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Abstract. In this paper, by using majorization relations for tuples of matrices and of linear operations, some operator
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matrices is engaged.
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1. Introduction. As usual, we denote by R the set of all reals, R+ = [0,∞) and R++ = (0,∞).

A real p-tuple y = (y1, . . . , yp) is said to be majorized by a real p-tuple x = (x1, . . . , xp) (written as,

y ≺ x), if
l∑

i=1

y[i] ≤
l∑

i=1

x[i] for l = 1, . . . , p, with equality for l = p, where x[i] and y[i] stand for the ith largest

entries of x and y, respectively [11].

A real p× q matrix S = (sij) is said to be

(i) row stochastic if sij ≥ 0 for i = 1, . . . , p, j = 1, . . . , q, and
q∑

j=1

sij = 1 for i = 1, . . . , p,

(ii) column stochastic if sij ≥ 0 for i = 1, . . . , p, j = 1, . . . , q, and
p∑

i=1

sij = 1 for j = 1, . . . , q.

A real p × p matrix S = (sij) is said to be doubly stochastic if S is both row stochastic and column

stochastic.

For given x,y ∈ Rp, it holds that y ≺ x if and only if there exists a p × p doubly stochastic matrix S

satisfying y = xS [11].

Theorem A (Hardy–Littlewood–Pólya [11] and Karamata [10] (HLPK)). Let f : I → R be a

convex function on an interval I ⊂ R, and x = (x1, . . . , xp) ∈ Ip, y = (y1, . . . , yp) ∈ Ip.

If y ≺ x, then
p∑

i=1

f(yi) ≤
p∑

i=1

f(xi).

For applications and extensions of HLPK theorem, see e.g., [6, 10, 11, 18].
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A more general result is as follows. (The symbol ST represents the transpose of a matrix S.)

Theorem B (Sherman [20]). Let f : I → R be convex on an interval I ⊂ R, and x = (x1, . . . , xp) ∈
Ip, y = (y1, . . . , yq) ∈ Iq, a = (a1, . . . , ap) ∈ Rp

+, b = (b1, . . . , bq) ∈ Rq
+.

If

(1.1) y = xS and a = bST ,

for some p× q column stochastic matrix S, then

(1.2)

q∑
j=1

bjf(yj) ≤
p∑

i=1

aif(xi).

Statements (1.1) are called Sherman conditions, and (1.2) is Sherman inequality.

Sherman Theorem B contains the HLPK Theorem A as a special case for a = b = (1, 1, . . . , 1) ∈ Rn
++,

with S being doubly stochastic.

Recently, Sherman theorem has been generalized in various directions (see e.g., [1, 2, 8, 9, 13, 15]).

We now introduce some portion of needed matrix notations.

Throughout we denote by Mn and Hn the sets of all n×n complex matrices and of Hermitian matrices,

respectively. The symbols In and 0 represent the identity matrix and the null matrix in Mn. For A,B ∈ Hn,

we write A ≤ B if B − A is positive semidefinite, and A < B if B − A is positive definite. We use the

notation P+
n (resp. P++

n ) to stand for the set of all n × n positive semidefinite matrices (resp. the set of all

n× n positive definite matrices).

Let A be a matrix of order n partitioned as

A =

(
A11 A12

A21 A22

)
,

with A11 being of order k.

The matrix

A/A11 := A22 −A21A
−1
11 A12

is called the Schur complement of A11 in A provided that A11 is invertible.

The matrix

A/A22 := A11 −A12A
−1
22 A21,

is called the Schur complement of A22 in A provided that A22 is invertible.

Theorem C (Haynsworth [7, Theorem 2], Fiedler–Markham [5, Theorem 1]). Suppose A and

B are n× n positive definite matrices partitioned as

A =

(
A11 A12

A21 A22

)
and B =

(
B11 B12

B21 B22

)
,

where A11 and B11 have order k.
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(i) If A11 > 0 and B11 > 0, then

(1.3) A/A11 + B/B1 ≤ (A + B)/(A11 + B11).

(ii) If A22 > 0 and B22 > 0, then

(1.4) A/A22 + B/B22 ≤ (A + B)/(A22 + B22).

Equality is attained in (1.4) if and only if A12A
−1
22 = B12B

−1
22 .

In what follows, we consider the matrix map

(1.5) ϕ(A) := A/A22 for A ∈ P++
n .

By virtue of (1.4) one sees that ϕ is superadditive on P++
n with respect to the Loewner order ≤ on Hk.

It is a consequence of (1.4) that the following Fiedler–Markham inequality holds

(1.6)

p∑
i=1

Ai/(Ai)22 ≤

(
p∑

i=1

Ai

)
/

(
p∑

i=1

Ai

)
22

for Ai > 0, i = 1, 2, . . . , p.

To give a motivation for our further studies, suppose for a moment that n = 2k, A =

(
A11 A12

A21 A22

)
> 0

and A21 = A12 > 0 with commuting A12 and A22.

In this special situation, the Schur complement of A22 in A is

A/A22 = A11 −A12A
−1
22 A21 = A11 −A12A

−1
22 A12 = A11 −A12(A−112 A22)−1

= A11 −A
1/2
12 (A

−1/2
12 A22A

−1/2
12 )−1A

1/2
12 .

That is, A/A22 is the difference of the linear map A → A11 and the perspective function (A12, A22) 7→
A

1/2
12 (A

−1/2
12 A22A

−1/2
12 )−1A

1/2
12 (see [4, 19]) of the order-reversing operator convex function f = (·)−1 (see [3,

pp. 114 and 117]). Perspective functions of operator convex functions on commuting matrices were introduced

by Effros [4]. The main idea is the equivalence of the convexity of a function and the joint convexity of its

perspective. Moreover, the advantage of perspective functions is their scalar positive homogeneity. Therefore,

the Schur complement map A 7→ ϕ(A) = A/A22 is (operator) concave. So, the theory of majorization can

be used for studying properties of ϕ.

The purpose of the present paper is to extend Theorems A and B for ϕ from the scalar case to their

operator versions, when the scalar homogeneity ϕ(tA) = tϕ(A), 0 < t ∈ R, is replaced with ϕ(V ∗AV ) =

V ∗1 ϕ(A)V1 for V =

(
V1 0

0 V2

)
(see Lemma 1, item (i), for details). Likewise, the usual meaning of

convexity based on multiplication of matrices by positive scalars is replaced by the one based on operator

multiplication A 7→ V ∗AV . Such approach is implemented in the next section, where operator majorization

and operator stochasticity are introduced (cf. [12, 14, 16, 17]). Sections 3 and 4 are devoted to establishing

and proving corresponding theorems of HLPK and Sherman types for tuples of positive definite matrices and

the Schur complement map ϕ. In our considerations, we do not restrict ourselves to the above-mentioned

case when A21 = A12 > 0 and A12 commutes with A22.
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2. Majorization on tuples of matrices. In this section, we continue introducing some algebraic

notation and terminology needed in the sequel.

Given a p× 1 matrix row (A1, A2, . . . , Ap) ∈Mp
n and p× q operation matrix

S =


Φ11 Φ12 . . . Φ1q

Φ21 Φ22 . . . Φ2q

...
...

...
...

Φp1 Φp2 . . . Φpq

 ,

where Φij : Mn →Mn are linear operations, we define the product

(A1, A2, . . . , Ap)S := (B1, B2, . . . , Bq),

by

(2.7) Bj =

p∑
i=1

Φij(Ai) for j = 1, 2, . . . , q.

A p× q operation matrix S = (Φij) is called

(i) positive, if

A ≥ 0 implies Φij(A) ≥ 0 for i = 1, 2, . . . , p, j = 1, 2, . . . , q,

(ii) row stochastic, if S is positive and

(2.8)

q∑
j=1

Φij(In) = In for i = 1, 2, . . . , p,

(iii) column stochastic, if S is positive and

(2.9)

p∑
i=1

Φij(In) = In for j = 1, 2, . . . , q.

A p× p operation matrix S is called doubly stochastic if S is both row stochastic and column stochastic.

Observe that if S = (sij) is a p× p real doubly stochastic matrix and all n× n matrices Uij are unitary,

then the operation matrix

S =


s11U

∗
11(·)U11 s12U

∗
12(·)U12 . . . s1pU

∗
1p(·)U1p

s21U
∗
21(·)U21 s22U

∗
22(·)U22 . . . s2pU

∗
2p(·)U2p

...
...

...
...

sp1U
∗
p1(·)Up1 sp2U

∗
p2(·)Up2 . . . sppU

∗
pp(·)Upp

 ,

is doubly stochastic.

Given a 1× p row (Ψ1,Ψ2, . . . ,Ψp) and a p× q matrix

A =


A11 A12 . . . A1q

A21 A22 . . . A2q

...
...

...
...

Ap1 Ap2 . . . Apq

 ,
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where Aij ∈Mn and Ψj : Mn →Mn are linear operations, we introduce the product

(Ψ1,Ψ2, . . . ,Ψp)A := (C1, C2, . . . , Cq),

by

(2.10) Cj =

p∑
i=1

Ψi(Aij) for j = 1, 2, . . . , q.

We say that (B1, B2, . . . , Bp) ∈ Mp
n is majorized by (A1, A2, . . . , Ap) ∈ Mp

n with respect to a class K of

linear operations from Mn to Mn, written as

(B1, B2, . . . , Bp) ≺K (A1, A2, . . . , Ap),

if there exists a p× p doubly stochastic matrix S = (Φij) with linear operations Φij ∈ K such that

(B1, B2, . . . , Bp) = (A1, A2, . . . , Ap)S.

From now on, we employ the following class of positive operations:

K = {Φ = V ∗(·)V : V ∈Mn}.

In this situation, condition (2.8) reduces to

p∑
j=1

V ∗ijVij = In for all i = 1, 2, . . . , p,

while condition (2.9) becomes
p∑

i=1

V ∗ijVij = In for all j = 1, 2, . . . , p.

3. HLPK-type theorem for Schur complement. We begin with a technical lemma.

Lemma 1. Let

(3.11) A =

(
A11 A12

A21 A22

)
and V =

(
V1 0

0 V2

)
,

be matrices of order n, where A11 and V1 are of order k, and A22 and V2 are nonsingular.

(i) Then,

(3.12) (V ∗AV )/(V ∗2 A22V2) = V ∗1 (A/A22)V1.

(ii) If, in addition,

(3.13) AV = V A,

then

(3.14) (A/A22)V1 = V1(A/A22).
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Proof. (i). It follows from (3.11) that

(3.15) V ∗AV =

(
V ∗1 A11V1 V ∗1 A12V2

V ∗2 A21V1 V ∗2 A22V2

)
.

Hence, by the nonsingularity of (V ∗AV )22 = V ∗2 A22V2, we get

(V ∗AV )/(V ∗2 A22V2) = V ∗1 A11V1 − (V ∗1 A12V2)(V ∗2 A22V2)−1(V ∗2 A21V1)

= V ∗1 A11V1 − V ∗1 A12V2V
−1
2 A−122 V

∗−1
2 V ∗2 A21V1

= V ∗1 A11V1 − V ∗1 A12A
−1
22 A21V1 = V ∗1 (A11 −A12A

−1
22 A21)V1 = V ∗1 (A/A22)V1,

which completes the proof of (3.12).

(ii). By (3.11), we have

(3.16) AV =

(
A11V1 A12V2

A21V1 A22V2

)
and V A =

(
V1A11 V1A12

V2A21 V2A22

)
.

On account of (3.13), statement (3.16) implies that

(3.17)

A11V1 = V1A11

A12V2 = V1A12

A21V1 = V2A21

A22V2 = V2A22

.

The last equality gives

(3.18) A−122 V2 = V2A
−1
22 .

By using equalities (3.17) and (3.18), we infer that

(A/A22)V1 = (A11 −A12A
−1
22 A21)V1 = A11V1 −A12A

−1
22 A21V1

= V1A11 −A12A
−1
22 V2A21 = V1A11 −A12V2A

−1
22 A21

= V1A11 − V1A12A
−1
22 A21 = V1(A11 −A12A

−1
22 A21) = V1(A/A22),

as required.

We are now in a position to demonstrate and prove a HLPK-type theorem for tuples of matrices and

the Schur complement map ϕ.

Theorem 2. For j = 1, 2, . . . , p, let Aj , Bj ∈ P++
n be partitioned as

Aj =

(
Aj,11 Aj,12

Aj,21 Aj,22

)
and Bj =

(
Bj,11 Bj,12

Bj,21 Bj,22

)
,

with invertible blocks Aj,22 and Bj,22 of order n− k.

Let

(3.19) (B1, B2, . . . , Bp) = (A1, A2, . . . , Ap)S,
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for some p× p operation matrix S = (Φij) with

Φij = V ∗ij(·)Vij and Vij =

(
Vij,1 0

0 Vij,2

)
∈Mn for i, j = 1, 2, . . . , p,

with invertible block Vij,2 of order n− k.

Assume that Ai commutes with Vij, i.e.,

(3.20) AiVij = VijAi for i, j = 1, 2, . . . , p,

and that the p× p operation matrix S1 := (V ∗ij,1(·)Vij,1) is row stochastic, i.e.,

(3.21)

p∑
j=1

V ∗ij,1Vij,1 = Ik for i = 1, 2, . . . , p.

Then,

(3.22)

p∑
j=1

Aj/Aj,22 ≤
p∑

j=1

Bj/Bj,22.

Proof. We deduce from (3.19) via (2.7) that

Bj =

p∑
i=1

Φij(Ai) =

p∑
i=1

V ∗ijAiVij for j = 1, 2, . . . , p.

By Lemma 1, eq. (3.12), we have(
V ∗ijAiVij

)
/
(
V ∗ijAiVij

)
22

=
(
V ∗ijAiVij

)
/
(
V ∗ij,2Ai,22Vij,2

)
= V ∗ij,1(Ai/Ai,22)Vij,1.

Again, by Lemma 1, eq. (3.14),

(Ai/Ai,22)Vij,1 = Vij,1(Ai/Ai,22).

Hence, by the superadditivity of ϕ (see (1.5)-(1.6)) and by the row stochasticity of S1 (see (3.21)), we

find that
p∑

j=1

Bj/Bj,22 =

p∑
j=1

ϕ(Bj) =

p∑
j=1

ϕ

(
p∑

i=1

V ∗ijAiVij

)

≥
p∑

j=1

p∑
i=1

ϕ
(
V ∗ijAiVij

)
=

p∑
j=1

p∑
i=1

(
V ∗ijAiVij

)
/
(
V ∗ijAiVij

)
22

=

p∑
j=1

p∑
i=1

V ∗ij,1(Ai/Ai,22)Vij,1 =

p∑
j=1

p∑
i=1

V ∗ij,1Vij,1(Ai/Ai,22)

=

p∑
i=1

p∑
j=1

V ∗ij,1Vij,1(Ai/Ai,22) =

p∑
i=1

 p∑
j=1

V ∗ij,1Vij,1

 (Ai/Ai,22)

=

p∑
i=1

Ik(Ai/Ai,22) =

p∑
i=1

Ai/Ai,22.

Thus, (3.22) is shown.
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Remark 3. The usage of the commutativity in the above proof of Theorem 2 allows to utilize the row

stochasticity of the matrix S1. In the case of real matrix S, the required commutativity holds automatically,

as in Corollary 4 and Theorem A.

Corollary 4. For j = 1, 2, . . . , p, let Aj , Bj ∈ P++
n be partitioned as

Aj =

(
Aj,11 Aj,12

Aj,21 Aj,22

)
and Bj =

(
Bj,11 Bj,12

Bj,21 Bj,22

)
,

with invertible blocks Aj,22 and Bj,22 of order n− k.

Let

(B1, B2, . . . , Bp) = (A1, A2, . . . , Ap)S,

for some p× p real row stochastic S = (sij) with sij > 0.

Then,

(3.23)

p∑
j=1

Aj/Aj,22 ≤
p∑

j=1

Bj/Bj,22.

Proof. For i, j = 1, 2, . . . , p, we set vij := s
1/2
ij > 0 and S = (Φij), where

Vij := vijIn , Vij,1 := vijIk , Vij,2 := vijIn−k,

Φij = V ∗ij(·)Vij and Vij =

(
Vij,1 0

0 Vij,2

)
∈Mn.

Then conditions (3.20) and (3.21) are fulfilled automatically.

In consequence, by Theorem 2, inequality (3.23) holds valid.

4. Sherman-type theorem for Schur complement. We start this section with some initial material.

We consider operation matrices

S =


Φ11 Φ12 . . . Φ1q

Φ21 Φ22 . . . Φ2q

...
...

...
...

Φp1 Φp2 . . . Φpq

 and ST =


Φ11 Φ21 . . . Φp1

Φ12 Φ22 . . . Φp2

...
...

...
...

Φ1q Φ2q . . . Φpq

 ,

where Φij : Mn →Mn are linear operations.

When Φij = V ∗ij(·)Vij for i = 1, 2, . . . , p and j = 1, 2, . . . , q, we obtain

ST (In) =


V ∗11V11 V ∗21V21 . . . V ∗p1Vp1

V ∗12V12 V ∗22V22 . . . V ∗p2Vp2

...
...

...
...

V ∗1qV1q V ∗2qV2q . . . V ∗pqVpq

 .

Therefore, in light of (2.10), if Ψj = K∗j (·)Kj for some Kj ∈Mn, j = 1, 2, . . . , q, then

(Ψ1,Ψ2, . . . ,Ψq)ST (In)
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= (K∗1 (·)K1,K
∗
2 (·)K2, . . . ,K

∗
q (·)Kq)


V ∗11V11 V ∗21V21 . . . V ∗p1Vp1

V ∗12V12 V ∗22V22 . . . V ∗p2Vp2

...
...

...
...

V ∗1qV1q V ∗2qV2q . . . V ∗pqVpq


= (B1, B2, . . . , Bp),

where

Bi =

q∑
j=1

K∗j V
∗
ijVijKj ≥ 0 for i = 1, 2, . . . , p.

Each Bi can be represented as a Gramm matrix L∗iLi for some Li ∈Mn. (For example, Li = B
1/2
i .)

Finally,

(L∗1L1, L
∗
2L2, . . . , L

∗
pLp) = (K∗1 (·)K1,K

∗
2 (·)K2, . . . ,K

∗
q (·)Kq)ST (In).

This is why a Sherman-type condition for our matrices is of the form (4.27).

Theorem 5. For i = 1, 2, . . . , p and j = 1, 2, . . . , q, let Ai, Bj ∈ P++
n and Li,Kj ∈Mn be partitioned as

Ai =

(
Ai,11 Ai,12

Ai,21 Ai,22

)
and Bj =

(
Bj,11 Bj,12

Bj,21 Bj,22

)
,

(4.24) Li =

(
Li,1 0

0 Li,2

)
and Kj =

(
Kj,1 0

0 Kj,2

)
,

with invertible blocks Ai,22, Bj,22, Li,2, Kj,2 of order n− k.

Suppose S = (Φij) is a p× q operation matrix with

(4.25) Φij = V ∗ij(·)Vij and Vij =

(
Vij,1 0

0 Vij,2

)
∈Mn,

with invertible block Vij,2 of order n− k for i = 1, 2, . . . , p and j = 1, 2, . . . , q.

Let the following Sherman-type conditions be fulfilled:

(4.26) (B1, B2, . . . , Bq) = (A1, A2, . . . , Ap)S,

(4.27) (L∗1L1, L
∗
2L2, . . . , L

∗
pLp) = (K∗1 (·)K1,K

∗
2 (·)K2, . . . ,K

∗
q (·)Kq)ST (In).

Assume that Ai commutes with VijKj, i.e.,

(4.28) AiVijKj = VijKjAi for i = 1, 2, . . . , p and j = 1, 2, . . . , q.

Then,

(4.29)

p∑
j=1

|Li,1|(Ai/Ai,22)|Li,1| ≤
q∑

j=1

K∗j,1(Bj/Bj,22)Kj,1.
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Proof. By making use (4.26) and (2.7), we obtain

(4.30) Bj =

p∑
i=1

Φij(Ai) =

p∑
i=1

V ∗ijAiVij for j = 1, 2, . . . , p.

Next, from Lemma 1, (3.12), we deduce for i = 1, 2, . . . , p, j = 1, 2, . . . , q that

(4.31)
(
V ∗ijAiVij

)
/
(
V ∗ijAiVij

)
22

=
(
V ∗ijAiVij

)
/
(
V ∗ij,2Ai,22Vij,2

)
= V ∗ij,1(Ai/Ai,22)Vij,1,

and by (3.13)-(3.14) and (4.28), that

(4.32) (Ai/Ai,22)Vij,1Kj,1 = Vij,1Kj,1(Ai/Ai,22),

because (VijKj)1 = Vij,1Kj,1 by (4.24) and (4.25).

Furthermore, by (4.27) and (2.10),

(4.33)

q∑
j=1

K∗j V
∗
ijVijKj = L∗iLi for i = 1, 2, . . . , p,

which, by (4.24) and (4.25), leads to

(4.34)

q∑
j=1

K∗j,1V
∗
ij,1Vij,1Kj,1 = L∗i,1Li,1 for i = 1, 2, . . . , p.

Hence, by (4.30), (1.5)-(1.6), (4.31), (4.32), (4.34), we proceed as follows

q∑
j=1

K∗j,1(Bj/Bj,22)Kj,1 =

q∑
j=1

K∗j,1ϕ(Bj)Kj,1 =

q∑
j=1

K∗j,1ϕ

(
p∑

i=1

V ∗ijAiVij

)
Kj,1

≥
q∑

j=1

K∗j,1

(
p∑

i=1

ϕ
(
V ∗ijAiVij

))
Kj,1 =

q∑
j=1

p∑
i=1

K∗j,1(
(
V ∗ijAiVij

)
/
(
V ∗ijAiVij

)
22

)Kj,1

=

q∑
j=1

p∑
i=1

K∗j,1V
∗
ij,1(Ai/Ai,22)Vij,1Kj,1 =

q∑
j=1

p∑
i=1

K∗j,1V
∗
ij,1Vij,1Kj,1(Ai/Ai,22)

=

p∑
i=1

q∑
j=1

K∗j,1V
∗
ij,1Vij,1Kj,1(Ai/Ai,22) =

p∑
i=1

 q∑
j=1

K∗j,1V
∗
ij,1Vij,1Kj,1

 (Ai/Ai,22)

=

p∑
i=1

L∗i,1Li,1(Ai/Ai,22) =

p∑
i=1

|Li,1|(Ai/Ai,22)|Li,1|.

The last equality holds true because Ai commutes with
q∑

j=1

K∗j V
∗
ijVijKj by (4.28) and with L∗iLi = |Li|2 by

(4.33). Hence, Ai commutes with |Li|. Next, by Lemma 1, (ii), Ai/Ai,22 commutes with |Li|1 = |Li,1|. This

completes the proof of (4.29).
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