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HLPK AND SHERMAN-TYPE THEOREMS FOR SCHUR COMPLEMENT OF
MATRICES*

MAREK NIEZGODAT

Abstract. In this paper, by using majorization relations for tuples of matrices and of linear operations, some operator
versions of Hardy-Littlewood-Pdlya—Karamata and Sherman theorems for Schur complements of positive definite matrices
are established. The stochasticity of the used operation matrices is partially reduced, and the commutativity of the involved
matrices is engaged.
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1. Introduction. As usual, we denote by R the set of all reals, Ry = [0,00) and Ry = (0, 00).

A real p-tuple y = (y1,...,Yp) is said to be majorized by a real p-tuple x = (z1,...,x,) (written as,
y < x),if Zl: Y < Zl: xp for l =1,..., p, with equality for [ = p, where x[; and yj;) stand for the ith largest
entries of ;c:zlmd y, ;:slpectively [11].

A real p x ¢ matrix S = (s;;) is said to be
q
i) row stochastic if s;; >0fori=1,...,p,j=1,...,q, and sij=1fori=1,...,p,
J J
j=1

P
(i) column stochastic if s;; >0fori=1,...,p,j=1,...,¢,and > s;;=1forj=1,...,q.
=1

K2

A real p x p matrix S = (s;;) is said to be doubly stochastic if S is both row stochastic and column
stochastic.

For given x,y € RP, it holds that y < x if and only if there exists a p X p doubly stochastic matrix S
satisfying y = xS [11].

Theorem A (Hardy—Littlewood—Pdlya [11] and Karamata [10] (HLPK)). Let f: I - R be a
convez function on an interval I C R, and x = (x1,...,2p) € I?, y = (Y1,...,Yp) € IP.

If y < x, then
P P

Zf(yi) < Zf(l‘z‘)-

i=1

For applications and extensions of HLPK theorem, see e.g., [6, 10, 11, 18].
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A more general result is as follows. (The symbol S represents the transpose of a matrix S.)

Theorem B (Sherman [20]). Let f: I — R be conver on an interval I C R, and x = (z1,...,2p) €
IP y = (y1,...,yq) € 19, a=(a1,...,a,) € RE, b= (by,...,b;) € RE.

If
(1.1) y =xS and a=bS",

for some p x q column stochastic matrix S, then

(1.2) D bif(y) < aif(x).
j=1 i=1

Statements (1.1) are called Sherman conditions, and (1.2) is Sherman inequality.

Sherman Theorem B contains the HLPK Theorem A as a special case fora=b = (1,1,...,1) ¢ R},
with S being doubly stochastic.

Recently, Sherman theorem has been generalized in various directions (see e.g., [1, 2, 8, 9, 13, 15]).
We now introduce some portion of needed matrix notations.

Throughout we denote by M,, and H,, the sets of all n X n complex matrices and of Hermitian matrices,
respectively. The symbols I,, and 0 represent the identity matrix and the null matrix in Ml,. For A, B € H,,,
we write A < B if B — A is positive semidefinite, and A < B if B — A is positive definite. We use the
notation P} (resp. P, *) to stand for the set of all n x n positive semidefinite matrices (resp. the set of all
n X n positive definite matrices).

Let A be a matrix of order n partitioned as
Ay A )
A= ,
( Agr Ao
with A;; being of order k.

The matrix
AJAqq = Agg — A21A1_11A12

is called the Schur complement of Aq1 in A provided that Aqq is invertible.

The matrix
AfAss = A1 — A12A5,) Aoy,

is called the Schur complement of Ass in A provided that Ass is invertible.

Theorem C (Haynsworth [7, Theorem 2], Fiedler—-Markham [5, Theorem 1]). Suppose A and
B are n X n positive definite matrices partitioned as

A A ) ( Bi1 Bio )
A= and B = ,
( Aoy Ago Bs1  Bos

where A11 and B11 have order k.
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(i) If A11 > 0 and By > 0, then

(1.3) A/An + B/By < (A+ B)/(A11 + Bn).
(ii) If Aga > 0 and Bag > 0, then

(1.4) AJAss + B/Bas < (A + B)/(Ass + Bas).

Equality is attained in (1.4) if and only if AjaAy, = B12Bay .

In what follows, we consider the matrix map
(1.5) O(A) := AJAg; for AP,

By virtue of (1.4) one sees that ¢ is superadditive on P with respect to the Loewner order < on Hj,.
It is a consequence of (1.4) that the following Fiedler-Markham inequality holds

p

i=1 =1 29

i=1

A A
To give a motivation for our further studies, suppose for a moment that n = 2k, A = ( AH A12 > >0
21 22

and As; = Ajo > 0 with commuting A5 and Asgs.

In this special situation, the Schur complement of Aoy in A is
AfAzy = A1 — A12A2_21A21 =An - A12A2_21A12 =An - A12(A1_21A22)71
— A A}QZ(A;21/2A22A;21/2)_IA%Z.

That is, A/Asy is the difference of the linear map A — Aj; and the perspective function (Aig, Aga) —
A}éz(A1_21/2A22A1_21/2)’1A}é2 (see [4, 19]) of the order-reversing operator convex function f = (-)~! (see [3,
pp. 114 and 117]). Perspective functions of operator convex functions on commuting matrices were introduced
by Effros [4]. The main idea is the equivalence of the convexity of a function and the joint convexity of its
perspective. Moreover, the advantage of perspective functions is their scalar positive homogeneity. Therefore,
the Schur complement map A — p(A) = A/Ag is (operator) concave. So, the theory of majorization can
be used for studying properties of .

The purpose of the present paper is to extend Theorems A and B for ¢ from the scalar case to their
operator versions, when the scalar homogeneity ¢(tA) = tp(A), 0 < t € R, is replaced with p(V*AV) =

. Vi 0
VEo(A); for V = ( L

convexity based on multiplication of matrices by positive scalars is replaced by the one based on operator

> (see Lemma 1, item (i), for details). Likewise, the usual meaning of

multiplication A — V*AV. Such approach is implemented in the next section, where operator majorization
and operator stochasticity are introduced (cf. [12, 14, 16, 17]). Sections 3 and 4 are devoted to establishing
and proving corresponding theorems of HLPK and Sherman types for tuples of positive definite matrices and
the Schur complement map ¢. In our considerations, we do not restrict ourselves to the above-mentioned
case when Aoy = A5 > 0 and Ao commutes with Aos.
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2. Majorization on tuples of matrices. In this section, we continue introducing some algebraic
notation and terminology needed in the sequel.

Given a p x 1 matrix row (A, Ag,...,A,) € MP and p x ¢ operation matrix
b1 Dy ... ‘blq
@21 (I)QQ Ce (pgq
S = . . . . ;
Dy Dpo ... Dy

where ®;; : M,, —+ M, are linear operations, we define the product

(A17A2,...7Ap)8 = (31732,...7Bq),

(2.7) Bj =Y ®;;(A;) forj=12..,4q

i=1

A p x ¢ operation matrix S = (®;;) is called

(1) positive, if
A >0 implies ®;;(A)>0 fori=1,2,...,p,j=1,2,...,¢,

(ii) row stochastic, if S is positive and

(2.8) ®,;(L,) =1, fori=1,2,...,p,
j=1

(iii) column stochastic, if S is positive and
P

(2.9) > @y(In) =1, forj=1,2,...,q.
i=1

A p X p operation matrix S is called doubly stochastic if S is both row stochastic and column stochastic.

Observe that if S = (s;5) is a p x p real doubly stochastic matrix and all n x n matrices U,; are unitary,
then the operation matrix

suUf (DU s12U75() Ui ... s1U7,()Usp
s 521U51 (1) U1 $22U35(-)Uz2 ... s2pU3,(-)Usyp
SplUgl(')Upl SPQU;:Q(')UPQ e sppUy, () Upp
is doubly stochastic.
Given a 1 x p row (Uq,¥s,...,¥,) and a p x ¢ matrix
A11 A12 A Alq
A21 A22 ce qu
A= . . : .

Ay Ay ... Ay



Electronic Journal of Linear Algebra, ISSN 1081-3810

A publication of the International Linear Algebra Society I I
Volume 41, pp. 632-642, December 2025.
M. Niezgoda 636

where A;; € M,, and ¥; : M,, — M, are linear operations, we introduce the product
(\Ifl, \IJQ, ey \I/p).A = (Cl, CQ, ey Oq),

by

(2.10) Cj = W;(Ay;) forj=1,2,...,4q.
i=1

We say that (B1, Ba, ..., B,) € M is majorized by (A1, As,...,Ap) € MP with respect to a class K of
linear operations from M,, to M,,, written as

(Bl, BQ, ey Bp) <K (Al, AQ, ey Ap)7
if there exists a p x p doubly stochastic matrix S = (®;;) with linear operations ®;; € K such that

(B1,Bs,...,By) = (A1, A4s,...,4,)S.

From now on, we employ the following class of positive operations:

K={®=V*V:VeM,).
In this situation, condition (2.8) reduces to
P
S ViVij=1I, foralli=1,2,...,p,
j=1

while condition (2.9) becomes

P
ZV;;VZ»J» =1, forallj=1,2,...,p.
i=1

3. HLPK-type theorem for Schur complement. We begin with a technical lemma.

LEMMA 1. Let
(3.11) A:(;‘; iﬁ) and v;(? ‘22)
be matrices of order n, where A11 and Vy are of order k, and Ass and Vo are nonsingular.
(i) Then,
(3.12) (VFAV) [ (V5 AxaVa) = Vi'(A/A2)V1.
(ii) If, in addition,
(3.13) AV =V A,
then

(3.14) (A/A2) Vi = Vi (A Asy).
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Proof. (i). It follows from (3.11) that

615 peay = (VA Vet )

Vo' Ao Vi V5 AgaVa
Hence, by the nonsingularity of (V*AV)q = V5 Ao Vs, we get
(V*AV)/ (V5 A Vo) = Vi A Vi — (Vi A1z V) (V5 Ao Vo) (V3 Aaa V1)
= Vi AnVi = Vi A VoV A VTV A Vi
=ViAuVI — V1*A12A521A21V1 =V (A — A12A521A21)V1 =Vi"(A/Ax)V1,
which completes the proof of (3.12).

(ii). By (3.11), we have

AuVi AVs > ( Vidin Vidis )
3.16 AV = and VA= .
(3.16) < AVi AxVs VoAar VaAg

On account of (3.13), statement (3.16) implies that

AV =ViAy
AppVo = ViAg
AV = Vo Ao
AxoVo = V3 As

(3.17)

The last equality gives

(3.18) Ayt Vo = VoA . 0

By using equalities (3.17) and (3.18), we infer that
(AJAp)Vi = (A1) — A1pASy Ao )Vi = A Vi — A Ayt An Vi
= V1A — A1 AL Vo Ay = V1A — A1aVaAs) Agy
=Vidn — V1A12A§21A21 =Vi(An — A12A§21A21) = Vi(A/A%),

as required.

We are now in a position to demonstrate and prove a HLPK-type theorem for tuples of matrices and
the Schur complement map .

THEOREM 2. Forj=1,2,...,p, let A;,B; € P be partitioned as

A A‘12> (B‘u B‘m)
A' — Js 7y and B. = Js Js ,
! ( Ajo1 Ajoo ! Bjo1 Bja2

with invertible blocks Aj 2o and Bj oo of order n — k.

Let

(3.19) (B, Bs,...,B,) = (A1, As, ..., A)S,
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for some p x p operation matriz S = (®;;) with

Q;; =V5;()Vij and Vi; = ( Vg’l Vg,g ) eM, fori,j=1,2,...,p,
with invertible block Vijo of order n — k.
Assume that A; commutes with Vij, i.e.,
(3.20) AVi; =VijA;, fori,j=1,2,...,p,

and that the p X p operation matriz Sy := (V;

1()Vij1) is row stochastic, i.e.,

P
(3.21) S ViVija=1Ip fori=1,2,....p
Then,
p p
(3.22) > Aj/Aj22 <> Bj/Bja.
j=1 j=1

Proof. We deduce from (3.19) via (2.7) that

b
Oi(Ai) =D VAV forj=1,2,...,p.

=1 i=1

I

By Lemma 1, eq. (3.12), we have
(ViiAVi) [ (V5AV) gy = (Vi5AV) [ (Vij2Ai22Vis2) = Vg1 (Aif Aii22)Vija

Again, by Lemma 1, eq. (3.14),
(A /Az 22) ij,1 = zy l(A /Az 22)

Hence, by the superadditivity of ¢ (see (1.5)-(1.6)) and by the row stochasticity of S; (see (3.21)),

find that

p p p
= — j=1 i=1

1

J
P P P P
>3 e (Vi) = 3037 (ViAV) / (V5AVig),,
j=11i=1 j=11i=1
p p p p
=33 Vi (A /A Viga = 303 Vi Vg (Ai/A; 22)
Jj=1i=1 j=11i=1
P P P
= ZZ‘/; 1‘4] 1 A /A’L 22 Z ‘/1 1‘/;] 1 A'/Ai722)
i=1j=1 i=1 \j=1

P

P
= Zlk(Ai/Ai,QQ) = ZAZ‘/ALQQ,
=1 i=1

Thus, (3.22) is shown.

638

we
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REMARK 3. The usage of the commutativity in the above proof of Theorem 2 allows to utilize the row
stochasticity of the matrix S;. In the case of real matrix S, the required commutativity holds automatically,

as in Corollary 4 and Theorem A.

COROLLARY 4. Forj=1,2,...,p, let A;,B; € ]P’I+ be partitioned as

Ajn A'12> (3'11 B'12>
A= 7 7 and B; = % I’ ,
’ ( Ajor Ajoo ’ Bjo1 Bjoao

with invertible blocks A; 29 and Bj oo of order n — k.

Let
(B1,Ba,...,Bp) = (A1, A4s,..., Ap)S,

for some p x p real row stochastic S = (s;;) with s;; > 0.
Then,
P P
(3.23) D Aj/Aj22 <Y Bj/Bias.
j=1 j=1
Proof. Fori,j =1,2,...,p, we set v;; := sgjﬂ >0 and S = (P;;), where

Vij i=vijln , Vijai=vijly , Vijo = viilhg,

* ‘/Z j, 1 0
(bij = ‘/U()V; and V;‘j = ( (j) Vvijg ) e M,,.
Then conditions (3.20) and (3.21) are fulfilled automatically.

In consequence, by Theorem 2, inequality (3.23) holds valid.

4. Sherman-type theorem for Schur complement. We start this section with some initial material.

We consider operation matrices

by Py ... (blq Py Dy ... q)p]_

Pyy Doy ... Dy P19 Doy ... D
s=| O and ST 0 T T T

B, Dy ... By B, Doy ... By

where ®;; : M, — M, are linear operations.

When &;; = V%(-)Vi; for i = 1,2,...,p and j = 1,2,..., ¢, we obtain

intVin VoiVar ... ‘/;;*1‘/}71
S7(L,) — VisVie ViVeo oo ViaVio
Vigha VagVag - VigVig

Therefore, in light of (2.10), if ¥, = KJ*()KJ for some K; e M,,, j =1,2,...,q, then
(U, Wy, ..., 0,)ST(1,)
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VitV ViV .. ViV
VisVia V3oVaa 2 Vp2
= (Ki OO Ko, K OK,) |0 R
VigVia VagV2q - ViV
= (BlaB27 e 7BP)7
where
Bi:ZKjV”V K; >0 fori=1,2,.
Jj=

Each B; can be represented as a Gramm matrix L} L; for some L; € M,,. (For example, L; = Bil/2.)

Finally,
(LTle L;LQ, s 7L:)LP) - (KT()Kla K;()K% cee ’K;()Kq)ST(In)

This is why a Sherman-type condition for our matrices is of the form (4.27).

THEOREM 5. Fori=1,2,...,pand j=1,2,...,q, let A;,B; € IP’I*' and L;, K; € M, be partitioned as

A’ll A'12 ) < B’ll B'12 )
Ai — 1, 1, and B. = Js s ,
( Ai,21 Ai,22 ! Bj21 Bja2

L;1 0 K1 0
4.24 L; = v d K; = s
(4.24) ( 0 Lipo ) e ( 0 Ko > ’
with invertible blocks A; 22, Bjoo, Li2, Kjo of order n — k.

Suppose S = (®;5) is a p X q operation matriz with

(4.25) Oy =Vi()Vij and Vij = Viia o 00 o
0  Vie

with invertible block Vi; 2 of ordern —k fori=1,2,...,pand j=1,2,...,q
Let the following Sherman-type conditions be fulfilled:

(4.26) (B1,Bs, ..., By) = (A1, A, ..., A,)S,

(4.27) (LiLy, LyLa,..., LiLy) = (K; (K1, K3 () K, ... K2 ()E)ST (1),

Assume that A; commutes with Vi; K, i.e

*)

(428) Ai‘/;‘jKjZ‘/inin fOTiZI,Z,...,p andj:l,?,...,q.
Then,
P
(4.29) Z‘Lzl‘ A/Az22)‘Lzl‘<Z j,1 B/BJ22)

j=1
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Proof. By making use (4.26) and (2.7), we obtain

P P
(430) Bj = Z‘I)”(Al) = Z‘/;;AZV;J fOI'j = 1,2, PN V8

i=1 i=1
Next, from Lemma 1, (3.12), we deduce for i =1,2,...,p, j =1,2,...,q that
(4.31) (Vi AiVig) | (VijAiVij) y = (Vi AiVi) [ (Vij2Ai22Vij2) = Vi (Ai /A 22)Vija,
and by (3.13)-(3.14) and (4.28), that
(4.32) (Ai/Ai22)Vij1 Kj1 = Vij1 Kj1(Ai/A; 22),
because (V;jKj)l = ‘/ij,lKj,l by (424) and (425)
Furthermore, by (4.27) and (2.10),
q
(4.33) Y K;VViyK; =LiL; fori=1,2,...,p,

which, by (4.24) and (4.25), leads to

(4.34) Z ViK1 = Li Ly fori=1,2,.

Hence, by (4.30), (1.5)-(1.6), (4.31), (4.32), (4.34), we proceed as follows

q q
D KGa(By/Byan)Kja = 3 KG10(By)Kja = Z v (Z szAiVij) Kia
j=1 j=1

q

P
-k, (zmz—w ) Kon = 3OS K (VaAYs) / (VAV), ) K
1 =1

j= j=11i=1

= ZZK;J (A A 22)Vij 1 K1 = Z 51 Vi K (Ai/ A 22)
Jj=11i=

Jj=11i=1 1

p

p
ZZZK;ﬂ/J 1Vija Kj1(Ai/Ai22) Z K;1 Vi K| (Ai/Ai22)
i=1 j=1 i=1 \j=1
p p
Z i1l (Ai/Ai22) Z | L1 [(Ai/Ai22) | Lia |-
i=1 i=1

The last equality holds true because A; commutes with Z K;V3:Vi;Kj by (4.28) and with L L
i=

= |L;|* by

(4.33). Hence, A; commutes with |L;|. Next, by Lemma 1, (11) A;/A; 20 commutes with |L;|; = |L;1]. This

completes the proof of (4.29).
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