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ON DIMENSIONS OF MAXIMAL FACES OF COMPLETELY POSITIVE CONES*

TRENT HOLMGREN! AND QINGHONG ZHANGT

Abstract. Because of the lack of characterizations of exposed extreme rays of the n X n copositive cone in general except
for n < 6, by no means so far can we characterize all maximal faces of the n X n completely positive cone for n > 7. In this
paper, we use the information of the maximal faces of lower order completely positive cones to study the dimensions of a class
of maximal faces of higher order completely positive cones. Specifically, we establish a connection between the dimension of
a maximal face of a lower order completely positive cone and the dimension of a maximal face of a higher order completely
positive cone via a connection between exposed rays of a lower order copositive cone and a higher order copositive cone. Such
a connection is used to find formulas for the dimensions of a certain class of maximal faces of higher order completely positive
cones, which has not been studied in the related literature to the best of our knowledge.
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1. Introduction. An n X n real symmetric matrix is completely positive if there exist x; € R,
i=1,2,...,p, such that A =3"_| x;x; , where R? represents the nonnegative orthant of R™. A matrix A
is copositive if xT Ax > 0 for all x € R?. The set of all n x n completely positive matrices forms a cone,
named completely positive cone and is denoted by CP™ in this paper. The set of all copositive matrices also
forms a cone called copositive cone and is denoted by COP™, which is the dual cone of CP™. Let 8™ denote
the set of all real n x n symmetric matrices. We use P™ to represent the cone of all real n x n positive
semidefinite matrices, N to represent the cone of n x m nonnegative symmetric matrices, that is, the cone
of all symmetric matrices with nonnegative entries. The cone P" NN™ is the n x n doubly nonnegative cone
consisting of all n x n symmetric matrices, which are nonnegative and positive semidefinite. It is a classical
result that for n < 4, COP™ = P" + N™ and CP" = P*NN™, and that all these cones are proper cones, see
[2]. For n > 5, (P"NN™)\CP" and COP™\(P"™ + N™) are not empty.

The copositive cones and completely positive cones have many applications and have been topics of
research for many years (see [2, 3]). Specifically in optimization, many hard problems ([3, 5]) can be refor-
mulated as copositive optimization problems. Like linear semidefinite optimization, copositive optimization
is a conic optimization problem. Instead of the cone of semidefinite matrices used in linear semidefinite opti-
mization, the copositive cones and completely positive cones are used in the formulation of the primal-dual
pair of a copositive optimization problem. Knowledge about the structures of the copositive and completely
positive cones becomes very important in understanding copositive optimization problems. Hence, studying
the structure of the copositive and completely positive cones becomes very critical not only in the study of
the theory of copositive optimization but also in the design of algorithms to solve copositive optimization.

The copositive cones and completely positive cones have many other applications in addition to those
in optimization. However, due to their complicated structures, knowledge about the geometric aspects of
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the copositive cones and completely positive cones are very limited. Because of the known representations
of exposed rays of the completely positive cones, in [4], a way of representing all the maximal faces of the
copositive cones along with a simple equation for the dimension of each one was given. Also in [4] some
maximal faces (not all maximal faces) of the completely positive cones and their dimensions were discussed.
Those maximal faces of the completely positive cones are determined by the representations of some known
exposed rays of the copositive cones. The reason that not all maximal faces of the completely positive cones
can be determined is due to the fact that in general characterizations of exposed rays of the n X n copositive
cone are not available for n > 7. However, for n < 6, all extreme rays of the copositive cones have been well
characterized. So all maximal faces of the n x n completely positive cone for n < 6 can be determined.

In this paper, we will use the well studied characterizations of some exposed rays of lower order copositive
cones to study the dimensions of a class of maximal faces of higher order completely positive cones. This
research was motivated by the question ‘Finding the actual value of the tight lower bound for the dimension
of a maximal face of the completely positive cone is still an open question’ raised by Dickinson in [4].
Specifically, in this paper we will establish a connection of the dimensions of maximal faces between a lower
order completely positive cone and a higher order completely positive cone. Then we use this result as a
tool to study the dimension of a class of maximal faces of higher order completely positive cones using the
knowledge of lower order completely positive cones. We will obtain the lower bound for the dimension of a
maximal face of the n x n completely positive cone is between n and % for n > 6.

The paper is organized as follows: in Section 2 we provide some basic definitions and properties associated
with a convex cone, for example, we give the definitions of cones, faces, rays, maximal faces, etc., then we
state several results that will be used later in the paper. In Section 3, we establish a connection of the
dimensions of maximal faces between a lower order completely positive cone and a higher order completely
positive cone. The main results of the paper are given in this section. In Section 4, we provide three examples
and show that the lower bound for the dimension of a maximal face of the n x n completely positive cone is
between n and % for n > 6. Finally in Section 5, we provide some concluding remarks.

2. Preliminaries. Throughout this paper, we use R™ to denote the n-dimensional Euclidean space.
R, is the set of all nonnegative real numbers. R’} represents the nonnegative orthant of R™. If x € R
and y € R", then x "y is used to represent the inner product of x and y. For a set £ C R", Cone(L), and
Span(L) are the cone generated by £ and the space spanned by L, respectively. The reader is referred to [9]
for the definitions of these terms. If we have I C {1,2,...,n}, we denote a principal submatrix of a matrix
A whose elements have row and column indices in I to be Aj.

In this section, we provide some basic definitions and properties associated with a convex cone, for
example, we give the definitions of cones, faces, rays, maximal faces, etc. Then we state some properties
specifically to the copositive and completely positive cones. We need the following definitions.

DEFINITION 2.1. Let K be a convex cone in R™. The dual cone of IC is defined as
K*={acR" |a'x>0 forallx € K}.

DEFINITION 2.2. Let K be a convex cone in R™. A convex subcone F # {0™} of K is called a face of K
ifxe,ye, andx+y € F impliesx € F andy € F. A face F is exposed if it is the intersection of
K and a nontrivial supporting hyperplane, in other words, there exists a nonzero a € R™ such thata'x > 0
forallx e K and F={xe€ K | a'x =0}.
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DEFINITION 2.3. A face Fi is a mazimal face of a closed convexr cone K if F1 # K, and there does not
exist a face Fo with Fo # K such that Fp C Fa.

For a* € K* and a* # 0, we define F(K,a*) = {x € K | x"a* = 0}. F(K,a*) is an exposed face, which
is called a face determined by a* in this paper. Similarly, we define F(K*,a) = {y* € K* | a'y* = 0}
for a € K. If a face F is generated by a nonzero vector, i.e., there exists a nonzero a € K such that
F ={ca | a € R;}, then we call F an extreme ray. If F is an extreme ray and it is also exposed, then we
call F an exposed ray.

THEOREM 2.4. [/, Theorem 2.20] If K is a proper cone and a gives an exposed ray of K*, then F(IK,a)
is a mazimal face of K.

The definitions and theorem above are also valid for an inner product space that is isomorphic to R™.
Since the set of n x n symmetric matrices with the Euclidean inner product is an inner product space, which
is isomorphic to R , a face, an extreme ray, an exposed ray, etc. are well defined for the copositive and
completely positive cones. Based on Theorem 2.4, we know that the characterizations of exposed rays of the

copositive cone are critical in determining maximal faces of the completely positive cone of the same order.

Next we give some known results about exposed rays of copositive cones. We also need a definition of a
zero of a copositive matrix.

DEFINITION 2.5. Given an n X n copositive matriz A, a nonzero vector v € R} is called a zero of A if
v Av = 0. The support of a zero of v is the index set supp v C {1,2,...,n} corresponding to the positive
entries of v. A zero v of A is called minimal if there does not exist another zero u of A such that supp u is
a strict subset of supp v.

LEMMA 2.6. [7, Corollary 3.4] Let v be a zero of a copositive matriz A. Then v can be represented as
a finite sum of minimal zeros of A.

M
LEMMA 2.7. [}, Theorem 4.8 (vi)] For n > 2, if ( m) & N™ gives an exposed ray of the n X n
I
M m m
copositive cone, where y € Ry and m € R"™1, then | m" pu p | gives an exposed ray of the (n + 1) x
T
m.  ouop

(n+ 1) copositive cone.

For a given A € COP", we define VA = {v = (v1,v2,...,v,)" € RT | v Av = 0}.
M m

LEMMA 2.8. Let A = < T ) g N™ give an exposed Tay of the n x n copositive cone. Then
m Iz

(21,%2, ..., Tp, Tpy1) | € VA if and only if x = (21,%9,...,Ty + Tpy1)' € VA, where Ay =

X =
M m m
m' gives an exposed ray of the (n + 1) x (n+ 1) copositive cone.
T

T
T T " T "
To M m m Ta ! '
T To M m To
(2.1) m' oy pu o= (mT M> . 0
z, mT 4 z, e .
Ty + Trt1 Tn + Tnt1
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3. Connection of the dimensions of maximal faces between lower and higher order CP™.
We begin this section by showing that the tight lower bound for the dimension of a maximal face of CP"
cannot be n — 1 unless n = 2.

LEMMA 3.1. The tight lower bound for the dimension of a mazimal face of the n x n completely positive
cone is n — 1 if and only if n = 2.

Proof. If n = 2, then it is easy to see that the tight lower bound for the dimension of a maximal face

1
of the 2 x 2 completely positive cone is 1. Indeed, we know that xx ', for x = ( 1) is an exposed ray

of COP?. So F(CP?,xx") = {ayy' |y = (1) ,a > 0}. Therefore, the maximal face F(CP? xx") has
dimension 1.

Now we show that if n > 2, then the dimension of any maximal face of the n x n completely positive
cone must be greater than n — 1. We prove this by contradiction. Suppose there is a maximal face F of
the n x n completely positive cone whose dimension k is less than or equal to n — 1. Then there are k
elements {a;a; }F_ | with a; € R% , which are linearly independent such that Span({a;a;}f_ ;) NCP" =
F. Since k < n —1, we can find a b € R™ such that b # 0 and b | a; for i = 1,2,...,k. It is
straightforward that F C F(CP™,bb'). We next prove that F(CP",bb") is a maximal face by showing
b € R™\(RTU(—=R%)). Suppose b € R™\ (R} U(—R")) is not true. Without loss of generality, we can assume
that b = (b1, ba,...,b,)" with b € R" and b; > 0. Then we can see that the first row and first column of all
matrices in F must be all 0 due to the fact that b | a; for i = 1,2,...,k and Span({a;a; }*_,) NCP™ = F.
We let ag = (1,0,...,0)". Then it is easy to verify Cone(apa] ,F) is a face of CP™ that is not equal to
CP"™, which contradicts the assumption that F is a maximal face. Therefore, b € R™\(R"} U (=R")). By
[4, Theorem 4.3 (ii)], we know bb ' gives an exposed ray of COP™, and hence, F(CP",bb ') is maximal by
Theorem 2.4. Because both F and F(CP", bbT) are maximal, we obtain F = F(CP", bbT). By Theorem

6.3 in [4], we know that n — 1 >k = @, which is impossible unless k =n — 1 = 1. O

The lemma below will be used several times in the proof of the main theorem in this paper.
LEMMA 3.2. If {v1,va,...,Vin} is a set of linearly independent vectors in R™, then the following is a
set of gm(m + 1) linearly independent matrices,

U={(vi+Vv)(vi+v)T | i<j, i,j=1,2,...,m}.

Moreover, U is a basis of the matriz space

-
S = Span <Z%‘Vz‘> (Zaiw) | ; eRieI C{1,2,...,m}

el i€l

Proof. By Lemma 6.2 in [4], we know that I/ is a linearly independent set. To show that I/ is a basis of
S, we only need to prove that for any element A = (Ziel aivi) (Z ozivi)—r in S, A can be written as a

linear combination of the elements in U, which is true since

iel
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-
2. T T T
(E aivi> (E aivi> = E a;viv, + E aiaj(vivj +v;v;)
el el iel i,7€1,i<j
20 T T T T
= E a;vv, + E oot [(vl +v)(vi+v,) —wvv, — \AZ, ]
il i,jELi<]

:Z a? - Z g | viv,] + Z i (vi +vi)(vi+v;) T

iel JEI,j#i i,J€L,i<j
Therefore, U is a basis of S. ad

Now we are ready to prove the main theorem in this paper.

M
THEOREM 3.3. Let A = ( T m) Z N™ give an exposed ray of the n xn copositive cone, where u € R,
m'
and m € R"~1. We assume that {v;v; }*_| with v; = (vi1,vi2,...,vin) " € R forms a basis of the matriz
linear subspace Span(F(CP™, A)). Let I = {i € {1,2,...,k} | vi = (v;1,Vi2, -, 0in) 0 # 0}. If the
dimension of the subspace Span({v;}icr) is p, then the dimension of the maximal face of the (n+1) X (n+1)
M m m

completely positive cone determine e exposed ray given 1= |m isk+p+1.
pletely positi det ined by the exposed ray gi by Ay T op o op|isk+p+1

m' uop

Proof. By Lemma 2.8, u = (u1,Us, . .., Upn, Unyp1) | € VA1 if and only if v = (uy,ug, ..., Uy + Upy1) | €
VA, For each v; = (vi1,Vi2,...,in) , i =1,2,... k, we know that v; = (v;1,vi2,...,Vin,0)T € VA+1. For
each i € I, because 0 + v;,, = v, and %vm + %vm = V;n, we have both u; = (v;1,v40,. .. ,vi(n_1)70,vm)—r €
VA+ and w; = (vi1,vig, - -, %vm, %vm)—r € VA+1. Since the dimension of the subspace Span({v;}icr)
is p, without loss of generality, we can assume that v;, 7 = 1,2,...,p are linearly independent and
Span({v;}i_,) = Span({vi}icr). Therefore, {@;}"_, is a linearly independent set and Span({u;};_,) =
Span({@;}icr). We now show that the k + p + 1 matrices {v;v, }i_,, {w;u] }]_,, and w1 W in "' are
linearly independent.

Let Zle vV + Py Bju;u; +ywiw{ be the zero matrix. Noticing that the (n,n + 1)-th element
of wiw] is iv%n # 0 due to the assumption that 1 € I, and (n,n+ 1)-th elements of all v;v,', i = 1,2,... .k
and ﬁjﬁjT, j=1,2,...,pare0, we obtain v = 0. Moreover, since v; = (v;1, V2, . .., Vin,0) " fori=1,2,... k
and u; = (vj1, V52, ..., Vj(n-1),0, vjn) " for j =1,2,...,p, we know that the (n + 1)-th column of the matrix
\72-\7;'— fori=1,2,...,k is always 0 vector, and the (n + 1)-th column of the matrix ﬁjﬁ;r forj=1,2,...,p
is vjnl; = Vjn(vj1, V52,5 Vjn-1),0,vjn) ". Because Ele ViV |+ Py Bia;u; " + yWiw{ is a zero
matrix, we know that the last column must be the 0 vector. So we get Z§:1 Bjvjnt; = 0, which implies
that 8; = 0 for all j =1,2,...,p due to the fact that 4, j = 1,2,...,p are linearly independent and v;, # 0
for j =1,2,...,p (because {1,2,...,p} C I). Hence, a; =0, 3; =0, fori =1,2,...,kand j =1,2,...,p,
and v = 0, showing {v; v, }F_,, {ﬁ.jﬁ;r}?:l, and wiw, in S"*! are linearly independent.

P+ can be written as Y°_, a;a; for a; € R’j_"’l,
i=1,2,...,r, to show that the dimension of the maximal face determined by the exposed ray generated by
AL1is p+ k+ 1, we only need to take any aa' € f(CP”H, A1), and show that aa' can be written as a
linear combination of the k + p + 1 matrices {v; v, }F_,, {ﬁjﬁ;—}§217 and w1w; in S"*1. We consider the
following four cases.

Since each element of the completely positive cone C
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Case 1. Suppose a = (a1,a9,...,0n_1,0,,0)7 € VA+1. Then a = (a1,a2,...,an_1,a,)" € VA by
Lemma 2.8. Since {v;v, }¥_, forms a basis of the linear subspace Span(.F(CP” A)), we know that aa’ =
Zle aiviviT for some «;, i = 1,2,...,k. And hence, aa' = Zle aﬂ?z , showing that aa' is a linear

combination of these k 4+ p + 1 matrices.

Case 2. We now show that for each ¢ € I\{1,2,...,p}, ﬁqﬁ;— is a linear combination of these k +
p + 1 matrices. By the assumption that v;, j = 1,2,...,p are linearly independent and Span({vj}ﬁzl) =
Span({vi}ier), we know that v, = >7_, a;v; for some ;. We also have ﬁq Py 1 a;u;. Noticing that the

last two columns and last two rows of the matrices iv v -3 2oV v! and —ﬁ a] -SSP  Ya.al

q%q =1 vjp "I 7] q"q =1 vjp J

are all 0, and the ﬁrst n — 1 elements of G, and vq are the same, we . obtain %Vq qT - f L oL VjVjT =

an

1= =T P T T_ T P Qn o | Lling al

Tl — 200 o uj Therefore, ugu, =vyv, —> 5, ™ jv + Z ™ showmg u,u,
is a linear combination of these k + p + 1 matrices.

Case 3, We next let a = (aj,as,...,0,_1,0,a,)" € VA1, Then a = (aj,az,...,a,_1,a,)" € VA

by Lemma 2.8. Since {v;v,}¥_, forms a basis of the linear subspace Span(F(CP", A)), we know that

aal = Zle aviv] for some a;, i =1,2,...,k. And hence, aa’ = Zie{l,2,...7k}\1 ;v v+ aun) +
qul\{l,zm,p} aqtgu, . But for each ¢ € I\{l 2,...,p}, by the proof of Case 2, we know ﬁqﬁ;r is a linear

combination of the k + p+ 1 matrices, which shows that aa' can be written as a linear combination of these
k + p + 1 matrices.

Case 4. Finally, we let a = (a1, as,...,a,_1,a,b)" € V441 with ¢ > 0 and b > 0. Then by Lemma 2.8,
we know that a = (a1,az,...,a,_1,a+b)T € VA and hence a* = (ay,az,...,a,_1,a +b,0)T € YA+t and
a** = (ay,a,...,a,_1,0,a+b)" € VA+1. Now we use a,, to denote a +b. Then a = Aa,, and b= (1 — N)a,
for some 0 < A < 1. Therefore, a = (ay,az,...,a,_1, an, (1 — N)a,) " = Aa* + (1 — \)a**. By Lemma 3.2,
a' can be written as a hnear combmatlon of a*a*", a**a** T, and (a*+a**)(a* +a**)". By Case

1 and Case 3, we know that a*a*" and a**a**" can be ertten as linear combinations of k + p 4+ 1 matrices
T

we know aa

{viv] 1k, {1’1j1’1;r H—1, and W1W1 . So we only need to show (é* +a**)(a* +a**) ' is a linear combination
of these k + p 4+ 1 matrices. Note that i(_* —a*) =(0,0,...,1,-1)T = L({,l —1;). By Lemma 3.2, we
know that (0,0,...,1,—1)7(0,0,...,1,—1) can be written as a linear combination of a*a*", a**a**", and
(a* +a**)(a* +a**) T, and that (0,0,...,1,—1)7(0,0,...,1,—1) can also be written as a hnear combination

of viv], uyu], and (V1 + 11)(Vy + 1) |. Therefore, there exist o; and 8;, i = 1,2,3 such that

0,0,...,1,-1)7(0,0,...,1,-1) = aya*a*" + apa**a™" + az(a* +a™)(@* +a™)"
= 1v1V] + Beti + Ba(Vi + 1) (Vi + 1) "

Note that a3 # 0 and 33 # 0. Otherwise the (n,n + 1)-th entry of (0,0,...,1,—1)7(0,0,...,1,—1) is
not 0, but the (n,n + 1)-th entry of aya*a*’ + aza™a™ " + az(a* +a*)(a* +a** ) or 61v1v1 + Buluir +
B3(v1 + 1) (vy + 1) " is 0. Hence, we have

1
(a* +a*)(a* +a")" = — (—a1a*a*’ — axa™a™ " + B1viv] + Botil] + B3(Vi+ W) (Vi + @) ).
3
Noticing that v; + @1; = 2wy, we obtain (a* + a**)(a* + a**)T can be written as a linear combination of
these k + p + 1 matrices. Therefore, the dimension of the maximal face determined by A isk+p+1. O

The corollary below shows that if we know the dimension of a maximal face of a lower order completely
positive cone determined by an exposed ray of the copositive cone of the same order, then we can apply
Theorem 3.3 recursively to get the dimension of a maximal face of any higher order completely positive cone.
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M
COROLLARY 3.4. Let A = (rnT m) € COP™\N™ give an exposed ray of the n X n copositive cone,
1

where p € Ry and m € R"~!. Assume that {viviT ?:1 with v; = (Vi1, Vi, ..., Vin) | € R% forms a basis

of the matriz linear subspace Span(F(CP", A)). Let I = {i € {1,2,...,n} | vi = (vi1,Vizs -+, Vin) |, Vin #
0}. If the dimension of the subspace Span({v;}icr) is p, then the dimension of the mazimal face in the
(n+2) x (n+2) completely positive cone determined by the exposed ray generated by Ao is k+(p+1)+(p+2).
Moreover, the dimension of the mazimal face in the (n+m) x (n+m) completely positive cone determined
by the exposed ray given by Ay, is k + mp + w Here, Ay = (Apm—1))41 form =2,3,4,....

Proof. Based on the proof of Theorem 3.3, we know that the k +p -+ 1 matrices {v; v, }X_,, {ﬁjﬁjT ?:17
and w;w, form a basis of the subspace Span(F(CP""*, Ay1)). By the definitions of v;, i = 1,2,...,k ,
u;, j =1,2,...,p, and Wi, we know that the (n + 1)-th entry of ¥; is always 0 for each ¢ = 1,2,...,k, and
the (n + 1)-th entries of u; for each j = 1,2,...,p and Wy are not 0. Moreover, the (p + 1) vectors {u;};_,
and w; are linearly independent due to the fact that the n-th entry of wy is not zero, and the n-th entry
for each {q; }?Zl is 0, and {q; }?Zl are linearly independent. Therefore, by applying Theorem 3.3, we obtain
the dimension of the maximal face determined by Aiois (k+p+ 1)+ (p+1)+1=k+(p+1)+(p+2).

Continuing this process, we obtain the dimension of the maximal face in the (n+m) x (n+m) completely
positive cone determined by A, is k+>." (p+1i) =k +mp+ W d

The theorem and corollary above provide a tool to find the dimension of a class of maximal faces of
higher order completely positive cones based on the knowledge of the lower order completely positive cone.
In the next section, we provide three examples to show how the theorem and corollary are used to find the
dimensions of some maximal faces.

4. Examples. Although the dimensions of maximal faces of the n x n completely positive cone in all
examples before Section 7 in [4] were greater than or equal to %n(n— 1), an example was given in Section 7 of
[4] to show that the dimension of a maximal face of the completely positive cone can be less than %n(n —1).
The example in [4] was given for n = 9. Our first example is to use Theorem 3.3 and Corollary 3.4 to find
dimensions of maximal faces of higher order completely positive cones based on the example given in Section
7 of [4].

Example 1: We start with the following theorem [4, Theorem 7.6].

THEOREM 4.1. If we let A be the matriz given below, then we have that F(CPQ,A) is a maximal face of
the completely positive cone and the dimension of f(CPg, A) is 27.

1 -1 1 0 0 0 0 1 -1
-1 1 -1 1 0 0 0 0 1
1 -1 1 -1 1 0 0 0 0
0 1 -1 1 -1 1 0 0 0
A=10 0 1 -1 1 -1 1 0 0
0 0 0 1 -1 1 -1 1 0
0 0 0 0 1 -1 1 -1 1
1 0 0 0 0 1 -1 1 -1
-1 1 0 0 0 1 -1 1

The matrix A is referred to as a Hoffman Pereira matrix, which generates an exposed extreme ray of COP?.
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The zeros of A are

1 0 0
1 1 0
0 1 0
0 0 0
VA = U cone 0 0 0 . We could list 27 matrices in the form vv' or
Cyclic Permutations 0 0 1
0 0 1
0 0 0
0 0 0

(u+v)(u+v)" with u € V4 and v € V4. However, in our discussion, we only need those vectors whose
last entry is not 0. So we list all these vectors below.

1 0 0 1 1
0 0 0 0 0
0 1 0 0 0
0 1 1 1 0
vi=1]0 , Vo = 0 , V3 = 1 , V4 = 1 , V5 = 1 y

0 0 0 0 1
0 0 0 0 0
0 1 1 0 0
1 1 1 1 1

0 2 0 1

0 1 0 0

0 0 0 0

0 0 0 0

Vg = 0 , V7 = 0 , Vg = 0 , Vg = 0

0 0 0 0

1 0 0 0

2 0 1 1

1 1 1 2

It is easy to verify that vg and vg can be written as a linear combination of {v;}7_,, respectively. Hence, p
in the statements of Theorem 3.3 and Corollary 3.4 for this problem is 7. By Corollary 3.4, we know that
the dimension of the maximal face of the n x n completely positive cone determined by A, withg=n—9
is274+849+---+(n—-2) = w, which is smaller than n(n — 1).

THEOREM 4.2. The dimension of the maximal face of the n x n completely positive cone determined by
Ayg withg=n—9 is w

Example 2: Our second example is the one by taking A in Theorem 3.3 to be a Hildebrand matrix. We
will provide a detailed discussion regarding the way a basis of the maximal face is determined. We now give
necessary background materials about this type of matrices and their zeros.

In COP?, there are four types of exposed rays generated by four different types of matrices, see [10]: (1)
semidefinite matrices of the form xx ", where x € R® has both positive and negative entries. (2) nonnegative
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matrices of the form eie;r —|—ejelT with i # j, where e; € R® is a vector with the i-th entry being 1 and others
being 0. (3) matrices in the orbit of the Horn matrix. (4) matrices in the orbit of the following matrix

1 — COoS Yy cos(14 +1P5)  cos(¢2 + 93) —cos 3
—Ccos Yy 1 — cos 5 cos(s + 1) cos(hs + 14)
T(¢) = | cos(va + ¢s5) — cos s 1 —cos 1 cos(1 + 2) |
cos(vo +13)  cos(is + 1) — cos 1 — cos ¥y
—cos 13 cos(th3 +1hy)  cos(v1 + o) — cOoS Yo 1

with ¢; > 0 and Z?zl 1; < m, which will be called a Hildebrand matrix following [10].

While we may apply Theorem 3.3 to the first three types of exposed rays to get dimensions of maximal
faces of higher order completely positive cones, we will work with a Hildebrand matrix. The reason we
choose to work with a Hildebrand matrix is that 1) general results regarding the dimensions of maximal
faces determined by the first three types of exposed rays were already given in [4]; 2) among these four types
of exposed rays of COP® a Hildebrand matrix leads to maximal faces of CP™ with smallest dimensions for
n > d.

We next state two known results regarding a Hildebrand matrix. The reader is referred to [6, 10] for the
proofs of these lemmas.

LEMMA 4.3. Let T(¢) be a Hildebrand matriz and v € RS, be a zero of T(). Then v can only be a
positive multiple of a column of the following matriz,

sin 1/)5 0 0 sin 1/)2 sin(1/14 + 1/)3)
sin(vs + 14) sin 0 0 sin g
B(y) = sin g sin(y1 + v5) sin ¢ 0 0
0 sin s sin(ta + 1) sin )3 0
0 0 sin ¢1 sin(¢3 + ’(ﬂQ) sin ¢4

LEMMA 4.4. The five column vectors of B(y) are linearly independent.

Since a Hildebrand matrix generates an exposed extreme ray (see the proof of Theorem 3.1 on Page 1545
of [6]), we know that the conjugate face of this extreme ray is maximal, which is Cone(d;d;,i = 1,2,...,5),
where d; is the i-th column of the matrix B(v) for ¢ = 1,2,...,5. Hence, the maximal face determined by
a Hildebrand matrix has dimension k = 5. Since the fifth entries of d; and ds are 0, and the fifth entries of
d;, i = 3,4,5 are not zero, we know p in Corollary 3.4 is 3. Therefore, the dimension of the maximal face of
the n x n completely positive cone determined by the exposed ray generated by T'(¢) 1., with n =m + 5 is

k+mp+ m(n;H) = n(n;?’).

THEOREM 4.5. The dimension of the mazimal face of the n x n completely positive cone determined by
T()4m withn =m+5 is @
We immediately have the following theorem by the theorem above and Theorem 3.1.

THEOREM 4.6. The tight lower bound on the dimension of maximal faces of the n xn completely positive
cone is between n and w forn > 5.

While these two examples suggest a lower bound on the dimension of a maximal face of CP™ is w for
n > 5, there are maximal faces of CP"™ for n > 6 whose dimension is smaller than nn=3)  We will see this

-
in the next example.
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Example 3: In [1], a complete classification of the extreme rays of COPC was provided. There are 19 cases
of exceptional extreme rays of COPS, that is, extreme rays of COP® that are not positive semidefinite or
nonnegative. We choose to work with Case 19 with the same reason as in the case for n = 5 that this type of
exposed rays leads to maximal faces of CP® with the smallest dimension compared to the ones determined
by the other exposed rays including the ones in P® and N. To say matrices in Case 19 give exposed rays
of COPY is misleading because no discussion on the exposedness of these extreme rays was given in [1]. It
suggests that our first task is to identify which of these 19 cases give exposed rays of COP®. While it is
straightforward to check that matrices in some cases like Case 1 give non-exposed extreme rays, to verify
whether matrices give exposed rays of COP™ in general could be very challenging even for small n like n = 5.
Interested readers are referred to a proof of the exposedness of the Hildebrand matrices in [6].

Our main interest is to get a lower bound on the dimension of a maximal face of CPS. Since an exposed
ray of COP® determines a maximal face of CP®, we only need to make sure that there are some matrices in
Case 19 that give exposed rays of COPC. Such a result can be proved by using the result that the closure of
matrices that give exposed rays contains the set of matrices that give extreme rays, see [4, Theorem 2.12].

We recall matrices of Case 19 in [1]. We use C(¢,u) to represent the following matrix for each ¢ =
(Y1,%2, ..., ¥6) and u = (uez, ue3, Us4, Uss) With usz # 0,us3 # 0,uss # 0, and ues # 0,

1 — cos Yy cos(Ya +5)  cos(a + 13) —cos 3 cos(¢3 + 1¢)
—Cos Py 1 — cos Y5 a24 cos(1h3 + 1)) —cos vy
cos(14 + 1) — cos 5 1 —cos 1 cos(11 + 1) ase
cos(g + ¥3) a2y — cos Y 1 — COS o cos(g — 12)
—costhz  cos(v3 +ths)  cos(pr + 1) — Cos P2 1 — cos g
cos(13 + 1g) — cos Py ase cos(1hg — 12) — cos g 1

Then matrices in Case 19 are those C'(v, u) with the following properties.

Lo € (0,7), S0y s < b2 < g, 3 + Yu + U6 < Y.

2. C(,u)q2,3,4) is positive definite. C(1),u)(2.34,6} has a positive kernel u = (up2, g3, Usd, Use) |
Therefore, 17, as4, and agg are determined by ;, i = 1,2,...,6, ugo, ug3, Ugs and ugg. Here
C(¢,u) 12,343 and C(v¥,u)(2,34,6} are the principal submatrices of C(1), u) whose elements have row
and column indices in {2,3,4} and {2, 3,4, 6}, respectively.

3. C(v¥,u) is not the matrix which satisfy 3 + ¥4 + 16 < 17 and the relation

cos(t1 + 12 + 13 +1hs — h5)udy — 2cos(1h1 + P2 + 13 + 1ha)ugaues+
cos(ih1 + 12 + 13 + s + 15 )ugs = cos(Pr — P2 — 3 — g — V5 )ug,+
2cos(y1 — Y3 — g — 5 — Yg)ueatigs + cos(P1 + o — Y3 — by — 5 — 24h6)ude.

4. C(,u) is not the matrix which satisfy 13 + ¥4 + 1g = 17, the above relation, and the relation

cos(1h1 + Yo + 13 4 tha — P5)ugy — 2cos(P1 + 12 — s — V6 )usatiee+
cos(t1 + 2 — 13 — by — 5 — 206 )ug = cos(P1 + o + Vg + Yy + Vs )ugs—
2cos(tg + V3 + thy + V5 )ugstes + cos(thy — 1Py — g — g — b5 )ud,.

We know that C(1, u) satisfying the above properties gives an extreme ray of COPE as discussed in [1].
The minimal zeros of C(¢,u) are positive multiples of the following six vectors
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0 sin 1o sin(3 + 14)
0 0 sin g
_ sin ¢y B 0 B 0
sin(y1 + 2) V2= sin 13 V3= 0 ’
sin ¢y sin(¢ + 93) sin ¢y
0 0 0
sin 95 sin ¥g 0
sin(ta + ) 0 Uga
V4= sin g vy = 0 Ve = Ues
0 ’ 0 ’ Ue4 ’
0 sin(t)s + ¢) 0
0 sin s Ue6

where vg is from the positive kernel vector above. By Lemma 2.6, a zero of C'(¢,u) can always be written
as a finite sum of minimal zeros of C'(¢,u). By a direct verification, we know v; = avs + fvs for o, 8 € Ry
is the only other class of zeros other than the minimal zeros.

In [8], it was shown that Case 19 is not contained in the closure of another case. The next lemma shows
that Case 19 is not contained in the closure of the union of the other cases. Therefore, by [4, Theorem 2.12]
some extreme rays given by Case 19 are exposed rays of COPS, and hence, these exposed rays can be used
to determine maximal faces of CPS.

LEMMA 4.7. There is a matriz C(¢,u) given by Case 19 in [1] as described above such that C (1, u)
generates an exposed ray of COPS.

Proof. Suppose to the contrary that each matrix given by Case 19 gives a non-exposed ray. Let C'(¢,u)
be a matrix given by Case 19. To make our proof easy, we can choose some v and u such that ass and asg
are not equal to 1 or —1 just like two matrices given at Page 190 of [1]. Therefore, C'(¢),u) does not have
off-diagonal entries 1 or —1 due to the requirement that ¢; € (0,7),i = 1,2,...,7. Then C(3,u) gives an
extreme ray of COP® but not an exposed ray. By the fact that the closure of matrices that give exposed
rays of COP® contains the set of all matrices that give extreme rays of COP®, we know that C(v,u) must
be the limit of matrices that give exposed rays. Let {B,}2, € COP® be a sequence of matrices that give
exposed rays such that lim,,_, o, B, = C(¢,u). Then by [1, Theorem 4], for each n there is a positive definite
diagonal matrix D,,, a permutation matrix P,,, and a matrix A,, given by one of the forms NE, 05, or 1-19,
such that B,, = DnPnAnPJ D,,. Recall from [1] the form NE gives all extreme rays that are either in P% or
in V¢, the form 05 gives all extreme rays that contain a column and a row having all 0 entries, and the forms
1-19 are the matrices determined by Cases 1-19. Since there are finitely many elements in the permutation
group and A, can only take finitely many forms, we can simply assume P,, = P for each n, and A,, for all n
are of the same form out of the forms NE, 05, or 1-19. Otherwise, we can choose a subsequence and rename
A,, accordingly. Note that the diagonal entries of C'(,u) are all 1, we know that D,, — I as n — oo, where
I is the identity matrix. Hence, we obtain PA,PT — C(1,u).

We now show that A, cannot be of the form NE, 05, or 1-18. In [8], it was shown that Cases 13.1, 13.2,
16-17, and 19 are the only ones that are not contained in the closure of another case. Therefore, we only
need to show that A, cannot be of Cases NE, 13.1, 13.2, 16-17.

Suppose that A,, for each n is of the form NE. Then it is easy to see that PA, PT converges to a matrix
with at least one off-diagonal entries 1, which contradicts to the fact that C(¢, u) has no off-diagonal entries
1or-1.
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Suppose A,, for all n are of one of the forms 13.1, 13.2, and 16-17. Since we assume that PA,PT —
C(v,u) and C(1p,u) does not have off-diagonal entries 1 or —1, we know each angle ¥!" appearing in A,, does
not converge to 0 or 7. Noticing that the cardinality of the support of each minimal zero of matrices being
of the forms 13.1, 13.2, and 16-17 is 3, minimal zeros of A,, with the same support converge to a zero of
C (v, u) with 3 positive entries. Because each form of 13.1, 13.2, and 16-17 has at least 6 minimal zeros up to
positive multiples whose support has cardinality 3, we see that PA, P converges to a matrix with at least
6 minimal zeros up to positive multiples, and each minimal zero has exactly 3 non-zero entries. However,
C(¢, u) has exactly 5 minimal zeros up to positive multiples with exactly 3 non-zero entries and one minimal
zero up to positive multiples with exactly 4 non-zero entries. Therefore, PA, P cannot converge to C(1, u).
Hence, A, for each n cannot be of one of the forms 13.1, 13.2, and 16-17.

Thus if C'(¢,u) does not give an exposed ray, then it must be the limit of a sequence of matrices of the
form 19, which give exposed rays. We complete the proof. 0

Let C(v), u) give an exposed ray of COPS. v; i =1,2,...,6 are defined as above. Then Cone({v;v, ,i =

1,2,...,6} U{(avy + Bvs)(ave + Bvs) T, a, 8 € Ry}) is a maximal face of CP® determined by C(¢,u). By
Lemma 3.2, we know that v;v;,i = 1,2,...,7 form a basis of Span(F(CP®, C(¢y,u))) = Span({v,v, ,i =
1,2,...,6} U{(avy + Bvs)(ave + Bvs) T, a, B € Ry }), where v; = vy + v5. Hence, the dimension of the
subspace Span(F(CP®, C (v, u))) is 7. Since the last rows of vs, v, vz have nonzero entries, we get p = 3 for
Corollary 3.4. Therefore, the dimension of the maximal face of the n x n completely positive cone determined
by C(1,u)4m with n =m + 6 is k + mp + m(”;H) = ”Q*S”Jrg, which is less than w for n > 6.

THEOREM 4.8. The dimension of the mazimal face of the n x n completely positive cone determined by
2
C(Y,u) 4m with n=m + 6 is “=2"F2 for n > 6.

We now get a smaller bound on the dimensions of maximal faces of CP™ for n > 6 by Theorems 4.8 and
3.1.

THEOREM 4.9. The tight lower bound on the dimension of mazimal faces of the n X n completely positive
2_r
cone is between n and "%"*8 forn > 6.

5. Conclusions. In this paper, motivated by an open problem raised by Dickinson in 2011, we have
studied the lower bound for the dimension of a maximal face of the completely positive cone. We have
established a connection of the dimensions of maximal faces between a lower order completely positive cone
and a higher order completely positive cone. The connection has been established due to a fact that an
exposed ray of COP™ ! can be obtained through an exposed ray of COP™. Using this connection as a tool,
we have demonstrated by three examples how to use the information from a lower order completely positive
cone to find the dimension of a class of maximal faces of a higher order completely positive cone. We have
obtained the tight lower bound for the dimension of a maximal face of CP" is between n and % for
n > 6, which to the best of our knowledge is the smallest lower bound obtained so far.

Acknowledgment. We would like to thank an anonymous referee for a suggestion that helped simplify
the proof of Lemma 4.7 by using a result in [8].



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society I I

Volume 41, pp. 380-392, July 2025.
T. Holmgren and Q. Zhang 392

REFERENCES

[1] A. Afonin, R. Hildebrand, and P. Dickinson. The extreme rays of the 6 X 6 copositive cone. J. Glob. Optim., 79:153-190,
2021.

[2] A. Berman and N. Shaked-Monderer. Completely Positive Matrices. World Scientific, River Edge, New Jersey, 2003.

[3] M. Bomze, W. Schachinger, and G. Uchida. Think co(mpletely)positive ! matrix properties, examples and a clustered

bibliography on copositive optimization. J. Glob. Optim., 52:423-445, 2012.

P. Dickinson. Geometry of the copositive and completely positive cones. J. Math. Anal. Appl., 380:377-395, 2011.

[5] M. Diir. Copositive programming a survey. In: E. Jarlebring M. Diehl, F. Glineur and W. Michiels (editors), Recent
Advances in Optimization and its Applications in Engineering, Springer, Berlin, Heidelberg, 3—20, 2010.

[6] R. Hildebrand. The extreme rays of the 5 X 5 copositive cone. Linear Algebra Appl., 437:1538-1547, 2012.
[7] R. Hildebrand. Minimal zeros of copositive matrices. Linear Algebra Appl., 459:154-174, 2014.
[8] R. Hildebrand and A. Afonin. On the structure of the 6 X 6 copositive cone. Linear Algebra Appl., 693:22-38, 2024.
[9] T. Rockafellar. Convex Analysis. Princeton University Press, Princeton, New Jersey, 1970.
[10] N. Shaked-Monderer, I. Bomze, F. Jarre, and W. Schachinger. On the cp-rank and minimal cp factorizations of a

completely positive matrix. SIAM J. Matriz Anal. & Appl., 34:355-368, 2013.



	Introduction
	Preliminaries
	Connection of the dimensions of maximal faces between lower and higher order bold0mu mumu CPnCPnsectionCPnCPnCPnCPn
	Examples
	Conclusions
	References

