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CONNECTING KAPORIN’S CONDITION NUMBER AND THE BREGMAN LOG
DETERMINANT DIVERGENCE*

ANDREAS A. BOCK! AND MARTIN S. ANDERSENT

Abstract. This paper presents some theoretical results relating the Bregman log determinant matrix divergence to Ka-
porin’s condition number. These can be viewed as nearness measures between a preconditioner and a given matrix, and we show
under which conditions these two functions coincide. We also give examples of constraint sets over which it is equivalent to
minimize these two objectives. We focus on preconditioners that are the sum of a positive definite and low-rank matrix, which
were developed in a previous work. These were constructed as minimizers of the aforementioned divergence, and we show that
they are only a constant scaling from also minimizing Kaporin’s condition number. We highlight connections to information
geometry and comment on future directions.
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1. Introduction. We study preconditioning of the system
(1.1) Az = b,

where A is symmetric positive definite. The purpose of preconditioning is to find a matrix (or operator) P
with inverse H = P~! so that the matrix

M =H?AH?
is better conditioned, which can accelerate the progress of iterative methods such as the conjugate gradi-
ent method (CG) [21]. Throughout, we will use the notation above. We also let I denote the identity
matrix, sometimes with a subscript to denote its dimension. The preconditioned CG method (PCG) for
approximating a solution to Az = b with a preconditioner P is outlined below:

(128,) To = b—AZ‘O
(1.2b) Po = H’f‘o
fork=1,...

(1.2¢) ap = 2Tk
pkApk

(1.2d) Th41 = Tk + QgDk

(1.2¢) Th41 =Tk — Qg Apy
i Hreg

1.2f — k4177 RTR

( ) B riHry

(1.2g) Pk+1 = Hri1 + Brpk.
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Common termination criteria include an upper limit on the number of iterations, or the relative residual
reaching some prescribed tolerance.

Recently, the authors studied preconditioners obtained as minimizers of the Bregman log determinant
divergence [9, 8]:

Dip(A, P) = tr (AP™') —logdet(AP™ ) — n,

where feasible preconditioners were selected as a sum of a positive definite matrix QQ* and a low-rank
term. We describe this in greater detail in section 4. The results in these papers showed that the divergence
is capturing a sense of nearness to A that may be relevant when searching for a preconditioner P for the
PCG algorithm, but without any firm theoretical basis connecting Dyp (A4, P) with (1.2). In this note, we
establish a relationship between this particular divergence and superlinear convergence of PCG. We highlight
the connection between Drp (A4, P) and Kaporin’s condition number [25].

This manuscript is structured as follows. Section 2 begins by discussing different condition numbers
and relevant literature. These are generally used to characterize the progress of (1.2), which is covered
in subsection 2.1. Next, section 3 contains our main theoretical contributions related to the condition
numbers. As mentioned above, we establish a condition on the trace of a preconditioned matrix, which
implies that the Bregman log determinant divergence coincides with Kaporin’s condition number. Section 4
and subsection 4.1 summarize the low-rank approximation developed in [8]. In subsection 4.2, we show how
the preconditioners associated with these approximations can be modified to minimize Kaporin’s condition
number. Section 5 contains a general result on minimization of the Bregman log determinant divergence
and Kaporin’s condition number. Section 6 concludes this paper.

2. Spectral and other condition numbers. Let o(A) = {o1(A4),...,0,(A)} denote the similarly
ordered singular values of an n x n matrix A. When A has real eigenvalues, we denote these by A\(A) =
Du(A), - An(A)}, with A(4) > .. > A,(A).

The condition number of a symmetric positive definite matrix M is defined as

o1 (M) _ M(M)
2.1 _ _ _
(2.1) r2(M) on (M)~ (M)

This quantity is sometimes used as a basis for discussion of what is a good preconditioner, when M =

P_%AP‘%, i.e., a matrix A symmetrically preconditioned by P. An alternative quantity originated with
Kaporin in a series of papers [25, 26, 27, 30], with similar approaches dating back to the 80s [13]. Kaporin
introduced the following quantity as a function of a symmetric positive definite matrix M:

Str(M) 23T (M)

(2.2) B(M) = ; T

det(M)= (I Ai(M))=
and is the arithmetic mean of the eigenvalues of M divided by the geometric mean of the eigenvalues. To
the best of our knowledge, (2.2) first appeared in the context of iterative solvers in [25, 27]. See [28] for
the extension to asymmetric matrices. We shall refer to (2.2) as Kaporin’s function. It decreases when
eigenvalues of M are clustered and depends only modestly on the smallest eigenvalue if it is well isolated.
The latter is a property not shared by xo(M) in (2.1). Kaporin’s functional is also closely related to factored
sparse approximate inverses (FSAI) [22, 23, 32, 33, 34, 42]. Equation (2.2) leads to Kaporin’s condition
number:

(2.3) K(M) = B(M)",
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which is quasi-convex in M and satisfies the following properties [30], [3, Theorem 13.5]:

(2.4a) K(M) >1,

(2.4b) K(cM) =K (M), Ve>0,

(2.4c) K(X'MX)=K(M), VX eH},,

(2.4d) B(M) < k(M) < (@(M)% + fa;Q(M)*%)2 < 4K (M).

Here, H'; | is the positive definite cone. Equation (2.4a) follows from the arithmetic-geometric mean
inequality, with equality if and only if all the eigenvalues of M are equal. While k(M) = ko(M 1), in
general,

K(M)# K(M™).
B(M) has been studied in the optimization literature [11], where it is referred to as an w condition number.

In a recent contribution, [24] minimize this quantity over low rank updates to positive definite matrices.

We also mention that when n = 2, then B(M) = cos ¢(M) ™!, where cos ¢(M) is the first antieigenvalue
of M in the sense of Gustafson [16, 17]. See [18] for a connection between operator trigonometry and
preconditioning.

Finally, we introduce the Bregman log determinant divergence between two matrices A € H’} ,, P € H’} |
whose eigendecompositions are given by A = UEU* and P = VQV* [35]:

Dip(A, P) = tr (AP*l) —logdet(AP™1) —

(2.5) _Zzuvj <§Z 1(3)—1).

=1 j=1 J

We shall also refer to this as the Bregman divergence for brevity, since (2.5) is the only type of Bregman
divergence we consider in this paper. See [1] for other divergences. While this quantity is not a condition
number, since Dip(A4, P) is not always greater than 1, we shall use it to express several results related to
the convergence rate of PCG.

2.1. Some convergence results. In this section, we present several well-known results related to
PCG in terms of the quantities introduced above. The literature on convergence rates of PCG is vast, so we
cover only the essentials. Much material here is covered, or expanded upon in great detail, in [3, 15, 37].

Recall the symmetrically preconditioned matrix is denoted
M =P 3APT3.
The arguably most well-known convergence result is in terms of (2.1):

|z — k]| a 2 < 20",

2.6
(2:6) |z —zolla — Ck+C—F —

where
) (M) -1

NI ESY
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Equation (2.6) is, in general, a pessimistic estimate. The associated estimate of PCG iterations 442 (¢) needed
for a e-reduction in ||z — gl 4, i-e.,

[ = iy (o)lla < €llz = 2ol|a,

where ¢ is an initial guess, is therefore bounded from above by [5, Equation 8]:

i) = 3/l (21

It is well known that CG can exhibit superlinear convergence, and several successful attempts, both theoreti-
cal and qualitative, at describing this phenomenon have been made since the 1950s [7, 20, 41]. A lesser-known
bound can also be expressed in terms of K (M) [30, Theorem 3.1J:

(2.7) Irillp-s < (K (M)M* = 1)¥2|fro| p-s.
Equation (2.7) is only useful if
(2.8) VEK(M)=B(M) <2,

or, equivalently,
logy K(M) < n.

It is shown in [30, Theorem 3.2] that for any k& € N and positive 5 (subject to some mild conditions), there
exists a matrix P~! with B(P~2AP~2) = f and an initial residual ro such that

(2.9) il p-1 = (8" = 1)*2|lro| p-1.

It is, in this sense, an unimprovable estimate. The following upper bound on the number of iterations
required for an e-reduction in the residual is given in [30, Theorem 4.1] and is valid for any o > 2:

oln(K(M))+2In(e™!)
ocln(o) — (0 —1)In(oc — 1)

(2.10) irce) =T !

For o = 2, this simplifies to
ixc(€) < [nlogy(B(M)) +logy(e )],
which is reportedly quite accurate when nlogy(B(M)) > log,(e~1), although it is reported that the choice

log(e™")

7= (K (D))

provides a more precise approximation. As pointed out in [6], when B(M) > 1+ ¢, for some ¢ > 0, then
irc(€) < ne+logy(e),

which, in terms of B(M), is a pessimistic a priori estimate on ik (¢). In [4], several sublinear and superlinear
convergence results are reported for a variety of approaches and condition numbers, one of which is

I k/2
?’I(K(M))) 2 — 20| 4,

(211) fow —ala < (220

which is asymptotically worse than the bound in (2.9). See [5] for more results on iteration and a posteriori
error norm estimates and [2] for the study of the rate of convergence for PCG based on different condition
numbers.
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3. Kaporin’s condition number and the log determinant divergence. We now establish some
relations between Kaporin’s condition number (2.3) and the Bregman log determinant divergence (2.5).

THEOREM 1.
(3.1) Dip(A,P) > InK(AP™'), VA PeHL,.

In addition, when

(3.2) tr (AP_l) =n,
we have
(3.3) Dip(A,P) =In K (P A).

Proof. The inequality Equation (3.1) follows since

1 -1\ _ 1 1
L (P12) IZIH(ntr(P A)).

For equality in Equation (3.1), we see using (3.2), and M = P~3 APz, that
1

tr (M)) — n—In(det(M))
n

n) — In(det(M))

The Jacobi scaling of a matrix A € H’} | by the diagonal matrix diag(A), diag(A)y; = Ay, i =1,...,n,
is given by
diag(A) "2 Adiag(A)~ 3.

This scaling is often used to reduce the condition number of a matrix [15]. Note that
tr (diag(A)*%Adiag(A)*%) =n.

The importance of this scaling in constructing FSAT preconditioners has also been highlighted [42, Section 2].
One may therefore view the Bregman divergence as penalizing the deviation from the log Kaporin condition
number via the term tr (P~'A) — n.

We can also quantify how close the divergence Dip(A, P) is to In(K(P~1A)), as the following corollary
shows.

COROLLARY 2. Let AcH} ,, P=QQ* cH}, so

(3.4a) A=Q(I + E)Q*,
(3.4b) E=Q'(A-P)Q .
Then,

In(K(P~LA)) = Dip(A, P) + O (tr (E>2> :
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>

Proof.

Dun(A,P) = - | SO N(E) ~ (1 + A (E >>>

% ))—iiln(l—&—)\ B
( zn:xi(E)> —%lndet(I—FE)
< 21+>\ )ilndet(IJrE')

I+E>) - %lndet(IJrE).

i M: H'M:

e

ZZ

3\'—‘

=In

Therefore, ,
In(K(M)) = Drp(A, P) + O(n~" tr (E) ). 0

The approximation used in the proof is of course poor when tr (E) > 0.

Next, we express certain convergence bounds in terms of the Bregman log determinant divergence using
Theorem 1.

3.1. The log determinant divergence and convergence of PCG. In light of Theorem 1, we can
state some of the convergence results in Subsection 2.1 in terms of the divergence.

COROLLARY 3. Let Ac H'},. Foranyk € N, 1<k <n—1 and 3> 1, there exists a preconditioner
P e Y, such that

(3.5) tr (P*%AP*%) —n,
/B _ eDLDT(I’A,P)’

and an initial residual o such that the k™ residual, ry,, satisfies

Irllp—s = (™% = 1)*2|ro | ps
= (7 — D)2 g .
Proof. Using (3.5), we have
K(P 1Ak = (ean(PflA)))l/k _ (BDLD(A,P))I/k _ ew.
The result follows from (2.4b) and [30, Theorem 3.2]. d

By (2.8), Corollary 3 is nontrivial when

DLD(Aa P) < 1n(2)n

Corollary 3 leads to the following two results, where we note that the trace condition (3.5) is not
necessary.
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COROLLARY 4. Let Ac H} | and P € H'} | be a preconditioner. The k™ residual satisfies

Drp(A,P) k/2
(3.6) Irillps < (7957 = 1) inollpr.

Proof. The result follows from Theorem 1 and [30, Theorem 3.1]. d

COROLLARY 5. Let A€ H}, and P € H'} | be a preconditioner. For k even such that

3DLD(A7P) < k< n,

we have
3D1p (A, P)\*/?
(3.7) | —zfla < (LD]i)) [0 — x| 4.
Proof. Equation (3.7) follows from Theorem 1 and [4, Theorem 4.3]. a

We conclude this section with some bounds on the number of iterations required to achieve an e-reduction
in the initial residual of PCG.

THEOREM 6. Let A € H | and P € H', be a preconditioner. When tr (P_%AP_%> = n, the number

of iterations i (e) needed for an e-reduction in the initial ||ro|| p-1 satisfies
ir(e) < [(2)~" (In(e™") + D(4, P))].
Proof. Using (2.10) for ¢ = 2, we have
irc(€) < [nlogy(B(P~* AP™#)) + logy (¢ 71)]
= [logy(K (P~ A)) +logy(e™ )]
= Nogs ( grcpmrg ) +lomle ]

b () | e

1

In(2) In(2)
= [In(2)~" (In(e™") — In(det (P~ A)))]
= [In(2)~" (In(e™') + D(4, P))]. 0

4. Preconditioners based on low-rank approximations. Kaporin also constructs preconditioners
using low-rank matrices [26, 27, 29]. In [26], a sparse lower triangular matrix variable G is introduced, and

the expression
B(GAGT)

is minimized subject to some structural constraints on GG. This is referred to as the first stage. Second, they
construct a matrix

(4.1) F=1+0SC’

such that B(FGAGT) is minimized. Here, some structure is imposed on C' € R™*" and the matrix S € R"*"
that minimizes B(FGAG") has the following form:

S =mC'GAG'C — (CTC)™ ! e R™*T,
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where
n —tr ((C’TC’)_lCTGAGTC')
T = .
n—r

[6] adopts a similar two-stage approach. The preconditioner described above can be written as
(4.2) G TFlg'=c¢ T +cscTy gL

If we let G- TG~! ~ A be an incomplete Cholesky factorization of A and recall that for some n x n matrix
W with rank W = r,
Fl=I+0SCT) ' =1+W,

then (4.2) can be written as
QU +W)QT, rank W = r.

This is similar to the preconditioners sought in [8, 9]. In (4.1) above, the low-rank term has a specific structure
given by the choice of C, which is more restrictive than the general low-rank constraint considered in the
previous references. In this report, we focus preconditioners for which K (M) or Dip(A, P) is minimized;
however, other approaches include ko-based minimization, see, e.g. [14, 39] and the references therein.

4.1. Bregman log determinant divergence-based preconditioners. In this section, we describe
the preconditioners introduced in [8, 9], which combine approximate factorizations with low-rank approxi-
mations sought as minimizers of a Bregman divergence. We introduce the approach taken in these references
to generalize the resulting preconditioners in Subsection 4.2 and establish the connection with Kaporin’s
condition number.

In [9, 8], the authors assume that an approximate factorization QQ* of the target matrix A € H, is
assumed available (e.g., incomplete Cholesky). Writing A in terms of ), we obtain

(4.3) A=Q(I+E)Q,
where E = Q7YAQ* — I. A low-rank term was introduced to produce the preconditioner
(4.4) P=QI+VDV")Q",
where V € C"*" and D € R"*" are chosen such that
VDV* ~ E.

The approximation above was sought in the sense of the Bregman log determinant divergence introduced in
(2.5). This divergence is invariant to congruence transformations. Indeed, using (4.3) and (4.4), we obtain

Dip(A,P) = Dip(I + E, I +VDV*).
Then, the matrices V € C**" and D € R"™*" are found as minimizers of

(4.5a) min Dip(I + E, I+ VDV*),
VE(C"XT, DGR"‘XT
(4.5b) s.t. I+VDV*eH",,

(4.5¢) rank D < r.
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In [9], E was assumed to be positive semidefinite, in which cases V and D were found as the constituents of
a truncated singular value decomposition (TSVD) of E. [8] generalized the approach and allowed E to be
indefinite, and it was shown that a low-rank matrix VDV* that minimizes (4.5a) can differ from a TSVD
of E. To see this, let

(4.6) E=U0U",

be an eigendecomposition of E, and let I € R™*" be a diagonal matrix with positive entries. The divergence
Dip(I +UOU*, I 4+ UTIU*) takes the form of the following simple expression (cf. (2.5)):

- 1+6; 1+6;
4.7 Dip(I +UOU*, I+ UTIU™) = -1 -1
(47 Lol + i ) ;(1+m Og(1+m> )
since eigenspaces of the inputs are aligned. If m; = 6; for any i = 1,...,n, the i*® summand of (4.7) vanishes.

If we consider (4.7) as a function of the diagonal matrix IT with the constraint rank IT < 7, a minimizer will
satisfy m; = 6; for some indices i, and m; = 0 otherwise (by the rank constraint). The n — r summands of
(4.7) that do not vanish are therefore of the form

By seeking a low-rank approximation of E in the sense of (4.5), it is therefore of interest to identify the
eigenvalues 6; that take on the largest value under the image of the map

(4.8) YA) =A—=log(1+ ).

~ is different from the map A — |A|, which can lead to V. DV* being different from a TSVD of E. The map
~ induces an order on the eigenvalues of a matrix A, which is captured by the following definition.

DEFINITION 7 (Bregman log determinant truncation [8]). Let I+ X € H" | and let
X =WAW*

be an eigendecomposition where the diagonal elements of A are sorted in algebraically nonincreasing order
and W is orthonormal. We introduce a permutation matriz P and define Z and B via

X =WP BPW* = ZBZ",

where
by (X)
% e '.‘ s
b, (X)

is the diagonal matriz containing the eigenvalues X given by the order =:
bi(A) = b,(A)  if (bi(A)) = y(b(A)).
Here, «y is the function given in (4.8). We define a BLD truncation of X to order r by
b1(X)

(4.9) (X0, = [=] - 1z] 2]+ 12]
b (X)
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In other words, the BLD truncation is found by selecting the rows and columns of an eigendecomposition of
a matrix corresponding to the r largest values of the eigenvalues under the map .

Definition 7 leads to the following preconditioner.

DEFINITION 8 (Bregman log determinant precondition [8]). Let A€ H} , QQ* € H},, and1 < r < n,
and assume E has rank greater than r. We call

(4.10) P=Q(+(E),)Q"

a Bregman log determinant preconditioner.

4.2. Minimization of the Bregman divergence and Kaporin’s condition number. In this
section, we modify (4.10) by permitting an arbitrary constant scaling of the preconditioner:

(4.11) Pa = Q(a(l = VV*) + V(I + D)V*)Q".

When « = 1, we recover (4.10). We proceed to show that a specific choice of a leads to (4.11) minimizing
Kaporin’s condition number, as well as the Bregman divergence. Consider the following expression

(4.12) Dip(A,Py) =Dip(I + E,a(I —VV*)+V (I, + D)V*).

Theorem 9 below describes a minimizer of (4.12) as a function of «, letting V' and D be fixed:

THEOREM 9. Suppose V. € C"*", D € R"™*" have been chosen according to a Bregman truncation, i.e.,

(E), =VDV",

and set )
P = QU +(E),)Q".
Then,
(4.13) o o (+ BT -vv)) _tw(PTA) - L1 61(3)7

n—r n—r n—r

is the unique minimizer of (4.12) as a function of . Furthermore,
(4.14) Dip(A,Py) =InK(P;'A) = —Indet(P;'A) = —Indet(P~A) + (n — r) In(a).

Proof. Let Ay, = a(I —VV*)+V (I, + D)V*. Then,

d B _ - dA, d
aDLD(A,Pa) = —tr (Aa (I+E)A; 1o + 1 Indet A,,.
Since A
=] -VV*
da Ve
_1dA,

—tr (A;1(1+E)Aa ) = —a 2tr ((I+E)(I— VV*)).

da
Combining this with
d
o Indet A, = a ' tr (I —VV*),
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yields the equation
a2 tr ((I +E)I - VV*)) fa (I —VVH) =o.

Equation (4.13) follows as a consequence. Uniqueness follows since Drp(A, P, ) is convex in 8 = o~ 1.

By direct computation,
(I+E)I-VV*)=tr(P'A) —r.

Finally, (4.14) follows since

tr (P_lA) —r
tr(P~1A)—r
n—r

= —Indet(P;'A). u|

Dip(A, P,) = —Indet(P,'A) — (n—7)

a in (4.11) is very similar to the o variable in [6, Section 3.3], which was used to move the set of smallest
eigenvalues of the preconditioned matrix closer to the larger eigenvalues.

While the choice (4.13) minimizes Kaporin’s condition number and Bregman divergence as a function
of a, the following theorem reveals that many different values of @ minimize the condition number, i.e., the
map

> K/Q(P;%AP;%).
THEOREM 10. Suppose V' and D have been chosen according to a Bregman truncation (cf. Definition 8).
Then any
(4.15) a € [6,41(A),b,(A)],

will be a minimizer of
11
a— ko(Py 2 AP, ).

Proof. We have

M (U+E)I=VV™)) -
max (1, — ) M(I+E)I—-VVY) PR 1
_ > - = k(P 2 AP ?).
min (1 A (IHE)T-VV ”) An((T 4+ E)(I = VV¥))

(4.16)  mo(Pi?APy?) =

? a

If o > M\ ((I + E)I —VV*),

(07

_ > K5(Pa P AP 7).
(I + E)I-VVe)

ko(Py 2 APL?) =

Conversely, if o < A\, (I + E)(I — VV*)),

M((I+E)I —-VV*H)

_1 _1
> k5(Py P AP ?).
«

ko(PaZ APy ?) =

The result follows by Definition 7, namely

[0,11(4), ba(A)] = (L + EYI = VV*)), (L + E)I = VV))]. 0
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‘ ro(Pa AP ?) ——D(A, Py w (K (P, 1/1))‘
103 = A\ T " T T /\\ 3
&) < &)
| + | | +
ey [ g
I~ [ =
~< \ I
| \ | <
_ | \ |
< . 2| | | | 1
= 1
g1 [ [
Pl | |
= | | |
| \ [
| [ |
| \ |
1L | 1 ! ,
1
0 [ [ |
| [ [

04 06 08 1 12 14 16 18 2 2.2

1 1
F1G. 1. Numerical illustration of how a influences the values k2(Py > APy 2), DLp(A, Pa), In (K(PJIA))

We conclude this section with a numerical illustration of the effect of o on the condition numbers seen
above. A € H’, is the matrix 494 bus from the SuiteSparse Matrix Collection [31] of order n = 494 and
Q@ given by a zero fill incomplete Cholesky decomposition of A. P, is defined in (4.11), with r = 49. In
Figure 1, mg(Pa_%APa_%), Dip(A4, P,), n(K(P;1A)) are plotted as a function of . The condition number is
flat on the interval in (4.15), in agreement with Theorem 10. Dyp (A4, Py) and In(K (P, A)) have a minimum
at *, in agreement with Theorem 9. Indeed, as stated in (4.13), the value of « that minimizes Kaporin’s
condition number is the average of the remaining eigenvalues not selected by the Bregman truncation.

5. A general result on trace scaling. We conclude with a result similar to, but more general than
Theorem 9. We recall that PCG converges in a single iteration when the preconditioned matrix is some
scalar multiple of the identity, say,

P1A=cI,

for ¢ > 0. This motivates the study of preconditioners scaled by some constant. In particular, we can choose
the constant ¢ such that

tr((cP)'A) =c'tr(PT'A) =n&c= @,

from which we deduce
(5.1) Dip(A, cP) = InK((cP)™*A),

as shown in Theorem 1.

This leads to the following observation, namely that minimization of Dyp(A, P) is equivalent to min-
imization of K(P~'A) when considering preconditioners for which the divergence cannot be reduced by
scaling P by a positive constant.
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ProprosITION 11. Let A€ H} | and C C H'} | and consider the two following optimization problems:

(5.2) Sp = arg Inin Dip(A, P).
_ . -1
(5.3) Sy = arg Inin In K (P~ A).

If C' is a cone, then the following statements hold.

(7,) minpec DLD(A, P) = Ininpec In K(P_lA),
(i) S1 C Sa,
(i1i) cone(S1) = Sa, where cone(Sy) denotes the conic hull of Si.

Proof. Suppose P* is a minimizer of (5.3). Since Kaporin’s condition number is invariant under any
positive scaling of the preconditioner, we can choose P* such that tr ((P*)’lA) = n. By Theorem 1,
Drp(A, P*) = K((P*)~tA), which proves (i). To see (ii), note that any minimizer P of (5.2) must satisfy
tr (P_lA) = n. Indeed, suppose P is a minimizer of (5.2) but tr (P_lA) # n. Define

P.=cP, PeS,
1
where ¢ = M such that tr (P, *A) = n. Then,
'DLD(A7 P) > DLD(A, Pc),

since

DLD(A, P) — 'DLD(A,PC) = ’I”L(C —1- hl(C)) >0

using z > 1+1Inz, z > 0. As aresult, c = 1if P € Sy, since C is a cone. Further, Dp(A, P) = In K(P~1A).
S5 contains all positive scalings of P*, which includes P € S;. Finally, (iii) holds by the scaling invariance
of Kaporin’s condition number. 0

We also highlight that K(P;'A) = K(P,.'A) for any ¢ > 0. In other words, In K (P 'A) is a flat
line in Figure 1, whereas In K (P, !A) has curvature away from a (recall P, is given in (4.11)). This is of
course obvious from (2.4b), but there are preconditioners prevalent in the literature, such as the randomized
Nystrom preconditioner [12], where a scaling similar to that controlled by « is used to control the condition
number of the preconditioned matrix. Partial scaling of the preconditioner influences the iterates of PCG
(as opposed to scaling the entire preconditioner, e.g., P +— ¢P, ¢ > 0), so it would be interesting and useful
to analyze the consequence of a given choice beyond controlling the condition number.

6. Summary and future directions. We explored a lesser-known condition number, the Kaporin
condition number, and established its connection with the Bregman log determinant divergence. The link
between Kaporin’s condition number and this divergence lies in the trace scaling of the preconditioned matrix
M ensuring %tr (M) = 1. This led to the error bounds presented in Section 3. In Section 4, we explore this
connection in the context of the truncation described in [8]. Subsection 4.2 described this scaling via « (by
scaling the orthogonal complement of the truncation) or ¢ (the entire preconditioner). We also highlight a
relationship with the condition number. Section 5 contained a result concerning the equivalence of using the
divergence and logarithm of the Kaporin condition number as an objective function.
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We comment on some possible future directions. An obvious extension would be to compute approximate
factor @ of a matrix A using an FSAT approach [23, 40] and then compensate using a low-rank term for the
error £ = A — QQT using the low-rank truncation provided in [8]. This could lead to a more principled
approach than in [8], where @ is obtained as an incomplete Cholesky factor of A.

Randomized linear algebra is a family of techniques in linear algebra that leverages randomness to
approximate large-scale problems that may otherwise be computationally infeasible [19, 36]. Such methods
could prove to be useful in estimating a randomized version of the log determinant divergence and therefore
providing operational approximate convergence bounds.

The recent paper by Carson et al. [10] contains a wealth of insights on the behavior of CG. The authors
point out that not only is clustering of the eigenvalues of a matrix important for CG, but so is their position.
As described in [10, Section 2.2], the position of the clusters can have an enormous effect on the residual
error in energy norm. The scaling of the preconditioned matrix via « given in Subsection 4.2 can be thought
of as controlling the position of the “unpreconditioned” part of the matrix A, and it would be interesting to
explore theoretically and quantitatively the impact of a.

The Bregman log determinant divergence has been studied in detail in the field of information geometry
[1]. When N is a smooth submanifold of a manifold M, the point dual geodesic projection P} of P onto N
is given by:

Py = in D(P,R

v = arg min D(P, R),

In certain cases, uniqueness of such projection holds, see [1] and [38, Section 3.7] for more details. Candidate
preconditioners described by some adequate submanifold N C H", could therefore be interesting, and

insights or algorithms from information geometry may be relevant to preconditioning or other problems in
numerical linear algebra.

Acknowledgments. This work was supported by the Novo Nordisk Foundation under grant number
NNF200C0061894.

Appendix A. Proof of Corollary 2.
Proof.

i=1

I, = 1 -
1+ =S "N(E)| — —Indet(I + E
+nZ()> ~Indet(I + E)

3

1+ ME)) — %lndet(I + E)

1
tr (I+E)) ~ L ndet(1 + B).
n
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Therefore,
1 ~ -
Dip(A,P) =~ nln ( tr (I + E)) —Indet(I + E)
n
1 - .
=nln (n tr (I + E)> —Indet(I + E)
= In(K(M)"),
and ~
In(K(M)™) = Drp(A, P) + O(n* tr(E)). 0
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