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EIGENVALUES AND COMPONENT FACTORS IN GRAPHS*

HUICAI JIAT, QIXUAN YUAN#, AND RUIFANG LIU*

Abstract. For a set H of connected graphs, an H-factor of G is a spanning subgraph F' of G if each component of F' is
isomorphic to an element of H. Kano, Lu and Yu [Electron. J. Combin. 26 (2019) P4.33] provided a good characterization
based on an isolated vertex condition for the existence of a {K1,1,K1,2,..., K1k, T(2k + 1)}-factor in graphs. Motivated by
the above elegant result, we in this paper focus on the existence of a {K1,1,K1,2,..., Ky, T(2k 4 1)}-factor in graphs from
perspective of eigenvalues. By adopting a crucial technique due to Tait [J. Combin. Theory Ser. A 166 (2019) 42-58] and
combining typical spectral methods and structural analysis, we present tight sufficient conditions in terms of the spectral radius
and the distance spectral radius for a graph to contain a {K1,1, K1,2,..., K1k, T(2k + 1)}-factor, respectively.
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1. Introduction. Let G = (V(G), E(G)) be a simple undirected graph with n vertices and e edges,
where n = |V(G)| and e = |E(G)|. For a vertex v of a graph G, the degree of v in G is denoted by dg(v). For a
vertex subset S of G, we denote by G—.S and G[S] the subgraph of G obtained from G by deleting the vertices
in S together with their incident edges and the subgraph of G induced by S5, respectively. For two vertex
disjoint graphs G and G», we denote by G1 U G the disjoint union of G1 and G3. The join of G; and Ga,
denoted by G1V Gy, has vertex set V(G1)UV (G2) and edge set E(G1)UE(G2)U{uv : u € V(G1),v € V(G2)}.
We denote by iso(G) the number of isolated vertices in G. For undefined terms and notions, one can refer
to [2].

Given a graph G of order n, the adjacency matriz of G is the 0-1 matrix A(G) = (a;j)nxn indexed
by the vertex set V(G) of G, where a;; = 1 if v; and v; are adjacent and a;; = 0 otherwise. The largest
eigenvalue of A(G), denoted by p(G), is called the spectral radius of G. Let G be a connected graph with
vertex set V(G) = {v1,v2,...,v,}. The distance between v; and v;, denoted by p;;(G), is the length of a
shortest path from v; to v;. The distance matriz of G, denoted by D(G), is an n X n matrix with its rows and
columns indexed by V(G). For i # j, the (i, j)-entry of D(G) is equal to p;;(G). Also, p;;(G) = 0. Clearly,
D(G) is a real symmetric matrix with zeros on the diagonal. In this paper, we always use J to denote
the all-one matrix, and I to denote the identity square matrix. We can order the eigenvalues of D(G) as
A (D(G)) > X (D(G)) = -+ > A (D(G)). We call A\ (D(G)) the distance spectral radius of G.

For any tree T, let Leaf(T) = {v € T : dr(v) = 1} be the set of leaves of T. Kano et al. [7] defined
a new class of trees T (2k 4+ 1). Let k > 2 be an integer and let T be a tree that satisfies the following two
conditions: for every vertex v € V(T),
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(1) dT—Leaf(T) (’U) S {1, 3,...,2k+ ].}, and
(ii) 2 - (the number of leaves adjacent to v in T') + dp_reaf(r)(v) < 2k +1in T.
Define a new tree T* from T as follows (see Fig. 1).
(iil) insert a new vertex of degree 2 into each edge of T'— Leaf(T), and
(iv) for each vertex v of T'— Lea f(T') with dp_peqf(ry(v) = 2r+1 < 2k+11in T, add k —r — (the number of

leaves adjacent to v in T') pendant edges to v.

Then the resulting tree T* has a fractional [1,k 4 ]-factor h such that every pendant edge e; of T* has
h(e1) = 1, all other edges es have h(es) = 3.

The set of such trees T for all trees T is denoted by T (2k + 1).

T X< arf

T T — Leaf(T) T*

FIGURE 1. A tree T which satisfies (i) and (ii) with k = 4, the tree T — Leaf(T) and the tree T* obtained from T.

Let ‘H be a set of connected graphs. A spanning subgraph F' of G is called an H-factor or a component
factor if each component of F' is isomorphic to an element of . Very recently, the relationship between the
existence of component factors and the spectral radius is a natural and interesting topic, which has attracted
much attention in spectral graph theory. Li and Miao [10] established a lower bound on the spectral radius of
a graph G to guarantee that the graph G has a path factor. Moreover, Miao and Li [12] presented a sufficient
condition based on the spectral radius of G to ensure that a graph G contains a star factor. Lou et al. [8]
provided a tight sufficient condition in terms of the spectral radius for the existence of a {Ka, {C} } }-factor
in a graph with minimum degree J, where k£ > 3 is an integer.

Kano et al. [7] proposed a necessary and sufficient condition for a graph to contain a {Kj 1, K1 2,
., K15, T(2k + 1) }-factor.

THEOREM 1.1 (Kano et al. [7]). Let k > 2 be an integer. Then a graph G has a {K11,K12,...,
Ky i, T(2k + 1)}-factor if and only if

1
) — < _
iso(G — 5) < (k—i— 2)|S|,
for any vertex subset S C V(QG).

Based on Theorem 1.1, we in this paper obtain a tight sufficient condition in terms of the spectral radius
for a graph to contain a {K7 1, K1 2,..., K1k, T(2k + 1)}-factor.
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THEOREM 1.2. Let G be a connected graph of order n and k > 2 be an integer. If
p(G) > p(K1 V (Kp—g—2 U (k+1)K1)),

then G has o {K11,K1,2,...,K15, T(2k + 1)}-factor unless G = Ky V (K, _k—2 U (k+ 1)K7).

Recently, researchers have increasingly focused on the relationship between structural properties and the
distance spectral radius of graphs. Zhang and Lin[14] proposed sufficient conditions based on the distance
spectral radius to guarantee the existence of a perfect matching in connected graphs and connected balanced
bipartite graphs, respectively. Subsequently, Zhang et al. [15] generalized the result of [14] and provided a
sufficient condition in terms of the distance spectral radius to ensure the existence of a perfect matching in
connected balanced bipartite graphs with given minimum degree. Li et al. [11] proved an upper bound on
the distance spectral radius for a connected graph to contain a fractional perfect matching. Later, Miao and
Li [12] presented an upper bound on the distance spectral radius to guarantee the existence of a star factor
in a connected graph. Zhang and van Dam [16] posed sufficient conditions in terms of the distance spectral
radius to ensure k-extendability of connected graphs and connected balanced bipartite graphs, respectively.
Lou et al. [9] proved sufficient conditions with respect to the distance spectral radius for a graph to be
t-tough.

Motivated by the above results, we pose a tight sufficient condition based on the distance spectral radius
to guarantee the existence of a {K7 1, K1 2,..., K1, T (2k + 1) }-factor in a connected graph.

THEOREM 1.3. Let G be a connected graph of order n and k > 2 be an integer. If
M(D(G)) < M(D(Ky V (Kn—g—2 U (k+ 1)K1))),

then G has o {K11,K12,...,K1 5, T(2k + 1)}-factor unless G = Ky V (K,_k—2 U (k+ 1)Ky).

2. Preliminaries. We in this section will present some auxiliary results that will be used in our argu-
ments. A real symmetric matrix M is denoted by

My My - My
My DMaos -+ My
M = . . )
Mm,l Mm,2 T Mm,m
where M, ; is the submatrix corresponding to rows in X, and columns in X, where (X1, Xs,...,X,,) is

a partition of X = {1,2,...,n}. The quotient matrix R(M) of the matrix M (with respect to the given
partition) is the m x m matrix whose entries are the average row sums of the blocks M; ; of M. The above
partition is called equitable if each block M; ; of M has constant row (and column) sum.

LEMMA 2.1 (Brouwer and Haemers [1], Godsil and Royle [3], Haemers [6]). Let M be a real symmetric
matriz and let R(M) be its equitable quotient matriz. Then the eigenvalues of the quotient matriz R(M) are
eigenvalues of M. Furthermore, if M is nonnegative and irreducible, then the spectral radius of the quotient
matriz R(M) equals to the spectral radius of M.

LEMMA 2.2 (Godsil and Royle [3]). If H is a spanning subgraph of a connected graph G, then p(H) <
p(G) with equality if and only if H = G.

Tait [13] proved the following elegant result, which plays an essential role in our proof of Theorem 1.2.
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LEMMA 2.3 (Tait [13]). Let Hy be a graph on ng vertices with mazimum degree d and Hy be a graph
on n — ngy vertices with mazimum degree d'. Hy and Ho may have loops or multiple edges, where loops add
1 to the degree. Let H be the join of Hy and Hy. Define

o d n—mno
b= Llo d' } ’
then p(H) < A1(B).
LEMMA 2.4 (Godsil [4]). Let e be an edge of a graph G such that G — e is connected. Then

M (D(G)) < M(D(G —e)).

Let W(G) = >_,_; di;(G) be the Wiener index of a connected graph G of order n. By the Rayleigh
quotient[5], one can easily have

xT'D(G)x < 1"D(G)1  2W(G)

(2.1) MD(G)) =max— 7 = 2> — 7 = —

where 1 = (1,1,...,1)T.

3. Proof of Theorem 1.2. In this section, we give the proof of Theorem 1.2. Before presenting our
proof, we first prove some critical lemmas.

LEMMA 3.1. p(K1V (Kp—k—2U(k+1)K1)) >n—k—2 and K1 V (Kp_;—2 U (k+ 1)K1) contains no
{K11,K12,...,K1%, T2k + 1)}-factor, where k > 2.

Proof. Note that K,,_x_1 is a proper subgraph of K7 V (K,,—x—2 U (k+ 1)K;). By Lemma 2.2, we have
K1V (Kp_p—2U(k+1)K1)) > p(Kp——1) =n — k — 2. Now take S = {v} with d(v) =n — 1. Then

1
iso(K1 V(K2 U (k+ 1)K1) = 8) > k+1> (k+ 5) 19].
By Theorem 1.1, we have K V (K,,_x_2 U (k+ 1)K;) contains no {K1 1, K12,..., K1k, T(2k + 1) }-factor.O
Let G' = Ko V (K, (k4 1ys)—1 U (L(k+ 3)s] + 1) K1), where s > 1, k > 2 and n > s+ [(k + 3)s] + 1.

LEMMA 3.2. If s > 2 and k > 2, then p(G') <n—k — 2.
Proof. We distinguish the proof into two cases.

CasE 1. n> s+ [(k+ 3)s] +2.

Let T = {v| v € V(G') and d¢'(v) =n — 1}. Then |T| = s and G'[T] = K. Define

s—1 n—s ]

T (R

Note that G’[T] has s vertices with the maximum degree s — 1 and G'[V(G’) \ T] has n — s vertices with
the maximum degree n — s — |(k + 1)s| — 2. By Lemma 2.3, we have p(G’) < A\;(B;). The characteristic
polynomial of Bj is

f) =2~ (n- KH%)SJ —3)x—(s—1)t<k+%)sJ —n—s+2.

By =
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Note that the axis of symmetry of f(z) is @ = % < n—k —2. Then f(x) is increasing on

x>n—k—2. Sinces > 2, [(k+3)s] > 2k+1. Combining n > s+ |(k+3)s] +2 and [(k+3)s| > sk+ 5+,
we have

f(n—k—2):q<k+%)sJ )n k-i—s—&-l){(k—i—%)sJ-i—lf-&-k—s
Z(L(k-ﬁ-%)sJ )( [( )sJ+2)—(k+s+l)Kk+%)sJ+k2+k—s
- (Klﬁ%)sJ 2% + )L(k+§)sJ FE2 = (s+ 1)k —
22(sk+8_1)+k2—(s+1)k—

Hence, p(G') < M (B1) <n—Fk—2.
CasE 2. n=s+ [(k+ 3)s] + 1.
In this case, G’ = K, V (| (k + 3)s] + 1)K;. Hence, the quotient matrix R(A(G")) of A(G') is
s—1 1
met )

By Lemma 2.1, we have p(G’) = A\1(B2) = s. Note that
n—k—223+L2(k+%)j —k—2>s+k—-1>s.
Then p(G') < M (B2)=s<n—k—2. 0
Now we are ready to give the proof of Theorem 1.2.

Proof of Theorem 1.2. Suppose that G has no {K1 1, K1 2,..., K1k, T(2k + 1) }-factor, where k > 2. By
Theorem 1.1, there exists a vertex subset S C V(G) such that

(3.2) iso(G — 8) > Kk + %)SJ Tl

First, we claim that S # (). Suppose to the contrary that S = (. By (3.2), we have iso(G) > 1, which
contradicts that G is connected. Hence, |S| = s > 1. Then G is a spanning subgraph of G’ = K, V
[anst(kJr%)stl U (L(k + 3)s] + 1)K;]. Combining Lemma 2.2, we have

(3-3) p(G) < p(G").

with equality if and only if G = G'.

CaAsE 1. s =1.

Then G' 2 K1V (Kp—rp—2U(k+1)K7). By (3.3), we have p(G) < p(G') = p(K1 V (Kp—p—2U(k+1)K7)). By
the assumption, one can obtain that p(G) > p(K1V (K,—r—2U(k+1)K1)). Hence, p(G) = p(K1V (Kp—g—2U
(k+1)K1)). By Lemma 3.1, we have K1V (K,,—x_2U(k+1)K7) hasno { K11, K1.2,. .., K1k, T(2k+1) }-factor.
Hence, G 2 K1 V (Kp—k—2 U (k+ 1)K3).
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CASE 2. s> 2.

By (3.3) and Lemma 3.2, we have p(G) < p(G’) < n — k — 2. By the assumption and Lemma 3.1, we have
p(G) > p(K1 V (Kp—p—2U(k+1)K;y)) >n—k — 2, a contradiction. O

4. Proof of Theorem 1.3. We first put forward an important lemma, which will be used to prove
Theorem 1.3.

LEMMA 4.1. Let k > 2 be an integer. If s > 2, then
1
A(D(ELV (Kn—p—2 U (k +1)K1))) < M(D(Es V (Ko s 1)s) -1 Y (LE + 5)s] + 1 EL))).
Proof. Let t = [(k+ 3)s] +1, G* = K1 V (Kp—j—2U (k+ 1)K1) and G’ = K, V (Kp,—s—t UtK), where

k > 2 and s > 2 (see Fig. 2). We partition the vertex set of G’ into V(G') = V(K) UV (K,—s—+) UV (tK7).
Then the distance matrix D(G’) of G’ can be written as

S n—s—t t

s (J—1 J J

n—s—t J J—1 2J
t J 2J 2(J 1)

nxn
The quotient matrix of D(G’) with respect to the above equitable partition is
s—1 n—s—t t

R(D(G")) = s mn—s—t—1 2t
s 2(n—s—1t) 2(t—-1)

L&+ %)sJ +1

FIGURE 2. Graphs K1V (Kn -2 U (k+ 1)K1) and KoV (K, _ | i1y, UL+ Ds] + 1)Ky).

Hence, the characteristic polynomial of R(D(G")) is

AN =X —(n+t—4)N\ - (2nt+3n —2t> — (35 — 1)t —5)A +st(n —s —t + 3)
(4.4) —2n(t+ 1)+ 2t* + 2.

By Lemma 2.1, we have A\ (D(G")) = A (R(D(G"))).
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Moreover, the distance matrix D(G*) of G* is

1 n—k—2 k+1
1/0 J J
n—k-2J J-1I 2J

k+1\J 27  2J-1)

nxn
Then the quotient matrix R(D(G*)) of D(G*) with respect to the partition V(G*) = V(K1) UV (K,—g—2)U
V((k+1)Ky) is

0 n—-k-2 k+1

RDG) =1 n-k-3 2k+1)

1 2(n—k—2) 2
By Lemma 2.1, we obtain that A1 (D(G*)) = A (R(D(G*))). The characteristic polynomial of R(D(G*)) is
(4.5) F2() = X3 = (n+ &k —3)A% — (2kn + 5n — 2k* — 6k — 9\ —n(k +3) + k* + 4k + 5.
Note that the Wiener index of G* is

W(G") = di;(G")
i<j
(n—k—=2)(n—k—3)
2

= %(n2+(2k+l)n—k2—5k—4).

Since s > 2,n > s+ [(k+ 3)s] +1 > 2k +4. By (2.1), we have
2W(G*)

=n—1+

+2n—k—2)(k+1) + k(k+1)

A (D(GY)) >

n
n?+ (2k +1)n — k* — 5k — 4
n
k* + 5k +4
n

=n+2k+1-—
>n+k.

Let h(A) = f2(A) — fi(A). By (4.4) and (4.5), we have
R(A) = (t —k — D)A2 + ((2t — 2k — 2)n — 3st — 2% +t + 2% 4 6k + 4)\
(4.6) —(n—s—t+3)st — (k4 1)n+ 2nt — 2> + k* + 4k + 3.
Then we have
R'(A\) =2(t —k — DX+ (2t — 2k — 2)n — 3st — 2t + t + 2k* + 6k + 4.
For A > n+k, we analyze the monotonicity of h(A). Note that n > s+t and t = [(k+3)s]+1 > (k+3)s+ 3.
Then
R'(A) >2(t—k—1)(n+k) + (2t — 2k — 2)n — 3st — 2% +t + 2k* + 6k + 4
=dn(t —k—1) + 2kt — 3st — 2t> +t + 4k + 4
>4(s+t)(t —k—1)+ 2kt — 3st — 24> +t + 4k + 4
(4.7) = 2% 4 (s — 2k — 3)t — 4ks + 4k — 4s + 4.
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Let g(t) = 2t + (s — 2k — 3)t — 4ks + 4k — 4s + 4. Then the axis of symmetry of g(t) is ¢ = 22£3=%_ Note
that t > (k4 %)s+ 3 > 28£3=5 Then g(t) is increasing on ¢t > (k + 3)s + 3. Combining (4.7), s > 2 and
k > 2, we have

h'(X) > g(t)
Z2((k+%)s+%)2+(372k73)((k+%)s+%)74ks+4k—45+4
= (2k* + 3k + 1) — (2k*> + 6k +4)s + 3k + 3
> 4k* 4+ 3k — 1
> 0,

which implies that h(\) is increasing with respect to A > n + k. Combining (4.6) and A > n + k, we have

h(A) > (t—k—1)(n+k)* + ((2t — 2k — 2)n — 3st — 2t> + ¢ + 2k? + 6k +4)(n + k)
—(n—s—t+3)st— (k+1)n+2nt — 26> + k> + 4k + 3
= (3t — 3k — 3)n? — (2% + (4s — 4k — 3)t + 2k> — k — 3)n + (s +t — 3k)st
—(2k +2)t2 + (k® + k)t + k® 4+ 6k + 8k + 3.

Let hq(n) = (3t — 3k — 3)n? — (2t> + (4s — 4k — 3)t + 2k* — k — 3)n + (s + t — 3k)st —(2k + 2)t* + (k* +
k)t + k3 + 6k? + 8k + 3. Then

Ry (n) = 6n(t —k —1) — 2% — (4s — 4k — 3)t — 2k? + k + 3.

Combiningnszrt,tZ(k+%)s+%,s§2andk22, we have

Ri(n) > 6(s+t)(t —k —1) — 2> + (—ds + 4k + 3)t — 2k* + k + 3
= 4t* + (25 — 2k — 3)t — (6k 4+ 6)s — 2k* + k + 3
1 1 1 1
Z4((k+§)s+§)2+(2s—2k73)((k+§)5+§)7(6k+6)572k2+k+3

= (4k* + 6k +2)s® — (2k* + 6k + g)s—2k2 +g

> 10k + 12k+;
> 0.

Hence, h1(n) is increasing with respect to n > s+ t. Then

hi(n) > (3t —3k — 3)(s + )% + (—2t* + (—4s + 4k + 3)t — 2k + k + 3)(s + 1)
+(s+t—3k)st — (2k + 2)t* + (k> + k)t + k* + 6k + 8k + 3
=13+ (s —k —2)t* — (5ks + 65 + k* — 2k — 3)t — (3k + 3)s? — (2k* — k — 3)s
+k% + 6k? + 8k + 3.

Let ho(t) =3 + (s — k — 2)t> — (5ks + 6s + k? — 2k — 3)t — (3k + 3)s® — (2k? — k — 3)s + k3 + 6k* + 8k
+ 3. Then

hh(t) = 3t% + (25 — 2k — 4)t — (5k + 6)s — k* + 2k + 3.
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Note that the axis of symmetry of h)(¢) is t = % Byt>(k+1)s+3,s>2and k > 2, we have

Ry () > 3((k + %)s + %)2 + (25 — 2k — 4)((k + %)s + %) — (5k +6)s — k2 + 2k +3

7 11 7
:(3k2+5k+1)52—(2k2+7k+?)8—k2+k+1
9
> Tk? + Tk — =
4
>0,

which implies that ho(t) is increasing on t > (k + 1)s + 3. Hence, we have ho(t) > ho([(k + 1)s| + 1)
> ha((k+ 3)s + 3)-

Cram 1. ho([(k+ 3)s] +1) > 0.

Proof. Let hs(s) = ha([(k+ 3)s] + 1). Suppose that s is odd. Then we have s > 3 and

ha(s) = ho((k + 2)s+ 1)

2 2
3 5 7 45 13 45
—_(Z k3 *k2 a8 3 _ k3 - 7k2 2k 2
(8+ +3 +4)s (+8+2 +4)s+(
+ﬁ+k3+§+nk2
4 8 2

9

3 3
3, 9, 952
5 k+4k 2k)s

Note that

45 9 3 3
2 Jd 43,9 912
k 4k)s+8 k +4k 2k

3 5 7 45 13
’ _ a2 3 Y12 ° 2 _9(k3 -~ _ =
5(s) 3(8—|—k +2k +4k)s (k—|-8 >
45 39
> —— 4+ 20k° 4+ 27k* — =k
2 2
> 0.
Hence, hs(s) is increasing on s > 3. Then
ha(s) = hs(3)
= 16k° + 10k* — 43k — 33
> 0.
Hence, we obtain that hy((k + %)s + 3) > hs(3) > 0.

Suppose that s is even. Then we have s > 2 and ¢ > (k + %)s + 1. Hence,

h3(s) = ha((k + 1)s +1)

2
3 3 o 2 7 3 3 19 2 35 2 3 o 2 3
= (= = - — — —5k* - = - 2%k + =

(8+k +2k +4k)s (k+4 5k 4k)s (+k+k+2k:)s+k:

+5k* + 9k + 5.

Note that
7 1

hy(s) = 3(% + k3 + gkz + 1/c)s2 —2(k% — 5k? — %k + Zg)s — (K* + ng + 2k +1).
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Combining s > 2 and k > 2, one can obtain that h4(s) > 0. Hence, hs(s) is increasing on s > 2. Then we

have
hs(s) > h3(2)
:12(g+k3+gk2+£k)—4(k3—5k2—§k+2—9)—(1@3+gk2+2k+1)
> 0.
Hence, ho([(k+ %)s| + 1) = hs(s) > hs(2) > 0. 0

Note that h(A) > hi(n) > ho(t) > ho(|(k + 3)s] 4+ 1). Combining Claim 1, we have h(\) > hao([(k + 3)s] +
1) > 0. This implies that fo(A\) > fi1(A) with A > n + k. Recall that A\ (D(G*)) > n + k. Then we have
Al(D(G*)) < )\1(D(G/)) ]

Proof of Theorem 1.3. Let G be a connected graph of order n. Suppose to the contrary that G contains
no {Kiy1,Ki2,..., K1k, T(2k + 1)}-factor, where k& > 2. By Theorem 1.1, there exists a vertex subset
S C V(G) such that

(4.8) iso(G — S) > | (k + %)SJ +1.

First, we claim that S # . Suppose to the contrary that S = (. By (4.8), we have iso(G) > 1, which
contradicts that G is connected. Hence, s > 1. Obviously, G is a spanning subgraph of G' = K, V ((|(k +
Ds]+ 1)K U K s |(k+1)s)—1)- Combining Lemma 2.4, we obtain that

(4.9) M(D(G)) > M (D(G")),
with equality if and only if G = G'.

Next we distinguish our proof into two cases.

CASE 1. s =1.

At this moment, G’ = K1 V (K,_;—2 U (k+ 1)K7). By (4.9), we have
M (D(G)) > M(D(Ky V (Kp—k—2 U (k +1)K1))).

By the assumption, we have A1 (D(G)) < A (D(K1V (Kp—r—2U(k+1)K1))). Hence, \1(D(G)) = M (D(K1V
(Kn,k,Q @] (k+ 1)K1))) Note also that K7V (Kn,k,Q @] (k} +1)K7) has no {Kl,la Kio,...,Kip, T(Qk} + 1)}—
factor. Hence, G =2 K1 V (K,_;—2U (k4 1)K7).

CASE 2. s > 2.
By (4.9) and Lemma 4.1, we have
M(D(Q)) > M(D(G) > M(D(Ky V (Kp—r—2 U (k+ 1)K1))).
By the assumption, we have A1 (D(G)) < A\ (D(K1V (Kp—rp—2U(k+1)K7))), a contradiction. This complete
the proof of Theorem 1.3. O

Declaration of competing interest. The authors declare that they have no known competing financial
interests or personal relationships that could have appeared to influence the work reported in this paper.



A publication of the International Linear Algebra Society

Electronic Journal of Linear Algebra, ISSN 1081-3810
Volume 41, pp. 425-435, August 2025. I L

435 FEigenvalues and component factors in graphs

Data availability. No data was used for the research described in the article.

Acknowledgment. The authors would like to thank the anonymous referees for their helpful comments

on improving the presentation of paper.
REFERENCES

[1] A.E. Brouwer and W.H. Haemers. Spectra of Graphs. Springer, Berlin, 2012.

[2] J.A. Bondy and U.S.R. Murty. Graph Theory. Grad. Texts in Math. vol. 244. Springer, New York, 2008.

[3] C. Godsil and G.F. Royle. Algebraic Graph Theory. Springer-Verlag, New York, 2001.

[4] C.D. Godsil. Algebraic Combinatorics. Chapman and Hall Mathematics Series, New York, 1993.

[5] R.A. Horn and C.R. Johnson. Matriz Analysis. Cambridge University Press, Cambridge, 1985.

[6] W.H. Haemers. Interlacing eigenvalues and graphs. Linear Algebra Appl., 226:593-616, 1995.

[7] M. Kano, H.L. Lu, and Q.L. Yu. Fractional factors, component factors and isolated vertex conditions in graphs. Electron.
J. Combin., 26:P4.33, 2019.

[8] J. Lou, R.F. Liu, and G.Y. Ao. Fractional matching, factors and spectral radius in graphs involving minimum degree.
Linear Algebra Appl., 677:337-351, 2023.

[9] J. Lou, R.F. Liu, and J.L. Shu. Toughness and distance spectral radius in graphs involving minimum degree. Discrete
Appl. Math., 361:34-47, 2025.

[10] S.C. Li and S.J. Miao. Characterizing P>g-factor and Pxq-factor covered graphs with respect to the size or the spectral
radius. Discrete Math., 344:112588, 2021.

[11] S.C. Li, S.J. Miao, and M.J. Zhang. On the size, spectral radius, distance spectral radius and fractional matchings in
graphs. Bull. Aust. Math. Soc., 108:187-199, 2023.

[12] S.J. Miao and S.C. Li. Characterizing star factors via the size, the spectral radius or the distance spectral radius of graphs.
Discrete Appl. Math., 326:17-32, 2023.

[13] M. Tait. The Colin de Verdiére parameter, excluded minors, and the spectral radius. J. Combin. Theory Ser. A, 166:42-58,
2019.

[14] Y.K. Zhang and H.Q. Lin. Perfect matching and distance spectral radius in graphs and bipartite graphs. Discrete Appl.
Math., 304:315-322, 2021.

[15] Y.K. Zhang, H.Q. Lin, Q.H. Liu, and J.F. Zheng. Distance spectrum, 1-factor and vertex-disjoint cycles. Linear Algebra
Appl., 654:10-27, 2022.

[16] Y.K. Zhang and E.R. van Dam. Matching extension and distance spectral radius. Linear Algebra Appl., 674:244-255,
2023.



	Introduction
	Preliminaries
	Proof of Theorem 1.2
	Proof of Theorem 1.3
	References

