multiplication by complex units.

For convenience, we note that Dy, (C) = /nDy(C) so we can write A = \/nUD, (C)U*. Thus we want to
prove that there exist only finitely many complex Hadamard matrices of the form /nUDU* (up to complex
units multiplication), with D a diagonal matrix.

For any z = (xg,...,Zn—1) € C" denote by D, the diagonal matrix with entry zj on position (k, k) for
all k € Zy,, and denote by #; ; the (i, )" entry of the matrix \/nUD,U*.

Note that if /nUD,U* is a Hadamard matrix then in particular UD,U* is unitary, so |zg| = 1 for all
k € Z,,. By replacing the matrix /nUD,U* by the matrix To\/nUD,U* = \/nU(ZToD,,)U*, or equivalently
by replacing D, by ZTgD,, it suffices to work with diagonal matrices D, with o = 1 (up to equivalence via
complex units multiplication).

The next proposition is crucial to the proof, as it allows to work with a complex algebraic manifold
instead of the real algebraic manifold of complex Hadamard matrices in A.

PRrOPOSITION 2.1. If \/nUD,U* is a Hadamard matriz with zo = 1, and if we let y = (Yo, Y1, -+, Yn—1)
with yr = Tk, then (x,y) is a solution to the set of equations

o=y =1, zryr =1, TpoY0,x =1 for all k € Z,.

Proof. We note that xg = yo = 1 follows from the hypothesis of this proposition. Since /nUD,U* is
Hadamard, in particular UD,U* is unitary. This implies that D, is unitary, hence |xx| = 1 for all k. Thus,
for all k € Z,,

1

TpYky = TpTp = Tpo— = 1.
Tk
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Now, since /nUD,U* is Hadamard each entry has modulus 1, and thus |Zj | = 1 for all k € Z,,. Note also
that, since (UD,U*)* = UDzU* = UD,U*, we have §o = Z1,0. Hence, for all k € Z,,, we have

Zr, 080,k = Th,0Tr,0 = 1.

We now introduce some notations that will be used in the next proposition. For K, L C Z,, denote by
(U)k x 1, the submatrix of U obtained by keeping the elements at the intersection of the rows of U indexed
by K with the columns of U indexed by L. Also, for € C™ define its support, supp(z), to be the set of all
k € Z,, such that xj # 0.

The following statement is in the vein of Tao’s uncertainty principle from [18].

PROPOSITION 2.2. Suppose U is an n X n unitary matriz, which is full superreqular (i.e., det(U) gk« # 0
for any subsets K, L C Z,, with |K| = |L| > 1). For every nonzero x € C" and for every t € Z,, we have:

|supp(@)| + [supp(Z¢)| = n + 1,
where &; = (&k,4)kez, € C™ is the t"™ column of \/nUD,U*.
Proof. Suppose by contradiction that for some nonzero x € C"™ and some t € Z,,, we have
|supp ()| + [supp(2:)| < n.
Set L = supp(x), then |L| > 1 (since z # 0) and
|Zn \ supp(d1)| = n — |supp(i+)| > |supp(z)| = |L].
So, we may choose K C Zj, \ supp(&;) such that |K| = |L|. Since K C Z,, \ supp(&;), we have for all k € K

A * *
0=1op: = vn g Uk, i Ty 4 = vn g Uk i TiUy 4

1€ L i€L

Let T' C Z,, such that ¢t € T and |T'| = |L| = |K|. Note that the (k,¢) entry of /nUD,U* is

(Vn(U)kxp(Da) Lxr(U") LT )kt = \/HZ Uk i T -

i€L
As this holds for all k € K, the t*® column of \/n(U)xxr(Dz)rxr(U*)LxT consists only of zeros. This
implies
0 = det (\/H(U)KXL(DJC)LXL(U*)LXT) = \/ﬁdet(U)KxL . det(Dz)LxL . det(U*)LxT.

But this is a contradiction since det(U)xxr # 0, det(U*)pxr # 0, and det(Dy)rxz = [[;c, 1 # 0 since
L = supp(x). 0

PROPOSITION 2.3. Suppose U is an n X n unitary matriz, which is full superregular. For every nonzero
x € C™ and for every s € Z,,, we have:

|supp(z)| + |supp(z®)| > n +1,

where #° = (&5,1)1ez, i the s row of \/nUD,U*.
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Proof. This follows from the previous proposition applied to Z, by using that |supp(z)| = |supp(T)]
and |supp(@®)| = |supp(Z,)|. The last equality follows by noticing that the s row of \/nUD,U* is the
transposed conjugate of the s** column of \/nU DzU*; hence, their supports have the same cardinality. O

We are now ready to prove Theorem 1.1. Note that, by using Proposition 2.1, the following statement
will imply Theorem 1.1.

THEOREM 2.4. If U is a full superregular unitary matriz, then there are only finitely many complex
solutions to the following set of equations

o =1yo =1, Tryr = 1, Zr,0Y0,k =1 for allk € Z,,.

Proof. Suppose, by contradiction, that there are infinitely many z = (z,y) € C" x C™ that satisfy the
system of equations. Since this system yields a complex algebraic variety, and compact complex algebraic
varieties in CV are finite (see for instance Theorem 14.3.i in [14]; here N = 2n), it follows that the set
of solutions to the system is not compact. This set is clearly closed; thus, it must be unbounded. Let
(20™) 51 = ((z™),y™)),,>1 be a sequence such that

lim |20y = cc.
m—r oo
Here, we use the notation [|z(™ ||y for the complex Euclidean norm of the element z(™ € C?". Next, note

that

n—1

n—1
2131y 3 = <1+ 2 xE””F) (HZ Iy/”)l2> > 1 - 1,
i=1 i=1

which implies ||z("™)]|2]|y™ ||z — co. Now we set

pom — 2y 9™
[ER) P Iy 2
Since [|s(™)||5 = ||r(™) ||y = 1 for all m, the sequence (™, s(™), <, is bounded; hence, it has a convergent

subsequence. By replacing the original sequence by its convergent subsequence, we may assume that the
following limits exist:

r= lim ™, s= lim s™.
m— o0 m— o0

It follows that for all k € Z,,, we have
(m), (m) 1

= 1 (m) (m) = li Ty Yy — 1 _ 0,
TSk e T T e e [y [y merse [[20) |2y |2
- (m) ~(m)
Tk 0§0 = lim f]im)é(nzc) = lim —‘rk,O yO,k = lim —— 1 =0.
TN mooe BOTOR s [lam) [lafly(m) o mesee [l (M) lofly(m) 2
This implies that
supp(r) N supp(s) = hence |supp(r)| + |supp(s)| < n,
supp(7o) N supp(8°) = 0 hence |supp(7o)| + |supp(s°)| < n.
Combining this with Proposition 2.2 and Proposition 2.3, we obtain
2n + 2 < |supp(r)| + |supp(s)| + |supp(7o)| + |supp(3°)| < 2n.
This contradiction ends the proof. 0

Thus, Theorem 1.1 follows by combining Proposition 2.1 with Theorem 2.1.
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3. A class of examples: (-twistulant matrices. Let 5 # 0 be a complex number, and let n be
prime. In this section, we show that the n x n [-twistulant matrices form a MASA Az C M,(C) and
Az =UD, (C)U* for some U superregular. Note that this satisfies the hypothesis of Theorem 1.1.

We start by recalling the definition of a S-twistulant matrix. An n xn S-twistulant matrix is any matrix
of the form

ag [25] as ce Anp—2 Ap—1
Ban—1 ao a ... ap—-3 Gp-—2
Ban—2 Ban—1 ay ... ap—4  Ap-3
Tola) =] . : : :
Bas Baz  Bag ... ag ay
Bai Baz  Baz ... Bap—1  ag

for some (ag, ai,...,a,—1) € C™.

It is easy to check that
Ap = {Tp(a) : a € C"},

is a MASA of M, (C). In what follows, we will be particularly interested in the case |3| = 1, since otherwise
this MASA cannot contain any complex Hadamard matrices. Note that this MASA can be rich in complex
Hadamard matrices even for 8 =1 (i.e., circulant complex Hadamard matrices).

One can diagonalize the elements of Az as follows: Let v be some n-root of 8 (i.e., ¥ = /) and denote

w = 2™/ Consider the matrix
1 1 1 .. 1
ol Yw yw? . ywn 1
U— ~2 2002 2t o 72w2(n—1)
,yn.—l ,yn—l'wn—l ,777,—1&)'2(1'7,—1) . ,yn—lw'(n—l)2

It is easy to check that UD,U* = Ag, where D,, denotes the MASA of n x n diagonal matrices with
complex entries. Note also that U = D, - F},, where F,, = (wk'l)k,lezn denotes the Fourier matrix, and

D, =diag(1,7,v?,...,7"!) is a diagonal matrix.

We note that the discrete Fourier transform F;, is superregular for n prime. Indeed, it is a classical
result of Chebotarév that all minors of this matrix are nonzero (see [18] for an elementary proof).

From here it also follows that all minors of U are nonzero, since any such minor is obtained from a minor
of F,, by multiplying each of its rows by a fixed power of y. Thus, U is superregular when n is prime, and
Theorem 1.1 applies to S-twistulant matrices of prime dimension.

In particular, for 8 = 1, we have A; = F,,D,,(C)F} is the algebra of circulant matrices:

i) X1 xro e Tp—1
Tp—1 ZTo xr1 ... Lp—2

A = Ipn—2 Tpn-1 Lo --. Tnp-3| : Tg,T1,...Tp_1 € C

I X9 xr3 ... Zo
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Thus, as a consequence of our result, we also obtain that there exist only finitely many circulant complex
Hadamard matrices of prime dimension (up to multiplication by complex units). This is a theorem of
Haagerup from [7], and it is the result that inspired this paper. In fact, applying Theorem 1.1 to Ag with
B # 1 is equivalent to applying it to Az, since Ag = D, A1 D3.
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