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IS THE BOUNDED RANK PERTURBATIONS PROBLEM FOR MATRIX PENCILS
JUST A COMPLETION PROBLEM?*

MARIJA DODIGT AND MARKO STOSICT

Abstract. In this paper, we study a direct link between the bounded rank perturbations problem and the completion
problem for matrix pencils. We conjecture that the bounded rank perturbations problem is, in fact, equivalent to a completion
problem. We prove the conjecture in three cases: when the rank bound is one, when the involved pencils are of full row rank,
and when the rank bound equals the rank distance of the involved matrix pencils.
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1. Introduction. Let F be an algebraically closed field. Let B(\), B'()\) € F[\|(*+P)*(+m) he matrix
pencils. We say that they are strictly equivalent, B(\) ~ B’()\), if and only if there exist invertible matrices
P € F(tp)x(n4p) apnd @ € Frtm)x(ntm) quch that

B'(\) = PB(\Q.

The aim of this paper is to give a direct and explicit link between two fundamental Linear Algebra Problems
for matrix pencils: the bounded rank perturbations problem and the general completion problem.

PROBLEM 1. [The bounded rank perturbations problem for matriz pencils/

Let x > 0, and B(X), and C()\) be matriz pencils of the same size. Find necessary and sufficient conditions
for the existence of matriz pencils B'(A\) and C'()\), strictly equivalent to B(\) and C()), respectively, such
that

rank(B'(\) — C'(\)) < .

Note that since strict equivalence operations preserve rank, Problem 1 is equivalent to finding necessary
and sufficient conditions for the existence of a matrix pencil B’(A) ~ B(A) such that rank(B’'(\) —C(\)) < z.
Therefore, Problem 1 can be naturally rephrased as finding necessary and sufficient conditions for the
existence of a matrix pencil X (\), with rank X(\) < z, such that B(A) ~ C(\) + X(A), i.e., determining
when we can perturbe the pencil C(\) by a matrix pencil of bounded rank z, in order to obtain a matrix
pencil strictly equivalent to B(A). The rank of a matrix pencil is the number of its linearly independent
rows or columns.

PROBLEM 2. [The General Matriz Pencil Completion Problem]
Find necessary and sufficient conditions for the existence of a matriz pencil with a prescribed subpencil and
strict equivalence class.
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Both Problems 1 and 2 are well studied and have many particular solutions and important applications.
For most important references for Problem 1 see, e.g. [4-8,19,25,27-29], and for Problem 2 see, e.g. [3, 10,
11,17,18,23,31-36].

In [2,12,14,15,22], it has been shown that Problem 1 is equivalent to the existence of a nonnegative
integer x1 < z, a matrix pencil A()), and matrix pencils X (A\), X'(A), Y(A), Y'(A\), Z(A\), and Z’'()\), where
Z(\), Z'(\) € F[AJ*+*(@=21) "such that

AR | X'
Y') [ Z(V)

(1.1) ~B(\) and ~ C(N).

The connection (1.1) shows that Problem 1 can be written as two simultaneous matrix pencil completion
problems, with a common prescribed subpencil. This way of expressing Problem 1 led to its solution in several
cases: when = = 1 [2,12]; when one of the involved pencils is regular [16]; when both involved pencils are
quasi-regular (i.e., have full row or column rank) [14]; and also when both involved pencils have no nontrivial
homogeneous invariant factors [22]. However, applying (1.1) is very technical due to existence of two related
completion problems, and so the potential of this approach for a general solution of Problem 1 is limited.

In this paper, we study a novel, more direct approach, consisting in expressing Problem 1 as a special
case of Problem 2. This novel approach has been introduced in [15], where we have studied and solved
Problem 1 in the limit case = |rank B(A) — rank C'(A)|. There we have discovered that in that critical
case, there exists a single completion problem that is equivalent to the perturbations problem. Hence,
if = |rank B(\) — rank C()\)|, the perturbations problem is just a subcase of Problem 2. This was an
unexpected discovery that we are following in this paper.

In fact, in this paper, we show that this was no accidental example and that there exists a deeper relation
between two apparently different problems (Problems 1 and 2). There are three important results in this

paper.

The first result is given in Theorem 3.4 in Section 3. It consists of finding a completion problem that is
equivalent to Problem 1 in the case z = 1.

The second result is given in Theorem 4.7 in Section 4. It consists of finding a completion problem that
is equivalent to Problem 1 in the case when both pencils B(\) and C(\) are quasi-regular.

Theorems 3.4 and 4.7 prove a remarkable direct link between Problems 1 and 2 in specific cases. We
expect them to be milestones toward finding the completion problem that corresponds to Problem 1 in the
general case.

In fact, in this paper, we give a conjecture of how to express Problem 1 as a case of Problem 2. This is
the third result of the paper, and it is given as Conjecture 1 in Section 5. In Section 5, by using Theorems 3.4,
4.7 and 2.4, we prove Conjecture 1 in three cases: if x = 1; if both pencils B(\) and C()\) are quasi-regular;
and if © = |rank B(\) — rank C'(\)|.

Proving Conjecture 1 in full generality would show that Problem 1 is just a case of Problem 2, which is
a highly nontrivial observation. Also, this would open new directions in solving the specific case of Problem
2 given in Conjecture 1, which in turn should lead to a complete solution to Problem 1. This paper gives a
solid base for future results and opens a path in proving Conjecture 1, and consequently putting an end to
Problem 1.
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2. Notation and auxiliary results. Throughout the paper, all polynomials will be homogeneous and
monic. A polynomial p € F[\, ] is called homogeneous of degree k, if p(c), cu) = cFp(A, i), for every ¢ € F.
We denote the degree of a homogeneous polynomial p by d(p). A homogeneous polynomial p € F[\, p] is
called monic if the coefficient of the monomial with the largest exponent of A is equal to 1. For any chain of
homogeneous polynomials g | - - | o, by convention, we set «; := 1, for i < 0; and o; := 0, for ¢ > n + 1.
For any polynomial p, we have 1| p and p | 0.

By a partition we mean a nonincreasing sequence of integers. For a nonincreasing sequence of integers
ay > -+ > as, we denote by a the corresponding partition, i.e., a := (ay,...,as). For a partition a =
(a1,...,as), we assume ag = +00 and as41 = asye2 = -+ = —00. Also, we put Z;’:p a; = 0 whenever p > q.

The complete set of strict equivalence invariants (also called the Kronecker invariants) of a matrix pencil
consists of its invariant factors, infinite elementary divisors, and column and row minimal indices [24]. For
more compact presentation of the conditions and involved combinatorics, in this paper, we consider invariant
factors and infinite elementary divisors of a pencil unified as homogeneous invariant factors. The sum of the
degrees of the homogeneous invariant factors and column and row minimal indices of a matrix pencil equals
its rank. For all details on matrix pencils, their invariants and canonical forms for the strict equivalence
relation see [24, Chapter XII].

Let B(\),C(\) € F[\|(P)x(n+m) he two matrix pencils, with rank B(\) = n 4 p, and rank C()\) = n,
and p > 0. Let us denote the Kronecker invariants of C'(\) € F[A](*+P)x(n+m) a5 follows:

(2.2) Y1 |-+ |vm —  homogeneous invariant factors,
dy>--->d, —  column minimal indices,
1 >--->7, — row minimal indices.

Let us denote the Kronecker invariants of B()\) € F[A]("+P)*(n+m) a5 follows:

Bi|---|Pntp —  homogeneous invariant factors,
g1 >+ 2 gm-p —  column minimal indices,
f1>--->7,_, — row minimal indices.
We note that
n m m n+p m—p p—p
(2.8) DA+ > di+Y Titp=Y_dB)+ D> g+ Fi=n+p
i=1 i=1 i=1 i=1 i=1 i=1

DEFINITION 2.1. Let A(X) € FA](FP)X+m) be qn arbitrary matriz pencil with rank A(\) = n. By
A(N) € F[A|(v2ptm)x(nt2m+p) e shall denote a pencil whose column and row minimal indices are equal
to the column and row minimal indices of A(N) increased by 1, respectively, while nontrivial homogeneous
invariant factors of A(\) and A(X\) coincide.
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Let us see, for C'(\) as above, with Kronecker invariants as in (2.2)—(2.4), what the Kronecker invariants
for C/(X) € FIA|(v+2pHm) x(nb2mp) o

1|y || —  homogeneous invariant factors
——
m+p
di+1>--->d,+1 —  column minimal indices,
r+l> 27+l = row minimal indices.
Let us denote the homogeneous invariant factors 1|--«|1|v1 | -+ | 7n by
——
m+p
771| U |'7n+m+p?

ie.,
’Vi:ryi—m—pa Z:17an+m+p
Also, let ¢ € F be such that A — ¢y fvy,. Let z be a nonnegative integer.

Then, the Kronecker invariants of the pencil

c(\) 0

c F\ (n+2p+m+x) X (n+2m—+p+z)
0 A=o)I, B
are
(2.9) Al |Antmipts —  homogeneous invariant factors
(2.10) di+1>--->dn+1 —  column minimal indices,
(2.11) f1+1>--->7,+1 —  row minimal indices.
Here

’?i = Yi—m—p—x> i=1,...,n+m+p,

i = (A —cl)Yiem-p-z, t=n+m+p+1l,....n+m+p+z.

The following Remark and Lemma are straightforward and will be used in the proofs of the main results.

REMARK 2.2. Let o, B € F[A, u] be homogeneous polynomials, and let ¢ € F be such that (A —cp) fo and
(A—cu)fB. Then
lem (()‘ - CM)OQ 6) = ()‘ - C/_L) lem (Oé, ﬂ) ’

and so
d(lem (A — cp)a, B)) = 1+ d(lem (o, 5)).
Also
ged (A — cp)a, B) = ged (a, ).

c) 0

By the above definitions of the homogeneous invariant factors of the pencils B(\) and M=o |
— o),

in the case p = 0, we obtain the following result:
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LEMMA 2.3. Let 1|+ |Bn and 1|+ |yn be two chains of homogeneous polynomials. Let By - -+ |Bntmtp
be

Bi = Pi—m—p, t=1,...,n+m+p.
Let 31|« -+ |¥n+m+p+a be
Yi = Yiem—p-a, t=1,...,n+m+p,
i = (A=) Yicmep—g, t=n+m+p+1l....n+m+p+zx.
Here c € F is such that (A — cp) [ Bn.

Then
YilBilViv2z, i=1,...,n+m+p,
is equivalent to
BilYita, t=1,...,n—x, and  v|Bitz, i=1,...,n— .
Proof. Recall that by convention ; =~; =0 for i >n+ 1, and 8; =; =1, for ¢ < 0. Thus
FilBi, i=1,...,n+m+p,
is equivalent to
’yifmfpfz|6i7mfp7 i = 17"'7n+m+p7
i.e., to
’}/i|ﬂi+m7 ’L:Ln*l‘
Analogously, since (A — cu) f 85, we have that
Bi|:)/i+2x; 2217»n+m+P>
is equivalent to
ﬂi—m—p|’)’i+x—m—pa t=1,...,n+m+p,
i.e., to
ﬁi"yi-‘r:m i:l,...,n—x,

as desired. O

Now, let us cite the main result from [15]. For all details see this reference.

THEOREM 2.4. [15, Corollary 5] Let B(X\), C(\) € FA](+P)x(n+m) pe matriz pencils. Let rank C(\) = n
and rank B(\) = n + p, with p > 0. Let ¢ € F be such that it is not an eigenvalue neither of C(\) nor of
B()).

There exist matriz pencils B'(X) and C'(X) such that B'(X) ~ B(X\) and C'(\) ~ C(\) and
(2.12) rank(B'(\) — C'(\)) = p,
if and only if
there exist matriz pencils X (\) € F]N™+P)%e Y(\) € FIAJP*X(H+™) - and Z(\) € FINP*? such that

cn | x(x
Y Z
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REMARK 2.5. We note that since
rank(B’(\) — C'(\)) > rank B'(\) — rank C’'(\) = p,

condition (2.12) is equivalent to
rank(B'(\) — C'(\)) < p.

3. Rank one perturbations. In [2,12], a solution to Problem 1 in the case = 1 has been obtained.
By analyzing the obtained necessary and sufficient conditions, we have realized that they are resembling
the necessary and sufficient conditions for the Problem 2 in the case of one row and one column completion
obtained in [20]. This led us to carefully study these two problems, and we present the obtained direct link
between them in the following theorem. Further on we shall use the notation from Section 2. Before showing
the results, we note that

x > rank(B'(\) — C'()\)) > rank B’(\) — rank C'()\) = p.

So, if x =1, then
0<p<l,

ie., pe{0,1}.
3.1. Auxiliary results. If p =1, then p =z = 1, i.e., we are in the minimal limit case already studied
in [15]. Hence, by applying Theorem 2.4, we obtain the wanted connection.

So, we are left with the case p = 0. This is a novel case, which has never been studied in this new light,
and we shall need additional notation in order to give its solution.

Before stating the main result, we cite the main result from [12] in the case p = 0. This is a joint version
of Theorems 3.3, 3.4 and 3.5 from [12].

Let w = max{i € {1,...,m}|g; # d;}, if any such ¢ exists, and let w =01if g; =d;, foralli=1,...,m.
Let z = max{i € {1,...,p}|F; # 7}, if any such i exists, and let z =0 if 7; =7, foralli =1,...,p.
Also, let us define integers h and b’ in the following way:

max{i € {1,...,w}g; < d;—1}, fw>0and g, > dy,

h:=< max{ie€ {1,...,w}d; < gi—1}, ifw>0anddy, > gy,
0 ifw=0.

max{i € {1,...,z}F; <7i—1}, ifz>0and7, >7,,

h' =< max{ie{1,...,2}|7; <7i_1}, ifz>0and7r, >7,,
0 if z=0.

THEOREM 3.1.  [12] Let B(\), C(\) € F[A]("+P)*(+m) be two matriz pencils with Kronecker invariants
(2.5)=(2.7) and (2.2)-(2.4), respectively, with p = 0. There exist matriz pencils B'(X) and C'(\) strictly
equivalent to B(A\) and C'(X), respectively, such that

rank(B'(\) — C'(\)) < 1,
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if and only if the following conditions hold:

(3.13) Bilvier  and  v|Biv1, i=1,...,n—1,

and
(a) if there exists 1 € {1,...,m} such that g; # d;, then

(al) ’Fi:fi, ’i:l,...7p,

n

(a.2) Zmin(gi, d;) + max(gp, dp) + Zd(gcd(ﬂi,’yi)) >

1=2
> di+ ) dv) -1,
=1 =1

(b) if there exists I € {1,...,p} such that 7| # 71, then

(bl) dz:gu 221,,7’)’1,
p n

(b.2) Z min(7;, 7 ) + max(Fp, Tn) + Z d(ged(Bi,vi)) >

i=1 =2

D n
>N FE Y dy) - 1L
=1 =1

Next, by using the notation from Section 2, we shall cite the main result from [20] applied to the pencils

B()\) and diag(C(\), A — ¢).

THEOREM 3.2. [20, Theorem 3.1] Let B()\) € F[\](»+2ptm)x(nt2m+p) pe o matriz pencils having By - - -
~~~|Bn+m+p as homogeneous invariant factors, g1 +1 > --- > g, + 1 as column minimal indices and
F1+1>- >7,+ 1 as row minimal indices. Let diag(C(\),\ — ¢) € F[N](nH2ptmtl)x(nt2miptl) pe ¢
matric pencil having 31| - - |Yntm+p+1 as homogeneous invariant factors, dy +1> --- > d, + 1 as column
minimal indices and 71 +1 > -+ > 7p + 1 as row minimal indices.

There exist pencils z(\) € F]\|("+2ptm)xt g (\) € FAPX(F2m42) - and 2(\) € FIN'™Y, such that
B0 | 2\ ooy o
y(A) | 2(N) 0 A—c |’

if and only if the following conditions are valid

(3.14)

(1) Al BilVige, i=1,...,n+m+p,
and one of the following sets of conditions is satisfied

(#.1) gi=d;, i=1,...,m, and

p p
> min(f; + 1,7 + 1) + max(fy + 1,7 +1) = Y (7 +1) >
i=1 =1
n+m+p+1 n+m-+p
2 Z d(:) — Z d(ged (B, Yi+1)) — 1,
=1

i=1
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or

(43.2) ri=7;, 1=1,...,p, and
m m
> “min(g; + 1, d; + 1) + max(gn + 1,dy +1) = > (di +1) >
=1 i=1
n+m+p+1 n+m-+p

Z d(%i) — Z d(ged(Bi, it1)) — 1.

REMARK 3.3. Note that if g; = d; for alli=1,...,m, and 7; = 7; for alli =1,...,p, conditions (ii.1)
and (ii.2) are both trivially satisfied. Indeed, in that case we have w = 0 and z = 0, and hence h = 0 and
h' =0, and by convention we have gy = dg = 7o = 79 = +00.

Now we have all the tools for giving our main result.

3.2. The first main result. In this subsection, we give a direct link between Problems 1 and 2 when
x=1and p=0.

THEOREM 3.4. Let B(\), C(\) € F\|(P)x(4m) be matriz pencils. Let rank C(\) = rank B(\) = n.
Let ¢ € F be such that it is not an eigenvalue neither of C(A) nor of B(\).

There exist matriz pencils B'(X) and C'(X) such that B'(X) ~ B(X\) and C'(\) ~ C(\) and
rank(B'(\) — C'()\)) < 1,
if and only if

there exist matriz pencils x(\) € F[N(P+2p+m)x1 y(X) € FINPX(+2m4D) - and z(\) € FIA]**! such that

(3.15)

B(\) | z(\) N{C()\) 0 ]
y(A) | z2(\) 0 A—c |’

Proof. Rank-one perturbations problem in the case when p = 0 has been solved in Theorem 3.1. Also,
the general matrix pencil completion problem in the case of one row and one column completion has been
solved in [20]. When we apply the main result from [20] to completion (3.14), we get Theorem 3.2.

Next, we shall compare the obtained necessary and sufficient conditions from Theorems 3.1 and 3.2.

By Lemma 2.3 condition (i) from Theorem 3.2 is equivalent to

Bi|7i+1 and ’7i|ﬂi+1a ’L:].,,TL—].

In the case ¢; = d;, i = 1,...,m, and 7; = 7;, ¢ = 1,...,p, by Remark 3.3 both conditions (4i.1) and
(7i.2) from Theorem 3.2 are trivially satisfied.

Otherwise, if there exists ¢ € {1,...,m} such that g; # d;, i.e., if case (a) of Theorem 3.1 holds, then
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So, we are left with comparing condition (a.2) from Theorem 3.1 with condition (é¢.2) from Theorem 3.2.
Since ¢ € F satisfies

A=cp)fBn  and (A —cp)[n,

by the definition of the homogeneous polynomial chains 41|« |Bntm+p and F1| - -« [Fntmip+1 We have that
n+m+p+1 n
> d@) =D dv) +1,
i=1 i=1
and
n+m+p B n+m+p n
> dlged(BiAirn)) = > d(ged(Bimm—p, Yiem—p)) = »_ d(ged(B:, 7).
i=1 i=1 i=1
Next, we shall prove that d(ged(81,7v1)) = 0. Let us suppose on the contrary that d(gcd(ﬂl,m)) > 0.
Then since (2.8) holds, we must have d(ged(81,71)) = 1, and in this case, we must also have 81 = -+ = 3, =
Y1 ::'anWhlledl ::dm:()’gl— —ngO, 1 :---:’fp:O7 andfl ::’Fp:O HeHCG,
we would have g; = d; for all i = 1,..., m, which contradicts our assumption that there exists [ € {1,...,m}

such that g; # d;.

Therefore, we have d(gcd(81,71)) = 0, and so

n+m-+p n
> d(ged(Bi,Fir1)) = Y d(ged(Bi, i)
i=1 i=2

So, condition

Z min(g;, d;) + max(gp, dp) >

m n+m+p+1 n+m-+p ~
>y di+ Y, dm) - Y d(ged(Bi, i) — 2,
i=1 i=1 i=1

coincides with

Zmln (gi,di) + max(gn, dn) + Zd (ged(Bi,vi)) > Z Zdh ) —
i=1 i=1

=2

which proves the equivalence between the case (a) from Theorem 3.1 and the case (ii.2) from Theorem 3.2.
Completely analogously, we get that the case (b) from Theorem 3.1 is equivalent to the case (4i.1) from
Theorem 3.2.

Altogether, the necessary and sufficient conditions from Theorems 3.1 and 3.2 coincide. Hence, the two
problems are equivalent. This ends our proof. ]

4. Perturbations of quasi-regular matrix pencils. In this section, we present the second main
result of the paper, that is a direct link between Problems 1 and 2 when both pencils B(\) € F[\](»+p)x(n+m)
and C()\) € F[A\](»+P)x(+m) are quasi-regular. Without loss of generality, we shall assume that both pencils
have full row rank. In the notation (2.5)—(2.7) and (2.2)—(2.4), this implies p = 0 (i.e., rank B(A) =
rank C'(A)). Note that having full row rank means that there are no row minimal indices, i.e., p = 0. In
order to give a main result, we shall need to recall previous results given in the following subsection.
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4.1. Generalized majorization and auxiliary results. The concept of generalized majorization has
appeared in [3] when considering column completions of rectangular matrices, and later on in many other
completion problems [11,21]:

DEFINITION 4.1. Let £ = (f1,..., fmtx), d = (d1,...,dm), and a = (a1, ...,a;) be partitions. If

(416) dl Z fi+£7 1= 1,...,m,
h hj—j J

(4.17) fi=> di<> i,  j=1,...,m,
i=1 i=1 i=1
m-+x m x

(4.18) Yo=Y di+ Y a,
i=1 i=1 i=1

where

hj :=min{i € {1,...,m+a}{dij41 < fi}, j=1,...,z,

then we say that £ is majorized by the pair (d,a). This type of majorization we call generalized majorization,
and we write

f <’ (d,a).

Notice that, if (4.18) is satisfied, then (4.17) is equivalent to the following:

m-+tx m x
(4.19) ooz Y di+ Y a, j=1,....x
i=hj+1 i=h;—j+1 i=j+1

By using the notation from Definition 4.1, we shall also give a lighter form of the generalized majorization
called the weak generalized majorization:

DEFINITION 4.2. If

(420) di Z .fi—i—:cv 1= 1,...,m,
m—4x m x
(4.21) oofiz > di+ Y a, j=0,...,1,
i=h;+1 i=h;—j+1 i=j+1

where hg := 0, then we say that £ is weakly majorized by the pair (d,a). This type of majorization we call
weak generalized majorization, and we write

f <" (d,a).
DEFINITION 4.3. Let a = (ay,...,a,) be a partition. Then one can define
at+l=(a1+1,...,a,+1),

and
a—1=(a1—1,...,a, —1).

By the above definitions, it is straightforward to get the following:
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LEMMA 4.4. Let us suppose that partitions f,d, a are such that
f <" (d,a).

Then
f+1<"(d+1,a+1),
and

f-1<"(d-1,a—1).

The so-called double majorization problem has been extensively studied (for more details see, e.g. [13]).
It consists of the following: let d = (di,...,dm), 8 = (g1,.--,9n); a=(a1,...,a5), and b = (b1,...,by), be

partitions such that m + x = n + y. Determine whether there exists a partition f = (f1,..., fmtz), such
that
(4.22) f<"(d,a) and f<"(g,b).

In [13, Theorem 11], the explicit necessary and sufficient conditions for the existence of such partition f
have been obtained in the form of inequalities involving partitions g, d, a, and b. Such explicit form of the
conditions has been denoted by

(4.23) Q(g,d,a,b).

The exact form of Q(g, d,a,b) is not used in this paper, for an interested reader, we suggest [13] for more
details.

Now, we can cite the main result from [14].

THEOREM 4.5. [14, Theorem 4.1] Let B()\) € F[N™*t™) be o quasi-reqular matriz pencil, having
Bil---|Bn as homogeneous invariant factors and g1 > -+ > gm as column minimal indices. Let C(\) €
IF[)\]"X("‘””) be a quasi-regular matriz pencil, having v1|- - |y, as homogeneous invariant factors and dy >

- > dpy, as column minimal indices. Let x be a nonnegative integer, such that x < n. There exist matriz

pencils B'(\) ~ B(\), and C'(X) ~ C(\), such that
(4.24) rank(B'(\) — C'(\)) < =,
if and only if

(7’) P)/i|ﬂi+z7 7::1,...7TL—$7 5i|’yi+:rv i:L...,n—ac,
(i) Q(g,d,a a).

Here, a = (ay,...,a;) is a partition defined by

x

n—j n—j
(4.25) > ai= Zd% =Y d(ged(Biyjvi)) — (x—4), j=0,...,x—1
i=j+1 i=1 i=1

Also, a = (ay,...,a,) is a partition defined by

T n—j n—:

(4.26) Z a; = Zd(ﬁi)—Zd(gcd(ﬂi,’qurj))—(l‘—j), 7=0,...,2—1.

i=j+1
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Finally, we shall need the main result from [9] applied to the case when both of the involved matrix
pencils are quasi-regular. By using the notation from Section 2, we cite [9, Theorem 3.1] for a completion of

B()\) up to CE))\) 0 OC) 7 (for an interested reader we also suggest [9,23] for more general results on
- x
this topic).

THEOREM 4.6. [9, Theorem 3.1] Let B(\) € FN™ ™) be o quasi-reqular matriz pencil, having
Bil--+18n as homogeneous invariant factors and g1 > -+ > g, as column minimal indices. Let C(\) €
FIN"* (™) be a quasi-reqular matriz pencil, having 71| - - |y as homogeneous invariant factors and dy >
-+ >d,, as column minimal indices. Let x > 0.

There exist pencils X (\) € Fr+m)x@ Y (\) ¢ F#xX(+2m) gng Z(\) € F**® such that

B(\) X(\) C(\) 0
420 vy 20 )7L e ]
if and only if

(i) 7| Bi| Vizow, i=1,...,n+m,

(i) QUg+1,d+1,w,w).

Here, B1] - - - |Buym are the homogeneous invariant factors of B(\) (see Definition 2.1), while 41| - - [Fntm e

are the homogeneous invariant factors of the matrix pencil diag(C'(X), (A — ¢)I,). Also

g+l=(g1+1,....9m+1), d+1=(di+1,....dp+1),

while w = (wq,...,w,) is a partition given by
T n+m+tx—j ~ n+m -
Z w; = Z d(lem(Bi—z+j,7:)) — Z diBi))—z+34, 3=0,...,0—1,
i=j+1 i=1 i=1
and w = (wy,...,w,) is a partition given by
x n+m—+tx B n+m+tx
dowi= Y dlem(Bip %)= Y dF), j=0,...,x—1
i=j+1 i=1 i=1

4.2. The second main result. The second main result of the paper is finding a completion problem
that is equivalent to Problem 1 in the case of full row rank matrix pencils. It is given in the following
theorem:

THEOREM 4.7. Let B()\) € F\"*(™*™) and C()\) € FA™*("*™) be two quasi-regular matriz pencils.
Let x > 0. Let ¢ € F be such that it is not an eigenvalue neither of C(\) nor of B(X).

There exist matriz pencils B'(X) and C'(X\) strictly equivalent to B(X\) and C(X), respectively, such that
(4.28) rank(B'(X) — C'(\)) < z,
if and only if there exist matriz pencils X (\) € F[A]"H™)*2 Y (X) € FN=*(+2m) " and Z()\) € F[\**® such
that

(129) B lxoy ) [ee o

0 A=),
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Proof. As in the proof of Theorem 3.4, we shall use the fact that both of the problems appearing in
Theorem 4.7 have already been solved in Theorems 4.5 and 4.6, so we can compare the necessary and
sufficient conditions from these two theorems. To that end, let us first compare the partitions a and w from
Theorems 4.5 and 4.6, respectively. By definition of the homogeneous invariant factors of the pencils B(\)

and C(())\) o _OC)I ] , and since ¢ € F is such that (A —cu) fB, and (A — cu) /¥, we have that for
every j =0,...,z —1:
x n+m+x—j ~ n+m -
Yoowi= Y dlem(Bisig ) — D d(B) —w+j =
i=j+1 i=1 i=1
n+m+x—j n+m+x—j ~
= Y d@E) - Y dlged(Biayy i) —x+j =
i=1 i=1
n—j n+m+x—j
=Y dv) = Y d(@ed(Bim—stj Viem—a)) =
i=1 i=1
n—j n—j x
=Y d(w) = Y dlged(Birs, 7)) Z ai+r—j= Y (ai+1).
i=1 i=1 i=j+1 i=j+1
Hence, we conclude
(4.30) w=a+1.

Next, let us compare the partitions a and w from Theorems 4.5 and 4.6, respectively. As before, we
have that for every j =0,...,x — 1,

x n+m-+x B n+m+x
Yowi= Y dlem(Bipg, ) = Y dF) =
i=j+1 i=1 =1
n+m-—j B n+m+x ~
= > dB)— Y dlged(Bi—a—jr i) =
i=1 i=1

n— x

n n—j n—j
d(B:) — Z d(ged(Bi— ]a% Z d(B Z d(ged 517%+])) Z (@i +1).
i=1 =1 =1

i=j+1

<

Il
—

7
Hence, we conclude

(4.31)

S
I
]
+
-

Thus, condition (¢7) in Theorem 4.6 becomes

(4.32) Qg+1,d+1,a+1,a+1).

Now, we can prove the equivalence. Let us start by assuming that there exist matrix pencils B’(\) and
C’()) strictly equivalent to B(X) and C()), respectively, such that

rank(B'(\) — C'(\)) < z.
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By Theorem 4.5 this implies
(433) ’yilﬁi+$7 t=1,...,n, Bil’yi+$7 i=1,...,n—ux,
(4.34) Q(g,d,a,a).

Condition (4.33) is equivalent to () from Theorem 4.6, by Lemma 2.3. Also, by notation we introduced
in (4.22)—(4.23), condition (4.34) implies the existence of a partition f = (f1,..., fm+«) such that

f <" (d,a), and f<"(g,a).
Thus, by Lemma 4.4, we get
f+1<"(d+1,a+1), and f+1<"(g+1,a+1),

and therefore we have (4.32).

Altogether, by applying Theorem 4.6, we get the existence of the wanted completion.

On the other hand, let us suppose that there exists a completion by x rows and z columns of a pencil
B()\) up to a pencil strictly equivalent to

C(\) 0
0 A=),

By Theorem 4.6, and by (4.30) and (4.31), this implies condition (4.32) and

(4.35) Fi | Bi | Vitow, i=1,...,n+m.

Again, by Lemma 2.3 condition (4.35) gives (4.33).
By condition (4.32), we get that there exists a partition u = (uq, ..., Um4s) such that

(4.36) u<"(d+1,a+1), and u<"(g+1,a+1).

Hence, by Lemma 4.4, we have
(4.37) u-1<"(d,a), and u-1<" (g a),

i.e., we obtain

Q(g,d,a,a).

Finally, by applying Theorem 4.5, we get the existence of matrix pencils B’(A) and C’()) strictly equivalent
to B(A) and C'()), respectively, such that

rank(B'(\) — C'(\)) < =,
as wanted.

This proves the equivalence of the problems given in the theorem. 0
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5. A general conjecture on expressing Problem 1 as a case of Problem 2. As a result of work
on Problems 1 and 2, and also by thorough analysis of the conditions in the cases solved till now, we bravely
state the following conjecture. It is still far from being proved in the full generality. However, there are
strong indications for it, as we manage to prove it for three unrelated cases: when z = 1; when both pencils
B(X) and C(A) are quasi-regular; and when = = |rank B(\) — rank C(\)].

CONJECTURE 1. Let B(\) € F[\|("+»)x(n4m) gng C(N) € FIN+P) X 4m) be o matriz pencils with
rank B(A) = n+ p and rank C'(\) = n, with p > 0. Let x > 0. Let ¢,d € F, with ¢ # d, be such that they are
not eigenvalues neither of C(X) nor of B(\).

There exist matriz pencils B'(X) and C'(X) strictly equivalent to B(X\) and C(X), respectively, such that
(5.38) rank(B'(\) — C'(\)) < =,

if and only if

there exist matriz pencils X(\) € F[N|(t2ptm=p)xz y()\) € FN**(+2m+p=0) aqnd Z(\) € F[A]**®
such that

B()\) 0
(5.39) 0 (A-9i

0 (A—dI_,

5.1. Evidence for Conjecture 1. Below we shall give some evidence for Conjecture 1. In the following
subsection, we shall give a proof of Conjecture 1 in three different cases covered by Theorems 2.4, 3.4 and
4.7. Before proceeding, we give some preliminary observations concerning Conjecture 1, and the completion
(5.39).

First, we note that the sizes of the pencils in (5.39) match. Indeed, since B(\), C(\) € F[\](v+p)x(ntm)
with rank B(\) = n+p and rank C(\) = n, we have B(\) € F[\](H2ptm=2p)x(n+2m+p=2p) ' with rank B(\) =
n+m+p—p, and C(\) € F[\|(F2p+m)x(n+2m4p) " with rank C(\) = n+m+p. Therefore, the pencils on the
left-hand side and on the right-hand side of (5.39) have the same size (n+2p+m+x—p) X (n+2m+p+x—p).

As we have explained in the Introduction, the bounded rank perturbation (5.38) can always be expressed
as two completion problems with a common pencil (1.1). From that we can obtain some necessary conditions
that need to be satisfied. One of them is that the homogeneous invariant factors of the pencils B(\) and
C(A) need to satisty the following

(5.40) BilYita, t=1,...,n—2; ilBits, t=1,...,n+p—ux.

On the other hand, the matrix pencil completion (5.39) implies divisibility relation between the homo-
geneous invariant factors of the pencils

(5.41) B() 0 ] and {C(A) 0
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If we denote the homogeneous invariant factors of the two pencils in (5.41) by Bi|---|Bnimsp and
A1l - |Antmtpta—p, respectively, then by Sa-Thompson theorem [34,35], the completion (5.39) gives the
following interlacing divisibility relations

(5.42) FilBio, i=1,...,n+m+p, BilYisow, i=1,....n+m+p—p—uz

Since

i = Yiem—p—ztps 1=1,...,n+m+p,

Yi= A =du)Yicm—p-ztp, t=n+m+p+l... . n+m+p+z—p,

and

ﬂz‘zﬁi—m—m-p, i=1,....n+m+p—p,
ﬁi:()‘_cﬂ)ﬂi—m—p-;-p, t=n+m+p—p+1,...,n+m+p,

and since ¢ and d are not eigenvalues of B(\) and C(\), i.e., since (A —cu) [y, and (A —dp) [ Bn+p, we have
that (5.42) is equivalent to (5.40). Therefore, the interlacing divisibilities between chains of homogeneous
invariant factors of B(A) and C(A) implied by the bounded rank perturbation (5.38) are the same as the
ones implied by the completion problem (5.39).

5.1.1. A proof of Conjecture 1 in the quasi-regular case. If both B(\) and C(\) are quasi-regular,
we have that p = 0, and so the completion (5.39) becomes

Hence, Theorem 4.7 proves Conjecture 1 in this case. 0O

5.1.2. A proof of Conjecture 1 in the limit case x = p. In this subsection, we shall prove Con-
jecture 1 in the case when = = p. In this case, the completion (5.39) from Conjecture 1 becomes

B(\) 0
(5.43) 0 (M=o,

On the other hand, by Theorem 2.4, the perturbations problem (5.38) in the case x = p is equivalent to
the following completion problem

(5.44) [ C\) | = ] N [ B(\) 0 ]

However, the completion problems (5.43) and (5.44) are equivalent, as we prove below in Lemma 5.1.
This shows that Conjecture 1 holds if x = p. 0O
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LEMMA 5.1. Let B(A\) € F\|t2)x(tm) gng C(\) € TN+ m) be two matriz pencils with
rank B(A\) = n 4+ p and rankC'(\) = n, with p > 0. Let ¢ € F be such that it is not an eigenvalue nei-
ther of C(X\) nor of B(\).

There exist matriz pencils X (\) € F[A]HP)%e Y (X) € FINP* (™) and Z(\) € F[NP*? such that

(5.45) 1€(>\) X

if and only if

there exist matriz pencils X' (\) € F[\|(mH2ptm=p)xp y7/(X) € F[AJP*(+2mtp=p) - qnd Z'()\) € F[N]P*?
such that
B 0
(5.46) 0 (A—0o),

Proof. Let us denote the homogeneous invariant factors of { BE))\) 0 0 ) ] by Bl| . By, +2p-
—ol,

B(\ > >
Let us denote the homogeneous invariant factors of () 0 by Bi] - |Bntm+p-
0 (A-o)l,
And, let us denote by 41| - - [Jn4m+p the homogeneous invariant factors of C(\).

In the rest of the proof, we shall use notation and results from Section 2. In addition, let hy = 0,
hj =min{i|gi—j+1 < di}, j=1,...,p, v0 =0, vy = min{i|F;_p41 <7}, k=1,...,p.

B()\) 0

0 (A=0o),
rows and p columns, it is an example of the so-called minimal completion of type I. These kind of completions
are well studied and covered by [18, Theorem 4.1]. Hence, by applying [18, Theorem 4.1], we get the following
necessary and sufficient conditions for the existence of completion (5.45):

Since rank C(\) = n, rank = n+2p, and the completion (5.45) is done by adding p

(547) Bi|’yi|3i+2pa 1= ].,...,TL,
(548) ’FZ‘Z?:H_p, izl,...7p—p,
(5.49) Gi > divp, 1=1,...,m—p,
h; hj—j vk ve—Fk
(5.50) D+ =D (g+)+> (F+1)—=> (Fi+1)<
i=1 i=1 i=1 i=1
n+2p n+2p—k—j
< Z d(BZ) - Z d(lcm(’yifzﬂJerrk? Bi))? Js k=0,... ) P-
i=1 i=1

B\ 0
0 (A—0o),
an example of the so-called minimal completion of type II. These kind of completions are well studied and

Also, since rank [ ] =n-+p+m and rank C(\) = n+m+ p, the completion (5.46) is
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covered by [18, Theorem 4.2]. Hence, by applying [18, Theorem 4.2] (see also Remarks 2 and 3 in [15]), we
get the necessary and sufficient conditions for the existence of completion (5.46):

(551) ’71|Bi‘:}/i+2pa 1= 17"'7n+m+p7
hj hjfj Vi v —k
(5.52) Ddi+1) =D (g+1)+> (F+1) =) (Fi+1)<
=1 1=1 =1 =1
ntmtp n+m-+p—k—j _
S Z d(/BZ) - Z d(lcm(’_}/i"rj-‘rkvﬂi))a .]ak 207"'apa
i=1 i=1—2p

together with (5.48) and (5.49).

By the definitions of the homogeneous polynomials Bi, fori=1,...,n+2p, 7, fori=1,...,n+m+p, and
Bi, fori=1,...,n+m+ p (see Section 2), we get the following

n+m+p n
Z d(%i) = Zd(%‘)a
i=1 i=1
n—+2p n+m-+p n+p
dodAB) = D dB)=p+ > dB)
=1 =1 =1
n+2p—k—j n+2p—k—j
Y d(lem(izgpijer: 5i) = Y d(lem(Yimzpsjan, Bimp)) + max(0, p — j — k),
i=1 i=1
for all j,k=0,...,p, as well as
n+m+p—k—j n+2p—k—j
> dlem(Forjik, Bi) = D d(lem(Yioprjir: Bivp)) +max(0,p — j — k),
i=1-2p i=1

for all j,k=0,...,p.
So, we have that (5.50) coincide with (5.52).

Finally, analogously as in Lemma 2.3 and as in Section 5.1, by the definition of the involved polynomial
chains, we conclude that both conditions (5.47) and (5.51) are equivalent to

Vi|ﬂi+pa ’L':17...,TL, and /Bi|71+p7 Z:Lan_P

So, in this way, we have proved the equivalence between the completion problems (5.45) and (5.46), as
desired. 0

5.1.3. A proof of Conjecture 1 in the case of rank one perturbations. As we have seen in
Section 3 if x = 1, the value of p € {0,1}.

If p = 0, we have that the completion problems (3.15) and (5.39) coincide. Hence, by applying Theorem
3.4, we prove Conjecture 1 in this case.

If p = 1, we are in situation already discussed in Section 5.1.2. Hence, by applying Theorem 2.4, we
prove Conjecture 1 in this case. 0O
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6. Conclusion. In this paper, we directly relate two fundamental linear algebra problems: the bounded
rank perturbations problem for matrix pencils and the general matrix pencil completion problem. In Con-
jecture 1 we give, to our opinion, a perfect candidate for the completion problem which is to be equivalent
to the bounded rank perturbations problem.

Also, we show evidences for such a claim. In particular, in Theorem 3.4, we give a completion problem
which is equivalent to Problem 1 in the case x = 1. Next, in Theorem 4.7, we give a completion problem
which is equivalent to Problem 1 in the case when both pencils B(X) and C()) are of full row rank.

By using these results, together with Theorem 2.4, in Section 5, we prove Conjecture 1 in three separate
cases: if x = 1; if both pencils B(A) and C(X) are quasi-regular; and if x = |rank B(A) — rank C'(A)].

This paper opens various question for the future work. The completion problem (5.39) appearing in the
conjecture becomes very important, and it presents one of the open problems for the future study.

We expect the results from this paper to be milestones toward proving Conjecture 1, and consequently
solving Problem 1.

Acknowledgements. We thank the Referees for valuable comments and suggestions. This work
was done within the activities of the Center for Mathematical Studies, University of Lisbon (CEMS.UL)
and was partially supported by Portuguese Fundagéo para a Ciéncia e a Tecnologia (FCT) project no.
UID/04561/2025.

REFERENCES

[1] I. Baragana, M. Dodig, A. Roca, and M. Stosi¢. Bounded rank perturbations of regular pencils over arbitrary fields,
Linear Algebra Appl., 601:180-188, 2020.
] 1. Baragafia and A. Roca. Rank-one perturbations of matrix pencils. Linear Algebra Appl., 606:170-191, 2020.
| I. Baragafia and I. Zaballa. Column completion of a pair of matrices. Linear Multilinear Algebra, 27:243-273, 1990.
[4] L. Batzke. Generic rank-one perturbations of structured regular matrix pencils, Linear Algebra Appl., 458:638-670, 2014.
] T. Berger, H. Gernandt, C. Trunk, H. Winkler, and M. Wojtylak. The gap distance to the set of singular matrix pencils.
Linear Algebra Appl., 564:28-57, 2019.
[6] F. De Terdn and F. Dopico. Low rank perturbation of Kronecker structures without full rank. SIAM J. Matriz Anal.
Appl., 29(2):496-529, 2007.
[7] F. De Terdn and F. Dopico. Generic change of the partial multiplicities of regular matrix pencils under low-rank pertur-
bations. SIAM J. Matriz Anal. Appl., 37(3):823-835, 2016.
[8] F. De Terén, F. Dopico, and J. Moro. Low rank perturbation of Weierstrass structure. STAM J. Matriz Anal. Appl., 30(2),
538-547, 2008.
[9] M. Dodig. Complete characterisation of Kronecker invariants of a matrix pencil with a prescribed quasi-regular subpencil.
Electron. J. Linear Algebra, 36:430-445, 2020.

[10] M. Dodig. Matrix pencils completion problems II. Linear Algebra Appl., 429:633-648, 2008.

[11] M. Dodig. Explicit solution of the row completion problem for matrix pencils. Linear Algebra Appl., 432:1299-1309, 2010.

[12] M. Dodig and M. Stosié. Rank one perturbations of matrix pencils. SIAM J. Matriz Anal. Appl., 41:1889-1911, 2020.

[13] M. Dodig and M. Stosi¢. Double generalized majorization. Electron. J. Comb., 29(4):4 P4.19, 2022.

[14] M. Dodig and M. Stosi¢. Bounded rank perturbations of quasi-regular pencils over arbitrary fields. STAM J. Matriz Anal.
Appl., 44(4):1879-1907, 2023.

[15] M. Dodig and M. Stosi¢. Minimal rank perturbations of matrix pencils. Linear Algebra Appl., 721:81-101, 2025.

[16] M. Dodig and M. Stosié¢. Bounded rank perturbations of a regular matrix pencil. Linear Algebra Appl., 689:126-154,
2024.

[17] M. Dodig and M. Stosié. Similarity class of a matrix with a prescribed submatrix. Linear Multilinear Algebra, 57(3):
217-245, 2009.

(18] M. Dodig and M. Stosié. The general matrix pencil completion problem: A minimal case. SIAM J. Matriz Anal. Appl.,

40(1):347-369, 2019.



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society I I
Volume 41, pp. 491-510, September 2025.

(28]

= = EE E

jusiies|

o Q

C.

AS

M. Dodig and M. Stosié¢ 510

Dodig and M. Stosi¢. The rank distance problem for pairs of matrices and a completion of quasi-regular matrix pencils,
Linear Algebra Appl., 457:313-347, 2014.

Dodig and M. Stosi¢. GMPCP for one row and one column completion. Electron. J. Linear Algebra, 36:473—483, 2020.
Dodig and M. Stosi¢. Combinatorics of column minimal indices and matrix pencil completion problems. SIAM J.
Matriz Anal. Appl., 31:2318-2346, 2010.

Dodig and M. Stosi¢. Bounded rank perturbations of matrix pencils without nontrivial invariant factors. Linear
Multilinear Algebra, 73(9):1925-1938, 2023.

. Dodig and M. Stosi¢. Completion of matrix pencils with a single rank restriction. Linear Multilinear Algebra,

70(21):7027-7048, 2022.

. Gantmacher. Matrixz Theory, Vols I, II. Chelsea, New York, 1974.
. Gernandt and C. Trunk. Eigenvalue placement for regular matrix pencils with rank one perturbations. SIAM J. Matriz

Anal. Appl., 38(1):134-154, 2017.

. Hardy, J.E. Littlewood, and G. Pdlya. Inequalities. Cambridge University Press, Cambridge, 1991.
. Leben, F.M. Peria, F. Philipp, C. Trunk, and H. Winkler. Finite rank perturbations of linear relations and matrix

pencils. Complex Anal. Oper. Theory, 15:article no. 37, 2021.
Mehl, V. Mehrmann, A.C.M. Ran, and L. Rodman. Eigenvalue perturbation theory of classes of structured matrices
under generic structured rank one perturbations. Linear Algebra Appl., 435:687-716, 2011.

[29] S.V. Savchenko. On the change in the spectral properties of a matrix under perturbations of sufficiently low rank. Funct.

Anal. Appl, 38(1):69-71, 2004.

[30] F. Silva. The rank of the difference of matrices with prescribed similarity classes. Linear Multilinear Algebra, 24:51-58,

1988.

[31] S. Furtado and F.C. Silva. Embedding a regular subpencil into a general linear pencil. Linear Algebra Appl., 295:61-72,

1999.

[32] G. de Oliveira. Matrices with prescribed characteristic polynomial and a prescribed submatrix III. Monatsh. Math.,

75:441-446, 1971.

[33] J. Loiseau, S. Mondié, I. Zaballa, and P. Zagalak. Assigning the Kronecker invariants of a matrix pencil by row or column

34]
(35]
(36]
37]

completion. Linear Algebra Appl., 278:327-336, 1998.

E.M. S4. Imbedding conditions for A-matrices. Linear Algebra Appl., 24:33-50, 1979.

R.C. Thompson. Interlacing inequalities for invariant factors. Linear Algebra Appl., 24:1-31, 1979.

1. Zaballa. Matrices with prescribed rows and invariant factors. Linear Algebra Appl., 87:113—-146, 1987.
I. Zaballa. Interlacing inequalities and control theory. Linear Algebra Appl., 101:9-31, 1988.



	Introduction
	Notation and auxiliary results
	Rank one perturbations
	Auxiliary results
	The first main result

	Perturbations of quasi-regular matrix pencils
	Generalized majorization and auxiliary results
	The second main result

	A general conjecture on expressing Problem 1 as a case of Problem 2
	Evidence for Conjecture 1
	A proof of Conjecture 1 in the quasi-regular case
	A proof of Conjecture 1 in the limit case bold0mu mumu x=x=subsubsectionx=x=x=x=
	A proof of Conjecture 1 in the case of rank one perturbations


	Conclusion
	References

