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WEIGHTED SUBDIRECT SUM OF NEKRASOV MATRICES*

LEI GAOT, YUE WU?#, AND TIANYUAN LIt

Abstract. The weighted subdirect sum of matrices plays a fundamental role in applications involving overlapping struc-
tures, such as multilayer network analysis and overlapping block iterative methods for solving linear systems. In this paper,
some sufficient conditions are presented to ensure that the weighted subdirect sum of Nekrasov matrices is in the class of
Nekrasov matrices. We obtain, in particular, that the weighted 1-subdirect sum of a Nekrasov matrix and a strictly diagonally
dominant matrix remains a Nekrasov matrix. Theoretical results are complemented by numerical examples demonstrating the
validity and applicability of the proposed conditions.

Key words. Subdirect sum, Weighted subdirect sum, Nekrasov matrices, Strictly diagonally dominant matrices, Overlap-
ping blocks.
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1. Introduction. The concept of weighted subdirect sum of matrices, which is a generalization of the
subdirect sum of matrices, was introduced and studied by Pedroche [25]. Let A and B be two square matrices
of order n; and ng, respectively, and let k be an integer such that 1 < k < min{n;, na}. Suppose that

All A12 :| |: Bi1 B2 :|
1.1 A= and B = ,
(L.1) { Agr Agp By By

where Aoy and By are square matrices of size k x k. The following matrix of size (n; +no—k) x (ny +nas—k)

All A12 0
C = A21 O[AQQ + ﬁBll B12 )
0 B21 322

is called the weighted k-subdirect sum of A and B, with weights « > 0 and 8 > 0, and it is denoted by
C=Aa"B.

The weighted subdirect sum arises in applications involving overlapping regions, such as overlapping
graphs in multilayer networks or iterative methods for solving linear systems of equations based on over-
lapping blocks with varying weights [25]. When o = 1 and 8 = 1, the concept of weighted subdirect sum
of matrices is reduced to the well-known subdirect sum of matrices introduced by Fallat and Johnson [g],
which has many applications in various problems, such as matrix completion problems [15], overlapping sub-
domains in domain decomposition methods [5, 9, 28], and global stiffness matrices in finite elements [27, 28].
For the weighted subdirect sum of matrices, it is common to focus on the following four questions [25]:
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Q-1 If A and B lie in a class S, are there any a > 0 and 8 > 0 such that C = A @2"6 B lies in the same
class S for k=17

Q-IT A matrix of the form

Cini Ci2 0
C=| Cy Ca Ch |,
0 Csz Cs3

belonging to a class of S can be written as A @z’ﬁ B, for k = 1, with some o > 0 and § > 0, and with A
and B in the same class as C'?

Q-IIT Question Q-I with £ > 1.
Q-IV Question Q-II with £ > 1.

Recently, Pedroche [25] provided affirmative answers to questions Q-1 to Q-IV regarding some positivity
classes of matrices. The author proved that (i) question Q-I (and question Q-III, taking k > 1) for positive
definite (PD) and positive semidefinite (PSD) matrices, symmetric M-matrices (SM), completely positive
(CP) matrices, and double nonnegative (DN) matrices have affirmative answer for the weighted subdirect sum
when o > 1 and § > 1; (ii) question Q-1 for M-matrices, P-matrices, Py-matrices, and totally nonnegative
(TN) matrices have affirmative answer for the weighted subdirect sum when o > 1 and 8 > 1; (¢i¢) question
Q-IT (and question Q-IV, taking k > 1) for PD, PSD, SM, CP, M, P, Py, and TN class have affirmative
answer for the weighted subdirect sum when 0 < @ < 1 and 0 < 8 < 1; (iv) question Q-II for DN class has
affirmative answer for the weighted subdirect sum when 0 < a < 1land 0 < 5 < 1.

The above results are extensions of the previous results on positivity classes for subdirect sums provided
by Fallat and Johnson [8]. In the case of subdirect sums, in addition to positivity classes, other classes of
structure matrices were also studied, such as inverses of M-matrices [6], inverse-positive matrices [1, 16],
doubly diagonally dominant matrices [33], and accretive, dissipative, Benzi—Golub matrices [14], S-strictly
diagonally dominant matrices [7, 4], @1 and «as-matrices [3], Nekrasov matrices [18, 23, 29, 30], weakly
chained diagonally dominant matrices [19], quasi-Nekrasov (QN) matrices [10], H-matrices [34], B-matrices
and doubly B-matrices [2], { Py, P»}-Nekrasov matrices [11], Ostrowski-Brauer sparse (OBS) matrices [12],
SDD(p) matrices [22], Dashnic—Zusmanovich matrices [21], strong SDD; matrices [32], SDD; matrices [26],
partially doubly strictly diagonally matrices [31], and generalization to linear operators on Hilbert spaces
[17]; for more details, see [24] and references therein. Among them, the subdirect sum of Nekrasov matrices
has attracted much attention and studied [10, 18, 23, 29]. However, the weighted subdirect sum of Nekrasov
matrices remains unclear, and it may also appear when analyzing overlapping subgraphs in complex networks.
For example, two weighted graphs with an overlapping clique (i.e., a complete subgraph) of four vertices are
shown in Fig. 1. The weighted adjacency matrices are given by

3012 0 0 0 8 23 200 0
0 4,0 0 0 3 2. 92 130
2 0/14 5 1 6 328 1.1 0
Alools o s T2 0 1500 0
0 0!1 7 12 4 03 10:'9 4
0 3.6 3 4 16 000045

As reported in [25], the union of the above two graphs can be constructed by assigning different weights
to the cliques based on their origin: those from G; will be weighted by «, whereas those from G2 will be
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Fic. 1. Two graphs with an overlapping clique.

assigned a weight of 5. The adjacency matrix of the union G; U G5 is given by

(3 0} 2 0 0 0 10 0
0 4. 0 0 0 3 100
2 0140 +88 B5a+23 a+38 6a+23 10 0
AP A, — | O 0§ 5a+28 15a+98 Ta+28 3a+p8 3 0
PPE T 0 00 a+38  Ta+28 120+83 da+B 11 0
0 3! 6a+23 3a+p da+p  16a+53:0 0
0 0: 0 3 1 0 94
Lo 0: 0 0 0 0 14 5]

Observe that A; and As are Nekrasov matrices. An interesting problem arises: are there any « > 0 and
B > 0 such that Ay @Z’ﬁ As is a Nekrasov matrix? To address this type of problem, this paper focuses on the
weighted subdirect sum of Nekrasov matrices. Several sufficient conditions are provided to ensure that the
weighted subdirect sum of Nekrasov matrices lies in the class of Nekrasov matrices. These conditions provide
affirmative answers to questions Q-I and Q-III for Nekrasov matrices. Numerical examples are presented to
illustrate the corresponding theoretical results.

2. Preliminary. In this section, several definitions and notations are introduced that will be used in
the sequel. For any arbitrary positive integer n, C™*™ denotes the set of all n x n complex matrices, and
let N :={1,2,...,n}. Let A = [a;;] € C"*™, B = [b;;] € C">*™ and let k be an integer such that
1 <k <min{ny,ns}. Then, C = A @g’ﬂ B = [c¢;j], where

Qjj, 1€ 51, jE€STUS,
0, i€ S5, jESs,
aij, i € 52, j €51,
Cij = oaij + Bbi—j—¢, 1€ Sa jE S, )
bift,jfta (&S 527 ] € 537
0, i € 537 .7 € Sla
bi—tj—t, i €853, j€S2USs,
with
(21) Sl :{172,...,711—]6}7 ng{nl—k:—l—l,...,nl}, Sg:{nl—l—l,...,n},

t =ny—k and n = ny +no—k. Obviously, S;US2US3 = N. It is worth noting that the weighted k-subdirect
sum is reduced to the k-subdirect sum when o = 8 = 1. In this case, “692’5” will be abbreviated as “@y”.
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DEFINITION 1. [13] A matriz A = [a;;] € C"*™ is called a strictly diagonally dominant (SDD) matriz
if for each i € N,

n

lasi| > ri(A) = Y ail.

J=1.j#1
DEFINITION 2. [20] A matriz A = [a;;] € C**" is called a Nekrasov matriz if for each i € N,
|aii| > hZ(A),
where hy(A) = r1(A), hi(A) = Y2 lag| 8 + 5704 lail, i =2,3,..0n.

Let A = [a;;] € C"*™ | B = [b;;] € C*2*"2 and let Sy be an index set defined in (2.1). Given positive
real parameters o > 0 and 8 > 0, we define the parameter constraint set

ni—k n

h;(A
(2 oy = @Al =1 Y lag 2 > (1) 3 Ibioasoilie S,
j=1 73

j=ni1+1

3. Weighted subdirect sum of Nekrasov matrices. In this section, we consider the weighted
subdirect sum of Nekrasov matrices and give affirmative answers for questions Q-I and Q-IIT under certain
conditions. Before that, an example is given to show that the weighted subdirect sum of a Nekrasov matrix
of order ny and an SDD matrix of order no may not be a Nekrasov matrix.

EXAMPLE 3.1. Consider the following matrices from [18]:

79 -05 05 3*0'5 151*04*05*06
A= | 79 B 55 g 0 163 08 08 |

LTA DT 96 8 —05:-01 24 —09

—4.9 —09 —476; 6 —-05;-08 —02 29

where A is a Nekrasov matriz and B is an SDD matriz. If we take a = 0.5, = 0.5, then

79 —05 —05:-05: 0 0 0

-9 16 -5 5.0 0 0

—4 =7 96 1 -3 .0 0 0
C=Ao{™B=| -49 —09 —476:3755: —04 —05 —0.6
0 0 0 ! 0 163 —08 —08

0 0 0 -05i-01 24 —09

0 0 0 | -05:-08 —02 29

By calculation, we know that C = A 69(1)‘5’0‘5 B is not a Nekrasov matriz as ha(C) = 7.4931 > 3.755 = |cqa].

Example 3.1 shows that, in general, we cannot ensure that the weighted subdirect sum of Nekrasov
matrices is also in the Nekrasov class. However, under certain conditions, we can guarantee that the weighted
k-subdirect sum of a Nekrasov matrix and an SDD matrix is in the class of Nekrasov matrices. The weighted
1-subdirect sum is first considered.

THEOREM 3. Let A = [a;;] € C"*" and B = [b;;] € C™*™ be two matrices partitioned as in (1.1).
Let k =1, 51,52 and S3 be sets defined by (2.1). Assume that A is a Nekrasov matriz and B is an SDD
matriz. If all diagonal entries of Asy and By are positive (or negative), then, for (a, ) € I(q,) given by
(2.2), the weighted 1-subdirect sum C = A &Y B is a Nekrasov matriz.
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Proof. Since A is a Nekrasov matrix, it follows that |a;| > h;(A) for all i € S; U Sy. We divide three
cases to prove that |¢;;| > h;(C) for all i € S; U Sy U Ss.

Case 1: 7 € S;. We have

|C'Li| = |au| > h
j=i+1

—Z\ (©).

j=i+1

Case 2: i = nj € S3. By the assumptions, we have

|Cﬂ1,’fl1| = a‘a’nl,fh' + B|b11| > ahnl(A) + Brl(B)

ni—1
_QZ‘MJH +5Z‘blj|
ny—1 )
Z la m,J| o] +Z|b1j| (by (2.2))
j=2
ny— 1
= Z | n17]| + Z ‘C"1J|
Jj=ni1+1
= hnl(C’).
Case 3: 1 € S3. For i = ny + 1, we have
no
Cnyt 1] = [b22] > r2(B) = [bar] + Y [bay]
ny n
= lemsrgl+ Y lenisnl
j=1 j=nit2
>Z‘Cn1+1u| + Z lens+1,5]
j=ni1+2

= hn1+1 (C)

Suppose that |c;;| > h;(C) for all i < ny; + m, where m is a positive integer and 1 < m < ny — 1. Note that
B is an SDD matrix and t = ny — 1. It follows that
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Cn1+m,n1+m| = |bn1+m7t’n1+m7t| > Ty pm—t(B)

ni+m—t—1 na

= Z |bny +m—t,5] + Z [[——
j=1 j=ni+m—t+1
ni+m—1 n

= D lengmil D lentmy
Jj=1 Jj=nit+m+1

ni+m—1 n

> 3 et 2 el

= 1+m,) |C| ni+m,j
Jj=1 77 j=ni+m+1

= hny4m (O).

Therefore, we can conclude that |c;;| > h;(C) for all i € S3. From Cases 1, 2, and 3, it follows that for any
i €Sy USyUSs, |eii| > hi(C), which implies that C = A &S B is a Nekrasov matrix. 0

EXAMPLE 3.2. Consider matrices A and B again in Example 3.1, where A is a Nekrasov matriz and B
is an SDD matriz. Without loss of generality, if we take o = 1.1, then from (2.2) we have

(1—a) X F a2

=1 la;]
B > max< 0,max< 1+ 7 =
(S Zj:nl—i-l |bi—t,j—t
(1 a) 27 Jay, | B8
=max<¢ 0,1+ 7J1 ! logs]
> s |13
= 0.6005.

Hence, by Theorem 3, it follows that C = A EB}'I’B B is a Nekrasov matriz for any 8 > 0.6005. In fact, for
B = 0.8, we have

79 —05 —05:-051: 0 0 0

-9 16 -5 -5:0 0 0

-4 -7 96 | -3 .0 0 0
C=Ae;"®B=| -49 -09 —4767808: 04 —05 —0.6
S0 0 0 0 1163 —08 —08

0 0 0 ! -05:-01 24 -09

0 0 0 | -05;-08 —02 29

By calculation, we know that |ci;| > hi(C) holds fori=1,2,...,7, which implies that C = A 691'1’0'8 Bisa
Nekrasov matriz. However, when k > 2, C = A EBZ"B B may not be a Nekrasov matriz for (o, B) € I, p)-
For example, for k=2,a=1,=1 ((a,) € I(a,p)), one has

79 -05! -05 —05: 0 0 ]
R 0 T U0 SO
—4 -7 11111 —341-05 —0.6
C = A 11 B = : :
2 749 709476 763 :-08 -08
0 0 | =05 —01: 24 —09
0 0 | —05 —08:-02 29
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Obviously, C = A®Y" B is not a Nekrasov matriz because |cqq| = 7.63 < 7.6371 = hy(C).

Example 3.2 motivates the search for other conditions such that C' = A @Z"ﬂ B for k > 2 is a Nekrasov
matrix, when A is a Nekrasov matrix and B is an SDD matrix.

THEOREM 4. Let A = [a;;] € C"*™ and B = [b;;] € C™*" be two matrices partitioned as in (1.1).
Let k be an integer such that 1 < k < min{ni,ns}, and let S1, Sa, and Ss be sets defined by (2.1). Assume
that A is a Nekrasov matriz and B is an SDD matriz. If all diagonal entries of Asg and Biy are positive
(or negative), and a;; = 0 for all j < i ,i,j € Sa, then, for (o, B) € Ia,p) given by (2.2), the weighted
k-subdirect sum C' = A @2’5 B is a Nekrasov matrix.

Proof. Since A is a Nekrasov matrix, it follows that |a;;| > h;(A) for all i € S; U S3. We divide three
cases to prove that |c;;| > h;(C) for all i € S; USy U S3.

Case 1: i € S7. Similarly to the proof of Case 1 in Theorem 3, it follows that |c;;| > h;(C).

Case 2: i € S3. For i =ny — k + 1, by the assumptions, it follows that

leny— k41,1 —kt1] = afaiyr ev1| + Blbii]
> ahi1(A) + Bri(B)

ni

h; A
=@ Z‘at+lj| + Z latt1,;] +5Z|b1]|

Jj=1 J=t+2

= OéZ|¢lt+1,y|

+ Z (alaii1,] + Blorj—l) + B Z b1

| JJ' j=t+2 j=k+1

>QZ|a’t+1,] + Z et + 8 Z |01
Jj=t+2 j=k+1
no

> Z \at+1j| ] + Z ‘Ct+lj| + Z |b1]| (by (22>)

j=t+2 G=k+1
n
_E ‘CHLJ > " lers |
j=t+2 j=ni1+1

== ht+1 (C)
Suppose that |c;;| > h;(C) for all i < ¢t + m, where m is a positive integer and 1 < m < k. Since

|Ct+m,t+m| = a|at+m,t+m| + ﬂlbm,m|
> O[ht+m(A) + B’I’m(B)

t t+m—1

A
= Z‘at+ma| + Z |t+mj||( )+ Z |at+m,j| + Brm(B)

i=1 |]J| j=t11 iil j=ttm1

: h;(A) -
=aZ|at+m,j\]af +o Z |t ym,j| + Brm(B)
j=1

oyl A
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t n m—1 n
h(A) 1 2
= aZ|at+m j |Jajj| + Y (@arymsl + Blbmg i)+ B D bmjl+B8 Y (bl

j=t+m+1 j=1 j=k+1
m—1
>O‘Z|af+mu| Z | ym,j + Bbm,j— f|+52|b Wil + B Z b
| JJ' j=t+m+1 j=k+1

n2

>Z|at+m,j| B SN 48 S sl + 3 bl by 22)

la N| j=t+m+1 Jj=1 J=k+1

( ) t+m—1 n
Z|ct+m | Z ‘Ct+m7j|+ Z |Ct+m7j|+ Z |Ct+m,j
Jj=t+m-+1 j=t+1 j=ni1+1
t+m—1 C)
2 Z|Ct+m,y |etam il = o + Z |Ct-tm ]
j=t+1 j=t+m+1

= ht+m(c)7

it follows that |c;;| > hi(C) for all i € Ss.

Case 3: ¢ € S3. When ¢ = n; 4+ 1, we have

leny 410 +1] = bkt k1] > Thg1(B)

k no
=Y brrrgl+ Y bryrgl

=1 j=k+2
>Z|Cn1+1j| + Z Cny+1,

j=ni1+2
= hn1+1 (C)

Suppose that |¢;;| > h;(C) for all ny < i < nq+1—1, where [ is a positive integer and 1 < [ < ny — k. Since

k+1—1 no
lemy sttt = Brgrea] > e (B) = > Dbegrgl + Y et
Jj=1 j=k+1+1
ni nyi+i—1 n
= > emsril+ D0 lemsrilt D lening
j=t+1 j=ni1+1 j=ni1+l+1
ni+i—1 n
h;(C
Z Z |Cn1+l,j J( )+ Z |Cn1+l,j
j=1 €3] j=ni+i+1
= hﬂ1+l(0)v

it follows that |c;;| > hi(C) for all i € Ss.

From Cases 1, 2, and 3, it follows that for any ¢ € S; U Sy U Ss, |¢ii| > hi(C). This completes the
proof. 0
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EXAMPLE 3.3. Consider the following matrices in [18]:

79 1-05 —05 —05 151 —04 —0.5: 0.6
A_| 912 55 B— 0 1.63 —08:-08 ’

-4, 0 96 =3 705 01 16 :—-09

—49: 0 0 6 —05 —-0.8 —02: 29

where A is a Nekrasov matriz and B is an SDD matriz. For k = 3, if we take a = 1.2, then from (2.2) we

have

ni—k h;(A
(1= ) 252" g 24 —0.8101
Z;L:nlJrl |bi_t7j—t| . |

£ > max < 0,max < 1+
1€Ss

Observe that azs = a4 = aq3 = 0, which satisfies the hypotheses of Theorem 4. Therefore, by Theorem 4, it
follows that A @;,2’5 B is a Nekrasov matrix for any 8 > 0.8101. In fact, if we take 8 = 0.9, then

79 1 =05 —05 =05 0
-9 115759 —6.36 —6.45: —0.6
C=A@y*""B=1| —4 1 0 12987 —432! 08
—4.9 1 —045 —0.09 8.64 : —0.9
0 1 -05 08 —021 29

By computation, |c;;| > hi(C) holds fori=1,2,...,5, i.e., C=A 69:1,)'2’0'9 B is a Nekrasov matriz.

THEOREM 5. Let A = [a;;] € C"*" and B = [b;;] € C™*™ be two matrices partitioned as in (1.1).
Let k be an integer such that 1 < k < min{ny,n2}, and let Sy, Sa2, and Sz be sets defined by (2.1). Assume
that A is a Nekrasov matriz and B is an SDD matriz. If all diagonal entries of Azs and By1 are positive
(or all negative), and for all i € Sa, hitd) > 1iot(B) - phere ¢ = ny — k, then, for (o, B) € Ia,p) given by

laiil = Tbi—t,i—t|’
(2.2), the k-weighted subdirect sum C' = A @z’ﬁ B is a Nekrasov matriz.

Proof. Since A is a Nekrasov matrix, it follows that |a;| > h;(A) for all i € S; U Sy. We divide three
cases to prove that |¢;;| > h;(C) for all i € S; U Sy U Ss.

Case 1: ¢ € S;. Similarly to the proof of Case 1 in Theorem 3, it follows that |c;;| > h;(C).

Case 2: ¢ € S5. When ¢ = n; — k + 1, similarly to the proof of Case 2 in Theorem 4, we have
leny—kt1,my—k+1] = arire1| + Blbui| > ahuy1(A) + Bri(B) = hi1 (O).

Suppose that |c;;| = alaii| + Blbi—t,i—t| > ahi(A) + Bri—(B) > h;(C) for all i < t +m, where m is a positive
integer and 1 < m < k. It follows from hla(fl) > Tizt(B) that

= |bi—t,i—t

Olhl(A) =+ 57"7;,25(.8) < hZ(A)

1 <t+m.
alaii| + Blbi—t,i—t| la;i|
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Hence,

t+m—1
- ha( |)

Z |Ct+m,J

ht+m
Jj=t+1
t+m—1

j=t+m-+1

IL
AS

402

Z |cttm, sl

ah;(A) 4+ Brj—«(B)

< Z |at+m,J
>

| |aat+ma] +6b m,j— t| ‘

Jj=t+1

n

|0Gstm,; + Bbm,j—t| + Z [bm, 51

aajj + fBbj—t,j—t|

j=t+m-+1 j=ni1+1
t+m—1 ni
A
Z|at+m,j| il |) + > |aarim; + Bbmj—t| 7 a; i |) > asimy
j=1 @j; j=t+1 j=t+m+1
n
+8 Z b=t + D [bmi—t]
j=t+m+1 j=n1+1
(A) t+m—1 t+m—1 . ni v
@ Z ,th""a Z |at+m,]
j=1 j=t+1 j=t+1 j=t+m+1
n
+8 Z bm—tl+ Y |bm,—l
j=ttm+1 j=ni+1
t t+m—1 ni t+m—1
h;(A h;i(A
<aXlonsl B b o Y lani B 0 S ol +8 2 lbsed
= 77 j=t+1 77 j=t+m+1 j=t+1
ni n
+B8 D bma—t +B D [bmi
j=t+m+1 j=ni+1
t+m—1 (A) t+m—1 n
S SRTIENETL NI SRETAH) P SATS IR S
j=1 j=t+m+1 j=t+1 j=t+m+1

- aht+7rL (A) + ﬁr'm(B)-
This implies that

|Cttmt+m| = al@irmirm| + Bbtym—t.t+m—t| > @hirm(A) + Brigm—it(B) > hipm(C).

Hence, we can conclude that |¢;;| > h;(C) for all i € Ss.

Case 3: i € S3. Similarly to the proof of Case 3 in Theorem 4, it follows that |c;;| > h;(C).

From Cases 1, 2, and 3, we have that for any i € Sy U Sy U Ss, |cii| > hi(C).

proof.

This completes the
d

EXAMPLE 3.4. Consider the matrices A1 = [a;;] and Ay = [b;;] as defined in the introduction, where A;
is a Nekrasov matriz and As is an SDD matriz. For k = 4, the index set So is given by Sy = {3,4,5,6}. By

computations, we obtain the following inequalities:

ha(A As) ha(A, A
3(A1) _ 9504 = 0.8750 = "LA2) PalAD) _ g a00s g ge1q = 72(42)
|azs| b11] 7 [aal |baz|

hs(A A he(A A
hs(A41) _ o868 > 0.7034 = "3(A42) 0 16(A) _ 6 9090 < g 6800 = T4(42)
|ass| |baal |lage| |baal

These inequalities satisfy the hypotheses of Theorem 5
matriz A; 692"’6 As is a Nekrasov matriz for all o > 1 and B8>1.

. Consequently, by Theorem 5

and formula (2.2), the
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EXAMPLE 3.5. Consider the following matrices in [10]:

8105 —05 —0.5 71 -12; 02

-9 16 5 -5 7 88 2 -3
Tl e a1 s P70 0s 13 o |

-5, -1 -1 6 05 3 1 |6

where A is a Nekrasov matriz and B is an SDD matriz. For k = 3, if we take o = 2, then by (2.2) it holds
that

(1 - a) an g | Qij ‘ h‘a(A‘)
B > max< 0,max< 1+ - = = 0.6250.
1€Sa Zj:n1+1 |bz—t,]—t|
Since a;; # 0, for each j < i with i,5 € So = {2,3,4}, it follows that the matriz A does not satisfy the
hypotheses of Theorem 4, so we cannot use Theorem /j to verify whether C' = A@S # B is a Nekrasov matriz
or not for those B > 0.6250. However, by computations,

ha(4) > 0.7304 > 0.6 = r(B) hs(4) > 0.4697 > 0.1364 > — r2(B)

\(122| \bn| |a33| |522|
and ha(A B
( )>03562>03462> ra(B)
| a4 |bss|

which satisfy the hypotheses of Theorem 5. Therefore, from Theorem 5, C = A @g # B is a Nekrasov matriz
for any B > 0.6250. In fact, without loss of generality, assume that 3 = 0.8. Then, the weighted 3-subdirect
sum C = A®3 208 B gives

8 1-05 —05 —05 10
91376 108 —10.96: 2
C=| -6:-24 1004 —44 -3
—51-04 —-16 224 @ -2
005 3 1 16

In fact, since hi(C) = 1.5, ha(C) = 25.4475, h3(C) = 10.1493, hy(C) = 3.37, and hs(C) = 0.7921, it follows
that |ci;| > hi(C) holds fori=1,2,...,5, i.e., C=A @3’0'8 B is a Nekrasov matriz.

THEOREM 6. Let A = [a;;] € C"*™ and B = [b;;] € C"**" be two matrices partitioned as in (1.1).
Let k be an integer such that 1 < k < min{ny,ns}, and let Sy, Sa, and Sz be sets defined by (2.1). Assume

that A is a Nekrasov matriz and B is an SDD matriz. If all diagonal entries of Aso and By are positive
(or negative), then, for (o, B) € I(q p) given by (2.2) such that

i—t—1
(31) Oé|a“‘|+ﬂ‘bi,t’i,t| —ah( ) BTz t > Z Oi_ t,js 1€ SQ\{t+1}

the weighted k-subdirect sum C' = A &} “f B is a Nekrasov matriz, where t =ny1 — k and

hi+;(A, B) o (4
— — alai 4]
alaitjevs| + Blbj |la

— Blbi—t,jl

Gi—tj = @i t4j + Bbi—t ;l tg g ]
J,tT7

with
ht+1 A B) Z |at+1

+5le|
j=k+1 j=2



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society I I

Volume 41, pp. 393-411, August 2025.
L. Gao, Y. Wu, and T. Li 404

and forp=2,...,i—t—1,

JF Z |6y

| m 2

hiip(A, B) Z |at4p, J|

+p§| iy e B) S + by
QQptp,t4j j Q4 j t+j il
p pit+j P alags g ev4) + Bl =~ +iit+i ji

Proof. Since A is a Nekrasov matrix, it follows that |a;;| > h;(A) for all i € S; U Ss. We divide three
cases to prove that |c;;| > h;(C) for all i € S; U Sy U Ss.

Case 1: i € S7. Similarly to the proof of Case 1 in Theorem 3, it follows that |c;;| > h;(C).

Case 2: i € S3. When i =nj — k + 1, similarly to the proof of Case 2 in Theorem 4, we have
eny—kt 1m0 —k+1] = @laz1,e41] + Blbr1] > ahyg1(A) + Bri(B) > hea (C).

Suppose that |¢;;| > h;(C) for all i < ¢t + m, where m is a positive integer and 1 < m < k. Next we prove
that |Ci4m t+m| > hitm(C). By the assumptions, we have

|Ct+m,t+m‘ = O‘|at+m t4m| + /B|bm m|
m—1
>Oéht+m( )+B7’m + 25 m,j
j=1
+
)

h;(A) S
= Z |at+m,_7| Z |at+m,] | | | +a Z |at+m,j
j=t+1 ajj j=t+m+1

na

m—1
+6Z|bm3|+5 Z gl 48 Y [bmgl + Y Om.
j=1

j=m+1 Jj=k+1
m—1 k
hiyi(A
= Oéz |Gt+m,y| ) +ad aim, t+a|t+J()_| +a Y aimit
j=1 A+t 4j j=m+1

no m—1
+ﬂ2|bmj|+5 Z bl +B Y bl + D Om
j=m+1 j=k+1 j=1
t
03 o 22
j:

k na
+ Z (al@stm,tv5] + Blom,j]) + B Z b,

hivi(A
Z (|atqm,i+; |t+j() + Blbm,;)

| ajj ‘ — t+J,t+j|

j=m+1 j=k+1
m—1
hi+;(A, B) he+(A)
+ (|oarsm ttj + Bbm — &|atpm,tjl T = Blom,jl)
2. et " alagy i) + Blbsjl " a4 ™

Jj=1



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society I I
Volume 41, pp. 393-411, August 2025.

405 Weighted subdirect sum of Nekrasov matrices

ht+j (Aa B)
alaitj i + Blbj;]

+ﬂbm]|

k na
+ Z (@larsmiei| + Bloms) +8 Y [bml
j=m+1 j=k+1
(4) | hi+5(C)
= bm
az ‘at+m»] | o j + ﬁ ’j|a|at+j,t+j‘ ¥ B|b]j|
k n3
+ Z (a|at+7rL t+j| +/B|b7n,j ) +ﬁ Z |bm,j|
j=m+1 j=k+1
t m—1
i(4) hi45(C)
iy ,| + D letiim i + B
ZZ: " Jaggl ; T agy | Blbjl
k n
+ Z (atsm,e+j] + Blom ;1) + Z b, j—t]
j=m+1 j=ni1+1
t t+m—1 n
Z Ct+m,y| | | + Z lc t+m1| | | Z |Ctm,i| + Z |ct-rm, sl
j=1 € j=t4+1 € j=t+m+1 j=ni+1
t+m—
C
= Z |Ctm,j |( |) + Z |ctm,j]
j=1 € j=t+m+1
= hiym(C).

Hence, by mathematical induction, we have |c;;| > h;(C) for all i € Ss.

Case 3: i € S3. Similarly to the proof of Case 3 in Theorem 4, we have |¢;;| > h;(C) for all i € Ss.
From Cases 1, 2, and 3, we know that |c;;| > h;(C) for any i € S; U Sy U S3. The proof is complete. 0O

ExXaMPLE 3.6. Consider the following matrices:

2 0505 05 4 171 -1
PR U - P U L o 1

—4 —4: 10 05 2 116 2

2.5 1} 1 4 -3 3@4 12

where A is a Nekrasov matriz and B is an SDD matriz. For k = 2, we take o = 1.5, then from (2.2) we
have

5 2 max {0,y |1 L0 ol oy
2 max ,Inax 7

, = 0.7250.
1€S>2 Zj:nl—i-l |bi—t,j—t|

Take = 0.8. For i€ So\{t+ 1} = {4}, we have

Oz|a“" + 5|bi7t,i7t| — Oéh,(A) — ,B’l“i,t(B) = 2.4350,
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and
i—t—1
hivj(A, B) hivj(A)
Oiy =l i+ Bbi_; s JATT —ala; ja | —2 Blh.
; ity = iy + B t’j|a|at+j,t+j\+5\bjj| | z’tJr]||at+j,1t+j| Blbie1
ha+1(4, B) hs(A)

= |aa43+5b21\a alags| — B[b21]

lass| + 5]b11] a lass|

<0,

which implies that
oz\a44| + 5“722‘ — Oéh4(A) — ﬁ’/‘g(B) > do1.
These satisfy the hypotheses of Theorem 6, and thus by Theorem 6, it holds that C = A EB%'S’O'S B isa

Nekrasov matrix. In contrast, both Theorem 4 and Theorem & become invalid because ass = 1 and }T;i‘:l) =
7 3 ri(B
0<i= Ilb(u\)' In fact,
[(2 05/05 05:0 0]
;44 025 025: 0 O
—4 —41182 155! 1 -1
— A 1.5,0.8 B = ! !
C=4% 25 1123 124:1-2 3
0 0 2 1 16 2
L0 0 -3 3 ;-4 12

By computations, h;(C) < |ci| for i =1,2,...,6, which means that C' is a Nekrasov matriz.

Note that in Theorem 6 if, for ¢ € So\{t + 1},
i—t—1

(3.2) > Jaaiiys + Bbiowl

j=1

i—t—1

hi+(A, B) it (A)
< a5 | = + Blbi-t,5]),
oacsjets| + Blbss| 2 (@laies] |attj,e45] bi=31)

j=1

then

i—t—1

Z 0i—t,5 <0,
i=1

which together with (3.1) immediately yields the following easily checkable sufficient condition.

COROLLARY 7. Let A = [a;;] € C"*"t and B = [b;;] € C™*™ be two matrices partitioned as in (1.1).
Let k be an integer such that 1 < k < min{ny, ns}, and let S1, So, and S3 be sets defined by (2.1). Assume
that A is a Nekrasov matriz and B is an SDD matriz. If all diagonal entries of Ass and By1 are positive
(or negative), then, for (a, ) € I(q,5) such that (3.2) holds, the weighted k-subdirect sum C = A @Z‘”ﬁ B s
a Nekrasov matriz.

EXAMPLE 3.7. Consider the following matrices from [29]:

(8 05 1i05 1 -1 —1] [ 4 05 05 05:05 05 05

-1 6 1:1 1 1 1 1 8 —2 —1:105 05 1

9 -1 14:2 1 -1 -1 15 —05 10 1 11 -3 -1
A=]9 7 2718 -1 05 05 |,B=| 3 3 2 12!05 1 15
8 6 410 18 1 1 -1 -1 -1 119 1 1

4 8 412 1 2 2 3 -2 1 1:1 15 2
| -8 -12 6 -3 7 36 . 5 3 13 2 20




Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society I I
Volume 41, pp. 393-411, August 2025.

407 Weighted subdirect sum of Nekrasov matrices

It is easy to verify that A is a Nekrasov matriz and B is an SDD matriz. Fork =4, = 1.1, by computations,

we have
(1= o) 52" fag] 24

=1 laj;]
B> max ¢ 0,max < 1+ 7 i = 0.7339.
i1E€S2 Zj:n1+1 |bi7t,j7t|
Take B = 0.8, the weighted 4-subdirect sum of A and B is
(8 05 1;05 1 -1 -1;0 0 0]
-1 6 1 1 1 1 110 0 0
9obMi2 1 -l S1i0 0 0
9 7 2723 07 095 09505 05 05
1108, | 8 6 4108 22 —05 03:05 05 1
C=4de, B= 4 8 4134 07 30 3 11 -3 -1
8. 712 6209 46 93 492105 1 15
o 0 0:-1 -1 -1 —-1:9 1 1
0o 0 0: 3 -2 1 1 15
L 0 0 0 5 3 1 13 2 20 |

It is easy to verify that (3.2) holds for all i € So\{t + 1} = {5,6,7}. Hence, by Corollary 7, it follows that
C = Aa®;""® B is a Nekrasov matriz.

Next, we provide some sufficient conditions to ensure that the weighted subdirect sum of two Nekrasov
matrices belongs to the same class.

THEOREM 8. Let A = [a;;] and B = [b;j] be all Nekrasov matrices of order ni and ng partitioned as in
(1.1), respectively. And let k,S1,S2,S3,t be the same as Theorem 4. If all diagonal entries of Aza and By
are positive (or all negative), Asy =0, and fori,j € Sa,j # 1,

laa;j + Bbi—t j—¢| < [Bbi—t j—+|,
where a > 0 and 8 > 1, then the weighted k-subdirect sum C = A 692"’6 B is a Nekrasov matriz.
Proof. We divide the following three cases to finish the proof.

Case 1: i € S7. Similarly to Case 1 in the proof of Theorem 3, we have for each i € Sy, |ci;| > hi(C).

Case 2: i € Sy. We first prove that h;(C) < h;_+(B). For i = n; — k + 1, by the assumptions it holds
that

ni—k h(C) n
SENICE Sy SR

j=1 | Jj| j=n1—k+2

ni—k hJ(A) n
= D lan k1 Tagl Y len-kgl
j=1 73 j=n1—k+2
ni n
= > oan, kg B+ > bl
j=ni1—k+2 j=ni1+1

<B > brji| =Bh(B).

Jj=n1—k+2
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Assume that h;(C) < h;_¢(B) holds for all i < ny — k + m, where m is a positive integer and 1 < m < k.
Since

t+m—1
C
him(C) = Z |Ctm, ] = Ic; il |) + Z |Ctm, g

J=1 j=t+m-+1
t+m—1 (C)
= Z |Ct+mj|‘ | + Z |Cttmil
j=t+1 €ii j=t+m+1
t+m—1 n
<B D [bmye t| +8 Z bmj—tl 48 D |bm.jil
i |bJ tj— t| .
j=t+1 ’ Jj=t+m+1 Jj=ni1+1
= hpm(B),

it follows that h;(C) < h;_¢(B). This immediately leads to

lcii| = |aai; + Bbi—tj—t| > |biti—t| > hi—e(B) > hi(C).

Case 3: ¢ € S3. For © = ny + 1, we have

ICni+1,m141] = [Dk+1,k+1]

> hi11(B)

k n2

h;(B)

= lorsi1; |Jb rt > bkt

j=1 i j=k+2

n1—k ( )
= Z ‘Cn1+1] | ‘Cn1+1 ]||b |+ Z ‘C”1+1]

j=ni1—k+1 —tj—t j=ni+2

>Z‘C"1+1J| + Z ey 41,51

j=ni+2
= hn1+1 (C)

Suppose that |c;;| > hi—¢(B) > h;(C) for all ny < i < ni+1—1, where [l is a positive integer and 1 < [ < no—k.
Since

[Cny 41,011 = [Ori,k41]

> hi1(B)
k+1—1

= E |bk+l,y
j=k+1+1

ni—k ny+Il—1 n
h;(C) oB) |
= Z |Cn1+l7 | | ‘cn1+l7.7| |b] | Z |Cn1+l,j

|br+1,5

Jj=1 j=n1—k+1 j=ni1+i+1
ni+li—1 h C)
= E : |Cn1+l,j ; ‘ + § : |Cn1+l,j|
j=1 j=ni+l+1

= hnl“l'l(c)?
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it follows that |¢;;| > hi(C) for all i € Ss.

From Case 1, Case 2, and Case 3, we have that |¢;;| > h;(C) for any i € S; U Se U S3. This implies that
C=A @Z"ﬁ B is a Nekrasov matrix. 0

EXAMPLE 3.8. Consider the following two Nekrasov matrices in [10]:

914 o1 =2 60 —15 =154 -15
0110 1 2 ~75 105 45! 0
B R N i I =)
01 3 7 —-15 —15 —15] 45

For k =3, if we take o = 0.5, 3 = 1, then it is easy to verify that |aa;; + Bbi—¢ j—¢| < |Bbi—t j—¢| holds for
alli,j € So ={2,3,4},j # 4, which satisfies the hypotheses of Theorem 8. Therefore, by Theorem 8, we get
that C = A®3>" B is a Nekrasov matriz. In fact,

C=A®™ B=|0 —74 107 —44 | 0

By computation, hi(C) = 7,hs(C) = 43.5, h3(C) = 93.5231, ha(C) = 105.951, h5(C) = 36.0177. Obviously,
lcii] > hi(C) holds fori=1,2,...,5, i.e., C = A @3'5’1 B is a Nekrasov matrix.

Using the same technique, we can easily obtain the following result.

THEOREM 9. Let A = [a;;] and B = [b;;] be all Nekrasov matrices of order ny and ny partitioned as in
(1.1), respectively. And let k,S1,S2,S3,t be the same as Theorem 4. If all diagonal entries of Ass and Biy
are positive (or all negative), Bio =0, and for j #1i,4,j € Sa,

laaij + Bbi—t,j—¢| < |oayl,
where o > 1 and B > 0, then the weighted k-subdirect sum C' = A @z’ﬁ B is a Nekrasov matriz.

ExXAMPLE 3.9. Consider the following two Nekrasov matrices:

9j—4 -1 =2 35 —15 —15 0
"i%’i’llb""ib""fé” B | 15 B8 —45% 0
15125 65 25 -30 —35 64 0
13720 20 50 15 —15 —1545

For k = 3, if we take o = 1.2, 5 = 0.5, then |aa;; + fbi—t j—¢| < |aasj| holds for alli,j € So = {2,3,4},j # i,
which satisfies the hypotheses of Theorem 9. Therefore, by Theorem 9, we get that C = A EB:I,,'Q’O‘5 Bisa
Nekrasov matriz. In fact,

C=Aay*""B=| 151225 107 T.

By computation, h1(C) = 7,ha(C) = 28.2222, h3(C) = 28.8613, hy(C) = 15.7422, h5(C) = 13.0758. Hence,
|cii| > hi(C) holds fori=1,2,...,5, which implies that C = A ®3*°® B is a Nekrasov matriz.
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4. Conclusions. In this paper, we give some sufficient conditions for the weighted k-subdirect sum
A @g’ﬁ B to be a Nekrasov matrix when A is a Nekrasov matrix and B is an SDD matrix, or A and B
are both Nekrasov matrices. These provide affirmative answers to questions Q-I and Q-III for Nekrasov
matrices. Nevertheless, questions Q-II and Q-IV for Nekrasov matrices remain open and worth studying in
the future. In addition, although A @:’ﬁ B is a Nekrasov matrix, B @3’6 A is not a Nekrasov matrix in
general. So finding some conditions such that B @g’ﬁ A is a Nekrasov matrix will be one of the major tasks
in the future.
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