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IS THE BOUNDED RANK PERTURBATIONS PROBLEM FOR MATRIX PENCILS

JUST A COMPLETION PROBLEM?∗

MARIJA DODIG† AND MARKO STOŠIĆ†

Abstract. In this paper, we study a direct link between the bounded rank perturbations problem and the completion

problem for matrix pencils. We conjecture that the bounded rank perturbations problem is, in fact, equivalent to a completion

problem. We prove the conjecture in three cases: when the rank bound is one, when the involved pencils are of full row rank,

and when the rank bound equals the rank distance of the involved matrix pencils.
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1. Introduction. Let F be an algebraically closed field. Let B(λ), B′(λ) ∈ F[λ](n+p)×(n+m) be matrix

pencils. We say that they are strictly equivalent, B(λ) ∼ B′(λ), if and only if there exist invertible matrices

P ∈ F(n+p)×(n+p) and Q ∈ F(n+m)×(n+m) such that

B′(λ) = PB(λ)Q.

The aim of this paper is to give a direct and explicit link between two fundamental Linear Algebra Problems

for matrix pencils: the bounded rank perturbations problem and the general completion problem.

Problem 1. [The bounded rank perturbations problem for matrix pencils]

Let x ≥ 0, and B(λ), and C(λ) be matrix pencils of the same size. Find necessary and sufficient conditions

for the existence of matrix pencils B′(λ) and C ′(λ), strictly equivalent to B(λ) and C(λ), respectively, such

that

rank(B′(λ)− C ′(λ)) ≤ x.

Note that since strict equivalence operations preserve rank, Problem 1 is equivalent to finding necessary

and sufficient conditions for the existence of a matrix pencil B′(λ) ∼ B(λ) such that rank(B′(λ)−C(λ)) ≤ x.
Therefore, Problem 1 can be naturally rephrased as finding necessary and sufficient conditions for the

existence of a matrix pencil X(λ), with rankX(λ) ≤ x, such that B(λ) ∼ C(λ) + X(λ), i.e., determining

when we can perturbe the pencil C(λ) by a matrix pencil of bounded rank x, in order to obtain a matrix

pencil strictly equivalent to B(λ). The rank of a matrix pencil is the number of its linearly independent

rows or columns.

Problem 2. [The General Matrix Pencil Completion Problem]

Find necessary and sufficient conditions for the existence of a matrix pencil with a prescribed subpencil and

strict equivalence class.
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Both Problems 1 and 2 are well studied and have many particular solutions and important applications.

For most important references for Problem 1 see, e.g. [4–8, 19, 25, 27–29], and for Problem 2 see, e.g. [3, 10,

11,17,18,23,31–36].

In [2, 12, 14, 15, 22], it has been shown that Problem 1 is equivalent to the existence of a nonnegative

integer x1 ≤ x, a matrix pencil A(λ), and matrix pencils X(λ), X ′(λ), Y (λ), Y ′(λ), Z(λ), and Z ′(λ), where

Z(λ), Z ′(λ) ∈ F[λ]x1×(x−x1), such that

(1.1)

[
A(λ) X(λ)

Y (λ) Z(λ)

]
∼ B(λ) and

[
A(λ) X ′(λ)

Y ′(λ) Z ′(λ)

]
∼ C(λ).

The connection (1.1) shows that Problem 1 can be written as two simultaneous matrix pencil completion

problems, with a common prescribed subpencil. This way of expressing Problem 1 led to its solution in several

cases: when x = 1 [2, 12]; when one of the involved pencils is regular [16]; when both involved pencils are

quasi-regular (i.e., have full row or column rank) [14]; and also when both involved pencils have no nontrivial

homogeneous invariant factors [22]. However, applying (1.1) is very technical due to existence of two related

completion problems, and so the potential of this approach for a general solution of Problem 1 is limited.

In this paper, we study a novel, more direct approach, consisting in expressing Problem 1 as a special

case of Problem 2. This novel approach has been introduced in [15], where we have studied and solved

Problem 1 in the limit case x = | rankB(λ) − rankC(λ)|. There we have discovered that in that critical

case, there exists a single completion problem that is equivalent to the perturbations problem. Hence,

if x = | rankB(λ) − rankC(λ)|, the perturbations problem is just a subcase of Problem 2. This was an

unexpected discovery that we are following in this paper.

In fact, in this paper, we show that this was no accidental example and that there exists a deeper relation

between two apparently different problems (Problems 1 and 2). There are three important results in this

paper.

The first result is given in Theorem 3.4 in Section 3. It consists of finding a completion problem that is

equivalent to Problem 1 in the case x = 1.

The second result is given in Theorem 4.7 in Section 4. It consists of finding a completion problem that

is equivalent to Problem 1 in the case when both pencils B(λ) and C(λ) are quasi-regular.

Theorems 3.4 and 4.7 prove a remarkable direct link between Problems 1 and 2 in specific cases. We

expect them to be milestones toward finding the completion problem that corresponds to Problem 1 in the

general case.

In fact, in this paper, we give a conjecture of how to express Problem 1 as a case of Problem 2. This is

the third result of the paper, and it is given as Conjecture 1 in Section 5. In Section 5, by using Theorems 3.4,

4.7 and 2.4, we prove Conjecture 1 in three cases: if x = 1; if both pencils B(λ) and C(λ) are quasi-regular;

and if x = | rankB(λ)− rankC(λ)|.

Proving Conjecture 1 in full generality would show that Problem 1 is just a case of Problem 2, which is

a highly nontrivial observation. Also, this would open new directions in solving the specific case of Problem

2 given in Conjecture 1, which in turn should lead to a complete solution to Problem 1. This paper gives a

solid base for future results and opens a path in proving Conjecture 1, and consequently putting an end to

Problem 1.
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2. Notation and auxiliary results. Throughout the paper, all polynomials will be homogeneous and

monic. A polynomial p ∈ F[λ, µ] is called homogeneous of degree k, if p(cλ, cµ) = ckp(λ, µ), for every c ∈ F.

We denote the degree of a homogeneous polynomial p by d(p). A homogeneous polynomial p ∈ F[λ, µ] is

called monic if the coefficient of the monomial with the largest exponent of λ is equal to 1. For any chain of

homogeneous polynomials α1 | · · · | αn by convention, we set αi := 1, for i ≤ 0; and αi := 0, for i ≥ n + 1.

For any polynomial p, we have 1 | p and p | 0.

By a partition we mean a nonincreasing sequence of integers. For a nonincreasing sequence of integers

a1 ≥ · · · ≥ as, we denote by a the corresponding partition, i.e., a := (a1, . . . , as). For a partition a =

(a1, . . . , as), we assume a0 = +∞ and as+1 = as+2 = · · · = −∞. Also, we put
∑q
i=p ai = 0 whenever p > q.

The complete set of strict equivalence invariants (also called the Kronecker invariants) of a matrix pencil

consists of its invariant factors, infinite elementary divisors, and column and row minimal indices [24]. For

more compact presentation of the conditions and involved combinatorics, in this paper, we consider invariant

factors and infinite elementary divisors of a pencil unified as homogeneous invariant factors. The sum of the

degrees of the homogeneous invariant factors and column and row minimal indices of a matrix pencil equals

its rank. For all details on matrix pencils, their invariants and canonical forms for the strict equivalence

relation see [24, Chapter XII].

Let B(λ), C(λ) ∈ F[λ](n+p)×(n+m) be two matrix pencils, with rankB(λ) = n + ρ, and rankC(λ) = n,

and ρ ≥ 0. Let us denote the Kronecker invariants of C(λ) ∈ F[λ](n+p)×(n+m) as follows:

γ1 | · · · | γn − homogeneous invariant factors,(2.2)

d1 ≥ · · · ≥ dm − column minimal indices,(2.3)

r̄1 ≥ · · · ≥ r̄p − row minimal indices.(2.4)

Let us denote the Kronecker invariants of B(λ) ∈ F[λ](n+p)×(n+m) as follows:

β1 | · · · | βn+ρ − homogeneous invariant factors,(2.5)

g1 ≥ · · · ≥ gm−ρ − column minimal indices,(2.6)

r̃1 ≥ · · · ≥ r̃p−ρ − row minimal indices.(2.7)

We note that

(2.8)

n∑
i=1

d(γi) +

m∑
i=1

di +

m∑
i=1

r̄i + ρ =

n+ρ∑
i=1

d(βi) +

m−ρ∑
i=1

gi +

p−ρ∑
i=1

r̃i = n+ ρ.

Definition 2.1. Let A(λ) ∈ F[λ](n+p)×(n+m) be an arbitrary matrix pencil with rankA(λ) = n. By

Ā(λ) ∈ F[λ](n+2p+m)×(n+2m+p) we shall denote a pencil whose column and row minimal indices are equal

to the column and row minimal indices of A(λ) increased by 1, respectively, while nontrivial homogeneous

invariant factors of A(λ) and Ā(λ) coincide.
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Let us see, for C(λ) as above, with Kronecker invariants as in (2.2)–(2.4), what the Kronecker invariants

for C̄(λ) ∈ F[λ](n+2p+m)×(n+2m+p) are

1| · · · |1︸ ︷︷ ︸
m+p

|γ1 | · · · | γn − homogeneous invariant factors

d1 + 1 ≥ · · · ≥ dm + 1 − column minimal indices,

r̄1 + 1 ≥ · · · ≥ r̄p + 1 − row minimal indices.

Let us denote the homogeneous invariant factors 1| · · · |1︸ ︷︷ ︸
m+p

|γ1 | · · · | γn by

γ̄1| · · · |γ̄n+m+p,

i.e.,

γ̄i = γi−m−p, i = 1, . . . , n+m+ p.

Also, let c ∈ F be such that λ− cµ 6 |γn. Let x be a nonnegative integer.

Then, the Kronecker invariants of the pencil[
C̄(λ) 0

0 (λ− c)Ix

]
∈ F[λ](n+2p+m+x)×(n+2m+p+x)

are

γ̃1| · · · |γ̃n+m+p+x − homogeneous invariant factors(2.9)

d1 + 1 ≥ · · · ≥ dm + 1 − column minimal indices,(2.10)

r̄1 + 1 ≥ · · · ≥ r̄p + 1 − row minimal indices.(2.11)

Here

γ̃i := γi−m−p−x, i = 1, . . . , n+m+ p,

γ̃i := (λ− cµ)γi−m−p−x, i = n+m+ p+ 1, . . . , n+m+ p+ x.

The following Remark and Lemma are straightforward and will be used in the proofs of the main results.

Remark 2.2. Let α, β ∈ F[λ, µ] be homogeneous polynomials, and let c ∈ F be such that (λ− cµ)6 |α and

(λ− cµ)6 |β. Then

lcm ((λ− cµ)α, β) = (λ− cµ) lcm (α, β) ,

and so

d(lcm ((λ− cµ)α, β)) = 1 + d(lcm (α, β)).

Also

gcd ((λ− cµ)α, β) = gcd (α, β) .

By the above definitions of the homogeneous invariant factors of the pencils B̄(λ) and

[
C̄(λ) 0

0 (λ− c)Ix

]
,

in the case ρ = 0, we obtain the following result:
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Lemma 2.3. Let β1| · · · |βn and γ1| · · · |γn be two chains of homogeneous polynomials. Let β̄1| · · · |β̄n+m+p

be

β̄i := βi−m−p, i = 1, . . . , n+m+ p.

Let γ̃1| · · · |γ̃n+m+p+x be

γ̃i := γi−m−p−x, i = 1, . . . , n+m+ p,

γ̃i := (λ− cµ)γi−m−p−x, i = n+m+ p+ 1, . . . , n+m+ p+ x.

Here c ∈ F is such that (λ− cµ)6 |βn.

Then

γ̃i|β̄i|γ̃i+2x, i = 1, . . . , n+m+ p,

is equivalent to

βi|γi+x, i = 1, . . . , n− x, and γi|βi+x, i = 1, . . . , n− x.

Proof. Recall that by convention βi = γi = 0 for i ≥ n+ 1, and βi = γi = 1, for i ≤ 0. Thus

γ̃i|β̄i, i = 1, . . . , n+m+ p,

is equivalent to

γi−m−p−x|βi−m−p, i = 1, . . . , n+m+ p,

i.e., to

γi|βi+x, i = 1, . . . n− x.

Analogously, since (λ− cµ)6 |βn, we have that

β̄i|γ̃i+2x, i = 1, . . . , n+m+ p,

is equivalent to

βi−m−p|γi+x−m−p, i = 1, . . . , n+m+ p,

i.e., to

βi|γi+x, i = 1, . . . , n− x,

as desired.

Now, let us cite the main result from [15]. For all details see this reference.

Theorem 2.4. [15, Corollary 5] Let B(λ), C(λ) ∈ F[λ](n+p)×(n+m) be matrix pencils. Let rankC(λ) = n

and rankB(λ) = n + ρ, with ρ ≥ 0. Let c ∈ F be such that it is not an eigenvalue neither of C(λ) nor of

B(λ).

There exist matrix pencils B′(λ) and C ′(λ) such that B′(λ) ∼ B(λ) and C ′(λ) ∼ C(λ) and

(2.12) rank(B′(λ)− C ′(λ)) = ρ,

if and only if

there exist matrix pencils X(λ) ∈ F[λ](n+p)×ρ, Y (λ) ∈ F[λ]ρ×(n+m), and Z(λ) ∈ F[λ]ρ×ρ such that[
C(λ) X(λ)

Y (λ) Z(λ)

]
∼
[
B(λ) 0

0 (λ− c)Iρ

]
.
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Remark 2.5. We note that since

rank(B′(λ)− C ′(λ)) ≥ rankB′(λ)− rankC ′(λ) = ρ,

condition (2.12) is equivalent to

rank(B′(λ)− C ′(λ)) ≤ ρ.

3. Rank one perturbations. In [2,12], a solution to Problem 1 in the case x = 1 has been obtained.

By analyzing the obtained necessary and sufficient conditions, we have realized that they are resembling

the necessary and sufficient conditions for the Problem 2 in the case of one row and one column completion

obtained in [20]. This led us to carefully study these two problems, and we present the obtained direct link

between them in the following theorem. Further on we shall use the notation from Section 2. Before showing

the results, we note that

x ≥ rank(B′(λ)− C ′(λ)) ≥ rankB′(λ)− rankC ′(λ) = ρ.

So, if x = 1, then

0 ≤ ρ ≤ 1,

i.e., ρ ∈ {0, 1}.

3.1. Auxiliary results. If ρ = 1, then ρ = x = 1, i.e., we are in the minimal limit case already studied

in [15]. Hence, by applying Theorem 2.4, we obtain the wanted connection.

So, we are left with the case ρ = 0. This is a novel case, which has never been studied in this new light,

and we shall need additional notation in order to give its solution.

Before stating the main result, we cite the main result from [12] in the case ρ = 0. This is a joint version

of Theorems 3.3, 3.4 and 3.5 from [12].

Let w = max{i ∈ {1, . . . ,m}|gi 6= di}, if any such i exists, and let w = 0 if gi = di, for all i = 1, . . . ,m.

Let z = max{i ∈ {1, . . . , p}|r̃i 6= r̄i}, if any such i exists, and let z = 0 if r̃i = r̄i, for all i = 1, . . . , p.

Also, let us define integers h and h′ in the following way:

h :=


max{i ∈ {1, . . . , w}|gi < di−1}, if w > 0 and gw > dw,

max{i ∈ {1, . . . , w}|di < gi−1}, if w > 0 and dw > gw,

0 if w = 0.

h′ :=


max{i ∈ {1, . . . , z}|r̃i < r̄i−1}, if z > 0 and r̃z > r̄z,

max{i ∈ {1, . . . , z}|r̄i < r̃i−1}, if z > 0 and r̄z > r̃z,

0 if z = 0.

Theorem 3.1. [12] Let B(λ), C(λ) ∈ F[λ](n+p)×(n+m) be two matrix pencils with Kronecker invariants

(2.5)–(2.7) and (2.2)–(2.4), respectively, with ρ = 0. There exist matrix pencils B′(λ) and C ′(λ) strictly

equivalent to B(λ) and C(λ), respectively, such that

rank(B′(λ)− C ′(λ)) ≤ 1,
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if and only if the following conditions hold:

(3.13) βi|γi+1 and γi|βi+1, i = 1, . . . , n− 1,

and

(a) if there exists l ∈ {1, . . . ,m} such that gl 6= dl, then

(a.1) r̃i = r̄i, i = 1, . . . , p,

(a.2)

m∑
i=1

min(gi, di) + max(gh, dh) +

n∑
i=2

d(gcd(βi, γi)) ≥

≥
m∑
i=1

di +

n∑
i=1

d(γi)− 1,

(b) if there exists l ∈ {1, . . . , p} such that r̃l 6= r̄l, then

(b.1) di = gi, i = 1, . . . ,m,

(b.2)

p∑
i=1

min(r̃i, r̄i) + max(r̃h′ , r̄h′) +

n∑
i=2

d(gcd(βi, γi)) ≥

≥
p∑
i=1

r̄i +

n∑
i=1

d(γi)− 1.

Next, by using the notation from Section 2, we shall cite the main result from [20] applied to the pencils

B̄(λ) and diag(C̄(λ), λ− c).

Theorem 3.2. [20, Theorem 3.1] Let B̄(λ) ∈ F[λ](n+2p+m)×(n+2m+p) be a matrix pencils having β̄1| · · ·
· · · |β̄n+m+p as homogeneous invariant factors, g1 + 1 ≥ · · · ≥ gm + 1 as column minimal indices and

r̃1 + 1 ≥ · · · ≥ r̃p + 1 as row minimal indices. Let diag(C̄(λ), λ − c) ∈ F[λ](n+2p+m+1)×(n+2m+p+1) be a

matrix pencil having γ̃1| · · · |γ̃n+m+p+1 as homogeneous invariant factors, d1 + 1 ≥ · · · ≥ dm + 1 as column

minimal indices and r̄1 + 1 ≥ · · · ≥ r̄p + 1 as row minimal indices.

There exist pencils x(λ) ∈ F[λ](n+2p+m)×1, y(λ) ∈ F[λ]1×(n+2m+p), and z(λ) ∈ F[λ]1×1, such that

(3.14)

[
B̄(λ) x(λ)

y(λ) z(λ)

]
∼
[
C̄(λ) 0

0 λ− c

]
,

if and only if the following conditions are valid

(i) γ̃i|β̄i|γ̃i+2, i = 1, . . . , n+m+ p,

and one of the following sets of conditions is satisfied

(ii.1) gi = di, i = 1, . . . ,m, and
p∑
i=1

min(r̃i + 1, r̄i + 1) + max(r̃h′ + 1, r̄h′ + 1)−
p∑
i=1

(r̄i + 1) ≥

≥
n+m+p+1∑

i=1

d(γ̃i)−
n+m+p∑
i=1

d(gcd(β̄i, γ̃i+1))− 1,
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or

(ii.2) r̃i = r̄i, i = 1, . . . , p, and
m∑
i=1

min(gi + 1, di + 1) + max(gh + 1, dh + 1)−
m∑
i=1

(di + 1) ≥

n+m+p+1∑
i=1

d(γ̃i)−
n+m+p∑
i=1

d(gcd(β̄i, γ̃i+1))− 1.

Remark 3.3. Note that if gi = di for all i = 1, . . . ,m, and r̃i = r̄i for all i = 1, . . . , p, conditions (ii.1)

and (ii.2) are both trivially satisfied. Indeed, in that case we have w = 0 and z = 0, and hence h = 0 and

h′ = 0, and by convention we have g0 = d0 = r̄0 = r̃0 = +∞.

Now we have all the tools for giving our main result.

3.2. The first main result. In this subsection, we give a direct link between Problems 1 and 2 when

x = 1 and ρ = 0.

Theorem 3.4. Let B(λ), C(λ) ∈ F[λ](n+p)×(n+m) be matrix pencils. Let rankC(λ) = rankB(λ) = n.

Let c ∈ F be such that it is not an eigenvalue neither of C(λ) nor of B(λ).

There exist matrix pencils B′(λ) and C ′(λ) such that B′(λ) ∼ B(λ) and C ′(λ) ∼ C(λ) and

rank(B′(λ)− C ′(λ)) ≤ 1,

if and only if

there exist matrix pencils x(λ) ∈ F[λ](n+2p+m)×1, y(λ) ∈ F[λ]1×(n+2m+p), and z(λ) ∈ F[λ]1×1 such that

(3.15)

[
B̄(λ) x(λ)

y(λ) z(λ)

]
∼
[
C̄(λ) 0

0 λ− c

]
.

Proof. Rank-one perturbations problem in the case when ρ = 0 has been solved in Theorem 3.1. Also,

the general matrix pencil completion problem in the case of one row and one column completion has been

solved in [20]. When we apply the main result from [20] to completion (3.14), we get Theorem 3.2.

Next, we shall compare the obtained necessary and sufficient conditions from Theorems 3.1 and 3.2.

By Lemma 2.3 condition (i) from Theorem 3.2 is equivalent to

βi|γi+1 and γi|βi+1, i = 1, . . . , n− 1.

In the case gi = di, i = 1, . . . ,m, and r̃i = r̄i, i = 1, . . . , p, by Remark 3.3 both conditions (ii.1) and

(ii.2) from Theorem 3.2 are trivially satisfied.

Otherwise, if there exists i ∈ {1, . . . ,m} such that gi 6= di, i.e., if case (a) of Theorem 3.1 holds, then

r̃i = r̄i, i = 1, . . . , p.
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So, we are left with comparing condition (a.2) from Theorem 3.1 with condition (ii.2) from Theorem 3.2.

Since c ∈ F satisfies

(λ− cµ)6 |βn and (λ− cµ)6 | γn,

by the definition of the homogeneous polynomial chains β̄1| · · · |β̄n+m+p and γ̃1| · · · |γ̃n+m+p+1 we have that

n+m+p+1∑
i=1

d(γ̃i) =

n∑
i=1

d(γi) + 1,

and
n+m+p∑
i=1

d(gcd(β̄i, γ̃i+1)) =

n+m+p∑
i=1

d(gcd(βi−m−p, γi−m−p)) =

n∑
i=1

d(gcd(βi, γi)).

Next, we shall prove that d(gcd(β1, γ1)) = 0. Let us suppose on the contrary that d(gcd(β1, γ1)) > 0.

Then since (2.8) holds, we must have d(gcd(β1, γ1)) = 1, and in this case, we must also have β1 = · · · = βn =

γ1 = · · · = γn, while d1 = · · · = dm = 0, g1 = · · · = gm = 0, r̄1 = · · · = r̄p = 0, and r̃1 = · · · = r̃p = 0. Hence,

we would have gi = di for all i = 1, . . . ,m, which contradicts our assumption that there exists l ∈ {1, . . . ,m}
such that gl 6= dl.

Therefore, we have d(gcd(β1, γ1)) = 0, and so

n+m+p∑
i=1

d(gcd(β̄i, γ̃i+1)) =

n∑
i=2

d(gcd(βi, γi)).

So, condition
m∑
i=1

min(gi, di) + max(gh, dh) ≥

≥
m∑
i=1

di +

n+m+p+1∑
i=1

d(γ̃i)−
n+m+p∑
i=1

d(gcd(β̄i, γ̃i+1))− 2,

coincides with
m∑
i=1

min(gi, di) + max(gh, dh) +

n∑
i=2

d(gcd(βi, γi)) ≥
m∑
i=1

di +

n∑
i=1

d(γi)− 1,

which proves the equivalence between the case (a) from Theorem 3.1 and the case (ii.2) from Theorem 3.2.

Completely analogously, we get that the case (b) from Theorem 3.1 is equivalent to the case (ii.1) from

Theorem 3.2.

Altogether, the necessary and sufficient conditions from Theorems 3.1 and 3.2 coincide. Hence, the two

problems are equivalent. This ends our proof.

4. Perturbations of quasi-regular matrix pencils. In this section, we present the second main

result of the paper, that is a direct link between Problems 1 and 2 when both pencils B(λ) ∈ F[λ](n+p)×(n+m)

and C(λ) ∈ F[λ](n+p)×(n+m) are quasi-regular. Without loss of generality, we shall assume that both pencils

have full row rank. In the notation (2.5)–(2.7) and (2.2)–(2.4), this implies ρ = 0 (i.e., rankB(λ) =

rankC(λ)). Note that having full row rank means that there are no row minimal indices, i.e., p = 0. In

order to give a main result, we shall need to recall previous results given in the following subsection.
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4.1. Generalized majorization and auxiliary results. The concept of generalized majorization has

appeared in [3] when considering column completions of rectangular matrices, and later on in many other

completion problems [11,21]:

Definition 4.1. Let f = (f1, . . . , fm+x), d = (d1, . . . , dm), and a = (a1, . . . , ax) be partitions. If

di ≥ fi+x, i = 1, . . . ,m,(4.16)
hj∑
i=1

fi −
hj−j∑
i=1

di ≤
j∑
i=1

ai, j = 1, . . . , x,(4.17)

m+x∑
i=1

fi =

m∑
i=1

di +

x∑
i=1

ai,(4.18)

where

hj := min{i ∈ {1, . . . ,m+ x}|di−j+1 < fi}, j = 1, . . . , x,

then we say that f is majorized by the pair (d,a). This type of majorization we call generalized majorization,

and we write

f ≺′ (d,a).

Notice that, if (4.18) is satisfied, then (4.17) is equivalent to the following:

(4.19)

m+x∑
i=hj+1

fi ≥
m∑

i=hj−j+1

di +

x∑
i=j+1

ai, j = 1, . . . , x.

By using the notation from Definition 4.1, we shall also give a lighter form of the generalized majorization

called the weak generalized majorization:

Definition 4.2. If

di ≥ fi+x, i = 1, . . . ,m,(4.20)
m+x∑
i=hj+1

fi ≥
m∑

i=hj−j+1

di +

x∑
i=j+1

ai, j = 0, . . . , x,(4.21)

where h0 := 0, then we say that f is weakly majorized by the pair (d,a). This type of majorization we call

weak generalized majorization, and we write

f ≺′′ (d,a).

Definition 4.3. Let a = (a1, . . . , ax) be a partition. Then one can define

a + 1 = (a1 + 1, . . . , ax + 1),

and

a− 1 = (a1 − 1, . . . , ax − 1).

By the above definitions, it is straightforward to get the following:
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Lemma 4.4. Let us suppose that partitions f ,d,a are such that

f ≺′′ (d,a).

Then

f + 1 ≺′′ (d + 1,a + 1),

and

f − 1 ≺′′ (d− 1,a− 1).

The so-called double majorization problem has been extensively studied (for more details see, e.g. [13]).

It consists of the following: let d = (d1, . . . , dm), g = (g1, . . . , gn), a = (a1, . . . , ax), and b = (b1, . . . , by), be

partitions such that m + x = n + y. Determine whether there exists a partition f = (f1, . . . , fm+x), such

that

(4.22) f ≺′′ (d,a) and f ≺′′ (g,b).

In [13, Theorem 11], the explicit necessary and sufficient conditions for the existence of such partition f

have been obtained in the form of inequalities involving partitions g, d, a, and b. Such explicit form of the

conditions has been denoted by

(4.23) Ω(g,d,a,b).

The exact form of Ω(g,d,a,b) is not used in this paper, for an interested reader, we suggest [13] for more

details.

Now, we can cite the main result from [14].

Theorem 4.5. [14, Theorem 4.1] Let B(λ) ∈ F[λ]n×(n+m) be a quasi-regular matrix pencil, having

β1| · · · |βn as homogeneous invariant factors and g1 ≥ · · · ≥ gm as column minimal indices. Let C(λ) ∈
F[λ]n×(n+m) be a quasi-regular matrix pencil, having γ1| · · · |γn as homogeneous invariant factors and d1 ≥
· · · ≥ dm as column minimal indices. Let x be a nonnegative integer, such that x ≤ n. There exist matrix

pencils B′(λ) ∼ B(λ), and C ′(λ) ∼ C(λ), such that

(4.24) rank(B′(λ)− C ′(λ)) ≤ x,

if and only if

(i) γi|βi+x, i = 1, . . . , n− x, βi|γi+x, i = 1, . . . , n− x,
(ii) Ω(g,d,a, ā).

Here, a = (a1, . . . , ax) is a partition defined by

(4.25)

x∑
i=j+1

ai =

n−j∑
i=1

d(γi)−
n−j∑
i=1

d(gcd(βi+j , γi))− (x− j), j = 0, . . . , x− 1.

Also, ā = (ā1, . . . , āx) is a partition defined by

(4.26)

x∑
i=j+1

āi =

n−j∑
i=1

d(βi)−
n−j∑
i=1

d(gcd(βi, γi+j))− (x− j), j = 0, . . . , x− 1.



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 41, pp. 491-510, September 2025.

M. Dodig and M. Stošić 502

Finally, we shall need the main result from [9] applied to the case when both of the involved matrix

pencils are quasi-regular. By using the notation from Section 2, we cite [9, Theorem 3.1] for a completion of

B̄(λ) up to

[
C̄(λ) 0

0 (λ− c)Ix

]
(for an interested reader we also suggest [9,23] for more general results on

this topic).

Theorem 4.6. [9, Theorem 3.1] Let B(λ) ∈ F[λ]n×(n+m) be a quasi-regular matrix pencil, having

β1| · · · |βn as homogeneous invariant factors and g1 ≥ · · · ≥ gm as column minimal indices. Let C(λ) ∈
F[λ]n×(n+m) be a quasi-regular matrix pencil, having γ1| · · · |γn as homogeneous invariant factors and d1 ≥
· · · ≥ dm as column minimal indices. Let x ≥ 0.

There exist pencils X(λ) ∈ F(n+m)×x, Y (λ) ∈ Fx×(n+2m) and Z(λ) ∈ Fx×x such that

(4.27)

[
B̄(λ) X(λ)

Y (λ) Z(λ)

]
∼
[
C̄(λ) 0

0 (λ− c)Ix

]
,

if and only if

(i) γ̄i | β̃i | γ̄i+2x, i = 1, . . . , n+m,

(ii) Ω(g + 1,d + 1,w, w̄).

Here, β̄1| · · · |β̄n+m are the homogeneous invariant factors of B̄(λ) (see Definition 2.1), while γ̃1| · · · |γ̃n+m+x

are the homogeneous invariant factors of the matrix pencil diag(C̄(λ), (λ− c)Ix). Also

g + 1 = (g1 + 1, . . . , gm + 1), d + 1 = (d1 + 1, . . . , dm + 1),

while w = (w1, . . . , wx) is a partition given by

x∑
i=j+1

wi =

n+m+x−j∑
i=1

d(lcm(β̄i−x+j , γ̃i))−
n+m∑
i=1

d(β̄i)− x+ j, j = 0, . . . , x− 1,

and w̄ = (w̄1, . . . , w̄x) is a partition given by

x∑
i=j+1

w̄i =

n+m+x∑
i=1

d(lcm(β̄i−x−j , γ̃i))−
n+m+x∑
i=1

d(γ̃i), j = 0, . . . , x− 1.

4.2. The second main result. The second main result of the paper is finding a completion problem

that is equivalent to Problem 1 in the case of full row rank matrix pencils. It is given in the following

theorem:

Theorem 4.7. Let B(λ) ∈ F[λ]n×(n+m) and C(λ) ∈ F[λ]n×(n+m) be two quasi-regular matrix pencils.

Let x ≥ 0. Let c ∈ F be such that it is not an eigenvalue neither of C(λ) nor of B(λ).

There exist matrix pencils B′(λ) and C ′(λ) strictly equivalent to B(λ) and C(λ), respectively, such that

(4.28) rank(B′(λ)− C ′(λ)) ≤ x,

if and only if there exist matrix pencils X(λ) ∈ F[λ](n+m)×x, Y (λ) ∈ F[λ]x×(n+2m), and Z(λ) ∈ F[λ]x×x such

that

(4.29)

[
B̄(λ) X(λ)

Y (λ) Z(λ)

]
∼
[
C̄(λ) 0

0 (λ− c)Ix

]
.



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 41, pp. 491-510, September 2025.

503 Is the bounded rank perturbations problem for matrix pencils just a completion problem?

Proof. As in the proof of Theorem 3.4, we shall use the fact that both of the problems appearing in

Theorem 4.7 have already been solved in Theorems 4.5 and 4.6, so we can compare the necessary and

sufficient conditions from these two theorems. To that end, let us first compare the partitions a and w from

Theorems 4.5 and 4.6, respectively. By definition of the homogeneous invariant factors of the pencils B̄(λ)

and

[
C̄(λ) 0

0 (λ− c)Ix

]
, and since c ∈ F is such that (λ − cµ) 6 |βn and (λ − cµ) 6 | γn, we have that for

every j = 0, . . . , x− 1 :

x∑
i=j+1

wi =

n+m+x−j∑
i=1

d(lcm(β̄i−x+j , γ̃i))−
n+m∑
i=1

d(β̄i)− x+ j =

=

n+m+x−j∑
i=1

d(γ̃i)−
n+m+x−j∑

i=1

d(gcd(β̄i−x+j , γ̃i))− x+ j =

=

n−j∑
i=1

d(γi)−
n+m+x−j∑

i=1

d(gcd(βi−m−x+j , γi−m−x)) =

=

n−j∑
i=1

d(γi)−
n−j∑
i=1

d(gcd(βi+j , γi)) =

x∑
i=j+1

ai + x− j =

x∑
i=j+1

(ai + 1).

Hence, we conclude

(4.30) w = a + 1.

Next, let us compare the partitions ā and w̄ from Theorems 4.5 and 4.6, respectively. As before, we

have that for every j = 0, . . . , x− 1,

x∑
i=j+1

w̄i =

n+m+x∑
i=1

d(lcm(β̄i−x−j , γ̃i))−
n+m+x∑
i=1

d(γ̃i) =

=

n+m−j∑
i=1

d(β̄i)−
n+m+x∑
i=1

d(gcd(β̄i−x−j , γ̃i)) =

=

n−j∑
i=1

d(βi)−
n∑
i=1

d(gcd(βi−j , γi)) =

n−j∑
i=1

d(βi)−
n−j∑
i=1

d(gcd(βi, γi+j)) =

x∑
i=j+1

(āi + 1).

Hence, we conclude

(4.31) w̄ = ā + 1.

Thus, condition (ii) in Theorem 4.6 becomes

(4.32) Ω(g + 1,d + 1,a + 1, ā + 1).

Now, we can prove the equivalence. Let us start by assuming that there exist matrix pencils B′(λ) and

C ′(λ) strictly equivalent to B(λ) and C(λ), respectively, such that

rank(B′(λ)− C ′(λ)) ≤ x.
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By Theorem 4.5 this implies

γi|βi+x, i = 1, . . . , n, βi|γi+x, i = 1, . . . , n− x,(4.33)

Ω(g,d,a, ā).(4.34)

Condition (4.33) is equivalent to (i) from Theorem 4.6, by Lemma 2.3. Also, by notation we introduced

in (4.22)–(4.23), condition (4.34) implies the existence of a partition f = (f1, . . . , fm+x) such that

f ≺′′ (d,a), and f ≺′′ (g, ā).

Thus, by Lemma 4.4, we get

f + 1 ≺′′ (d + 1,a + 1), and f + 1 ≺′′ (g + 1, ā + 1),

and therefore we have (4.32).

Altogether, by applying Theorem 4.6, we get the existence of the wanted completion.

On the other hand, let us suppose that there exists a completion by x rows and x columns of a pencil

B̄(λ) up to a pencil strictly equivalent to [
C̄(λ) 0

0 (λ− c)Ix

]
.

By Theorem 4.6, and by (4.30) and (4.31), this implies condition (4.32) and

γ̃i | β̄i | γ̃i+2x, i = 1, . . . , n+m.(4.35)

Again, by Lemma 2.3 condition (4.35) gives (4.33).

By condition (4.32), we get that there exists a partition u = (u1, . . . , um+x) such that

(4.36) u ≺′′ (d + 1,a + 1), and u ≺′′ (g + 1, ā + 1).

Hence, by Lemma 4.4, we have

(4.37) u− 1 ≺′′ (d,a), and u− 1 ≺′′ (g, ā),

i.e., we obtain

Ω(g,d,a, ā).

Finally, by applying Theorem 4.5, we get the existence of matrix pencils B′(λ) and C ′(λ) strictly equivalent

to B(λ) and C(λ), respectively, such that

rank(B′(λ)− C ′(λ)) ≤ x,

as wanted.

This proves the equivalence of the problems given in the theorem.
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5. A general conjecture on expressing Problem 1 as a case of Problem 2. As a result of work

on Problems 1 and 2, and also by thorough analysis of the conditions in the cases solved till now, we bravely

state the following conjecture. It is still far from being proved in the full generality. However, there are

strong indications for it, as we manage to prove it for three unrelated cases: when x = 1; when both pencils

B(λ) and C(λ) are quasi-regular; and when x = | rankB(λ)− rankC(λ)|.

Conjecture 1. Let B(λ) ∈ F[λ](n+p)×(n+m) and C(λ) ∈ F[λ](n+p)×(n+m) be two matrix pencils with

rankB(λ) = n+ ρ and rankC(λ) = n, with ρ ≥ 0. Let x ≥ 0. Let c, d ∈ F, with c 6= d, be such that they are

not eigenvalues neither of C(λ) nor of B(λ).

There exist matrix pencils B′(λ) and C ′(λ) strictly equivalent to B(λ) and C(λ), respectively, such that

(5.38) rank(B′(λ)− C ′(λ)) ≤ x,

if and only if

there exist matrix pencils X(λ) ∈ F[λ](n+2p+m−ρ)×x, Y (λ) ∈ F[λ]x×(n+2m+p−ρ), and Z(λ) ∈ F[λ]x×x

such that

(5.39)

 B̄(λ) 0

0 (λ− c)Iρ
X(λ)

Y (λ) Z(λ)

 ∼ [ C̄(λ) 0

0 (λ− d)Ix−ρ

]
.

5.1. Evidence for Conjecture 1. Below we shall give some evidence for Conjecture 1. In the following

subsection, we shall give a proof of Conjecture 1 in three different cases covered by Theorems 2.4, 3.4 and

4.7. Before proceeding, we give some preliminary observations concerning Conjecture 1, and the completion

(5.39).

First, we note that the sizes of the pencils in (5.39) match. Indeed, since B(λ), C(λ) ∈ F [λ](n+p)×(n+m),

with rankB(λ) = n+ρ and rankC(λ) = n, we have B̄(λ) ∈ F [λ](n+2p+m−2ρ)×(n+2m+p−2ρ), with rank B̄(λ) =

n+m+p−ρ, and C̄(λ) ∈ F [λ](n+2p+m)×(n+2m+p), with rank C̄(λ) = n+m+p. Therefore, the pencils on the

left-hand side and on the right-hand side of (5.39) have the same size (n+2p+m+x−ρ)×(n+2m+p+x−ρ).

As we have explained in the Introduction, the bounded rank perturbation (5.38) can always be expressed

as two completion problems with a common pencil (1.1). From that we can obtain some necessary conditions

that need to be satisfied. One of them is that the homogeneous invariant factors of the pencils B(λ) and

C(λ) need to satisfy the following

(5.40) βi|γi+x, i = 1, . . . , n− x; γi|βi+x, i = 1, . . . , n+ ρ− x.

On the other hand, the matrix pencil completion (5.39) implies divisibility relation between the homo-

geneous invariant factors of the pencils

(5.41)

[
B̄(λ) 0

0 (λ− c)Iρ

]
and

[
C̄(λ) 0

0 (λ− d)Ix−ρ

]
.
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If we denote the homogeneous invariant factors of the two pencils in (5.41) by β̃1| · · · |β̃n+m+p and

γ̃1| · · · |γ̃n+m+p+x−ρ, respectively, then by Sá-Thompson theorem [34, 35], the completion (5.39) gives the

following interlacing divisibility relations

(5.42) γ̃i|β̃i, i = 1, . . . , n+m+ p, β̃i|γ̃i+2x, i = 1, . . . , n+m+ p− ρ− x.

Since

γ̃i = γi−m−p−x+ρ, i = 1, . . . , n+m+ p,

γ̃i = (λ− dµ)γi−m−p−x+ρ, i = n+m+ p+ 1, . . . , n+m+ p+ x− ρ,

and

β̃i = βi−m−p+ρ, i = 1, . . . , n+m+ p− ρ,
β̃i = (λ− cµ)βi−m−p+ρ, i = n+m+ p− ρ+ 1, . . . , n+m+ p,

and since c and d are not eigenvalues of B(λ) and C(λ), i.e., since (λ− cµ)6 | γn and (λ− dµ)6 |βn+ρ, we have

that (5.42) is equivalent to (5.40). Therefore, the interlacing divisibilities between chains of homogeneous

invariant factors of B(λ) and C(λ) implied by the bounded rank perturbation (5.38) are the same as the

ones implied by the completion problem (5.39).

5.1.1. A proof of Conjecture 1 in the quasi-regular case. If both B(λ) and C(λ) are quasi-regular,

we have that ρ = 0, and so the completion (5.39) becomes

[
B̄(λ) ∗
∗ ∗

]
∼
[
C̄(λ) 0

0 (λ− d)Ix

]
.

Hence, Theorem 4.7 proves Conjecture 1 in this case.

5.1.2. A proof of Conjecture 1 in the limit case x = ρ. In this subsection, we shall prove Con-

jecture 1 in the case when x = ρ. In this case, the completion (5.39) from Conjecture 1 becomes

(5.43)

 B̄(λ) 0

0 (λ− c)Iρ
∗

∗ ∗

 ∼ C̄(λ).

On the other hand, by Theorem 2.4, the perturbations problem (5.38) in the case x = ρ is equivalent to

the following completion problem

(5.44)

[
C(λ) ∗
∗ ∗

]
∼
[
B(λ) 0

0 (λ− c)Iρ

]
.

However, the completion problems (5.43) and (5.44) are equivalent, as we prove below in Lemma 5.1.

This shows that Conjecture 1 holds if x = ρ.
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Lemma 5.1. Let B(λ) ∈ F[λ](n+p)×(n+m) and C(λ) ∈ F[λ](n+p)×(n+m) be two matrix pencils with

rankB(λ) = n + ρ and rankC(λ) = n, with ρ ≥ 0. Let c ∈ F be such that it is not an eigenvalue nei-

ther of C(λ) nor of B(λ).

There exist matrix pencils X(λ) ∈ F[λ](n+p)×ρ, Y (λ) ∈ F[λ]ρ×(n+m), and Z(λ) ∈ F[λ]ρ×ρ such that

(5.45)

[
C(λ) X(λ)

Y (λ) Z(λ)

]
∼
[
B(λ) 0

0 (λ− c)Iρ

]
,

if and only if

there exist matrix pencils X ′(λ) ∈ F[λ](n+2p+m−ρ)×ρ, Y ′(λ) ∈ F[λ]ρ×(n+2m+p−ρ), and Z ′(λ) ∈ F[λ]ρ×ρ

such that

(5.46)

 B̄(λ) 0

0 (λ− c)Iρ
X ′(λ)

Y ′(λ) Z ′(λ)

 ∼ C̄(λ).

Proof. Let us denote the homogeneous invariant factors of

[
B(λ) 0

0 (λ− c)Iρ

]
by β̂1| · · · |β̂n+2ρ.

Let us denote the homogeneous invariant factors of

[
B̄(λ) 0

0 (λ− c)Iρ

]
by β̃1| · · · |β̃n+m+p.

And, let us denote by γ̄1| · · · |γ̄n+m+p the homogeneous invariant factors of C̄(λ).

In the rest of the proof, we shall use notation and results from Section 2. In addition, let h0 = 0,

hj = min{i|gi−j+1 < di}, j = 1, . . . , ρ, v0 = 0, vk = min{i|r̃i−k+1 < r̄i}, k = 1, . . . , ρ.

Since rankC(λ) = n, rank

[
B(λ) 0

0 (λ− c)Iρ

]
= n+2ρ, and the completion (5.45) is done by adding ρ

rows and ρ columns, it is an example of the so-called minimal completion of type I. These kind of completions

are well studied and covered by [18, Theorem 4.1]. Hence, by applying [18, Theorem 4.1], we get the following

necessary and sufficient conditions for the existence of completion (5.45):

β̂i|γi|β̂i+2ρ, i = 1, . . . , n,(5.47)

r̃i ≥ r̄i+ρ, i = 1, . . . , p− ρ,(5.48)

gi ≥ di+ρ, i = 1, . . . ,m− ρ,(5.49)

hj∑
i=1

(di + 1)−
hj−j∑
i=1

(gi + 1) +

vk∑
i=1

(r̄i + 1)−
vk−k∑
i=1

(r̃i + 1) ≤(5.50)

≤
n+2ρ∑
i=1

d(β̂i)−
n+2ρ−k−j∑

i=1

d(lcm(γi−2ρ+j+k, β̂i)), j, k = 0, . . . , ρ.

Also, since rank

[
B̄(λ) 0

0 (λ− c)Iρ

]
= n+ p+m and rank C̄(λ) = n+m+ p, the completion (5.46) is

an example of the so-called minimal completion of type II. These kind of completions are well studied and
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covered by [18, Theorem 4.2]. Hence, by applying [18, Theorem 4.2] (see also Remarks 2 and 3 in [15]), we

get the necessary and sufficient conditions for the existence of completion (5.46):

γ̄i|β̃i|γ̄i+2ρ, i = 1, . . . , n+m+ p,(5.51)

hj∑
i=1

(di + 1)−
hj−j∑
i=1

(gi + 1) +

vk∑
i=1

(r̄i + 1)−
vk−k∑
i=1

(r̃i + 1) ≤(5.52)

≤
n+m+p∑
i=1

d(β̃i)−
n+m+p−k−j∑

i=1−2ρ
d(lcm(γ̄i+j+k, β̃i)), j, k = 0, . . . , ρ,

together with (5.48) and (5.49).

By the definitions of the homogeneous polynomials β̂i, for i = 1, . . . , n+ 2ρ, γ̄i, for i = 1, . . . , n+m+ p, and

β̃i, for i = 1, . . . , n+m+ p (see Section 2), we get the following

n+m+p∑
i=1

d(γ̄i) =

n∑
i=1

d(γi),

n+2ρ∑
i=1

d(β̂i) =

n+m+p∑
i=1

d(β̃i) = ρ+

n+ρ∑
i=1

d(βi)

n+2ρ−k−j∑
i=1

d(lcm(γi−2ρ+j+k, β̂i)) =

n+2ρ−k−j∑
i=1

d(lcm(γi−2ρ+j+k, βi−ρ)) + max(0, ρ− j − k),

for all j, k = 0, . . . , ρ, as well as

n+m+p−k−j∑
i=1−2ρ

d(lcm(γ̄i+j+k, β̃i)) =

n+2ρ−k−j∑
i=1

d(lcm(γi−2ρ+j+k, βi−ρ)) + max(0, ρ− j − k),

for all j, k = 0, . . . , ρ.

So, we have that (5.50) coincide with (5.52).

Finally, analogously as in Lemma 2.3 and as in Section 5.1, by the definition of the involved polynomial

chains, we conclude that both conditions (5.47) and (5.51) are equivalent to

γi|βi+ρ, i = 1, . . . , n, and βi|γi+ρ, i = 1, . . . , n− ρ.

So, in this way, we have proved the equivalence between the completion problems (5.45) and (5.46), as

desired.

5.1.3. A proof of Conjecture 1 in the case of rank one perturbations. As we have seen in

Section 3 if x = 1, the value of ρ ∈ {0, 1}.

If ρ = 0, we have that the completion problems (3.15) and (5.39) coincide. Hence, by applying Theorem

3.4, we prove Conjecture 1 in this case.

If ρ = 1, we are in situation already discussed in Section 5.1.2. Hence, by applying Theorem 2.4, we

prove Conjecture 1 in this case.
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6. Conclusion. In this paper, we directly relate two fundamental linear algebra problems: the bounded

rank perturbations problem for matrix pencils and the general matrix pencil completion problem. In Con-

jecture 1 we give, to our opinion, a perfect candidate for the completion problem which is to be equivalent

to the bounded rank perturbations problem.

Also, we show evidences for such a claim. In particular, in Theorem 3.4, we give a completion problem

which is equivalent to Problem 1 in the case x = 1. Next, in Theorem 4.7, we give a completion problem

which is equivalent to Problem 1 in the case when both pencils B(λ) and C(λ) are of full row rank.

By using these results, together with Theorem 2.4, in Section 5, we prove Conjecture 1 in three separate

cases: if x = 1; if both pencils B(λ) and C(λ) are quasi-regular; and if x = | rankB(λ)− rankC(λ)|.

This paper opens various question for the future work. The completion problem (5.39) appearing in the

conjecture becomes very important, and it presents one of the open problems for the future study.

We expect the results from this paper to be milestones toward proving Conjecture 1, and consequently

solving Problem 1.
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[22] M. Dodig and M. Stošić. Bounded rank perturbations of matrix pencils without nontrivial invariant factors. Linear

Multilinear Algebra, 73(9):1925–1938, 2023.
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[26] G. Hardy, J.E. Littlewood, and G. Pólya. Inequalities. Cambridge University Press, Cambridge, 1991.
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