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THE MINIMUM ALGEBRAIC CONNECTIVITY OF
CATERPILLAR UNICYCLIC GRAPHS*

WAI CHEE SHIUT, JI-MING GUO%, AND JIANXI LI

Abstract. A caterpillar unicyclic graph is a unicyclic graph in which the removal of all pendant
vertices makes it a cycle. In this paper, the unique caterpillar unicyclic graph with minimum algebraic
connectivity among all caterpillar unicyclic graphs is determined.
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1. Introduction. Let G = (V,E) be a simple graph with vertex set V =
{v1,v2,...,v,} and edge set E. Let d(v;) be the degree of the vertex v; € V(G)
(1 =1,2,...,n), and D = D(G) = diag(d(v1),d(vs),...,d(v,)) be the diagonal ma-
trix of vertex degrees. The Laplacian matriz L(G) = D(G) — A(G) is the difference
between D(G) and the adjacency matrix A(G). It is easy to see that L(G) is a positive
semidefinite symmetric matrix with the smallest eigenvalue 0 and the corresponding
eigenvector is the all ones column vector, which is denoted by e. Denote its eigenvalues
by

11(G) = p2(G) = -+ = pn(G) = 0,

which are always enumerated in non-increasing order and repeated according to their
multiplicity. Fiedler [4] showed that the second smallest eigenvalue of L(G) is 0 if and
only if G is disconnected. Thus, the second smallest eigenvalue of L(G) is popularly
known as the algebraic connectivity of G and is usually denoted by «(G). Let P, and
C,, be the path and the cycle on n vertices, respectively. It is a known fact that

a(P,) = 4sin® & and a(C,,) = 4sin® Z.
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Let Y € R™ be a column vector. It will be convenient to assume that the entry y;
of Y is corresponding to the vertex v; of G. Such a Y is sometimes called a valuation
of the graph G (see, [11]). In the following, y; will be written as Y (v;) for convenient.
If X is a unit eigenvector of G corresponding to a(G), we commonly call it a Fiedler
vector of G. It is obvious that X7e = 0 and

T
a(G) = XTL(G)X = Y (X(v) = X(v))* =  min %

VivV; (S YT e=0

Furthermore, from L(G)X = a(G)X, we also have the set of equations below,
known as eigenvalue equations of G:

(dw) — a(G) X (v) = Z X(u) forveV(G),

u€EN (v)

where Ng(v) (or N(v) for short) denotes the set of vertices which are adjacent to v

in G.

A caterpillar unicyclic graph is a unicyclic graph in which the removal of all
pendant vertices makes it a cycle. Let Cy = v1v2---v4v1 be a cycle with length g,
where v;vi11 € E(Cy) for i = 1,2,...,9 — 1 and vyv; € E(Cy), and let CJ0"2 "
be the caterpillar unicyclic graph obtained from Cj by attaching n; pendant edges at
v, (1 <y <--- < < g), respectively. By symmetry, we may always assume that

. mn1,Mn2 n1,n2,n2
i1 = 1. For example, Cg;l,L%JH and Cg;LL%HLL%J-&-?

unicyclic graphs which will be used in the next section. If C73"2 /¥ has n vertices,
then it is easy to see that ny +no +---+nx =n —g.

(see Fig. 1.1) are two caterpillar

ni,ne mni,n2,n2
and C .
1,1 4]+1 gLl 41+1,15]+2

Fic. 1.1. Two caterpillar unicyclic graphs C

In [1], Fallat and Kirkland proved that for some choice of the parameters nq,
Mn1,MN2,...,Ng

ng, ..., ng, the graph Cg 7’5"

, | maximizes the algebraic connectivity over the
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class of unicyclic graphs with girth ¢g. In particular, they proved that among all
unicyclic graphs on n vertices with girth 3, the graph C’;Ig has the maximum algebraic
connectivity. In [2], Fallat, Kirkland and Pati proved that the graph C’ZI4 has the
maximum algebraic connectivity among all unicyclic graphs on n vertices with girth
4. Furthermore, they proved that there is an N such that for each n > N, the
graph C’;;g has the maximum algebraic connectivity among all unicyclic graphs on
n vertices with girth g. On the other hand, when g is large relative to n, they showed
that this graph does not maximize the algebraic connectivity. For the minimum
algebraic connectivity, Guo [7] proved that the graph C,, , has the minimum algebraic
connectivity among all connected graphs with girth g, where C,, 4 is called the lollipop
graph, which is obtained by appending a g-cycle Cy to a pendant vertex of a path
on n — g vertices. This confirmes the conjecture proposed by Fallat and Kirkland

(see [1], [3]).

=
L[ §]+1
connectivity among all caterpillar unicyclic graphs on n vertices with girth g.

In this paper, we prove that the graph C’g has the minimum algebraic

Throughout this paper, we shall denote by ®(B) = ®(B;x) = det(z] — B) the
characteristic polynomial of the square matrix B. In particular, if B = L(G), we write
®(L(G)) by ®(G;x) or simply by ®(G) and call ®(G) the Laplacian characteristic
polynomial of G.

2. Lemmas and results. Let G be a graph and let G’ = G + e be the graph
obtained from G by inserting a new edge e into GG. The following lemma follows from
Courant-Weyl inequalities (see [9]).

LEMMA 2.1. The Laplacian eigenvalues of G and G’ interlace, that is,

V

11(G') 2 11(G) = p2(G') = p2(G) = -+ = pn(G') = pa(G) = 0.

By Lemma 2.1, we immediately have the following:

COROLLARY 2.2. Let G be a connected graph and v be a pendant vertex of G.
Then a(G) < a(G —v).

The following inequalities are known as Cauchy’s inequalities and the whole the-
orem is also known as interlacing theorem [9].

LEMMA 2.3. Let A be a Hermitian matriz with eigenvalues \y > Ao > -+ > A\,
and B be a principal sub-matriz of A. Let B has eigenvalues p1 > ps > -+ > pm
(m < n). Then the inequalities Ap—m+i < p; < A; hold fori=1,2,... ,m.

LEMMA 2.4. [5] Let G1 = (V, Ey) be a graph on n vertices and Go = (V, Es) be
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a graph obtained from Gy by removing an edge and adding a new edge that was not
there before. Then

1i(G1) = pit1(G2) and pi(G2) = piv1(Gr) for 1 <i<n—1.

LEMMA 2.5. [8] Suppose that g > 4. Then o(Chp g) > a(Ch g—1).

For U C V(G), let Ly (G) be the principal sub-matrix of L(G) formed by deleting
the rows and columns corresponding to all vertices in U. If U = {v}, then we simple
write Ly (G) as L,(G). Let H, be the matrix of order n obtained from L(P,+2) by
deleting the rows and columns corresponding to two end vertices of P, 5.

LEMMA 2.6. [7] Set ®(Py) = 0,P(Hp) = 1. Then we have

(1) ®(P,) =a2P(Hp—1), (n >1);

(2) ( m) ( ) (I)( ) ( n+1) = (P(Pm—l)q)(Pn—l) - (I’(P"L—Q)(I)(Pn)a (m 2
2,n>1).
COROLLARY 2.7. Form >k+1, n>1,

O(P)B(Pn) = D(Prr ) (Prs) = D(Pru1)(Pas) = B(Pruio1)(Pasiy).

Proof. From Lemma 2.6, we have

(I)(Pm)q)(Pn) - (I)(mek)q)(PnnLk)
= O(Pp)P(Pn) = P(Pra—1)®(Prt1) + @(Pr—1)®(Pot1)
- (I’(Pm—Z)(I)(Pn+2) + (I)(Pm—Q)(I)(Pn+2) - (I)(P77L—k+1)(1>(P7z+k—1)

+ (I)(mek+1)(I)(Pn+k71) - q)(mek)q)(PnJrk)
= <I>(P —1)2(Pr—1) = ®(Prn—2)®(Pn) + ®(Prn—2)P(FPn) — ®(Pr—3)P(Ppy1)
O(Pp—3)®(Pp1) = — P(P—k) P(Pryi—2)
( m— k)q)( ntk— 2) (I)(Pm—k—l)(I)(Pn-&-k—l)
= ‘I’( ~1)®(Pr1) = @(Prt—1)®(Pryp-1). O

Suppose G1 and G5 are two disjoint graphs. u € V(G1) and v € V(G2). Let
G = G1u : vGg be the graph obtained by joining the vertex u of the graph G; to the
vertex v of the graph G, with an edge.

LEMMA 2.8. [6] Let G1 and Gy be two disjoint graphs. Then

B(Gru : vG2) = B(G1)B(Ga) — B(G1)B(Ly(Ga)) — B(Lu(G1))B(Ga).
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By a similar argument as the proof of Lemma 2.8, which was shown in [6], we
also have the following result.

COROLLARY 2.9. Let Gy and G4 be two disjoint graphs. Suppose w is a vertex
of Gy which is different from u. Then

(L (G 0G2)) = B(Luy(G1)B(G) — B(Luy(G1)) (Lo (o))
— DL (G1) B(C).

Let G and H be two disjoint graphs with [V(G)| = s > 2,|V(H)| =t > 2. Let
u € V(G) and r € V(H). Let Gu-rH be the graph obtained from G and H by
identifying the two vertices u and r (suppose that the new vertex is still u). It is easy
to see that Gu - rH has n = s+t — 1 vertices.

LEMMA 2.10. Suppose u and v are two distinct vertices of G. Suppose X is a
Fiedler vector of Gu-rH. If (X(v) — X(u)) >, X(w) >0, then a(Gu-rH) >
)

weV (H
wHEr

a(Gu - rH). Moreover, the inequality is strict if X (u) # X (v).
Proof. Let Y be a valuation of Gv - rH defined by

X (w) — E=DX @) =X (w) cV(G):

Y(w){ (w) . weV(G);

n

X (w) 4 XX () we V(H),w#r.

n

It is easy to see that YTe =0, YT L(Gv-rH)Y = XTL(Gu-rH)X = o(Gu-rH)
and

Yy o xx g 3 U@ X)L s D) - Xw)?

weV (G) " n
2y S(X(v)o; X(u))X(w) G 1)52(XTE;J) — X (u)?
wEV (H)
wr

t— (X (v) - X(u))?

= 14+2(X(0) - X(w) Y X(w) + L

weV (H)
wEr

>1.

Clearly, the inequality is strict if X (v) # X (u).
Thus, we have

YTL(Gv-rH)Y

T
a(Gu-rH)=X"L(Gu-rH)X > YTy

> a(Gu-rH),
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and the inequality is strict if X (v) # X (u). O
From Lemma 2.10, we immediately have the following.

COROLLARY 2.11. Let u,v be two vertices of a connected graph G and there ezist
s pendant edges uui,uus,...,uus at u. Suppose X is a Fiedler vector of G. Let
G' =G —uup —uug — -+ —uug +vu; +vug + - +vus. If X(v) > X(u) >0, then
a(G) > a(G"). Moreover, the inequality is strict if X (v) # X (u).

LEMMA 2.12. Let C;TTEJJrl be the caterpillar unicyclic graph defined in Section
IRl )
1. Then forn > g+1,

Gy TG ) < alFyorg))
Proof. From Corollary 2.2 and Lemma 2.5, we have

a(C;ll’,T%Hl) < a(Cyi1,9) < a(Cyy1) = 4sin PR

<dsin® " = a(P,_|z)). O

2(9 - 15))

REMARK 1. Since a(P,) is a decreasing function on n, O‘(C;L;T,EJH) < a(P;) for
i<g—13]

LEMMA 2.13. [10] Let G be a connected graph with a cut vertexv. Then a(G) <1,
the equality holds if and only if v is adjacent to every vertex of G.
LEMMA 2.14. Let C"''"% and CPV7? (2 < i < | §]) be the caterpillar unicyclic

g;1,[§]+1 g5l
graphs defined in Section 1. Then for ni,ne > 1,

a(czjb;ll,f[rzgjﬂ) < pn—2(Cghi?).

Proof. If p,—o(Cyyi*) > 1, then the result follows from Lemma 2.13. Thus, in

the following, we assume that pn,g(Cg;ll’gz) < 1. From Corollary 2.2 and Lemma 2.3,

we have

ny,n ni,0 ny n1 ni,n
a(Cg;ll,Lz%JJ,-l) < a(Cg;lLL%JJ,_l) = a(Cq;l) < )‘g+n172(Lvi (Cg;l)) < MH*Q(Cg;ll,iZL

where Agin, —2(Ly, (Cy})) denotes the second smallest eigenvalue of L, (Cg}). O

LEMMA 2.15. For 2 <i < |%] and ny,na > 1, we have

a(C7) > OV ).
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Proof. Applying Lemma 2.8 and Corollary 2.9 for ny times, we have

B(CIL) — B(C™TE L)

g;1,4 g1, [§]+1
= (@ = DO(Cp;"") = ala = )™ 1L, (Cpd) = (@ = DE(Cpa §13)
niy—1 0,n
+ J?(JI - 1) ! (I)(L’Ul (Cg;Ii%JJrl))

= (z— 1M ®C%") — nya(x — 1) 1B(Ly, (COV12)) — (2 — 1) (CO2, )

g;1,1 9;1,4 g;1,14]+1
-1 0,
+ (e — 1" 0Ly, (Cpila40)-
Note that C’g;f 2= CS;T?L% 1= Cy3- Then from the above equation, we have

DO = B ) = (e = 1) T (L, (O3, L)) — (Lo (CoI2)] (21)

g;1,i g;l,[%]«kl g;l,[%j+1 g;1,i

Applying Corollary 2.9 again, we have

®(Lu, (Co1% 5 141)) — B(Luy (C12))

g1, §]+1 g;1,i
= (z = 1)®(Ly, (CS;I’,@H)) —a(r —1)" " O(H g 1)®(Hy |g)1)
— (x = D)®(Ly, (Cy3™ ") 4w — 1) O(H;2)®(H, ;)

= (&= 1)"® (Lo, (O )41)) = n2w(x = 1) @(H g - )®(H,—3)-1)

(@ = 1) O(Ly, (CO)) + noa(e — 1) & (H,_2)®(H,_,)

g;1,4

Note that L,, (Cg;’(l{L%J—&-l) = L, (Cgii) = L,,(Cy) = ®(Hy—1). Thus, from the above

equation, we have

(Lo, (204 ,1)) — (L, (CU52))

= ngx(e — )" O(Hi—2)®(Hy—;) — P(H|g) 1) ®(Hy— 2] -1)]- (2.2)
Substituting (2.2) into (2.1), and from Lemma 2.6 and Corollary 2.7, we have

(Cyhi®) = ®(C TG 40)
= minga® (x — 1) T2 2B (H;0)®(Hy—i) — P(H g 1)P(Hy—g)1)]

=ming(z —1)" 22 [B(P 1) ®(Py—it1) — (Pl g ) (P, g))]

—ming(x — 1) 20(Plg i) P(Py_ g)—it1)-
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Let o = a(CZE’f[%Hl). From Lemma 2.12, we have

(_1)n1+n2+!]—1 [(I)(C;ll”?z R O[) — (I)(CZE:TEQ%J_;'_la a)]

= (1) g (o — 1) 72 0(Plg iy, ) @(Py_ g —iv1, @)

By Remark 1 and the fact 0 < o < 1, the above expression is positive. Note that
n1+mng + g = n is the order of the graph C['}’"?. So (=1)"~1®(CI'}"* «) > 0. Thus,

91,0 g;l,i o
from Lemma 2.14, we have a(C)7?) > a(C;;117,T2%J+1)' 0

mn1,Mn ni1—1,ngs+1
LEMMA 2.16. Fornqy > ng + 2, O‘(Og;l,ngJJrl) > OL(Cg;LL%Jfl— ).

Proof. We separate the proof into two cases.

Case 1. ny > 1.

Applying Lemma 2.8 and Corollary 2.9 for several times, we have

ni1—1,na+1 n1,m
AN EL AN

= (2= )OC) ¥2,) —a(@ = 1) 0(Ly, L (Co 4L )

(o= DB(CT) Fale — )L, (COF )
le—l,O ))

= z(r — l)nlil(b(Lm (C§;i2L%J+1)) —x(r — 1)”2<I>(LUL%H1( g1, 4]+1

= e — )M B(L, (COF1,)) — 2 — 1) (H g ) (H, g )
—2,0
UL+ (C;L;ILL%JH))

MEIES!

—z(x — )" TO(L
+at(z — 1)t 2 0(H g )®(Hyg)-1)

= a(z = )™M ®(Ly, (CyT g 40)) — 2@ = )™ (Ly | (CR1T5TL))
_ :L’(:L’ . 1)n1+n271(1>(Lv1 (Cg;’(l),\_%ﬁ-l))
— nga®(x — 1)™ "2 2Q(H g _1)®(H,_ 3| 1)

L3
ni+ns—1 0,0
—x(w — 1) (I)(L”L%J+1(Cg;17L%J+1))

+ (n1 — 1)%2(5E — 1)n1+n2_2¢(HL%J,1)(I>(Hg,|_12z_J,1).
0,0 0,0
Note that Lvl(Cg;LL%JH) - L”L%Hl(cg;li%Hl) = Ly, (Cy). Then from
Lemma 2.6 and the above equation we have

ni1—1,ng+1 ni,n
(I)(Cg;ll,L%Jil )~ (I)(Cg;llﬂ%)%ﬁl)

= 332(:5 - 1)n1+n2—2(n1 —nNg — 1)©(HL%J—1)®(HQ—L%J—1)
= (:17 — 1)"1+"2_2(n1 — Nog — 1)(1)(]3\_%])(1)(139—\_%])

le—l,ng-&-l)

_ n1,n
Let « = «(C™*""% ;). From Lemma 2.4, we have a < fi,_o( G441

g1, §]+1
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Thus, similar to the proof of Lemma 2.15, we have

1 2 - ni—1,na+1 n1,m
(=1t le(Or T ) = (O s o))

= (—1)”1+n2+g*1(()¢ — 1)n1+n272(n1 —Ng — I)Q(PL%J,Q)CD(PQ_L%J,Q) < 0.
ni,m ni1—1,ng+1
Then, we have a(C’g;ll’LQ%JH) > oz(C’g;llng_erl ).
Case 2. ny = 0.

From Lemma 2.8 and Corollary 2.9, we have

(Cp ) — 2(Cp)

91,1 §]+1
—1.0 1—1,0
=(z - 1)‘1’(02;1,L%J+1) - x‘b(L“L%Hl(C;LL%Hl))

— (2= 1)@(Cgi™") + z(x — 1) T 0(Ly, (Cgyy))

— 2(z — 1) B(L,, (CY,)) — 2 ®(Ly ;1111%,?+1))

= (2 = 1)" 7 ®(Ly, (Cgy)) — 2(z — 1) T @(L O )

UL%J-H( g;1,[ 5 ]4+1
+(n1 = Da?(z — 1) 20(H g _1)P(Hy_|g|_1)
= (n1 — Da?(x — 1) 2 ®(H g 1) ®(Hy_|g|_1).

By a similar argument as that of Case 1, the result follows. O
Now we give the main result of this paper.

THEOREM 2.17. Let G be a caterpillar unicyclic graph on n vertices with girth
g. Then
41,1452
Oé(G) Z a(Cg;l,ZL%jJrlQ )a
: . B bl Rl
and the equality holds if and only if G =C %4 .
9717L2J+1
Proof. Since G is a caterpillar unicyclic graph on n vertices with girth g, we may
assume that
G = ™2k nj > 1 for ISJSkSQ,I <ip <ig << < g.

g5 11,825000,0k )
For k = 1, the result follows from Case 2 of the proof of Lemma 2.16. For k = 2, the
result follows from Lemmas 2.15 and 2.16.

For k = 3, let X be a Fiedler vector of G = C"/"% " . Since —X is also a Fiedler
vector of G, without loss of generality, we may assume that there are at least two of
X (v4,), X(vsy) and X (v;,) being nonnegative. By renumbering, we may assume that
G =)™ with X (vj) > X(v;) > X(v1) and X (v;) > 0. Suppose X (v;) > X (v;).

Then by Corollary 2.11, a(G) > a(C;! 1";‘““) By renumbering of the vertices, we
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may assume that j < [+ 1. By Lemmas 2.15 and 2.16 if necessary, we obtain the
result.

So now we assume that X (v;) = X (v;). If the distance between v; and v; or
the distance between v; and v; less than [§], then (by renumbering the vertices if
necessary) we may assume that ¢ < [£]. Then by Corollary 2.11, Lemmas 2.15 and

2.16, we obtain that a(G) > a(Cy'{"77") > a(C;I’lnf__jJ"jl) > a(CqL.ZTTEJJ,L%]).
et 95 Lilg 9L

Thus, we have to deal with the case that the distance between v; to both v; and
vj are | §]. Note that the necessary condition for the occurrence of this case is g being
odd. Sonow G = CoM"rY 1 with X (vg)41) = X (v)g)42). Note that

T ni,na,n _ T ni,n2+n ni,na+n
0(G) = X LC R 10X = XTLCR T 2K = alCl 2y

Suppose that a(G) = a(C}! ffiﬁg) From the above equation we can see that X is
9 1,13

ni,n2+ns3
Cg; L1g]+2

(dG(UL%jJrl) - Q(G)) X(vig)+1)
= > Xw)=Xgp)+ X))+ > X(w).

wEN(v wEN (v

also a Fiedler vector of From the eigenvalue equations of G, we have

1g1+1)
wWHEV g,V g
L1 1E)+2

1§ 1+1)

Note that for w € N(vjg 1) \ {v|g},v2)42}, (1 — a(G)X(w) = X(v|g)41)-
Thus, the above equation becomes
dg(v g +1) -2
X(o13) = (daloigen) — 1-a@) - “THEELES Xy . @)

Similarly, from the eigenvalue equations of C"""21™_ we have

g 1,1§]+2
(2 - (X(C;lffgﬁ“jQ)) X(’U\_%j-l-l) = X(’UL%J—&-Q) + X(UL%J)
Then
X(oyg)) = (1= (O 72472)) X(v1)40). (2.4)
Combining (2.3) and (2.4), we have

da(vig)41) — 2
(dG(U\_%j+1) —2- W) X(vigj+1) = 0.

Since ny > 1, dg(v|g41) > 2. Thus, we have X (v|g|;,) = 0. From the eigenvalue
equations of G, it is easy to see that X = 0. It yields a contradiction. So a(G) >

na+n;
A/ Tg 7o)
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For k > 4, from Corollary 2.11, there exists some caterpillar unicyclic graph, say

C;linfj’-"?’ for ny,me,n3 > 1 and 1 <4 < j, such that o(G) > oz(Cglinfj’-"?’). This case

is referred to the case when k& = 3.

Hence, the proof is completed. O
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