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STABLE POLYNOMIALS VIA UNDIRECTED COLORED GRAPHS*

KELLY BICKEL!? AND YANG HONGH

Abstract. This paper initiates a systematic study of connections between undirected colored graphs and associated
two-variable stable polynomials obtained via Cauchy transform-type formulas. Examples of such stable polynomials have
played crucial roles in other recent studies, though their general properties have remained rather opaque. Using linear algebra
techniques, this paper characterizes when these stable polynomials have boundary zeros and studies the finer behavior, called
contact order, of their zero sets near the guaranteed boundary zeros.
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1. Introduction.

1.1. Key idea. A two-variable polynomial p is said to be stable on a domain Q if it has no zeros on
Q. In this paper, we will generally let  be the bidisk D? where D = {z € C : |2|] < 1}. For example,
q(21,22) = 2 — 21 — 2 is stable on D?, though stable polynomials can be much more complicated. Their
structure and properties are still being explored, see [10, 11, 13, 23, 24, 32], and they (and related objects)
have appeared recently as key tools in a number of fields including probability theory, control theory, electrical
engineering, combinatorics, graph theory, physics, and dynamical systems, see [8, 14, 15, 25, 26, 27, 28, 33].

In this paper, motivated by work of Pascoe in [30], we initiate a study of connections between stable
polynomials and undirected, colored graphs. Specifically, we will start with a graph and use its adjacency
matrix to construct a (generally quite nontrivial) two-variable stable polynomial; this construction method
had yielded crucial examples in recent papers [11, 12, 13], though the properties of general polynomials
obtained via this construction have not been previously studied.

We illustrate this construction with an example: starting with the 4-vertex colored graph given in Fig. 1,
we can extract its adjacency matrix A and a matrix Y representing the coloring of blue on vertices 1 — 3 and
of red on vertex 4 (a blue coloring is also indicated by circle-shaped vertices and a red coloring is indicated
by square-shaped vertices). Define the associated function

-1 21+ 20 — 2%22

1.1 , ::(A— Y — IfY) - ,
(1.1) f(z,22) . z2( ) 11 2520 — 222 — 22129

where we took the (1,1) entry of the inverse of the matrix A — 21Y — 2o(I — Y'). Because A is self-adjoint
and 0 <Y < I (where 0 and I are the zero and identity matrices, respectively), the function f maps H?
to H, where H = {z € C : Im(z) > 0} is the upper-half plane. After composing f with conformal maps
between H and D and extracting the denominator, one can obtain
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FIGURE 1. A graph with adjacency matriz A and coloring matriz Y .

(1.2) p(z1,22) =4 — 29 — 2129 — 3z%22 + zfzg,

which is a stable polynomial on D?. In general, this method yields exotic stable polynomials whose properties
reflect the properties of the original graph. This construction and associated investigations fit into a larger
body of ongoing research on connections between graph theory, linear algebra, and complex analysis, see,
for example, [1, 6, 7, 20].

1.2. Background and general setup. The construction above is rooted in representation theory for
two-variable holomorphic functions. In one variable, if f : H — H is holomorphic and liminf, o [yf(iy)| <
00, then Nevanlinna’s representation theorem says that f is the Cauchy transform of a finite positive Borel

measure g on R, namely:

0= [P~ (-1,

t—z

where A is multiplication by the independent variable on L?(x) and 1 is the constant function.

In the two-variable setting, Agler, Tully-Doyle, and Young in [5, Theorem 1.6] obtained a useful gener-
alization of Nevanlinna’s representation theorem. They proved that for any holomorphic f : H?> — H with
liminf, o | f(iy, iy)y| < oo, there is a Hilbert space H, a densely-defined, self-adjoint operator A on H, a
positive operator Y on ‘H with 0 <Y < I, and a vector a € H so that

f(z1,29) = <(A —21Y — z(I — Y))fla,a%{ ,

for z € H2. A careful reading of Agler’s earlier work [2] implies that if f is rational and real almost everywhere
on R?, then we can take the Hilbert space # to be finite-dimensional, so that A can be viewed as an n x n
self-adjoint matrix and Y as a positive semidefinite matrix. Then, we can write

(1.3) f(z1,22) = (A — 2y) " tay,

where o* is the conjugate transpose of « and zy is shorthand for z1Y + zo(I — Y'). This is exactly the form
of f in (1.1) with a = ey, the first standard basis vector of R"™. To move to D?, one can use the following
conformal maps from D to H and back:

_1+zi
T 1—zi

(1.4) g :H— D, with 8(2)

and B~':D — H, with 81(2) :ZG;Z)
z

If f is defined as in (1.3) with a € R", then ¢ := o f o 37! is a rational function holomorphic on D?
with |¢| = 1 almost everywhere on T2, where T = {z € C : |z| = 1} is the unit circle. Such functions ¢ are

called rational inner functions and have denominators that are stable polynomials on D?. Moreover, given
a stable polynomial p on D? with bidegree (m,n), its reflection polynomial p is defined to be

1 1
1.5 D 3 = T2y —y — |>»
(15) o) =g (2.2 )
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and any rational inner function ¢ with denominator p is of the form

1.6 21,%2) = )\zkzeL'th?),
( ) ¢( 1 2) 1 2p(2’1,22)

where A € T and k,¢ € N, see [31]. If ¢ is written so that its numerator and denominator have no
common factors, then its stable polynomial denominator will also have no zeros on the faces of the bidisk
(D x T) U (T x D), see Lemma 10.1 in [24]. Throughout this paper, when we refer to the denominator of a
rational inner function, we will assume that any common factors between numerator and denominator have
already been canceled.

Rational inner functions on D? are the two-variable analogues of important one-variable functions called
finite Blaschke products and play crucial roles in two-variable interpolation, approximation, and matrix
monotonicity questions, see [3, 4, 31]. The behavior of rational inner functions near boundary singularities
(the boundary zeros of their stable polynomial denominators) can be complicated and a number of proper-
ties (including derivative integrability, non-tangential polynomial approximations, and unimodular level set
structures) have been studied in [10, 11, 13].

In this paper, we construct functions f as in (1.3) and associated rational inner functions ¢ by starting
with an n-vertex, undirected, simple graph G with vertices vy, ..., v,, letting A denote its adjacency matrix,
and letting Y be a given coloring matrix, defined by

1 if there is an edge between v; and v;
Aij = . . and Y = ,
0 if there is no edge between v; and v; 1

t

where t € [0,1). Here, the matrix Y should be interpreted as coloring vertices v; through v,_; with blue
and vertex n with a color ranging from red (¢ = 0) to shades of purple (0 < ¢t < 1). Other “colorings” could
be studied using different choices of Y. We let o = e; as before, which somewhat focuses our study on the
first vertex of G.

For these choices of A,Y,«, we denote f in (1.3) by f% and the associated function 8o f4 o ! by
t
oY = ;—i‘ (with no common terms between numerator and denominator polynomials ¢’y and p’y). With the

choice of o« = e, observe that
(1.7) fh(zz2) = a*(A=2Y — (I -Y))la=(A-zv)y,

the (1,1)-entry of the matrix inverse of A — zy. If ¢ = 0, we generally drop the ¢-dependence and write
fa,04,q4, and pa. We often denote the graph G with adjacency matrix A by G4.

This construction was used to good effect in [10, 11, 12, 30], where it yielded key examples that illustrated
various stable polynomial and rational inner function behavior. In this paper, we begin a study of the
properties of the initial graph G4 and the resulting rational inner functions ¢ and their stable polynomial
denominators p’y, which explains many of the behaviors observed in [10, 11, 12]. The interested reader should
also consult the recent paper [1] by Adlin, Thai, Tiscarenoby, and Tully-Doyle, which explores the structure
of the rational functions in (1.7) using a number of creative graph-theoretic and linear algebra techniques.

Other stable polynomial constructions appear in the literature. For example, in [16], Geronimo and
Woerdeman give matrix positivity conditions that allow one to check whether a given polynomial is stable
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and also provide an algorithm for producing stable p with some specified zeros. Meanwhile, in [13, Theorem
2.19], the authors construct examples of stable polynomials with particular Puiseux expansions at a specified
boundary zero. Recently, in [32], Sola constructs stable polynomials on the polydisk with certain behaviors
at boundary zeros using iterates of rational inner functions. In all constructions, the key point of concern is
whether the polynomial has zeros on T? and how the polynomial behaves near such boundary zeros.

1.3. Main results and paper outline. In this paper, we assume that we are starting with an undi-
rected, simple graph G4 with vertices v1, ..., v, and then investigate the connections between the graph G 4
and the associated stable polynomials p4 and p%, for ¢ € (0,1). Specifically, in Section 2, we address the first
natural question one should ask when given a class of stable polynomials on D?:

Question 1: When does a stable polynomial in the class have a boundary zero?

As encoded in the following result, the basic structure of the graph G4 immediately tells us whether pa
depends on both variables and whether it has a zero on T?:

THEOREM 1.1. Let G4 be an n-vertex graph and let pa be the associated stable polynomial. Then the
following hold:

1. If vy is isolated, then pa is constant.
it. If vy is neither isolated nor path connected to vy, then pa € Clz1] is not constant and has no zeros
on T2.

iti. If v1 and v, are path connected, then pa € Clz1, 22| depends on z5 and pa(—1,1) = 0.

Subsection 2.1 includes some straightforward but useful lemmas. Then, Theorem 1.1 is proved in Sub-
section 2.2 as a sequence of shorter results.

Graphs illustrating the three cases in Theorem 1.1 are given in Fig. 2. As an example of Theorem 1.1,
one can check that the polynomial p from (1.2) satisfies p(—1,1) = 0. Additionally, note that any p4 must
satisfy exactly one of these conditions: p4 is constant, ps € C[z1] is not constant, and py € Clz1, 22] has
some zo dependence. Thus, Theorem 1.1 gives these double implications: p4 is constant if and only if vy is
isolated, p4 has only z; dependence if and only if v is not isolated and not path connected to v,, and pa
has zo dependence if and only if v; and v,, are path connected.

® [ ; :

FIGURE 2. Examples of the three situations in Theorem 1.1 with n = 4.

Because p4 is the denominator of a rational inner function, if it has a zero on T2, then it must have
both z; and 2 dependence. Thus, Theorem 1.1 implies that if p4 has any zero on T2, then it must possess
some zo dependence and so be zero at (—1,1). Many polynomials in the class under consideration can
have additional boundary zeros; for example, the polynomial in (1.2) also satisfies p(1,1) = 0. Classes of
special special graphs and their polynomials were studied by the second author in [20], where such additional
boundary zeros were identified.
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Although Theorem 1.1 is stated when ¢ = 0 (when the last vertex is colored red), change-of-variables
arguments give the following;:

COROLLARY 1.2. Let G4 be an n-vertex graph and let p'y be the associated stable polynomial with t €
(0,1). If vy and v, are path connected, then p'4(—1,—1) = 0. If vy and v, are not path connected, then p'y
has no boundary zeros.

For example, using the graph in Fig. 1 with ¢ € (0, 1) gives the stable polynomial

pY (21, 22) = 4+ 421 — Btzy — tz% — 3tzi)’ + tziL — 2o + Btzg — 22129 + t2120

— 42322 + 3tzfz2 — 22?2’2 — tzi)’ZQ + z‘fzg,

which satisfies p’y(—1, —1) = 0. Corollary 1.2 is proved in Subsection 2.3. In that subsection, we also track
how general boundary zeros of p4 and p'; are related, see Proposition 2.9.

The second natural question one should ask when given a class of stable polynomials with boundary
zeros is:

Question 2: How do the polynomials’ zero sets behave near the guaranteed boundary zero(s)?

For stable polynomials on D2, their zero set behavior is often described using a positive, even integer called
contact order, which measures how the function’s zero set approaches T2. As proved in [10, 11, 13], the
contact order K governs the behavior of the associated rational inner function ¢’s unimodular level sets,
derivative integrability, and local non-tangential polynomial approximations. While most stable polynomials
(for example, the one in (1.2)) have contact order K = 2 at their boundary zeros, this is not always true.

In Section 3, we study the contact order of stable polynomials p%; constructed from graphs. Subsection 3.1
gives important information about defining, studying, and computing contact order. Meanwhile, Subsection
3.2 notes that for most boundary zeros of pa, the associated zero of p%y has the same contact order; this
appears as Proposition 3.3.

In Subsection 3.3, we consider polynomials constructed from path graphs, which are graphs where each
vertex is only connected to the following vertex. For example, the graph in Fig. 1 would be a path graph if
we removed the edge between v; and v4. We prove the following:

THEOREM 1.3. Let G4 be an n-vertex path graph. Then, pa has contact order K = 2(n — 1) at its
boundary zero (—1,1).

Additionally, as part of the proof, we obtain a concrete formula for f4. This result also aligns with
the work of Pascoe in [30]. Specifically, the final example in that paper shows that rational functions (1.7)
constructed with path graphs and ¢t € (0,1) have particular non-tangential regularity at infinity. Later work
in [10, 13] showed that this non-tangential regularity measures the contact order (in this case, K = 2n) of
the associated stable polynomial at (—1,—1). So, a t # 0 version of Theorem 1.3 follows from earlier work
of Pascoe and collaborators. Our Theorem 1.3 shows that a similar result (with a drop in contact order)
holds when ¢ = 0 and aligns with what appeared in examples in [10, 13].

For path graphs, n — 1 is also the length of the shortest path connecting v; and v,,. We conjecture that
this quantity more generally controls the contact order of p%; at the guaranteed boundary zero (—1,1) for
t=0and (—1,-1) for t € (0,1).
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CONJECTURE 1.4. Let G4 be an n-vertex graph and let £ denote the length of the shortest path connecting
vertices v1 and vy, in Ga. If t = 0, then pa has contact order 2¢ at (—1,1) and if t € (0,1), then p%y has
contact order 20+ 2 at (—1,—1).

To investigate this conjecture, in Subsection 3.4, we study how the contact order of p4 at (—1,1) changes
when we append additional vertices and edges to the graph G 4. The results are summarized in the following
theorem:

THEOREM 1.5. Let G 4 be an n-vertex graph such that pa has contact order K at (—1,1).

i. Create G 3 from G4 by adding a vertex v,y that is only connected directly to v,. Then, p; has
contact order K + 2 at (—1,1).
ii. Create G 3 from G g by adding a vertex vy that is only connected directly to vy (and then renumbering
to vi,...,vny1). Then, pg has contact order K +2 at (—1,1).
1. Assume that v, is only connected to the rest of G4 by an edge to v,_1. For m > n+ 1, create an
m-vertex graph G 5 from G4 by attaching an (m — n)-vertex graph G’ to G4 via an edge to v,
and then relabeling vy, to v,,. Then, p; has contact order K at (—1,1).

Note that all three situations in Theorem 1.5 support Conjecture 1.4. In the first two situations, we
extend the length of the shortest path connecting the first and last vertices by 1; thus, it makes sense that
the contact order increases by 2. In the last situation, the length of the shortest path connecting the first
and last vertices does not change, so we would expect the contact order to remain the same. Theorem 1.5
is proved as three separate results (Theorem 3.5, Theorem 3.6, and Theorem 3.7), where Theorem 3.7 also
allows the option of constructing G 4 by attaching G’ to both v,_; and v,,.

It is worth noting that since the completion of this work, the ¢ = 0 part of Conjecture 1.4 has been
resolved by Adlin, Thai, Tiscarenoby, and Tully-Doyle using very interesting and efficient methods in the
new paper [1]. The ¢ # 0 case appears to still be open.

Finally, Section 4 contains a short list of open questions related to stable polynomials and graphs. Of
particular interest to the authors are investigations that go in the other direction: given a stable polynomial
or Cauchy transform function associated to a colored graph, what can one say about the original graph? To
the best of our knowledge, little in that direction is currently known.

2. Existence of boundary zeros.

2.1. Key lemmas. In this section, we record some facts about inverses, determinants, and the functions
11 defined in (1.7) that will be used later.

LEMMA 2.1. If A is a square matriz and A is the matriz obtained from A by removing its first row and
column, then the (1,1) entry of A= is given by
_ det A

Ah, = —Z
(A7 det A

This is an immediate consequence of the adjugate formula for A~!. We will also require the following.

LEMMA 2.2. Let M be a square matriz, partitioned as

A|B
c

M =

)
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where A and D are square matrices and A~ and D' exist. Then,

(2.8) det(M) = det(A)det(D — CA™'B) = det(D)det(A — BD™'C).

This is well known and can be found for example in (50) in Example 47 of [22]. We lastly record the
following fact about the functions f% from (1.7):

LEMMA 2.3. Let G4 be an n-vertex graph withn > 3. Fiz 1 <i,j <n and let G o be the graph obtained
from G 4 by switching v; and v;. Then, fort €[0,1), f4 = f4 .

Proof. Let U be the unitary matrix obtained from the n x n identity matrix I by switching its " and
4t columns and note that U~! = U. Then, the adjacency matrices satisfy A’ = UAU, and the formula for
zy gives zy = UzyU. Thus,

(A —2y) P = (UAU —2y) ' =UA - Uy U)'U = U(A — 2y) " 'U.
As the application of U does not alter the (1,1) entry of (A — 2zy)™!, (1.7) implies that fi = f%,. O

2.2. Proof of Theorem 1.1. This section provides the proof of Theorem 1.1. We first establish
parts (i) and (ii) as the following proposition. The functions 3, 37!, fa, 4, and p4 are defined as in the
introduction with ¢ = 0.

PROPOSITION 2.4. If vy and v, are not path connected, then pa € Clz1]. Furthermore, if vy is isolated,
then pa is constant, and if v1 is not isolated, then p4 is not constant.

Proof. By Lemma 2.3, we can reorder the vertices of G 4 so that vy,...,v,, are exactly the vertices in

the path-connected component of G 4 containing v;. Then, A can be partitioned as

Ay
0

A:

0 ‘ *

0 _
*], so (A—zy) t=

(Al —Zl.[)_l ‘ 0 ‘|

where A; is an m X m matrix, 0 and I denote the zero and identity matrices of the appropriate size, and *
denotes matrices immaterial to our calculations. From this, it is clear that the (1,1) entry of (A4 — 2y )~ %,
and hence f4, depends only on 21, so pa € C[z1]. Furthermore if m = 1, then f4 = —%, which implies
¢a = —z1 and p4 is constant. Moreover, the rational inner function form from (1.6) implies that if f4 only

depends on z; and p4 is constant, then ¢4 = azf, for some o € T, k € N. That implies

2

L+ a(=1+ 2%

fa(z1) =B ogaof=—i+

and if we expand this around oo for z; sufficiently large, we get

, 2i 4(-DFak 1 _
(2.9) falz) = <—z + Y E 1) T Or DRz + higher order terms.
Meanwhile, we can write f4 using a Neumann series (for sufficiently large z1) as
_ 1 _
fa(z1) = (A1 — D)y = _Z(I - AN

n=0

1 1
e (A7) =0— P + higher order terms.
1 1
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Setting the first coefficient in (2.9) to 0 and the second to —1 implies that &« = —1 and & = 1. Thus,
fa= —% is the only function in our paradigm yielding a constant p4.

Now, assume v; is not isolated. Thus, vy is connected to some other vertex v; and so there are paths of
length 2 that begin and end at v;. Because (A2)q; is the number of paths of length 2 that begin and end at
v1, we know (A2%)1; # 0. Thus, by the above expansion of fa, if v1 is not isolated, then f4 # —%, which
means py4 is not constant. ]

To prove part (iii) of Theorem 1.1, we require the following lemma, which gives us an easy way to use
fa to identify when p4 has a boundary zero at (—1,1).

LEMMA 2.5. Define ha by ha(z1,22) = fA(fz—ll,z2) and write ha = %7 where q1,qo are polynomials
with no common factors. If ¢1(0,0) = 0 = ¢2(0,0), then pa(—1,1) = 0.
Proof. Note that for almost every (z1,29) € C2, ¢4 satisfies
—1
= hal —— 57t
pa(z1,22) =Boha <5_1(21>75 (22)>
q2 <—57+(21)7571(22)> +iq (—57%@1)7571(22))
a2 (— ey A7 (22)) =i (=5t B (22))
Multiply through by the lowest powers of (z; — 1) and (22 + 1) to turn both the numerator and denominator
into polynomials and denote those polynomials by 74,s4. Then,

¢A(Zl,22) = qA(Zl’ZZ) _ TA(Zl,ZQ)’
pa(z1,22)  salz1,22)

for almost every (z1,20) € C2. By way of contradiction, assume ps(—1,1) # 0. By our assumptions,
ra(—=1,1) = 0 = sa(—1,1), which implies that r4,s4 must share a common, non-constant factor. This
implies that ¢i1,¢2 share a common curve of zeros as well and, hence, a common factor, which gives the
contradiction. ]

Now we can prove part (iii) of Theorem 1.1.
PROPOSITION 2.6. Ifvy and v, are path connected, then pa € Clz1, 23] depends on zo and pa(—1,1) = 0.

Proof. Assume that vy and v, are path connected. Define the submatrices Ay, A, Az and vectors
a,7,(,n,b of the appropriate size, so that

0| c¢T
A= O‘QT _ A;"V _ C AS n
OL‘Al Y ‘O b 77T O

Then using Lemma 2.1 and Lemma 2.2, we obtain

Fal ) = det(A; —zy)  det(As — z11)(—22 — 0" (A3 — z1.1) ')
AV 22) = det(A —zy)  det(Ay — 211)(—22 — YT (Ay — 2.1)"1y)’

n—1
With an eye toward using Lemma 2.5, replace z; with —% and multiply by ;—1 to obtain

1

z1det(z1 43 + I)(—29 — ZIUT(ZlA?) + I)_ln)
det(z1 Ay + I)(—22 — 2197 (142 + 1)~ 1y)

(2.10) ha(z1,22) == fA(—iv 22) =
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We claim that the factors containing zo in the numerator and denominator in (2.10) cannot cancel out. By
way of contradiction, assume that they do. Then, for all z1,

V(A + Dy =T (1 Az + 1)y

For small z;, the Neumann series for —z7 A7 and —z; As converge and so we can conclude

(oo} oo

Z Zl m TA2 Y= "yT (ZlAQ =+ I)_l (ZlAg + I Z 2’1 m TA3 m,

m=0 m=0

or more specifically, for all m > 0,
(2.11) yTASy =0T ATy

Setting m = 0, this immediately gives v7v = nTn, so b = 0. This implies that v; and v,, are not connected by
a single edge. But since they are path connected, v; must be path connected to some other vertex through
a path that does not include v,, such that this intermediate vertex is directly connected to v,. By Lemma
2.3, we can assume that this intermediate vertex is v,,_1.

Let M denote the length of a path between v; and v,_; in G4 that does not go through v,. By well-
known properties of adjacency matrices, k := (AQ)]l\f[n71 gives the number of paths between v; and v,_1 of
length M in the graph obtained by removing v,, from G 4. Then, we can write

c| € k

M
A2: EB—FAéV[ ’

where k£ > 0, € is a vector, and B is a matrix, both with real, nonnegative entries. Then, since k > 0, b = 0,
and 7,_2 = 1 because v,_1 and v,, are path connected, we have

€
Ay =" (M (€7 k] +(B+ A§”)2> n >t APM

which contradicts (2.11). Thus, the factors in the numerator and denominator that involve zo in (2.10) do
not cancel.

Since those factors vanish at (0,0), we can write hy = Z—; where ¢; and ¢o are polynomials with no

common factors and ¢1(0,0) = 0 = ¢2(0,0). Thus, by Lemma 2.5, pa(—1,1) = 0. Since pa(—1,1) = 0, it
follows immediately that p4 must have both z; and z;-dependence, since if ¢4 were one variable, it would
be a finite Blaschke product, and those do not have singularities on T. 0

2.3. Boundary zeros for nonzero t. In this subsection, we track how the location of boundary zeros
of p%y depends on the coloring parameter ¢. This allows us to use the ¢ = 0 case to derive results when
t € (0,1) and, in particular, prove Corollary 1.2.

We require this initial lemma. (Note the superscript n in z; and wf below represents an index and not

a power.)

LEMMA 2.7. Let ¢ be a rational inner function on D? with stable polynomial denominator p (after any
common factors are canceled). Then,
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i. If p(11,72) = 0 for (11, m2) € T2, then for almost every n € T, there is a sequence z, = (27, 2%) C T?,
with each 2§ # 11, each 25 # 1o, each ¢(27,25) =n, and (27, 28) — (11, T2).

ii. Assume that there are distinct n1,ne € T with corresponding sequences z, = (23, 2%) C T? and w,, =
(W, wh) C T? such that (27,2%) and (WP, wh) both converge to (11,72) € T? and ¢(z7,2%) = m
and (Wi, wy) =mn2 for all n. Then p(m,m2) = 0.

Proof. For (i), note that since ¢ is a rational inner function, p(71,72) = 0 implies that ¢ does not have
a continuous unimodular extension to a neighborhood of (71,7) in T?; this would imply that ¢ actually
extended analytically to a neighborhood of (71,72) in C?, see Theorem 1.5 in [9], which in turn would
contradict the fact that the numerator and denominator of ¢ have no common factors. Then, the statement
about level set sequences follows from an application of Corollary 1.7 in [29] and the description of these
level sets (in terms of non-constant analytic functions for almost every 1) in Theorem 2.8 in [11]. For (ii),
note that the assumptions imply that ¢ is discontinuous at (71, 72) and since ¢ is rational, its denominator
must vanish at (71, 72). O

Now we study the correspondence between boundary zeros in the t = 0 case and in the ¢ # 0 case. We
first study the boundary zero whose existence is often guaranteed by Theorem 1.1.

PROPOSITION 2.8. Using the notation defined earlier, if pa(—1,1) = 0, then p4(—1,—1) = 0.

Proof. Assume pa(—1,1) = 0. By Lemma 2.7, there exist distinct 71,72 € T with 11,72 # —1 that
possess corresponding sequences z, = (27, 2%) and w, = (w},w}) in T? such that z,,w, — (—1,1) with
da(20,28) = n1, pa(wy, wh) = 1, and 27, w # —1 for each n. Recall the definitions of 3, 37! from (1.4)
and define sequences r,,, s, C R? by

= (i, r3) = (B71(21), 871 () and s, = (s7,s3) = (67" (wi), A7 (wh)),

and note that 7, s, — (871(=1),371(1)) = (00,0), in the sense that the sequences with elements |3~1(r}l)]
and |371(sl)| diverge to infinity. Set t; = f71(1;) € R and to = 37 1(n2) € R. Since fa = Lo ps 03, we
have fa(ry) = t1, fa(sn) = ta for all n.

Now we shift these facts to the t € (0, 1) setting. By the definition from (1.7), we have

fa(z1,22) = fa(zi,tz + (1= t)22).

Construct a sequence 7, C R? from 7, by

AN n AN n n
=Ty, T2 = (ry —try),

and construct §, from s, in an identical way. Then, f4(7,) = fa(rn) = t1, f4(8,) = fa(sn) = t2 for all n,
and 7, §, — (00, 00).

To convert this to the ¢! setting, consider the sequences 2, = (8(7}), 8(72)) and w, = (8(3L), B(52))
in T2. Then, 2, W, — (—1,—1) and ¢4 (27, 28) = n1, ¢ (W}, w5) = ne for all n. An application of Lemma
2.7 gives py(—1,—1) = 0, as needed. O

We can now prove Corollary 1.2.

Proof. Let vertices v1 and v,, be path connected. Then, Theorem 1.1 implies that ps(—1,1) = 0 and so
Proposition 2.8 tells us that p4(—1,—1) = 0.
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Conversely, if v; and v, are not path connected, then arguments identical to those at the beginning of
Proposition 2.4 imply that f% (and hence ¢%) only depends on z;. Then, ¢! is a finite Blaschke product,
which cannot have any boundary singularities, and so its denominator p’; cannot have any boundary zeros.O

It is worth noting that one can also use the previous change-of-variables arguments to move between
general boundary zeros of p4 and general boundary zeros of ply.

PROPOSITION 2.9. Using the notation defined earlier, for any 11,7 € T with 71,72 # —1, pa(m1,72) =0

1 et
/Lf (lnd Only pr.t/-l(A17>\2) =0 whe/r'e )\1 =7 and )\2 — /3 (/B (7-2)1 tf (71)>.

Proof. The forward direction is proved in a way analogous to that of Proposition 2.8.

For the backwards direction, the restriction that 71,70 # —1 means that the limits of the sequences
T, §n, also determine the limits of the r,, s, sequences (since none of the sequences diverge to oco). Then,
we can simply reverse the steps in the proof Proposition 2.8. ]

3. Contact order.

3.1. Computing contact order. Let ¢ be a rational inner function with stable polynomial denomi-
nator p and a boundary singularity at (1,1). Recall the definition of p from (1.5). Then, the contact order
of ¢ at (1,1) (or equivalently, the contact order of p at (1,1)) is a positive even integer K that measures how
the zero set of p approaches (1,1) from within the face T x I of the bidisk. Specifically, K is the number
satisfying

inf{1 — |2o| : p(z1,22) = 0} = |1 — 2|¥,
for z; € T and 23 € D both sufficiently close to 1. More generally, if ¢ has a singularity at (11, 72) € T?, then
the contact order of ¢ at (71, 72) is just the contact order of ©(z1, 22) := ¢(1121, T222) at (1,1).

This bidisk definition translates to a definition of contact order on the bi-upper half plane H?. Specifically,
recalling the conformal map 5 : H — D given in (1.4), we can define a related polynomial

(3.12) r(wy,wa) = (1 —dwy)™(1 — iwe)"p (B(wr), Blws)) .
Then, the relationship between r, p, and p implies that K is also the number satisfying
(3.13) inf{|Im (ws)| : 7(z1,ws) = 0} ~ |z1|%,

for x1 € R wy € —H both sufficiently close to 0.

In this paper, the graph construction implies that the highest power of zo appearing in our rational
inner functions is at most 1. When ¢ has a singularity on T2, the highest power of z3 in p (and hence in ¢)
cannot be 0 and so must equal 1. In that case, there is a particularly easy way to evaluate contact order on
the bi-upper half plane.

Remark 3.1. Let degp = (n,1) and consider f so that ¢ = 3o f o 37!, Then, there is a polynomial Q
such that
Q

Bof=dop="

r b
where r is defined in (3.12) and @ and r have no common factors. Clearly, p(1,1) = 0 implies that r(0,0) = 0.
Now find polynomials r1, 79 € Clw] such that

r(wy, wa) = ri(wi) + wara(wy) = ra(ws) (w2 + :;Eqwuii) '
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If 72(0) = 0, then since r1(0) = 0, r would vanish along the line w; = 0, which cannot happen because p can
only have a finite number of zeros on T2. Thus, r2(0) # 0, which means that we can expand the function :—;
in a power series centered at w; = 0. Using (3.13), we can then conclude that the contact order K of ¢ at
(1,1) is also the number that satisfies

K =min e v ((2)" ) 20}

Alternatively, let 7o denote the polynomial whose coefficients are exactly the complex complex conjugates
of those of r5. Then, for real inputs x, we have 73(x) = ro(z) and

ri(z)  ri(x)ra(z)

ra(x)  |ra(z)]?

which shows that the contact order K of ¢ at (1,1) is also given by

K = the order of vanishing at 0 of Im <r1 (z)rg(x))

To compute this quantity in practice, we will start with writing f = Z—; for polynomials ¢; and ¢o. If ¢;

and ¢o have no common factors, then up to a constant factor, r = g2 — iq;. However if ¢; and ¢o actually
have a common factor of the form m(z;) with m(0) # 0, then the order of vanishing of Tm (r1 (z)rs(z)) at

0 would be unaffected by still letting 7 = g2 — iq1. Thus, in what follows, we simply require that ¢; and go
not share a common factor of z; or a factor involving zs.

Additionally, in later theorems, we also encounter ¢ with a singularity at (—1,1). As mentioned above,
to compute its contact order, we computing the contact order of ¥ (z1, 22) := ¢(—z1, 22) at (1,1). To do this
computation, we note that if o3 = fo f, then o 3 = Bog, where g(wy,ws) = f(—1/w1,ws). This means

@

we can conduct the same argument as above to compute contact order, but with g s

There is also a useful way to define contact order in terms of unimodular level sets of ¢, see Section 3 in
[11], which we encode in the following remark:

Remark 3.2. Let ¢ have a singularity at (71,72) € T?. Then, for all but a finite number of € T, the
unimodular level set

C, = Closure of {(z1,22) € T*: ¢(21,22) =1},

near (71,72) can be parameterized by ¢ analytic functions g}], e gf; (where ¢ does not depend on 7) in the
following way: there is an open neighborhood of (71, 72) such that all points of C, in that set are of the form

(Zlag%(zl))v SRR (Zlagfy(zl))’

and such points are also in C,. Then, contact order is actually a measure of how these unimodular level
sets agree near the singularity (71, 72) for different n values. Specifically, as shown in [11], for almost every
m,n2 € T (called generic values), if we order the parameterizing functions appropriately, then

K= 1§?§z {Order of vanishing of |g%1 (z1) — 9%2 (z1)| at 71 }.

In our setting, we generally have deg ¢ = (n, 1) for some n, which will imply that the number of branches of
a generic Cy, will be 1, so £ = 1.
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3.2. Contact order and t-values. We can now examine the contact orders of zeros of stable polyno-
mials p4 or p!y obtained via our construction. We first establish the following connection between ¢ values
and contact order at most related zeros of p4 and ply.

PROPOSITION 3.3. Let 71,72 € T\{—1}. By Proposition 2.9, pa(1,72) = 0 if and only if p; (A1, A2) =0

where
B (rs) tﬂl(ﬁ))
1—-1t '

)\1:7‘1 and )\2,3(

Then, the contact order of pa at (11, 72) equals the contact order of pYy at (A1, A2).

Proof. The fact that fj(z1,22) = fa(21,t21 + (1 — t)22) and the connections between the fa, ¢4 and
14, ¢Y functions give

P (21, 22) = pa (21, BB (z1) + (1 = )37 (22)))

(21, 22) = 64 <21a5(5_1(22)1__tf_1(21))> 7

at every (z1,2z2) € D? with 21, 2y # —1.

Assume that p (71, 72) = 0, so p% (A1, A2) = 0. We will use the unimodular level set definition of contact
order from Remark 3.2. To that end, for each n € T, define
C,, = Closure of {(21,22) €T?: pa(z1,22) = 7)} ,
Ch = Closure of {(z1,22) € T?: ¢'y(21,22) =1} .

Then, for every (21,22) € T? near (71, 72), we have (21,22) € C, if and only if

(a8 (=) ) e

Choose 71,72 € T generic for both ¢4 and ¢'. Because the degrees of ¢4 and ¢ in zg are 1, each C,, ,C;,

can be parameterized by a single analytic function zo = gy, (21) or zo = gf7k (#1), and the relationship between
C, and C}, implies that

B gni (1)) — t5_1(21)> .

(314) syl =5 )

Let K be the contact order of ¢4 at (71,72). Then,
K = Order of vanishing of |gy, (21) — gn,(21)] at 71
dL
= min {L ‘T (9m = Ine) ls=r1 # 0}
—min {L: g (n) # g (m) }.
Let K; be the contact order of <Z)f4 at (A1, A2). Then,
K; = Order of vanishing of |g; (z1) — g;,(21)] at Ay
—min {Z: (g5,)" ) # (9,)" ()}
Using (3.14), 71,72 # —1, and 71 = A1, we can see that if

gy (1) = g8 (1),
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for =0,...,L —1, then
0 (€9)
(gfh) (>‘1) = (gfn) ()‘1)7
for £=0,...,L —1 as well. This immediately implies that K < K;. A similar argument (using the converse
formulas) gives K; < K and completes the proof. 0

3.3. Contact order and path graphs. In this subsection, we look specifically at stable polynomials
constructed from path graphs and prove Theorem 1.3. Note that an n-vertex path graph has adjacency
matrix A, as in Fig. 3.

—
—_
o o O

—_

FIGURE 3. An n-vertex path graph and its adjacency matriz.

Before proving Theorem 1.3, we prove a related lemma. Below, for nonnegative integers a, b, we let (Z) be

defined as follows: |
a a! a
=———ifa> =0if .
(b) b!(a—b)!l a>b and (b) Oifa<bd

Then, we have the following computation.

LEMMA 3.4. Let ay,a0,k € N with ay > k and as > k. Then

G C BT [

Proof. For ease of notation, define

Sub(ay,as, k) := mi_o <a1,; m) <a2 ;c(—kn_zm))
_§<al_;_m>(a2+1]€__(ri_m))_

We will prove Sub(as,aq, k) = 0 for all aq,as,k with a; > k and a2 > k by induction on k. For the base
case k =0, fix any a1, a2 € N with a; > 0 and as > 0 and observe that

Sub(ay, as, 0) = (661) (%2) B (a10— 1) (GQJ‘ 1) —1.1-1-1=0.

For the inductive step, assume that Sub(cq, o, k—1) =0 for all ¢1,¢ € Nwith ¢y > k—1and ¢o > k—1.
Fix a; > k and ag > k. We will show Sub(aq, a2, k) = 0. As part of that argument, we use Pascal’s formula,
which holds for all j,¢ > 0 (though if j < ¢, then the coefficient is 0):
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(3.15) @ = (j ¢ 1) * (éj)

Using the formula for Sub(aq, as, k), extracting one term from each sum, using the Pascal’s triangle formula
on each sum, and canceling any common terms from the two sums gives:

sublon oz 0= 37 (1) (2 )

m=0

S
R )
TR () (Y
_ (agk—k) (a —;—k) <a1—1—k (agk—k>
2 (L)) E )
Canceling terms and re-indexing the first sum gives:

B )
m=0

L)

= —Sub(a; — 1,a2 — 1,k — 1) =0,

RN

3

by the inductive hypothesis. This completes the proof. ]

Now we can prove Theorem 1.3:

Proof. Since v, and v, are path connected, Theorem 1.1 implies that pa, (—1,1) = 0. We will use
Remark 3.1 to show that the contact order of p4 at (—1,1) is 2n — 2. First, write

q
gA"(Zl,ZQ) = fAn <_?i’z2) = j(zl7z2)a
2

where the polynomials ¢1, g2 have no common factors of z; or common factors involving z; and define
r1,r2 € C[z] so that

(3.16) (g2 —iq1) (21, 22) = 1r1(21) + 2272(21).
Then, the contact order of py, at (—1,1) is the order of vanishing of Im (r;(x)rz(z)) near 0. To compute
that, let Zy be the diagonal matrix (of appropriate size) with entries —i7 —% cey —%7 zo along the diagonal

and observe that for n > 3,
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(3.17) (21, 72) det(An_1 —3y) —zadet(An_o+ 1) —det(An_3 + 1)
. 21,22) = — = )
gan (21, 22 det(A, —Zy) —zpdet(A,_1 + ,711[) —det(Ap—2 + i[)
where we used the structure of the A,, matrices. This shows that we will need a formula for
G(n,z1) :=det(A4,, — 2 I).
Direct computation gives G(1,21) = —21, G(2,21) = 22 — 1, and the structure of the A,, matrices gives the

recursive formula
G(n,z1) =—21G(n—1,21) — G(n — 2,21).
We claim that

n—1

2 n+1
- +tm n
Z (”21 )(_1);1—7712,%171—1-1, for n Odd7
Gn,z)=m=0 v 2~
2/ 4m n
Z <?1 >(—1)2_mz%m, for n even.
Z—m

m=0 2
Our earlier formulas imply that this holds for n = 1,2, and we prove the result via induction for n > 3.
Specifically, we assume that the formula holds for n = k — 2 and n = k — 1, and we show that it holds for
n = k. Since the cases are almost identical, we show the case when k is odd and leave the case when k is
even to the reader.

Since k is odd, we know k — 1 is even and k& — 2 is odd. Applying the inductive hypothesis, extracting
the last term of the first sum, using Pascal’s formula (3.15) to combine the two sums, and then adding the
final term back in gives

G(k,Zl) = —ZlG(k/’ — 1,21) — G(k — 2,21)

Il
|
)
7N
I E
| M‘\
— —
_l’_
3
N——
|
S—
Eal
|
|
3
()
3
+
il
|
[
7N
> |
| M‘\
w —
+
3
N——
|
—
S~—
=
Jr
|
3
[
3
+
—

m=0

as needed.

To study ga,,, we consider

n—1
2 /n+l
(nzl * m) (—1)717“*’"2{“2"”_1, for n odd,
h(n,z1) = 21G (n, %) ={m=0" 2 "
E Z4+m n —
Z (i )(—1) 5mynTIm for n even
m=0 2 m
n—1
N (n—m
( - )(—1)"”’12%7”7 for n odd,
— m=0
“ (n—m
( )(—1)”2%’” for n even,
m=0 m
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where the second line following by re-indexing the sums (basically replacing m with ”T_l — m for odd cases
and m with & —m for even cases). Then, from (3.17)

—20G(n — 2, —i) —~G(n-3,-21)

21

—22G(n — 1, —i) —G(n -2, —i)
z?il(,zQG(n -2, —%) +G(n—3,—-1))

z1
P (22G(n —1, —i) +G(n -2, —i))
2122h(n — 2, —21) + 23h(n — 3, —2z1)
zoh(n —1,—2z1) + z1h(n — 2, —21)
2129h(n — 2,21) + 22h(n — 3, 21)
zoh(n —1,21) + z1h(n — 2, 21)

ga, (Zlv 22) =

)

since the powers of z; in the formula for h(n,z;) are always even. The numerator and denominator of the
above fraction give us ¢; and gs; specifically, we can see that they have no common factor involving zo since
pa, has a zero at (—1,1) and no common factor of z; since h(n — 1, z1) has a nonzero constant term. Then,

we can compute

(@2 —iq1)(z1,22) = 22h(n — 1, 21) + z1h(n — 2, 21)
- i(zlzgh(n —2,21) + 2h(n — 3, zl))
= (21h(n —2,21) —izfh(n — 3,21)) + 22(h(n — 1,21) —iz1h(n — 2, 21)).

This gives us 71 and r5 via (3.16) and so we just need to compute the order of vanishing of

Im (1 (2)ra () = 22h(n — 2, 2)h(n — 2,2) — 2°h(n — 1,2)h(n — 3, 1),

Note that this requires n > 3. The cases n = 2,3 can be easily checked by hand. As before, we assume that
n is odd, since the even case can be handled very similarly. Then,

n—1 n—3
2 2 .
—Im (Tl(ac)rg(x)) — 22 Z (n 71n m)<_1)7nm2m Z (n 3 J><_1)jx2j

m=0 j=0 J
n—3 n—3

_p2 22: <” —2- m) (—1)mHig2m 22: <” —2- j) (—1)i+1g2
m=0 m j=0 J
n—2

=2 Z ckxzk,
k=0

for coefficients ¢, € R. We claim that all coefficients are 0, except ¢, _s. First note that

To show that the other coefficients are zero, we consider two cases. First, if 0 < k < %‘3, then cj, equals

1) i ((n—:n— m> (n—sk—_(fn— m)) B <n—i— m> (n_Qk__(:;_ m))) ’

m=0
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which is 0 by Lemma 3.4. Meanwhile, if "7_1 < k < n — 3, then we have some restrictions on the terms that
appear in the formula for ¢;. Namely, one can check that ¢ equals (—1)k times
n—1

£ () F ()

—k—n=3 —f—n=3
=k 5 m=k 5

However, when m is both outside of the current sum bounds and satisfies 0 < m < k, the binomial coefficient
formulas in the summands are both well defined and equal zero. Thus, we can also write the formula for ¢y,

S ()OS

m=0
which is again 0 by Lemma 3.4. This means that for n odd,

Im (r4 (m)m) = g2n2

and so the contact order of ps, at (—1,1) is 2n — 2. An analogous argument gives the result for n even. 0

3.4. Contact order with graph modifications. In this section, we investigate Conjecture 1.4 and
prove Theorem 1.5, which gives three cases that support the conjecture. We split the proof into the three
different cases below.

Throughout these proofs, we will use the following notation: for an arbitrary n x n matrix M, we let M
denote the (n — 1) x (n — 1) matrix obtained from M by removing its first row and first column, M denote
the (n — 1) x (n — 1) matrix obtained from M by removing its last row and last column, and M denote the
(n — 2) x (n — 2) matrix obtained from M by removing both its first row and first column and its last row
and last column.

For the first case in Theorem 1.5, let G 4 be an n-vertex graph (as always, undirected and simple) with
the vertices v; and v, path connected. We define a new graph G ; as the graph we get from G4 by adding
a vertex v,41 that is only connected directly to v,. Specifically, G 7 has the adjacency matrix

0

(3.18) A= 0

o --- 01 ] 0

An example of this construction is given in Fig. 4 below.

4 O

FIGURE 4. An ezample of the graph modification Ga to Gz for Theorem 5.5.

Then, we have the following result.
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THEOREM 3.5. Let G4 be an n-vertex graph with vi and v, path connected. Assume that the contact
order of pa at (—1,1) is K. Then, with A defined in (3.18), the contact order of p; at (—1,1) is K + 2.

Proof. We will use Remark 3.1 to obtain tractable formulas for the contact orders of p4 and p 7 at (=1, 1)
that will allow us to compare the two quantities directly. To that end, we consider polynomials ¢1, g2, ¢1, G2
that satisfy

q QG
ga(z1,22) = fa (*i,zz) =— and gz(21,2):=f3 (*iw@) ==,
q2 q2
and the pairs (q1,¢2) and (41,G2) do not have any common factors of z; or common factors involving zs.

Then, if we define ry, 73, 71, 72 € C[z] so that they satisfy
(319) (QQ — iQ1) (2’1, 22) = 7"1(21) + 22’/’2(21) and (QQ — Z(jl) (2’1, 22) = fl(zl) + Zz’/‘AQ(Zl),

K is the order of vanishing of Im (71 (x)r2(x)) near 0, and the contact order of p 7 at (—1,1) is the order of

vanishing of Im (7 (z)#2(x)) near 0.

Now we find formulas for ¢1, g2, 1, ¢2. Let Zy be the diagonal matrix (of appropriate size) with entries
1 1

Z17 21"

cey —i, zo along the diagonal. Then,

= = A7 (—zadet (A+ A1) —s1 (£
(3.20) 9A(sz2>j$§i;:;Zzlgzzddjé4+ifgslglgg’

zZ1

where we expanded the determinant using the Laplace expansion method along the last column and last
row of (A — 2y ) and (A — Zy) and where 51,52 € R[z] satisfy degs; < n — 3 and degss < n — 2. Then,
we can take the numerator and denominator of (3.20) to be g1, g2, since the denominator does not vanish
identically when z; = 0 (so there is no common factor of z;) and vertices v; and v, are path connected (so

a factor involving zo cannot cancel).

For g 7, we can use Laplace expansion first along the last row and column to reduce to a formula involving
A and then apply Laplace expansion again (in a way analogous to that for g4) to obtain
det (ZA—QY) —zy det (Z—i— %I) — det (Z—i— i])
gg(zl ) 22) = — R =
det (A - zy) —zz det (A + 7111) — det (A + %1)

2P <22 (—% det (Z+ %I) + 81 (%)) — det (Z+ ;11]))
- 2P (ZQ (—i det (A+ %I) + 89 (%)) — det (A+ 711[))

As before, we can take the numerator and denominator of the above expression to be §i, . From this and

(3.19), we can easily identify r1,79, 71, and 75 :

ri(z1) = =277 (82 (i> e (?11>>

)

ro(z1) = —z?fl (det (A—i— %I) — i det (Z—i— %I))
)
)

st = (g (a-42) 00 (3) 1 (o @ £7) 20 (2)
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By assumption, we know for z € R near 0,
(3.21) o~ Im (ry(2)ra () = 2°" 7% (s2 (L) det (A+ L1) — sy (L) det (A+11)).
Then, to compute the contact order of p; at (—1,1), just observe that for 2 € R near 0,
I (71 (2)72(@)) = —*" (det (A + 11) (~L det (A+ 11) + 51 (1))
—det (A+11) (~Ldet (A+11) + 52 (1)) )
=222 (s (5) det (A+ 31) =51 (5 ) t(A+3D)) ma™th,
by (3.21). 0

For the second case in Theorem 1.5, let G 4 be an n-vertex graph with v; and v,, path connected. Create
G 7 from G 4 by adding a vertex vy that is only connected directly to v; and then renumbering the vertices

to v1,...,Vn41. Then, G ;7 has the adjacency matrix
0 10 --- 0
1

(3.22) A= (? A
0

This construction is illustrated in Fig. 5 below.

4 O—&—1

FIGURE 5. An ezample of the graph modification Ga to Gz for Theorem 5.6.

We then have the following result.

THEOREM 3.6. Let G4 be an n-vertex graph with vertices 1 and n path connected. Assume that the
contact order of pa at (=1,1) is K. Then, with A defined in (3.22), the contact order of pz at (—1,1) is
K +2.

Proof. We proceed as in the proof of Theorem 3.5. Then, from that proof, we can extract the following
useful identities from (3.20) and (3.21):

(3.23) det(A — 3y) = —zo det (g+ i]) _ 5 (A)
(3.24) det(A — /Z\y> = —22 det (A-f— %I) — 89 (;11)
(3.25) o g2 (52 (%) det (Z—F %I) — 5 (%) det (A—F %I)) ,

for x € R near 0, where K is the contact order of p4 at (—1,1) and s1, s2,2y are defined in the proof of
Theorem 3.5. As in the proof of Theorem 3.5, we now find polynomials §1, ¢» (with no common factor of z;
or common factor containing zs) such that
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7!
92(21322) = fg (7%322> - 6727

write g — i1 = T1(21) + 2272(21) for polynomials 7,72 € Clz], and compute the order of vanishing of
Im (71 (2)72(z)) for = € R near 0.

To that end, observe that using Laplace expansion along the first row and column of (A —2Zzy), (A —Zzy)
and then using the formulas (3.23) and (3.24) will give

. Z)_det(ﬁ—%/) - det (A — 2y)
Jala, =2 det(g_gy) L det(A — 2y) — det (A— 2y

—z9 det (A—l— %I) — 89 (%)
L (—zndet (4+L1) =52 (L)) = (—zadet (A+L1) =51 (2))
27 (zQ det (A—&— z—lll) + 89 (z—ll))

S w20+ 2 () ()

We can let the numerator and denominator in (3.26) be §¢1,G2 (there is no common z; factor since the

(3.26) =

denominator has a nonzero constant term and no term with 2o can cancel since vertices v; and v,y are
path connected) and easily find 7 and 7a:

o= (1 () -0 (1) 0= (3)
Fo(z1) = 27 (% det (AJr %I) — det (Z+ 711[) — i det <A+ i[)) .

Now we can compute the contact order for p 3 at (—1,1). Specifically, for z € R near 0,

T (71 (2)72 () = 22 ((Ls2 (£) = s1 (1)) det (4 + L1)
— 52 (1) (Ldet (A+ L1) — det (A + 11)) )
= 2% (sy () det (A+ L1) — sy (1) det (A + 11)) m 2?7,
where we used (3.25). Then, applying Remark 3.1 establishes the claim. 0

Let G 4 be an n-vertex graph such that the only connection between vertex n and the rest of the graph
is a single edge between vertex n — 1 and vertex n. Then, G4 has the adjacency matrix

0

for some (n — 1) x (n — 1) matrix B.



Electronic Journal of Linear Algebra, ISSN 1081-3810

A publication of the International Linear Algebra Society I L
Volume 42, pp. 213-238, March 2026.
K. Bickel and Y. Hong 234

Now, fix m > n + 1. Relabel vertex n to vertex m and expand G4 to a new graph G 5 by attaching an
(m — n)-vertex graph to G4 via an edge at vertex n — 1 (and potentially other edges to the new vertex m).
This follows Modification (iii) in Theorem 1.5. Then, G 4 has the m x m adjacency matrix

0 --- --- 0

(3.27)

R

Il
o
o
*

L0 - 0 |
where the asterisks * contain at least one 1 and are 0 otherwise, and C is the adjacency matrix of an
(m — (n — 1))-vertex graph G¢. This construction for n = 4 and m = 6 is illustrated in Fig. 6 below. The
dotted edge indicates that one could also insert an edge between vy and vg, and the contact order result
would still hold.

FIGURE 6. An example of the graph modification in Theorem 3.7.

Note that the length of the shortest path between the first and last vertex will be the same for G4 and
G 4. Thus, Conjecture 1.4 implies that this contact order at (—1,1) should be the same for both related
polynomials. This is proved in the following result:

THEOREM 3.7. Let G 4 be an n-vertex graph with vi and v,_1 path connected, and v, only connected to
Un—1 and assume that contact order of pa at (—1,1) is K. Then, with A defined in (3.27), the contact order
of ps at (—1,1) is also K.

Proof. To compare the contact orders, we will apply Remark 3.1 to the functions

a1 Q1

gA(ZhZQ) = fA (—i,ZQ) = — and 9;1(21,2’2) = fA (—i722> = =,

q2 q2
where the pairs ¢1, g2 and ¢, > have no common factor of z; or common factor containing z5. Let zy be
the diagonal matrix (of appropriate size) with entries —i, —i, e —Z—ll, zo along the diagonal. Then, the

structure of A implies that

det(A —zy) zadet(B+ 1) +det(B+ L)

gA(th?) = det(A — 2y) a zo det(B + %I) + det(B + %1),
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where the largest power of % is exactly n — 1 and so, we can take
q(z1,22) = 2771 (ZQ det(B + 1) + det(B + i[)),

g2 (21, 20) = 2771 (z2 det(B + i[) + det(B + %I))

As in the proofs of the previous two theorems, these ¢;, g2 share no common factor of z; or common factor
involving zo. From this, we can deduce

(21, 20) = zf—l(det(ﬁ + 1) —idet(B + i[)),
ro(21, 22) = Z;H(det(B +L1)—idet(B + %I)).
Thus, using the contact order assumption, we have

(3.28) Im (r1(z)r2(z)) = 2" 2(det(B + 1) det(B + 11) — det(B + 11) det(B + 11)) ~ 2.

Now we connect this to the contact order of p 5 or equivalently, to the order of vanishing of Im (71 ()72 (x))
near 0. To obtain a formula for g 4, first recall that

<

det(A — 2v)

1 (21,29) = - .
9401 2) = G =)

By applying the Laplace expansion repetitively on det(;l — 2y ) starting on bottom row of A and using
the fact that the upper-right and the lower-left matrices in the partition of A have only a single row or
column with 1’s, one can show that there exist polynomials sy, so, $3, $4 such that

det(A — 2y) =2 (51(%) det(B + 1) + sp(L) det(B + 7111))
1 1 1 1
+ (33(2) det(B + L 1) + s4(L) det(B + Z1)).

The highest power of s1 is m — n with a coefficient of 1 by following the main diagonal. The highest power
of s4 is also m — n with a coefficient of 1 by using the two 1s at the last row and column, then following the
main diagonal. The highest power for s5 is m — n — 1, using the fact that there is at least a pair of 1s in the
asterisks in A.

Since the only nonzero values affected by moving from A to A are in the change from B to B, we
immediately obtain

<

det(Ad — ) =2 (s1(L) det(B + L1) + so(L) det(B + 1))
+ (83(;11)det(§+ = 1) + sa(5) det(B + 711])),

Then, multiplying the formula for g ; by z{"fl in the numerator and denominator will allow us to obtain the
following formulas for ¢; and ¢s :

g =20 (Sl(z1)22 det(B + L 1) + Sa(z1)z2 det(B + L 1) + S3(z1) det(B + L 1)
+ Sa(1) det(B+ £1)),

Gp = 2771 (51(21)22 det(B + £1) + Sa(21)z2 det(B + £1) + S3(z1) det(B + £1)
+Si(z1) det(B + L 1)),

where Si(z1) = z{"‘"sk(i) for k=1,...,4.
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By manipulating the equations ¢; and ¢s, we obtain

Fp =207t (53(z1 det(B + 1) + Sy(z1) det(B + 1) — iS3(z1) det(B + 1)
—iSu(21) det(B + if)),
1

)
Fo = 20~ (Sl(zl) det(B + L1) + Sa(z1) det(B + L1) — iSy(z1) det(B + L 1)
—iSa(21) det(B + %I)).
By substituting and canceling terms, we have

Im (¥ (z)72(z))
=2 (det(B + 11)det(B + 11) — det(B + 1) det(B + 1))

x (Sl(x)54(x) - 52<x)53(x))
~a (sl (2)Sa(x) — SQ(x)sg(x)) ,

where we used (3.28). By the earlier statements about the highest powers of the sg, S1(0),S4(0) # 0 and
S2(0) = 0, so the lowest order term in Sy (z)S4(z) — S2(2)S5(x) must be a nonzero constant term. Thus, the
contact order of p 4 at (—1,1) is also K, as needed. |

4. Open questions. This paper initiates the study of stable polynomials constructed via general graphs
and a specific type of coloring matrix Y. The line of inquiry is still quite new, and many questions remain
open. Here, are three possible directions of inquiry:

1. What can one say about additional boundary zeros of the stable polynomials p'y A number of special
cases were studied in [20], but we currently know of no general way to determine (from the graph’s
properties) whether the polynomial will have extra boundary zeros.

2. What happens when one changes the coloring matriz Y or vector a? For our particular choice of
Y, the existence of at least one boundary zero was fully determined by whether the first and last
vertices of the graph were path connected. It would be very interesting if there was a more general
characterization of the existence of boundary zeros that held for stable polynomials constructed
from general triples (A4, Y, «). In particular, changing the matrix ¥ would allow for much more
complicated (higher degree) polynomials.

3. What additional information do these types of stable polynomials encode about the associated colored
graphs? This current paper was mostly concerned with using graphs to obtain polynomials with
particular properties. However, one could imagine going in the other direction and using a polyno-
mial to obtain information about an underlying graph. For example, can one use these polynomials
(or related objects) to count the number of paths with certain properties within the colored graph?
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