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THE SMITH NORMAL FORM OF HADAMARD MATRICES FROM PALEY’S SECOND
CONSTRUCTION*
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Abstract. The Smith normal forms of the Hadamard matrices arising from Paley’s second construction are computed and
found to be of the standard type.
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1. Introduction. A Hadamard matrix of order n is an nx n matrix H whose entries are either +1 or —1
and whose rows are mutually orthogonal. The last condition can be expressed by the equation HH” = nl. It
is well known that the only possible values for the order n are 1, 2, and multiples of 4. We shall assume that
n = 4m is a multiple of 4. The famous, unsolved Hadamard Conjecture asserts the existence of Hadamard
matrices of order equal to any multiple of 4. Starting from the equation above, and standard properties of
the invariant factors s;, i = 1,..., n of H, an easy and well-known argument (cf. [5, p.127]) shows that we
must have s; = 1, s = 2 and s;8,—;41 = n for all . In many cases, such as when m is square-free, it has
been shown in [5], and earlier in [7] when m is odd, that so = -+ = s, = 2, and S9, 41 =+ = Sam—_1 = 2m.
This is called the standard type of Smith normal form for a Hadamard matrix. Of course, plenty of examples
are known of Hadamard matrices whose Smith normal forms are not of standard type. For example, since
the SNF of a Kronecker product of two matrices is equivalent to the Kronecker product of their SNFs, most
Sylvester Hadamard matrices and others obtained by Kronecker product will not be of standard type.

Paley gave two constructions of Hadamard matrices in [6], starting from finite fields Fy. For ¢ = 3
(mod 4), the Hadamard matrix given by Paley’s first construction is of order ¢ + 1 and is a skew Hadamard
matrix, meaning that H — I is skew-symmetric. The Smith normal form of any skew Hadamard matrix has
been computed by Michael and Wallis [4] and found to be of standard type. For ¢ = 1 (mod 4), Paley’s
second construction produces a symmetric Hadamard matrix of order 2(qg + 1). The purpose of this note is
to show that its Smith normal form is also of standard type.

2. Statement and proof.

THEOREM 2.1. The Smith normal form of the Hadamard matriz arising from Paley’s second construction
starting with Fy, ¢ =1 (mod 4) is of standard type. Namely, the invariants are s1 =1, sg = -+ = Sq41 = 2,
Sqr2 = =841 = q+ 1, sag11) = 2(¢ + 1).

Proof. Let g be a power of a prime p with ¢ = 1 (mod 4). The Paley graph on F, is the graph with
vertex set Iy, with two vertices  and y on an edge if and only if x — y is a nonzero square in F,. We
fix an arbitrary ordering on the set F, and let A be the ¢ x ¢ (0, 1)-adjacency matrix of the Paley graph
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with respect to this ordering. In [1], the Smith normal form of A was determined, using the fact that the
diagonalization of A obtained by conjugating by the character table of (IF,, +) is an integral equivalence in
the sense of Smith normal forms, except that we must work over a local ring of algebraic integers in which
q is invertible. As we shall see, when the same trick is applied to the matrices arising from A in Paley’s
construction, the Hadamard matrix is reduced to a simple form which is not diagonal but, nevertheless,
allows one to deduce the Smith normal easily.

The Jacobsthal matriz B is the ¢ x ¢ matrix with rows and columns indexed by F, (in the same order),
with (z,y) entry equal to x(z — y), where x is the quadratic character. Thus, we have

(2.1) B=A—-A“=2A-J+1,
where A€ is the adjacency matrix of the complementary graph and J is the matrix with all entries equal to

1. Let j be the column vector of length g, all of whose entries are 1. Then

(2.2) C =

,,,,,,,,

is called the conference matriz obtained by bordering B.

Finally, the Hadamard matrix from Paley’s construction is

Since the order of H is 2(q + 1), it follows that the invariant factors of H are coprime to p, so finding
them is equivalent to finding the f-elementary divisors of H for all primes ¢ # p. Let R be the cyclotomic
ring Z[€], where £ is a p-th primitive root of unity. Every rational prime ¢ # p is unramified in R. (See [2,
Theorems 44 and 46].) We denote by Ry the localization of R at the prime ideal £R. Then if we view H
as a matrix over the PID R ), the multiplicity of ' as an elementary divisor over Ry is exactly the same
as its multiplicity over Z.

Let X be the character table of the additive group (F,,+), with columns ordered by our fixed ordering
of F, and, for the moment, any order of rows. Thus for an additive character 1 of F, and an element
x € Fy, the (¢, z) entry of X is 1(z). Let X be the matrix whose (¢, ) entry is ¢)(—z). Then the character

orthogonality relation is %th =1 so %yt = XL
Also we have

(2.4) XAX ! = éXAYt = diag(1(9))»

where 1) runs over the additive characters of Fy and 9(S) = >_ ¢ 4(y). Thus, the ¥(S) are the eigenvalues
of A. (This idea goes back to [3], where it was applied to difference sets.) Now the eigenvalues of A are

q;zl (once), a := %ﬁ (‘1;21 times), and 8 := 71;‘/5 (‘1;21 times). We may assume that the rows of X are
ordered so that

. . q—1
(2.5) diag(¢(5))y = diag (2,a,...,a,ﬁ,...,ﬁ> .

Here, we also make the observation that the matrices X and X! = %Yt have entries in Rz, which will be
crucial to our proof.
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Next consider the Jacobsthal matrix B = 2A — J + I. Now A and J are both diagonalized by X, and a
short computation yields

(2.6) XBX ' =diag(0,v/q, - /T =G - —/1)-

Now consider the conference matrix C' (2.2).

We shall conjugate C'+ I and C — I by the (¢ + 1) x (¢ + 1) matrix

(2.7) y = [(1”0(} .

Using (2.6), we find that

1150
(2.8) Y(C+DY =g 1.0 |,
00D,
where Dy = diag(1+/q,...,1+/¢,1—/q,...,1 —,/q), and
110
(2.9) Y(C-TI)Y ' =]|q —1,0 |,
00D,y
where Dy = diag(—1+./q,...,—1+/q,—1—/q,...,—1 —/q). Next, if we set
Y:i0
(2.10) E {O.Y}

77777777777777777777777777777777777777

(2.11) pEE = [ 00000 0.4 Dy

77777777777777777777777777777777777777

By permuting rows and columns of the matrix (2.11), we obtain the diagonal block sum of the two

matrices
1 1:-11
¢ 1ig -l Dy} Dy
(212) "_’i””i”g:i”:i’ and |:D2‘_D1
g —1li—q -1

By elementary R-integral row and column operations, it is easy to reduce the first matrix in (2.12) to
diag(1,2,q+1,2(¢+1)). By further permuting the rows and columns of the second matrix in (2.12), we can
obtain the diagonal block matrix with each of the (¢ — 1)/2 blocks on the diagonal identically equal to
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—2a 0 {28 0
)13 0 —28{0 2a
(2.13) 350 %a 0
0 20 28

By elementary R-integral row and column operations, we can reduce this matrix to diag(2,2,¢+1, ¢+1).

As noted earlier, X is an invertible matrix over the PID R(,), and it follows that the matrices Y and F
are also invertible matrices over R(;. The above computations therefore show that H is R()-equivalent to
the standard Smith normal form. Thus, the /-elementary divisors of H are the same, counting multiplicites,
as those in the standard Smith normal form. Since this holds for any ¢ # p, and since the elementary divisors
of H must be prime to p, as they must divide 4(¢ + 1), we conclude that the Smith normal form of H is of
standard type. 0
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