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REFINEMENTS OF THE BLANCO-KOLDOBSKY-TURNSEK THEOREM*

JAYANTA MANNAT, KALIDAS MANDAL', KALLOL PAUL!, AND DEBMALYA SAIN$

Abstract. We refine the well-known Blanco-Koldobsky—Turnsek theorem, which states that a norm one linear operator
defined on a Banach space is an isometry if and only if it preserves orthogonality at every element of the space. We improve
the result for Banach spaces in which the set of all smooth points forms a dense Gg set. We further demonstrate that if a norm
one operator preserves orthogonality on a hyperplane not passing through the origin, then it is an isometry. In the context
of finite-dimensional Banach spaces, we prove that preserving orthogonality on the set of all extreme points of the unit ball
forces the norm one operator to be an isometry, which substantially refines the Blanco-Koldobsky—Turnsek theorem. Finally,
for finite-dimensional polyhedral spaces, we establish the significance of the set of all k-smooth points for any possible k in the
study of isometric theory.
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1. Introduction. The famous Blanco-Koldobsky—Turnsek characterization [4, 10] of isometries, as
norm one linear operators that preserve Birkhoff-James orthogonality at each element of the space, is one
of the major achievements in the isometric theory of Banach spaces. Due to the importance of this result
on global orthogonality preservation, it is worth exploring local versions of this phenomenon. Recently,
in [21], some refinements of the theorem were obtained in the setting of finite-dimensional Hilbert spaces
and some special finite-dimensional polyhedral spaces. The purpose of this article is to substantially refine
the Blanco—Koldobsky—Turnsek characterization theorem for general Banach spaces. We now introduce the
notations and terminologies to the readers, which are essential to present this article.

The letters X, Y denote real Banach spaces, and X* denotes the dual space of X. Let Bx and Sx be the
unit ball and the unit sphere of X, respectively. The convex hull of a nonempty set D C X is denoted by co(D).
Let us recall that an affine space is defined as a translation of a subspace of the vector space. The intersection
of all affine spaces containing a nonempty set D C X is denoted by aff(D). By Int, D, we denote the relative
interior of a nonempty set D C X, i.e., Int, D = {x € D : there exists ¢ > 0 such that B(z, ¢)Naff(D) C D}.
For a nonempty convex set D, let Ext D be the collection of all extreme points of D. If for a finite-dimensional
Banach space X, Ext By is finite, then X is considered a polyhedral Banach space. A convex subset F' of a
convex set G C X is said to be a face of G if for any u,v € G, (1 —t)u+tv € F implies that u,v € F, where
0 <t < 1. The dimension of a face F' is defined as the dimension of the subspace V = span{u—v : u,v € F'}.
If the dimension of the face F'is k, then F' is called a k-face of G. A maximal face of G is called a facet of G.
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For any nonzero z € X, we define J(z) as the collection of all supporting functionals at z, i.e., J(z) = {f €
Sx+ : f(2) = ||z]|}- A nonzero z € X is k-smooth point (or order of smoothness is k) if dimspan J(z) = k,
where k is a natural number. In particular, 1-smooth points are called smooth points. In case of an n-
dimensional polyhedral Banach space X, a point z € Sx is k-smooth if and only if z is in the relative interior
of an (n — k)-face of Bx [24]. For more insights on smooth and k-smooth points in Banach spaces and their
various applications, the readers can see the articles [6, 9, 11, 13, 14, 17, 22, 25]. We denote the collection
of all smooth points in X by Sm X and the collection of all k-smooth points in X by k-Sm X.

For a real normed linear space X, the two mappings p’,, p” : X x X — R are defined by

. + to]| — [Jul ol ol = [l
/ = lim e and p’ = lim
o) = ot P g gy — g g T2l

where u,v € X. These mappings are known as norm derivatives at u in the direction of v. The mapping
p X x X — R is defined by

1 1
p'(u, v) = ip/-&-(“ﬂv) + §P/_ (u,v),

is called M-semi inner product. The mappings p/,,p’ are continuous with respect to the second variable,
although they may not exhibit continuity in the first variable. The norm derivatives are widely used in
exploring the geometry of normed linear spaces, see [1, 2, 5, 16, 18].

Given u, v € X, py-orthogonality, p_-orthogonality and p-orthogonality are defined as
uwl,, vep(u,v)=0 ul, v p (u,v)=0and u L, v <= p'(u,v) =0,
respectively.

Given u,v € X, u is BirkhoffJames orthogonal [3, 8] to v, written as u Lp v, if ||u + Av|| > ||u| for all
scalars A. According to the Hahn-Banach theorem, for a given u € X, there exist enough v € X such that
u Lpg v. Let utB be the collection of all v € X such that v Lg v. It is straightforward to observe that the
Birkhoff-James orthogonality relation is homogeneous, i.e., v Lg v = au L Pv, for all scalars «, 5. In
addition, in the case of an inner product space, the Birkhoff-James orthogonality coincides with the usual

inner product orthogonality. For more on Birkhoff-James orthogonality, readers can consult the recently
published book [12].

The letter T is reserved for a bounded linear operator either from X to Y or from X to X, which will
be clear from the context. Consequently, we write T' € L(X,Y) or T € L(X). We say that T preserves py
-orthogonality and p-orthogonality if v,v € X, v L,, v = Tu L,  Tvandu L,v = Tu L, T,
respectively. Similarly, we say that T preserves Birkhoff-James orthogonality if for u,v € X, u 1Lg v =
Tu 1 p Tv. For the local version of this property, T is said to preserve Birkhoff-James orthogonality at
u e Xif forall v € X, u Lp v = Tu L Tv. Several recent studies [15, 19, 20, 21, 23] have demonstrated
the importance of the local preservation of Birkhoff-James orthogonality in understanding the geometric
properties of the underlying Banach spaces. We recall the following definition introduced in [21], which is
connected with the main objectives of this article:

DEFINITION 1.1. A set A C Sx is called a K-set (Koldobsky-set) if for any operator T € L(X), preserva-
tion of Birkhoff-James orthogonality at each point of A under T implies that T is an isometry up to scalar
multiplication.

It is evident that identifying a K-set A for a Banach space X, where A C Sx, will undoubtedly refine the
Blanco—Koldobsky—Turnsek theorem for the particular Banach space X. The primary objective of this article



Electronic Journal of Linear Algebra, ISSN 1081-3810

A publication of the International Linear Algebra Society I I
Volume 41, pp. 616-631, November 2025.
J. Manna et al. 618

is to explore the K-sets in Banach spaces in which the set of all smooth points forms a dense Gs set. It is
clear that our approach is related to the local preservation of Birkhoff-James orthogonality. In this article,
we first show that in Banach spaces in which the set of all smooth points forms a dense Gg set, the set of
all smooth points of the unit sphere constitutes a K-set. Furthermore, we establish that any dense subset of
the unit sphere is a IC-set in such spaces. Next, we establish that for a Banach space whose unit ball is the
convex hull of its extreme points, the set of all extreme points of the unit ball also forms a KC-set. Finally,
we show that in a finite-dimensional polyhedral Banach space, the set of all k-smooth points is a KC-set, for
any possible k.

2. Main results. We start this section with the following relation between preservation of Birkhoff-
James orthogonality at a point by a bounded linear operator and the smoothness of image of that
point.

PROPOSITION 2.1. Let T € L(X,Y) be such that T preserves Birkhoff-James orthogonality at x € X.
Then x is smooth if Tx is smooth.

Proof. Let Tx be smooth. Then there exists 1) € Sy~ such that J(Tx) = {¢}. If possible suppose that
2 is not smooth. Then there exist two linearly independent f and g in J(z). Therefore, there exists y € X
such that y € ker f\ ker g. Then X = span {y} @ ker g and so there exist a(# 0) € R and h(# 0) € ker g such
that * = ay + h. Since T preserves Birkhoff-James orthogonality at z, it follows that T(z+#) C (Tx)*®
and so T'(ker f Uker g) C kertp. This implies that ¢)(Tx) = ¢(aTy + Th) = 0. This contradicts the fact that
J(Tx) = {¢}. Therefore, x is smooth. O

Now, we aim to demonstrate that in a Banach space, any operator that preserves Birkhoff-James or-
thogonality on a given set necessarily preserves this orthogonality at every smooth point within the closure
of that set.

THEOREM 2.2. Let A be a subset of X. If T € L(X,Y) preserves Birkhoff-James orthogonality at each
point of A, then it preserves the same at each point of AN SmX.

Proof. Let T € LL(X,Y) preserve Birkhoff-James orthogonality at each point of A. If AN SmX = 0§,
then we are done. Let AN SmX # . Let z € AN SmX. Then there exists a sequence {z,,} C A such that
x, — x. Let for each n € N, f,, € J(x,). Since Bx- is weak™ compact, there exists a weak™ convergent
subnet {fo}aca of {fn}. Suppose that f, > f € Bx.. Consider the subnet {x,} of {z,}, then z, — .
Thus, fo(ze) — f(x). Since fu(xa) = ||xa]| for each a € A, it follows that f(x) = ||z||. This implies that
J(x) = {f}. Now, we show that T preserves Birkhoff-James orthogonality at x. Let L 5 z and so z € ker f.
We claim that there exist z, € ker f,, for all @ € A such that z, — z. Let

y € X\ (( U kerfa)Ukerf>.

Then for each o € A, there exists r, € R such that fo(2) = 7o fa(y). Then

Tafa(y) = fa(z) — f(z) =0.

Since fo(y) — f(y) # 0, it follows that r, — 0. For each o € A, consider z, = z — roy. Then for each
a €A, z, € ker f, and z, — z. Thus, our claim is established. Now, Tz, Lpg Tz, for all « € A. Then for
each a € A,

|Tzo + AT 20| > || Txe| for all X € R.
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This implies that
[Tz 4+ ATz|| > | Tz| for all A € R.

So Tx 1L g Tz. Thus, T preserves Birkhoff-James orthogonality at x, and this completes the proof. ]

Observe that the Birkhoff-James orthogonality preserving set P = {z € X: 2z lpy = Tz Lp Ty}
for an operator T' may not be closed in X. For instance, take X = £2_ and define the operator T'(z,y) = (2z,y).
Then Pg is not closed in X. However, using Theorem 2.2, we can show that the set Pp is closed with respect
to the subspace topology of Sm X.

COROLLARY 2.3. Let T € L(X,Y). Then P NSmX is closed in SmX.
Proof. Since T preserves Birkhoff-James orthogonality at each point of Pg, it follows from Theorem 2.2
that T preserves the same at each point of Pg N Sm X. This implies that P N Sm X C Pg. So,
PsNSmX C PsNSmX C PgNSmX.

Therefore, Ps N SmX = Pg N Sm X and this completes the proof. 0

Now, we focus on studying the IC-sets in Banach spaces in which the set of all smooth points forms a
dense G set. For this, we need the following lemma.

LEMMA 2.4. Let T € L(X,Y) be a nonzero operator. Then the following results hold:
(i) If SmX is dense in X, then SmX \ ker T' is also dense in X.

(i) If SmX and SmY are dense G5 subsets of X and Y, respectively, and T is bijective, then SmX N
T=Y(SmY) is dense in X.

Proof. (1) Let SmX be dense in X. Then

X\kerT =SmX\ kerT C SmX\ ker T

Thus, Sm X\ ker T is dense in X\ ker 7. Again X\ ker 7" is dense in X. Therefore, Sm X\ ker 7" is dense in X.

(ii) Let Sm X and Sm Y be dense G subsets of X and Y, respectively. Then Y\Sm Y is of the first category
in Y. Suppose T is bijective. Then T is a homeomorphism, and therefore, 7-*(Y \ SmY) = X\ 77}(SmY)
is of the first category in X. Again X\ Sm X is of the first category in X. Now,

X\ (SmXN7T7HSmY)) = (X\SmX)UX\ 7T (SmY).
Thus, X\ (SmXNT71(SmY)) is of the first category in X. Therefore, SmXN7T~1(SmY) is dense in X. 0O

In the following theorem, we provide a sufficient condition for an operator to be injective.

THEOREM 2.5. Let X be a Banach space such that SmX is dense in X. If a nonzero operator T € L(X,Y)
preserves Birkhoff-James orthogonality at each x € SmX, then T is injective.

Proof. Let T(# 0) € L(X,Y) preserve Birkhoff-James orthogonality at each € SmX. We show that
T is injective. On the contrary, suppose that ker T' # (). Suppose that z(# 0) € ker T. We claim that there
exists € Sm X\ ker T such that Y5 z. On the contrary to our claim suppose that for all x € Sm X\ ker T,
2 1p z. From Lemma 2.4 (i), it follows that there exists a sequence {z,} C SmX\ ker T" such that z, — z.
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Then for alln € N, 2, Lp z and so ||z, + Az|| > ||z for all A € R. Taking n — oo, we have ||z + Az| > ||z||
for all A € R. This implies that z = 0, a contradiction. Thus, our claim is established. Let z € Sm X \ ker T’
be such that  Yp z. Then there exists & € R\ {0} such that L g ax + z. This implies that Tz 1 g oTz,
which is a contradiction. Therefore, T is injective. O

Now, we recall some important properties regarding the norm derivatives. The proofs can be found
in [2].

PROPOSITION 2.6. Given u,v € X and a € R, the following hold:

; .
(i) ple(ou,v) = ply(u,av) = {ap,i(u’v)7 Z.fa =
apl(u,v), ifa<0.
In particular, it follows that p'(au,v) = ap’(u,v) = p'(u, av) for all « € R.
(i8) Pl (ot 00+ 0) = alful® + ().
(i), (0) = lull sup {F(0) < f € J(u)}.
(iv) ¢ () = lullinf {7(0) : € J(w)}.
(v) p_(u,v) < p’ (u,v). Moreover, X is smooth if and only if p'_(u,v) = p, (u,v), for all u,v € X.
(vi) u Lp v <= p_(u,v) <0 < o (u,v). Moreover, either of the conditions v L, v oru L, v
implies that u L g v.

We next find a sufficient condition for a bijective operator between Banach spaces in which the set of
all smooth points forms a dense G set to be a scalar multiple of an isometry.

THEOREM 2.7. Let SmX and SmY be dense G5 subsets of X and Y, respectively. If a bijective operator
T € L(X,Y) preserves Birkhoff-James orthogonality at each point of SmXNT~Y(SmY), then T is a scalar
multiple of an isometry.

Proof. Let T € L(X,Y) be bijective and preserve Birkhoff-James orthogonality at each point of SmX N
T~ 1(SmY). Let D =SmXNT }(SmY). Let u € D. Then there exists w(# 0) € X such that u L g w. Let
v € X\ {0}. Then, v = au + w for a € R. Since u is smooth, it follows that v Lp w — v L,, w =
P!y (u, w) = 0. Therefore,

Pl (u,v) = ply (u, au+ w) = allul® + ply (u, w) = aljul*.
As u € D, so Tu is smooth. Now,
vlpw = TulpTw = Tul, Tw = p/ (Tu,Tw)=0.

So,
Pl (Tu, Tv) = p (Tu, oTu+ Tw) = | Tul|?* + o/, (Tu, Tw) = o Tu|/*.

Therefore, for all w € D,v € X\ {0},

|7
Pl (Tu, Tv) = Tl Py (u,v).

Let us consider the function f: X\ {0} — R defined by f(z) = ””2?””. Clearly, f is a continuous real-valued
function on X\ {0}. Let 2 € D and y € X. Then,
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i L@+ 1Y) — f(=)

t—0+ t

_ g L Tz+tTyl  ||T2|

= lim - _
=0t U\ [z + tyl| [E4|

_ i LT+ Tyl — | Tellllz]] - [ Tz{l]z + ty]| + [ T[]
=0+ ¢ |z + tyll||=

[ el (1T 47y~ | Tol) — [Tl + ]~ )
=0t ¢ | + tyl|[||]
[Tl ) T2l o\ NTe+ Tyl — [Tz =]l .z +tyl — (2]
im — im
lz]| | |Tx||? t—o+ t ||| t—o+ t

el [ 1 L
Tell | T+ T T4 ~ e+ (@)
= 0.

By a similar calculation, we also have

i f@tty) = fl@)
t—0— t ]

This shows that f is constant on D. Since T is bijective, it follows from Lemma 2.4 (ii) that D is dense in
X. Now as f is a continuous real-valued function on X\ {0}, so we conclude that f is constant on X\ {0}.
Therefore, for all z € X\ {0}, 172l — f(2) = X (say). This implies that || Tz = Alz]|.

=l —

As a consequence of the above theorem, we obtain a refinement of the Blanco—Koldobsky—Turnsek
theorem in Banach spaces in which the set of all smooth points forms a dense G5 set.

COROLLARY 2.8. Let SmX be a dense G subset of X. If T € IL(X) preserves Birkhoff-James orthogo-
nality at each point of SmX then T is a scalar multiple of an isometry, i.e., SmX N Sx is a K-set.

Proof. Let T € L(X) preserve Birkhoff-James orthogonality at each point of SmX. From Theorem 2.5,
it follows that T bijective from X to T'(X). Now, T preserves Birkhoff-James orthogonality at each point of
SmXNT~1(SmT(X)). Thus, it follows from Theorem 2.7 that T is a scalar multiple of an isometry. ad

Now, we proceed to offer another refinement of the Blanco—Koldobsky—Turnsek theorem in those
spaces.

THEOREM 2.9. Let SmX be a dense Gs subset of X. Suppose U C X is dense in X. If T € L(X) preserves
Birkhoff-James orthogonality at each point of U, then T is a scalar multiple of an isometry.

Proof. Let T € L(X) preserve Birkhoff-James orthogonality at each point of U. Then it follows from
Theorem 2.2 that T preserves Birkhoff-James orthogonality at each point of

UNSmX=XNSmX =SmX.

Therefore, it follows from Corollary 2.8 that T is a scalar multiple of an isometry. 0

Due to the homogeneity of Birkhoff-James orthogonality, the following corollary follows directly from the
above theorem.
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COROLLARY 2.10. Let SmX be a dense Gs subset of X. Let H C X be a hyperplane that does not pass
through the origin. If T € L(X) preserves Birkhoff-James orthogonality at each point of H, then T is a
scalar multiple of an isometry.

Note that in a Banach space, if an operator preserves Birkhoff-James orthogonality on a hyperplane
passing through the origin, it may not necessarily be a scalar multiple of an isometry. This is because such
a hyperplane is a subspace of codimension 1, ensuring the existence of a nonzero operator whose kernel
contains that hyperplane.

REMARK 2.11. For a Banach space X, if * € SmX, then it is easy to observe that for any nonzero
operator T € IL(X), the following are true:

(i) If T preserves p4-orthogonality at x, then T preserves Birkhoff-James orthogonality at x.
(ii) If T preserves p_-orthogonality at x, then T preserves Birkhoff-James orthogonality at x.
(iii) If T preserves p-orthogonality at x, then T preserves Birkhoff-James orthogonality at x.

By combining the results established so far, we arrive at the following characterization of isometries on
Banach spaces in which the set of all smooth points forms a dense Gy set.

THEOREM 2.12. Let X be a Banach space such that SmX is a dense G5 subset of X and T € L(X) be
nonzero. Then, the following conditions are equivalent:

(i) T preserves Birkhoff-James orthogonality on SmX.
(i) T preserves Birkhoff-James orthogonality at each point of U, where U is a dense subset of X.
(iii) T preserves Birkhoff-James orthogonality at each point of H, where H is a hyperplane that does not
pass through the origin.
(iv) T preserves p-orthogonality on SmX.
(v) T preserves p_-orthogonality on SmX.
(vi) T preserves p-orthogonality on SmX.
(vii) T is a scalar multiple of an isometry.

Now, we turn our attention to the preservation of Birkhoff-James orthogonality at extreme points of the
unit ball of the Banach space. First, we have the following result.

THEOREM 2.13. Let X be a finite-dimensional Banach space and let Y be a proper subspace of X. Then,

span( ﬂ J(a:)) =X

z€Bxt Bx\Y

Proof. First, we show that

span( ﬂ J(x))zspan( ﬂ J(m))

z€Ext Bx\Y z€Sx\Y

Clearly, span( N J(J;)) C span( N J(a:)) Let f € span( N J(x)) Then, there exists w €
z€Ext Bx\Y z€Sx\Y zeSx\Y
Sx \'Y such that f € J(w). Consider the face F = {x € Sx : f(z) = 1}. Since F ¢ Y, it follows that Ext F'\

Y # 0. Then, there exists z € Ext F'\ Y C Ext Bx \ Y such that f € J(z). Thus, span( N J(m)) >
rzeExt Bx\Y

Span( N J(x)) Consequently,
zeSx\Y
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span( ﬂ J(x)):span( ﬂ J(:E))

z€Ext Bx\Y z€Sx\Y

If possible suppose that V = span( N J(m)) is a proper subspace of X*. Now, for each f € Sx« \ V,
z€Sx\Y

there exists y € Sy such that f(y) = 1. \
Next, let g € Sx~ NV. Since X*\ V is dense in X*, there exists a sequence {g,} C X*\ V such that g, — g¢.
Let for each n € N, y,, € Sy such that ¢,,(yn) = ||gn||. Since Sy is compact, there exists a subsequence {yy, }
of {y,} such that y,, — y € Sy. S0 gn, (Yn,) — 9(y) and gn, (Yn,,) = |gni || — llgll = 1. Hence, g(y) = 1.
Therefore, for each f € Sk« there exists € Sy such that f(x) = 1. This is a contradiction, as there always
exists h € Sx» such that h(y) = 0 for all y € Y. This completes the proof of the theorem. O

The above result leads us to the following corollary.

COROLLARY 2.14. Let X be a finite-dimensional Banach space. If any nonzero operator T € L(X)
preserves Birkhoff-James orthogonality at each x € Ext Bx, then T is bijective.

Proof. Let dimX = n. If possible, suppose that ker T' # {0}. From Theorem 2.13, it follows that there
exist x1,%a,...,2, € ExtBx \ ker T such that for each 1 < i < n, there exists f; € J(z;), where f; are
linearly independent. Now,

ﬂ ker f; = {0}.
1<i<n
Then, there exists 1 < j < n such that kerT'\ ker f; # (. Let z € ker T\ ker f;. Then, z; = az + h for some
a € R\ {0} and h € ker f; \ {0} and so T'x; = Th. Now,

T lph = T.’L‘j 1 Th
— T.’L‘j 1p T(Ej
- T.’ﬂj :0,

which is a contradiction. Therefore, T" is bijective.

REMARK 2.15. For an n-dimensional Banach space, if a nonzero operator T € L(X) preserves Birkhoff-
James orthogonality at n linearly independent extreme points of Bx, then T may not be bijective. For example,
consider the 3-dimensional Hilbert space H. Then, the operator T € L(H) given by T(z,y,z) = (z,y,0)
preserves Birkhoff-James orthogonality at three linearly independent extreme points (1,0,0),(0,1,0),(0,0,1),
but T is not bijective.

Next, we have the following observation regarding the local preservation of Birkhoff-James orthogonality
at any point on a face of the unit ball of a Banach space.

LEMMA 2.16. Let T € L(X,Y) preserve Birkhoff-James orthogonality at u,v € Sx. If u,v are on the
same face F of Bx, then ||Tu|| = || Tv||-

Proof. Let Tu = ky and Tv = [z for some y,z € Bx and for some k,l € R. Let f € Sx- be a support
functional corresponding to the face F' of Bx. Then, f(u —v) = |ju|| — ||v|]| = 0 and so v Lp (u —v) and
v Lp (u—w). Then, y Lp (ky —lz) and z Lg (ky —lz). Clearly, k =0 <= [ =0. Let k,l # 0. Now,

yLlp(ky—1z) = |ly+ Aky —12)|| > |ly|| for all A € R.

Let A = —1, then % > 1. Similarly, from z Llp (ky —Iz), we have % > 1. Thus, || = |k| and so

[Tull = [ITv]]. 0
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Now, we state a characterization of a subspace contained in the orthogonal region of a point in a Banach
space, which will be needed for our next result.

LEMMA 2.17. [15, Lemma 2.14] Let x € X be nonzero and let V be a subspace of X. Then, V C z+2 if
and only if there exists f € J(x) such that V C ker f.

We now present some consequences when any operator defined on a Banach space preserves Birkhoff-
James orthogonality on a set lying within a face of the unit ball of the space.

THEOREM 2.18. Let F be a face of Bx. If T € L(X,Y) preserves Birkhoff-James orthogonality on a set
A C F, then the following results hold:

(i) Either T(A) =0 or +T(A) C G, where G is a face of By and for some k € RY.
(ii) T preserves Birkhoff-James orthogonality on co(A).

Proof. (i) Let T € L(X,Y) preserve Birkhoff-James orthogonality on a set A C F. Let f be a support
functional corresponding to F. Suppose that A = {u, : @ € A}, where A is the index set. Since T preserves
Birkhoff-James orthogonality on A, it follows that T'(ker f) C (Tu,)'® for each a € A. From Lemma 2.16,
it follows that ||Tus|| = |Tug|| = k(say) for any o, 8 € A. If k = 0, then T(A) = 0. Let k # 0. Let 5 € A
then from Lemma 2.17, it follows that there exists g € J(T'ug) such that T'(ker f) C kerg. We claim that
g € J(Tuq) for all @ € A. Clearly, X = ker f @ span{ug}. Hence, for each o € A, there exists h € ker f and
Ao € R such that uy = he + Aqug. Then,

flua) = f(h+ Aqug) = Ag =1 forall o € A.
Thus, for each o € A, there exists hqo € ker f such that u, = ho + ug. Then for each a € A,
9(Tua) = g(T(ha +up)) = g(Tug) = [[Tug|| = [[Tual|- O

Thus, our claim is established that g € J(Tu,) for each o € A. Let G be the face of By supported by g.
Therefore, £(A) C G.

(i) Let u € co(A). Then, u = Y a;u;, where u; € A and a; € RT with Y. a; = 1. Let u Lp z, then
1<i<n 1<i<n
there exists f € J(u) such that f(z) = 0. Now

This shows that f(u;) =1forall 1 <i<mn.So f € J(u;) for all 1 <4 < n. Since T preserves Birkhoff-James
orthogonality at u; and u; € F for all 1 <i < n, it follows from Lemma 2.16 that ||Tu;|| = ||Tu;|| = k(say)
for all 1 < 4,57 < n.If k = 0, then it is easy to observe that Tu = 0 and so T preserves Birkhoff-James
orthogonality at u. Suppose that k # 0. From Lemma 2.17, it follows that T'(ker f) C (Tu;)*%. This shows
that there exists g € J(Tuy) such that T'(ker f) C kerg. Then by similar argument used in (i), we have
g € J(Tu;) for all 1 <4 < n. Now
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ITull > g(Tu) = g( Y aTu;)

1<i<n

= Y aig(Tu)

1<i<n

> ail|Tu|

1<i<n

1> aTu] = | Tul.

1<i<n

v

This shows that g € J(T'u). Also, we have Tz € T'(ker f) C ker g. Therefore, Tu L g Tz and this completes
the proof.

The extreme points of the unit ball of a Banach space play an important role in characterizing the isometries
on a Banach space. The following theorem illustrates their significance by offering a substantial refinement
of the Blanco—Koldobsky—Turnsek characterization of isometries.

THEOREM 2.19. Let X be a Banach space such that Bx = co(Ext Bx) and SmX is a dense G5 subset of
X. If T € L(X) preserves Birkhoff-James orthogonality on Ext Bx, then T' is a scalar multiple of an isometry,
i.e., Ext Bx is a K-set.

Proof. Let T € L(X) preserve Birkhoff-James orthogonality at each point of Ext Bx. Let z € co(Ext Bx)N
Sx. Then there exists m € N such that

z = Z a;z;, where z; € Ext Bx and a; € RT with Z a; = 1.
1<i<m 1<i<m

Consider a face F' of Bx containing z. Clearly, z; € F for all 1 < i < m. Then it follows from Theorem 2.18
(ii) that T preserves Birkhoff-James orthogonality at z. By the homogeneity of Birkhoff-James orthogonality,
we can say that T preserves Birkhoff-James orthogonality at each point of co(Ext Bx). Now, it follows from
Theorem 2.2 that T preserves Birkhoff-James orthogonality at each point of

co(Ext Bx) NSmX = Bx N Sm X.

Again from the homogeneity of Birkhoff-James orthogonality, it follows that T preserves Birkhoff-James
orthogonality at each point of Sm X. Therefore, it follows from Corollary 2.8 that T is an isometry multiplied
by a constant. 0
The following corollary is an immediate consequence of the above theorem.

COROLLARY 2.20. Let X be a finite-dimensional Banach space. Then Ext Bx is a K-set.

Next, through the following example, we demonstrate how the preceding result can be applied to verify
that whether a given mapping on Banach space is an isometry up to a scalar multiplication.

ExXaMPLE 2.21. Suppose X is a two-dimensional polyhedral Banach space whose unit sphere is the oc-

oo (G ) (- =)

tagon with vertices

&)
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The unit sphere is described in the figure below:

Y

(-wmi-w)

Let T € L(X) be defined by
T(z,y) = (r =y, +y).

If the unit sphere were a reqular octagon, then this transformation would be an isometry up to multi-
plication by /2. Here, we show that T is not an isometry even up to scalar multiplication. By virtue of
Theorem 2.19, it suffices to show that T fails to preserve Birkhoff-James orthogonality at some vertex of the
unit sphere.

We start with the vertex v1 = (1,0). Then, Tv; = (1,1) and
1 1 1 1 1 1
R A N L)
v rw:reR, w 1—-t , =+ +t , =+ , te|0,1]¢.
' STV RN 2v2'2 22 0.1]

Let t € [0,1] be arbitrary and set

w; :(lft)<2—\1/§,%+2—\1/§) +t(72i\/§,%+2—\1/§).
Then,

oo}y D oo - )

It is easy to see that Tvy Lp Twy and hence Tvy Lp T(rwy) for all r € R. Since t is arbitrary, T preserves
Birkhoff-James orthogonality at vy.

Next, consider the vertex vy = (==, ==). Then

L1 11
_E’ﬁ)’ but TU2:(07\/§)J¢B(—\/§,O)zT(—ﬁ,E).

Thus, T fails to preserve Birkhoff-James orthogonality at the vertex vo, and we conclude that T is not an
isometry up to scalar multiplication.

’U2L3<
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REMARK 2.22.

(i) For an infinite-dimensional Banach space X, the set Ext Bx may not be a K-set. For example,
suppose X = {1 @1 cg, where for any T = (x1,22) € X, ||Z||x = ||z1lley, + l|x2lleo- From [7, Th.
5], it follows that Ext Bx = {(u,0) : u € Ext By, }. Consider the operator T € L(X) defined by
T(z,y) = (0,y). Clearly, Ext Bx € ker T and so T preserves Birkhoff-James orthogonality at each
point of Ext Bx, but T is not a scalar multiple of an isometry. Therefore, Ext Bx is not a K-set.

(ii) For a Banach space X, if an operator T € L(X) preserves p-orthogonality at each extreme point of
Bx, then T may not be a scalar multiple of an isometry. For ezample, consider X = (2, then the
operator T € L(X) defined by T(x,y) = (v + y,y — x) preserves p-orthogonality at each extreme
point of By, but T is not a scalar multiple of an isometry. Also, from the example, it is clear that
the image of an extreme point of Bx may not be an extreme point of Bx under the preservation of
p-orthogonality at each extreme point of Bx.

In the next theorem, we provide a necessary condition for the preservation of Birkhoff-James orthogonality
by a bijective operator between polyhedral Banach spaces on the relative interior of any facet of the unit
ball of the domain space.

THEOREM 2.23. Let X,Y be n-dimensional polyhedral Banach spaces and let F' be a facet of Bx. Let a
bijective operator T € L(X,Y) preserve Birkhoff-James orthogonality at each point of Int, F. Let u € Int, F.

Then, ﬁ(ln‘cr F) C Int, G for some facet G of By.

Proof. Let ||Tu|| = k. From Lemma 2.16 and Theorem 2.18 (i), it follows that || Tz| = k for all z € Int, F’
and L2 € @ for some face G of By. Thus, £ (F) C G. Since F is a facet of By, it follows that F has n linearly
independent elements x1,s,...,x, of X. For each 1 < ¢ < n, suppose that Tx; = y;. Since T is bijective,
Y1,Y2,---,Yn are linearly independent elements of G. Therefore, G is a facet of By. Let T} = % Now, we
show that T3 (Int, F) C Int, G. Let v € Int, F, then there exists an open set D such that v € DNaff(F) C F.
Then,

Tyv € Ty(D Naff(F)) = Ty (D) N Ty (aff(F)).
We claim that T} (aff(F')) = aff(@). Since T1(F') C G, it follows that Ty (aff(F')) C aff(G). Let y € aff(G) =

aff({y1,92,...,yn}), then there exist a; € R with > a; = 1 such that
1<i<n

y= Z a;y; = Z a; Tz, =T Z a;xz; | C Ty (aff(F)).

1<i<n 1<i<n 1<i<n O
Thus, Ty (aff(F)) = aff(G). Next,
Tv € Ty(DNaff(F)) =Ty (D) N T (aff(F))
=Ti(D) N aff(G)
c G.

Since T} is bijective, by the open mapping theorem, we have T} (D) is an open set of Y. Thus, Tyv € Int, G.
Therefore, T1 (Int, F') C Int, G and this completes the proof.

The following result follows immediately from the above theorem.

COROLLARY 2.24. Let X,Y be n-dimensional polyhedral Banach spaces and F be a facet of Bx. Let
a bijective operator T € L(X,Y) preserve Birkhoff-James orthogonality at each point of F N SmX. Let

u e FNSmX. Then, ﬁ(F NSmX)=GNSmY for some facet G of By.
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REMARK 2.25. We note that in Theorem 2.23, if the operator T fails to be bijective, then the theorem
may not hold. For example, let the Banach space X = (% and let the operator T € L(X) defined by
T(x,y) = (z,z) for all (x,y) € X. Clearly, T is not bijective. Now, consider the facet F = {(1,a) : |a] < 1}.
It is easy to observe that T preserves Birkhoff-James orthogonality at each point of Int, F', but there does not
exist any facet G of the unit ball of X such that T'(Int, F') C Int, G.

Our next goal is to show that for any fixed 1 < k < n the set of all k-smooth points of the unit ball
of an n-dimensional polyhedral Banach space is also a K-set. For this purpose, we have two nice and easy
observations corresponding to a facet of the unit ball of the concerned space.

PROPOSITION 2.26. Let X be an n-dimenstonal polyhedral Banach space and let 1 < k < n. Let F be a
k-face of Bx and let x € Ext F. Then there exists a (k — 1)-face G of Bx such that x € G C F.

Proof. Let F be a k-face of Bx. Consider the subspace V = span{u — v : u,v € F}. Clearly, dimV = k.
Then, F' = span{u—x : u € F'} is a convex polyhedron contained in V of dimension k. Since x is an extreme
point of F, it follows that 0 is an extreme point of F’. Let G’ be a (k— 1)-face of F’ containing 0. Now, let us
consider the set G = span{w + z : w € G'}. Then clearly G C F is a convex polyhedron of dimension k — 1
containing z. Now, we show that G is a face of F. Let y € G be such that y = (1 — t)y; + tys for y1,y2 € F
and for t € (0,1). Now,y € G = y—2x € G and y1,y2 € F = y; — x,y2 — x € F’. This shows that

y—z=10-0( —z)+ty2 —2)

Since G’ is a face of F’, it follows that y13 — z,y2 — ¢ € G’ and so y1,y2 € G. Thus, G is a face of F of
dimension k — 1 containing x, and consequently, G is a (k — 1)-face of Bx such that z € G C F. ]

PROPOSITION 2.27. Let X be an n-dimensional polyhedral Banach space. Let F' be a facet of Bx. Then
Ext F C k-SmXNF for any k < n.

Proof. Let x € Ext F. From Proposition 2.26, it follows that there exists a (n — k)-face G of Bx such
that £ € G C F. Let y € Int, G and so y € k-Sm X N F such that J(y) C J(x). Consider the sequence {z,},
where z, = (1 — %)x + %y for all n € N. Clearly, x,, € F for all n € N and z,, — z, as n — 0o. Now, we
show that J(z,) = J(y) for all n € N. Let f € J(y), then f € J(x). Hence,

e =1((1-2)o+ 2)

1y 1
:(1—f)+f:1.
n n

Thus, f € J(z,) and so J(y) C J(x,) for all n € N. Next, let g € J(z,), then
1 1
1= g(en) = (1= ~)g(@) + —g(y)

1 1
<(l1—-— —=1.
- ( n) * n

This implies that g(y) = 1 = ||y|| and so g € J(y). Therefore, J(z,,) C J(y) for all n € N. Thus, J(x,) = J(y)
for all n € N. Therefore, {z,} C k-SmX N F and hence z € k-SmX N F. O

From Corollary 2.20, it follows that any operator that preserves Birkhoff-James orthogonality on the
set of all n-smooth points of an n-dimensional polyhedral Banach space must be an isometry. We are now
prepared to extend this result by showing that for any 1 < k < n, Birkhoff-James orthogonality preservation
on the set of all k-smooth points similarly ensures the operator is an isometry.
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THEOREM 2.28. Let X be a finite-dimensional polyhedral Banach space and let 1 < k < dimX. If T €
L(X) preserves Birkhoff-James orthogonality at each k-smooth point of Bx, then T is a scalar multiple of an
isometry, i.e., k-SmX is a KC-set.

Proof. If T = 0, the theorem follows trivially. Let T'(# 0) € L(X) preserve Birkhoff-James orthogonality
on k-SmX. Let F be a facet of Bx. From Lemma 2.16, it follows that |Tu1|| = ||[Tuz| = lp(say) for any
u1,uz € k-Sm XN F and so ||Tu| = Ip for all u € k-Sm X N F. Then by Proposition 2.27, we have ||Tu|| = I
for any u € Ext F. Next, it follows from Theorem 2.18 (i) that ﬁT(k-SmXﬂ F) C G for some face G of Bx.
Thus,

1 1
—T(F)=—T(co(Ext F))
lp lrp
1
=co(—T(Ext F))
lp
1 -
C co(l—T(k—SmX NF))
F
CG.
Therefore, | Tu|| = IF for all uw € F. Since F is arbitrary, we can say that this is true for any facet of Bx.

Note that each extreme point of Bx belongs to the intersection of at least n(= dim X) number of distinct
facets and it is easy to observe that for any facet F' of Bx, Ext F' C Ext Bx. Thus, we can conclude that
|ITu|| is constant for all w € Sx and this completes the proof. d

REMARK 2.29. In general, for an n-dimensional Banach space, the above theorem may not hold because
k-smooth points may not exist for all 1 < k < n. Ewven if such points exist for some 1 < k < n, the set
k-Sm X may still fail to be a K-set. For example, consider the 3-dimensional Banach space X, whose unit
sphere is described by the following figure.

Y

This unit sphere is a surface of revolution obtained by rotating a square with vertices {£(1,0,0),£(0,0,1)}
around the X -axis. Here, 2-Sm X = {(0,b,¢) : b,c € R,(0,b,¢) # (0,0,0)} and 3-Sm X = {(a,0,0) : a €
R\ {0}}. Since dimspan(2-Sm X) = 2 and dimspan(3-Sm X) = 1, it follows from [21, Prop. 2.1] that
2-Sm X and 3-Sm X are not K-sets.
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We end this article by providing the following characterization of isometries on a finite-dimensional

polyhedral Banach space, which easily follows from Theorem 2.12 and Theorem 2.28.

THEOREM 2.30. Let X be a finite-dimensional polyhedral Banach space. Let T € L(X), then the following

results are equivalent:

(i) T preserves Birkhoff-James orthogonality at each k-smooth point of Sx, where 1 < k < dimX.
(i) T preserves Birkhoff-James orthogonality at each point of U, where U is a dense subset of Sx.
(iii) T preserves p-orthogonality at each smooth point of Sx.

(iv) T preserves p;-orthogonality at each smooth point of Sx.

(v) T preserves p_-orthogonality at each smooth point of Sx.
(vi) T is a scalar multiple of an isometry.
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