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GRAPHS WITH BIPARTITE COMPLEMENT THAT ADMIT TWO DISTINCT
EIGENVALUES*
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AND MICHAEL TAITI

Abstract. The parameter ¢(G) of an n-vertex graph G is the minimum number of distinct eigenvalues over the family of
symmetric matrices described by G. We show that all G with ¢(G) = |E(G)| < |n/2] — 1 have ¢(G) = 2. We conjecture that
any G with e(G) < n — 3 satisfies ¢(G) = 2. We show that this conjecture is true if G is bipartite and in other sporadic cases.
Furthermore, we characterize G with G bipartite and e¢(G) = n — 2 for which ¢(G) > 2.
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1. Introduction. Let G = (V(G), E(G)) be a simple graph on n = |V (G)| vertices and e(G) = |E(G)|
edges. Let S(G) be the set of n x n real symmetric matrices for which a;; = 0, i # j, if and only if ij ¢ E(G).
The inverse eigenvalue problem for graphs (IEPG) asks which spectra can occur for matrices in S(G) [14].
One approach to the IEPG is to investigate the minimum number of distinct eigenvalues that can occur
for a matrix A € S(G) [2]. Given an n x n symmetric matrix A, let ¢(A) denote the number of distinct
eigenvalues of A and let

q(G) =min{q(A) : A€ S(G)}.

The determination of ¢(G) is a difficult outstanding problem for almost all graphs, but it has been
achieved for n < 6 [8]; see also [3]. A compelling subproblem is determining which graphs have ¢(G) = 2
(since only the graph with no edges satisfies ¢(G) = 1); see for example [1, 2, 8, 13, 16, 17]. One approach
is to find a lower bound on the number of edges that a graph on n vertices with ¢(G) = 2 can have. The
solution to this so-called “allows problem” was given in [5]: If a connected graph G on n vertices satisfies
q(G) = 2, then e¢(G) > 2n — 4 if n is even and e(G) > 2n — 3 if n is odd. Equality can be achieved for any
n and graphs achieving equality were characterized in [5]. Another approach to the ¢(G) = 2 problem is
to narrow the focus to a subclass of graphs, such as regular graphs. The classification of regular graphs of
degree at most 4 with ¢(G) = 2 appears in [6].

In this paper, we shift our focus from graphs of low density to graphs of high density. The ¢ = 2 “requires
problem” poses the following query: For a fixed number of vertices, n, determine the largest positive integer
m such that the removal of any set of m edges from the complete graph K, results in a graph G that admits
a matrix A € §(G) with ¢(A) = 2. For n > 2, it is well known that complete graphs all have ¢(K,) = 2
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(Lemma 2.2 in [2]). Furthermore, if n > 4 and e is any edge of K,,, then ¢(K,, — e) = 2 (Proposition 4.7 in
[2]). For n =5 and n = 6, the minimum number of edges needed for a graph to require ¢ = 2 is 8 and 12,

respectively [8]. Equivalently, from the standpoint of the complement, a graph G on 5 vertices with e(G) < 2
admits a matrix A € S(G) with g(A) = 2, as does a graph G on 6 vertices with e(G) < 3. It therefore seems
reasonable to pose the following conjecture (also listed explicitly as Conjecture 1 in [10]), which has been

verified for n =7 and n = 8 [10].
CONJECTURE 1.1. If G is a graph on n > 3 vertices such that e(G) < n — 3, then q(G) = 2.

We require a few additional definitions and background results, the first of which imposes a very useful
necessary, though not sufficient, condition for ¢(G) = 2.

LEMMA 1.2 (Corollary of [2], Theorem 3.2). Let G be a connected graph with ¢(G) = 2. If zuy is a
path of length 2, then either x and y are adjacent or there exists vertex v # u such that xvy is another path
of length 2.

We note that Conjecture 1.1 cannot be improved further, as demonstrated by the following observation.

OBSERVATION 1.3. Removing n—2 edges incident to a single vertex in K,, (n > 3) results in a connected
graph with a vertex of degree 1. By Lemma 1.2, this graph cannot have g-value of 2.

Given a vertex v € V(G), let N(v) denote the set of neighbors (adjacent vertices) of v and let N[v] =
N(v) U {v}. Both notations can be extended to a set S C V(G), and we may use a subscript to indicate the
relevant graph when necessary. The open neighborhood of v has cardinality deg(v) = |N(v)|, and a subscript
may again be used to denote the relevant graph. A graph jdup(G,v) is constructed from G by joined-
duplicating a vertex v € V(G) if V(jdup(G,v)) = V(G)U{u} and E(jdup(G,v)) = E(G)U{uw : w € N[v]}.

LEMMA 1.4 ([16], Lemma 2.9). For any vertex v in a connected graph G, q(jdup(G,v)) < q(G).

Let GV H denote the join of G and H, the graph consisting of the vertices V(G) UV (H), and all edges
in E(G)UEH)U{wv : we V(G), ve V(H)}.

PROPOSITION 1.5 ([13], Theorem 5.2). For any two connected graphs G and H with the same number
of vertices, (GV H) = 2.

PROPOSITION 1.6 ([17], Theorem 3.4). For any two connected graphs G and H whose orders differ by
at most 2, ¢(GV H) = 2.

The following lemma is a generalization of the two previous propositions in a different direction. The
technique in the proof highlights the Strong Spectral Property [7], which we apply frequently throughout
this paper. A symmetric matrix A is said to have the Strong Spectral Property (SSP) if the only symmetric
matrix X (known as the certificate matrix) satisfying Ao X =0, IoX =0, and AX -XA=01is X =0.
Here, o denotes the Hadamard (entrywise) product and O denotes the zero matrix. Theorem 10 of [7] states
that if A € S(G) has the SSP, then every supergraph G’ of G with the same vertex set has a realization
A’ € §(G’) such that A’ has the same spectrum as A and has the SSP.

LEMMA 1.7. If H is any graph on n vertices and n' > n, then q(K,» Vv H) = 2.

Proof. Let G = K,, in Lemma 3.13 in [1]. Then, ¢(K, V K,,) = 2. In addition, the (1,2) block of the
matrix M € S(K, V K,,) in the proof of the lemma is invertible. Now, Lemma 5.1 of [18] implies that M
has the SSP. The result follows from joined duplication of the vertices of K. 0
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Throughout this paper, we denote the subgraph of G induced by S C V(G) as G[S]. The notation
H C @ indicates that H is a subgraph of G (equivalently, G is a supergraph of H) and V(H) = V(G). The
removal of an edge e (as above) or a vertex v from a graph G are denoted G — e and G — v, respectively. The
Cartesian product of two graphs G and H is written as GOH. Using the notation of [16], for a,b > 0, let
Sa.p denote a tree whose vertex set can be partitioned as {z1,...,2.} U{u,v} U{y1,...,yp} so that each z;
is a leaf adjacent to u, each y; is a leaf adjacent to v, and u is adjacent to v. When a,b > 1, S, 5 is known as
a double star. As in [16], for I= (1,1,...,1), let W(k,O0, T) and W(k, 1, T) be the graphs obtained from K7 4
by subdividing all edges or from K7 y11 by subdividing all edges except one, respectively (see Figure 1).

FIGURE 1. The graphs W (5,0,1) and W(4,1,1).

This paper is organized as follows. In Section 2, we present some results toward the full generality of
Conjecture 1.1 but with fewer removed edges. In Section 3, we establish our principal result (Theorem 3.7)
that the conjecture holds under the additional assumption that G is bipartite. Moreover, for G bipartite
and e(G) = n — 2, we establish in Section 4 (Theorem 4.1) that ¢(G) = 2 unless G has a specific structure,
in which case ¢(G) = 3. We have an ever increasing quantity of evidence that the bipartite restriction can
be removed, some of which is included in Section 5.

2. The ¢ = 2 requires problem. In this section, we prove a bound on e(G) that ensures ¢(G) = 2
(Theorem 2.3). For general graphs, this is the closest result we have toward Conjecture 1.1.

OBSERVATION 2.1. If G is a graph on n > 3 vertices such that e(G) < |n/4], then ¢(G) = 2.

Proof. The statement holds for n < 7 by Lemma 2.2 and Proposition 4.7 in [2]. For n > 7, the removal
of at most [n/4] edges from K, results in KT, /o1 V H where H is a connected graph on [n/2] vertices, and
we may apply Proposition 1.6. 0

With some effort, using Lemma 1.7, the upper bound in the previous observation can be improved to

e(@) < |3n/8]. Our best general answer to the “requires problem” is given in Theorem 2.3, whose proof
makes use of the following combinatorial lemma.

LEMMA 2.2. Suppose t; >ty > -+ > t}, are natural numbers with Zle ti =n and Zle(ti -1)<§-1.
Then, there exist disjoint sets A, B with AU B ={1,...,k} such that

dti=> <L

icA jeB
Proof. By the assumptions, we note that k > 5 +1. Let z be the number of 7 such that ¢; = 1 and y be
the number of ¢ such that ¢; > 2. Our first claim is that x > y + 2. This follows because

|3

k
flzz(ti—l)22y+1(k—yf:c)+0$:y+kfxZerngl—:E;
1=1

rearranging gives the claim.
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We will prove the statement by induction on ¢1. If t; = 1 or t; = 2, the claim gives that t; = tx_1 = 1.
Let m be the number of ¢; that are 2; that is, t;y = --- =t,, =2 and t;,41 = --- =t = 1. If m is even or
kis even, let A = {tg;+1 : 0<i < |(k—1)/2]} and B = {t2; : 1 <i < |k/2]}. If m is odd and k is odd,
let A= {t1,ts,...tg—a,ti—2} and B = {ta,t4,...,tk—3,tx—1,tx}. In either case, A and B give a satisfactory
partition.

Now assume that the statement holds for sequences with greatest value strictly less than [ > 3 and
satisfying the hypotheses of the statement. Suppose we have tq,...,t; satisfying the hypotheses of the
lemma and t; = 1. If £ > x + y, consider the sequence of k — y integers given by

t; —1 for 1<i<y
th =142 for y+1<i<k—=x
1 for k—z+1<i<k-—uy;

otherwise, let

, ti—1 for 1<i<y
t, =
1 for k—z4+1<i<k-—uy.
Note that the last range is well defined by the claim. This sequence t/, ... ,t;i_y is nonincreasing, satisfies
t)=t1 — 1<, and
by k n n— 2y Zk_y t
/ — R _ Z ]y = 1 = &i=l i
;(til)<z;(t,, 1)) y<g-l-y=-— 1= =5 1,
1= 1=

and we may therefore apply the induction hypothesis. So there exists a partition A’ and B’ such that

dti=> <1

icA jeB’

Start with sets A and B where ¢; € A if and only if t; € A" and t; € B if and only if #; € B’. Then,

D ti=> | <14y,

i€A jEB

and the integers tx_y41, -, are all equal to 1 and have not been assigned to either A or B yet. Since
they are all equal to 1, it is easy to assign each to A or B such that

dti=> t <L

i€EA JjEB |

THEOREM 2.3. If G is a graph on n > 3 vertices such that e(G) < |n/2| — 1, then q(G) = 2.

Proof. Assume G is a graph with e(G) > () — | %] + 1 edges. We will first assume n is even. Let

Hi,...,Hy be the connected components of G with |V(H;)| = t;. Without loss of generality, assume
th 2ty 2 2 1.
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Note that

k k
(2.1) Sti-1 <Y )< |3] -1

=1 =1

By Lemma 2.2, there exist sets A, B such that ANB =0, AUB ={1,...,k}, and

dti=> <L

icA jEB

Since n is even, we have that » ;. 4t; = > ,cpt;. By the first claim in the proof of Lemma 2.2, the
components Hy_; and Hj, are isolated vertices, so they are dominating vertices in G. If {k —1,k} Z A and
{k -1k} € B, then

Ga=G||JV(H)

i€A

and Gp=G ||JVH)]|,
jeB

are connected subgraphs of G. Since G = G4 V Gp and G4 and G have the same order, by Proposition
1.5, we have that ¢(G) = 2. If one of the sets in the partition, say B, contains both k — 1 and k, then we
may move k to A, so that G4 and Gp are both connected; then, G = G4 V Gp with |G| — |Gg| = 2, and
q(G) = 2 follows by Proposition 1.6.

Finally, assume that n is odd. Again, since Hy_1 and Hj are isolated vertices, they are dominating
vertices in G. In fact, Hj_5 must also be an isolated vertex. Suppose otherwise. Then, n = > ¢; > 2(k—2)+2,
which implies n/2 > k — 1. On the other hand, it follows from Inequality 2.1 that [§] < k — 1. Since
n/2 < [n/2], this gives a contradiction. Let Hy = {v}, Hp_1 = {w}, and define G’ = G — v. Since
e(G) > (5) — 2+ 2, we see that

e(G'):e(G)—(n—l)Z(Z>_g+;_(n_1):(n;1>_{n;1J+1-

By the case when n is even, we have that ¢(G’) = 2. Since G = jdup(G’,w), Lemma 1.4 now implies
q(G) = 2. d

3. Graphs with bipartite complement. In this section, we prove that Conjecture 1.1 is true when
G is bipartite (Theorem 3.7). We first give some definitions and lemmas. For a large subclass of graphs
whose complement is bipartite, we use the following theorem of Levene et al. [16] to establish Conjecture
1.1. Recall that ¢(K,,) = 2, so we only consider graphs with nonempty complement.

THEOREM 3.1 ([16], Theorem 2.7). Let G be a bipartite graph with partite sets of sizes r,s > 1, where
G has order v+ s > 3. If G does not contain Ky, n, UKy n, as a spanning subgraph, where r = my + ma,
s =mn1+ ng, my,ma,ny,ne >0, and either myms # 0 or ning # 0, then ¢(G) = 2.

DEFINITION 3.2. A graph G on mi+mo+n1+ng > 3 vertices is called simplified if G is nonempty and
bipartite, with partite sets My U Mo # ) and Ny U No # 0, such that M; U Ny induces K,, and My U N,
induces K, n, in G, and furthermore, there is no pair of nonisolated vertices in G with evactly the same
neighborhood.

1,11

To motivate the previous definition, we make the following observation, which we will use repeatedly in
our arguments, allowing us to restrict our attention to simplified graphs.
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OBSERVATION 3.3. Let G be a graph on at least three vertices (with a nonempty complement). If Ne(u) =

Ng(v) # 0 for vertices u and v, then jdup(G — v,u) = G; note that e(G —v) < e(G) — 1. We sequentially
remove one vertex from each pair of nonisolated vertices with exactly the same neighborhood in G until we
obtain a graph G' in which no such pairs exist. If e(G) < k, then e(G’) < k. Furthermore, q(G) < q(G') by
Lemma 1.4, and in particular if ¢(G') = 2, then q(G) = 2.

LEMMA 3.4. Let G be a simplified graph of order n > 3 such that e(G) <n —2 ore(G) =n —1 and G
contains a cycle. Partition the vertices of G as in Definition 3.2. If G is not Cy, then the following hold:

1. At least one of m1,ma,n1,no equals 0. Without loss of generality, assume that No is empty.
2. It follows from no = 0 that m; = 1.
3. If n is even, then ny < % — 1.
4. If n is even, then there are at least § — ny isolated vertices in G.
Proof. To establish the first assertion, we consider the possibilities where none of my, mso, ni, or ng is
0. First, suppose that mqy,ny, ma,ny > 2. Then,

n—12>e(G) > mini +mangs > my +ny +mg + ng = n,

giving an immediate contradiction. Without loss of generality, assume m; = 1. First, suppose that my = 1.
Then, G[M; U N;] and G[Mz U Ns] are both stars and account for n — 2 edges. If e(G) = n — 2, then
ny > 2 or ny > 2 contradicts our assumption that G is simplified, and n; = ny = 1 contradicts G # Cy. If
e(G) = n — 1, then our assumption that G contains a cycle implies that G contains a triangle, contradicting
that G is bipartite. This same argument gives a contradiction when ny = 1.

Finally, suppose mso,ns > 2. We have
n—1>e(G)>ming +mang >ny +mg+ng =n—1,

so we have equality throughout. This implies that ms =no =2 and G = K 1,n; U C4. However, this means
the vertices in My (and the vertices in Ny) have the same neighborhood, contradicting G being simplified.

Since we have ruled out every possibility where none of my, ms, ni, or ny is 0, one of them must be.
We assume without loss of generality that no = 0.

Since Ny = (), all G-neighbors of vertices in M; belong to N;. Since M; U N; induces Kpyn,y in G, it
follows from G being a simplified graph that m; = 1, establishing assertion (2).

For assertion (3), note that N; can contain at most one vertex with G-degree 1 since G is simplified. So
e(G) >ny +ny — 1.

If e(G) < n — 2, then the claim follows since n is even and n; is an integer. Suppose ¢(G) =n — 1 and G
contains a cycle; then, n; < n/2 follows immediately. If n; = n/2, then N; must contain one vertex with
G-degree 1 and all remaining vertices with G-degree 2; but this implies that the cycle in G has order 4 and
that the two cycle vertices in N7 have the same neighborhood, a contradiction.

Finally, let I represent the set of isolated vertices in G' (note that I C M), and let
E'={e€ E(G) : eis incident to a vertex v € M with degz(v) = 1},

E? ={e€ E(G) : eis incident to a vertex v € M with degz(v) > 1},
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Vi={ve M : degg(v) =1},

and
V?={v € M, : degg(v) > 1}.

Then,
ny+mg=n—1>e(G)=n, +|E+|E?.

On the other hand, mq = |I| + |V1| + |V?|, so
[+ [V + V2] = |BY + | B = V'] + | E?|.
Since |E?| > 2|V?|, the previous inequality implies

1] = [E?| = V2| = [V?] = ma — 1] = [V'].

Note that |[V1| < ny: indeed, if |V| > ny, then a pair of vertices in My, each with G-degree 1, share
their G-neighbor in Ni, violating G being simplified. This fact together with the previous inequality yields

I >my — |V =n—ny — |V =1>n—2n; —1,
and assertion (4) follows since n is even and || is an integer. O

Note that ¢(Cy) = 2 is known, so the previous lemma is not weakened by excluding this graph from
consideration.

LEMMA 3.5. Let n > 4 be even, and let G be a simplified graph of order n such that either e(G) < n —2
or e(G) =n —1 and G contains a cycle. Then, G is a supergraph of K, 2UKs.

Proof. 1t is easy to verify that when n =4, G = K4 — e or G = (4, and the conclusion holds. Suppose
n > 6. By Lemma 3.4, we may assume that we have arranged the isolated vertices of G so that G is a
bipartite graph with partite sets X and Y that each contain n/2 vertices. We will use Hall’s Theorem to
show the existence of a perfect matching in G between X and Y. Let H be the bipartite subgraph of G
with vertex set V(H) = V(G) = X UY and edge set E(H) = {uv € E(G) : u € X,v € Y}. Suppose S is a
subset of X such that |S| =k and [Ny (S)| < k. Let s € S. Then, degy(s) < k—1, so degg(s) > § —k+ 1.
It follows that

n—lZe(@)zk(%—kJrl).

Rearranging, we have

(k+1)(k—2)+1=k2—k—12%”_n:g(k_z).

If k > 2, we divide by (k — 2) and obtain n/2 < k + 1+ t15. If k > 3, this implies k > % — 1 since k is an
integer. Therefore, we may assume that either k <3 or k > 5 — 1.

Suppose k = 3. Then, n < 10. The three vertices in S each must be adjacent in G to all the vertices in
Y\Ng(S), and |Y\Ng(S)| > n/2—2. If n = 10, then e(G) < 9 implies [Ny (S)| = 2 and G[SU(Y\Ng(9))] =
K3 5. This accounts for all of the edges of G and contradicts that G is simplified. If n = 8, then ¢(G) < 7
implies [Ny (S)| = 2 and G[SU (Y \ Ny (S))] = Kso. This accounts for six of the edges in G, and the
addition of any edge cannot eliminate the existence of two non-isolated vertices with the same neighborhood
in G, again contradicting that G is simplified. The final case to consider is n = 6. Again, |[Ng(S)| = 2, and
up to isomorphism, only the configurations of edges in G' shown in Fig. 2 are candidates for e(G) € {3,4,5}.
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° ° °
e(G)=3 e(G) =4 e(G)=5 e(G)=5 e(G)=5

FIGURE 2. The five candidate configurations for e(G) € {3,4,5}.

In the first four cases, G is not simplified while in the last two cases, G has no cycle. So k = 3 is impossible.

If k =1or k =n/2 then [Ng(S)| < k implies there exists a vertex v (in X or Y, respectively) with
degg(v) =n/2. If k =2 or k = § — 1, then [Ny (S)| < k implies that two vertices (in X or Y, respectively)
share § — 1 G-neighbors; since G is simplified, one of these vertices, v, must have deg(v) = n/2. Suppose,
without loss of generality, that v € X. Since G is simplified, for every y € Y except at most one, there exists

x € X such that z # v and xy € E(G). This accounts for at least § — 1 additional edges, and

— n
n—1>e(G) > —1—5—1. 0

|3

Thus, we have equality throughout, and e(G) =n — 1. So Y must consist of one vertex with G-degree 1 and
5 — 1 vertices with G-degree 2, each pair of which share only v as their common neighbor in X (since G is
simplified). Thus, G is the tree on n vertices obtained from the star K 1,n/2 by subdividing all but one edge.

Note that this graph is W (% — 1,1, I). As G has no cycle, we reach a contradiction, and |Ng(S)| > |S|.

Since | X| = |Y|, there exists a perfect matching M in H by Hall’'s Theorem. It follows that the graph
with vertex set V(G) and edge set E(G[X]) U E(G[Y]) U M is K, /;0K,. Therefore, G is a supergraph of
K o0Kos.

LEMMA 3.6. Let G be a simplified graph of order n > 4 such that e(G) <n—3 ore(G) =n—2 and G
contains a cycle. Then, G has at least 2 isolated vertices.

Proof. Because G cannot be Cj;, we may apply Lemma 3.4. Using the notation established in the
statement and proof of Lemma 3.4, we have m; = 1 and ny = 0. Let My be split into vertices that have
degree 0, 1, or at least 2 in G and, as before, call these sets I, V', V2, respectively. Then,

e(G) > ny +2|V?| + |V and
n=mny+ 141+ |V +|V?.

If e(G) < n — 3, it follows that [I| > [V2| + 2 > 2. On the other hand, if e(G) = n — 2 and G contains a
cycle, then |[V2| > 1 and |I| > |V2|+1> 2. d

THEOREM 3.7. Let G be a graph of order n > 3 such that G is bipartite and e(G) < n — 3. Then,
q(G) = 2.

Proof. As noted in Section 1, ¢(G) = 2 if e(G) = 0 or ¢(G) = 1, so we may assume n > 5 (and G is
nonempty). If the hypotheses of Theorem 3.1 are met, then the result follows, so assume that there is a
bipartition of G with partite sets M; UMy and N; U Ny, both nonempty, such that M; U N; induces Koy,

and Ms U Ny induces K, in G. By Observation 3.3, we may assume that G is simplified.

2,12
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If n is even, Theorem 3.5 implies G is a supergraph of K, /5[1K>. Suppose n is odd. By Lemma 3.6, the
number of isolated vertices in G is at least 2. Let w and z be isolated vertices in GG, and let G' = G — w.
Then, G = jdup(G’,2), |G'| = n' = n — 1 is even, and e(G’) < n’ — 2. It suffices to show that q(G’) = 2
by Lemma 1.4. By Theorem 3.5, G' is a supergraph of K, /300K>. By Theorem 20 of [10], K OK>, for any
s > 3, has an SSP matrix realization with 2 distinct eigenvalues; the same is true when s = 2 [4]. Therefore,
any supergraph of this graph will have g-value 2. ]

4. Graphs close to the requires bound. A natural next step is to consider those graphs that are
missing one more edge above the bound in Theorem 3.7, distinguishing graphs that have a g-value of 2 from
graphs that do not. Recall that S, is the (possibly degenerate) double star with a+b leaves. In this section,
we prove the following characterization of graphs G with G bipartite and e(G) = n — 2 in terms of their
g-values.

THEOREM 4.1. Let G be a graph of order n > 3. If G is bipartite and e(G) = n — 2, then q(G) = 3 if
and only if G = S, U K1 for some a,b >0, and ¢(G) = 2 otherwise.

The remainder of this section provides a proof of Theorem 4.1. To handle the most difficult cases, we
will rely on the following description of certain simplified graphs on at least 5 vertices.

LEMMA 4.2. Let G be a simplified graph of odd order n > 5, such that e(G) = n — 2 and G does not
contain a cycle. Then G =W (k,1,1) U K, where k = (n — 3)/2.

Proof. First, we apply Lemma 3.4. Since n is odd, G # C4. So we can partition the vertices as in
Definition 3.2 and conclude that no = 0 and m; = 1.

Since G does not contain a cycle, every vertex in M, has degree at most 1 in G. Partition M, as
My = I UV where I consists of the vertices with degree 0 in G and V! consists of the vertices with degree
1 in G. Since G is simplified, any pair of vertices in V! has distinct neighbors in G. Thus, each vertex in
V1 is matched to a distinct vertex in V.

Since G is simplified, there is at most one vertex in N; with degree 1 in G. So we have that |V1| €
{n1 —1,n1}. Now from n =1+ n; + |V +|I| and n — 2 = e(G) = ny + |V!], it follows that |I| = 1. Since
n > 5is odd, we must have [V!|=n; —1>0andso G = W(|[V'|,1,1) UK;. ]

We next establish that ¢(G) = 2 for all graphs G with G = W(k, 1, T) U K; where k& > 2. Our proof
uses the strong spectral property for all such values of k. For simplicity, we denote the complement of
W (k,1,1) U K} by Garys. We consider the graph G (i.e., k = 2) first and verify that ¢(G7) = 2.

EXAMPLE 4.3. ¢(G7) = 2.

Proof. Consider the matrix

3 1 1 1 0 0 0
1 1 0 0 0 1 -1
1 0 1 0 -1 o0 1
M;y=|1 0 0 1 1 -1 0
0 0 -1 1 -1 -1
0 1 0 -1 -1 2 -1
0 -1 1 0 -1 -1 2| 0
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It is easy to check that g(M7) = 2 and that M7 has the SSP. The off-diagonal zero pattern of M7 corresponds
to the graph H; shown in Figure 3. Since G7 is a supergraph of Hr, it follows that ¢(G7) = 2.

7

FIGURE 3. Graphs Hy and Hy, with solid edges representing the edges of Gr.

For k > 3, we use the same strategy as in Example 4.3, but we will use a different subgraph of Gajy3.
Denote by Wagys the graph W(k + 1,0, I) Since W(k,l,f) U Ky C Wagys, we have Woris C Gagas.

Our goal is to construct a matrix Mogys € S(Wapts) with ¢(Mak4+s) = 2 and the SSP. We begin with a
construction and observations from [11] (see Theorem 2.4).

LEMMA 4.4. For any k > 3, there is a matrix B and vector U that satisfy the following:

B e S(Kk+1),

B has zero diagonal,

B? is entrywise positive,

the spectral radius of B is strictly less than 1,

there is a totally nonzero unit vector v in the null space of B.

CUp W

Proof. Let Ty11 be the (k+1) x (k+1) matrix with [Ty41];; = (i—j)? for all 1 <4, j < k+1. It follows
easily that Tp11 € S(Kgy1) and Tiy1 has zero diagonal. Since the entries of Ti11 are all nonnegative and
for i # j they are positive, it follows that T} 1 is entrywise positive. Its shown in [11] that rank(7y41) =3
for k > 2. To construct the desired null vector, we let ;, for 4 <1i < k + 1, be the vector defined as

$(i—2)(i—3) forj=1
—(@—-1)(i—3) forj=2
[l = 2(—1)(i—2) forj=3
-1 for j =1

0 else.

Then, Ty 1U; = 0 for each 4 < i < k + 1. Define @ = Zf”;ll ;. Then, Ti41U = 0, and 7 is a totally nonzero
vector (to see this note that [a]; = —1 for all 4 < j < k+1, and when j € {1,2,3}, [d]; is either the sum of
k — 2 positive values or k — 2 negative values).

Now since Ty 1 is symmetric, we can take B = ST, for some small enough § > 0 so that the spectral
radius of B is strictly less than 1, satisfying (1), (2), (3) and (4). We may, as needed, also scale @ to obtain
a totally nonzero unit vector ¢ in the null space of B, satisfying (5). 0
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Using the matrix B from Lemma 4.4 in a construction from Levene et al. from [16], we are able to find
a matrix May43 with the desired properties. Note that [16] builds a matrix in §(Wag43); our construction
differs slightly by using a symmetric matrix B, which makes it easier to prove that Masj 3 has the SSP.

COROLLARY 4.5. For any k > 3, there is a matriz Mogysz € S(Wakrs) with q(Mags3) = 2 and the SSP.
Since Gaogys is a supergraph of Wog s, q(Gak13) =2 for all k > 3.

Proof. To describe matrix Moy 3, we follow the vertex ordering of Way3 given in [16]. We label the
vertices of Wag13 with the numbers 1, ..., 2k + 3: the vertex with degree k + 1 has label 1, the vertices with
degree 1 are labeled 2, ...,k + 2, and the vertices of degree 2 are labeled k+3,...,2k 4+ 3. So in Waog3, 1 is
adjacent to each of k+3,...,2k + 3, and for each 2 < i < k + 2, vertex i is adjacent to i + k+ 1. Let B be
the (k+1) x (k+ 1) matrix and ¥ be the vector specified in Lemma 4.4. Using the construction in Equation
(6) of [16], we let

0 T 07 o o7 07
M2k+3 = M(B,ﬁ, Ol) = v \/Ik+1 — (a232 + Z_J”L_}‘T) aB = v Cp aB R
0 aB —\/Tj+1 — a?B? 0 aB C,

where a € [—1,1] is chosen as follows. Given that the spectral radius of B is less than 1, it follows from
Lemmas 2.1 and 2.3 in [16] that May43 is a symmetric orthogonal (2k + 3) x (2k 4 3) matrix, and for all but
finitely many values of a € [-1,1], C1,Cy € S(Kk+1). Since B has zero diagonal, provided « # 0, we see
that Moy, 3 € S(Wapy3). We now show that for any such choice of a the resulting Moy 3 also has the SSP.
We do this by showing directly that the only certificate matrix is X = O.

Suppose X is a (2k + 3) x (2k + 3) symmetric matrix so that X o Mopi3 = X o Ippr3 = O and
X Mogts = Magy3X. From the entrywise product and symmetry constraints, X has the form

0o 07 T
X=|0 O D|,
@ D O

where @ is unconstrained, and D is a (k + 1) x (k4 1) diagonal matrix. Setting

0 ati’B ' Ch 0o 07 7'D
0 aDB  DCy | = XMypys = Moy 3X = | aBd aBD @@l +CiD |,
Dv ’lf’le + DC1 aDB 02'1,_1: CQD aBD

we see that equality in the (2,2)-entry yields aDB = aBD. Since B is totally nonzero off the diagonal,
this implies D = SI;41 for some number §. From the (2,3)-entry of X Mox13 = Mogy3X, we obtain the
equation

DCy = o’ + C1D,

which then implies
B(Cy — Cy) = v’
Now we revisit the construction of M3 in [16]. From Lemma 2.3 in [16], we have C; = —Cy — 957 .

Thus, our expression for @t simplifies to

" = v’ = 28Cy + BTt
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From the (2, 1)-entry of Mak13X = X Moy13, we have aBi = 0. Therefore,
O = aBiv" = 2BaBC, + faBvi’ = 2BaBCy,
as ¥ was chosen so that BT = 0.

Note that if Z is a y-eigenvector for B, then Z is a y/1 — a?y2-eigenvector for Cy (since the spectral
radius of B is strictly less than 1 and « € [—~1,1], 1 — a?y2 > 0). If v # 0, then

0 = OF = 2BaBC, 7 = —2Bay\/1 — 0242,

and 3 = 0. Since D = 11, this means that D = O. Also since @t7 = 3(Cy — C}) and 7 is totally nonzero,
we have that @ = 0.

Therefore, X = O is the only (2k + 3) x (2k 4 3) symmetric matrix so that X o Ma,13 = X 0 Iop13 =0
and X Moy y3 = Mok3X. Thus, Mog3 has the SSP, as desired. 0

Proof of Theorem /.1. First note that if G meets the hypotheses of Theorem 3.1, ¢(G) = 2 follows
immediately. So we suppose otherwise. Let G’ be the simplified graph obtained from G after the sequential
removal of one vertex from each pair of non-isolated vertices in G with the same neighborhood. Then,
|G'| =n' < n and, by Observation 3.3, e(G’) < n’ —2. If e(G’) < n/ — 2, then ¢(G") = 2 follows by Theorem
3.7. So we assume that e¢(G’) = n’ — 2.

If n’ > 4 is even, then Lemma 3.5 implies that G’ is a supergraph of K, /o[0K5. In this case, as in the
proof of Theorem 3.7, Theorem 20 of [10] implies that ¢(G’) = 2.

Next, suppose n’ is odd and G’ contains a cycle (note that e(G’) = n’ — 2 implies n’ > 5). From Lemma
3.6, G’ must have at least 2 isolated vertices. Let w and z be isolated in G’. Consider G = G/ — w and
note that G’ = jdup(G”,z2), |G"| = n” = n’ — 1 is even, and e(G”) = n” — 1. So by Lemma 3.5, G” is a
supergraph of K, 5[0K5, and Theorem 20 of [10] implies ¢(G") = 2. Therefore ¢(G') = 2.

Finally, suppose that n’ is odd and G’ does not contain a cycle. If n’ = 3, then G’ = P3 and ¢(G’) = 3,
and the result holds since G’ = Soo0UKy. If n/ = 2k+3 > 5, we apply Lemma 4.2 and recognize G’ = Gag43.
If k=1, then G’ = P,UK; and q(G’) = 3 (see graph G47 in [3]); the result holds since P;UK; = S1 1 UK].
By Example 4.3 and Corollary 4.5, ¢(G') =2 if k > 2.

To complete the proof, it remains to consider the original (unsimplified) graph G. By Observation
3.3, if G can be obtained from a simplified graph with ¢ = 2 by joined duplication, then ¢(G) = 2. Any
graph G obtained from P3 or P; U K; via a sequence of joined duplications that maintain e(G) = n — 2 has
G = S,y UK; witha > 1and b = 0 or b > 1, respectively. It follows by Lemma 1.4 that ¢(G) < 3 for all
such graphs. In the first case, since G' contains a unique shortest path uzv where u is a leaf vertex of S, o, v
is the non-leaf vertex, and z is the isolated vertex in G, we have ¢(G) = 3 by Lemma 1.2. Similarly, in the
second case, G contains a unique shortest path uzv where u and v are the non-leaf vertices of S, in G and

2 is the isolated vertex in G. Therefore, we see that ¢(G) = 3 for all such graphs. |

5. Further evidence in favor of Conjecture 1.1. From the analysis in the previous sections and
appealing to [10], we have verified Conjecture 1.1 for n < 8. Consequently, it is tempting to consider possible
inductive strategies that may lead to additional positive evidence for this conjecture. Along these lines, we
have the following result for general collections of edges removed from the complete graph on n vertices.

OBSERVATION 5.1. Suppose n > 4 and that H is a graph on n — 2 vertices with e(H) < n — 4. If
Congecture 1.1 holds for graphs on at most n — 1 vertices, then q(K,, — E(H)) = 2.
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Proof. Assume, by induction, that Conjecture 1.1 holds for graphs on at most n — 1 vertices. Thus,
K, —E(H)= K,V H=K;V(K;V H). Observe that

e(K, vV H) > (”;1) — (n—4).

Hence, q(K;V H) = 2 by the inductive hypothesis. Then, K,, — E(H) can be realized as the joined duplication
of a graph K; V H with ¢(K; vV H) = 2. So, ¢(K,, — E(H)) = 2. |

Looking beyond bipartite complements, we consider a natural initial case where the subgraph H removed
from K, contains one large odd cycle (relative to n), namely H is an odd cycle with n — 3 edges. To show
q(C,—3V K3) = 2 when n—3 is odd, we rely on the construction from Proposition 5.9 of [9]. For completeness
and to be explicit, we include its proof in the following argument.

LEMMA 5.2. For n > 6, there exists an (n — 3) x 3 matriz M such that MMT € S(C,,_3) and MTM
has 8 distinct nonzero eigenvalues.

Proof. If n = 6, the matrix

1 0 0
M=10 2 0f,
0 0 3
satisfies the two requirements, so we may assume n > 7.
Let o7 = [1,1,2], ¥, = [1,3,—2], and @3 = [—1,1,1] be row vectors in R?. Suppose that nonzero row
vectors ¥y, . .., U, € R? have been constructed so that
1. U3 - U4 =0forall 1 <i<k—1, and
2. ;- U; #0forall 1 <4,j <k with |[i — j| > 1.

Note that conditions (1) and (2) imply no two of the vectors are scalar multiples of one another. Consider

the set
k—1 k

S = span{v } -\ U span{d; X v} } U U span{@) x 7;}+

i=1 i=2
Since span{#; x ¥} is a one-dimensional subspace of span{#j}* for 1 <i < k — 1 and since span{#; x ¥; }*
must intersect span{@, }* in a one-dimensional subspace for 2 < i < k (note k > 2), we can always choose a
nonzero vector @ € S. It follows that -0}, = 0. Moreover, for 1 <14 < k—1, @-¥; # 0 since W ¢ span{¥; X Uy }.

Let @ = ¥; x . Then, @ - v; = 0 if and only if
02(171 X?ﬁ)ﬁz:(171><171)16

So, for 2 < i < k, @ - U; # 0 since w ¢ span{#) x ¥;}*. Arguing inductively, we may assume k = n — 5 and
W = Uk41, so that the vectors 47, ..., 0,41, d are a faithful orthogonal representation of C,,_s.

To build the matrix M, let P be the 3 x 3 matrix whose rows are ¥;, U2, U3 and let @ be the (n — 6) x 3
matrix with rows @y, ..., U,y1,4. The eigenvalues of PTP are A\; = 14, Ay = 7, and A3 = 2. Let p(QTQ)
denote the spectral radius of Q7@ and find ¢ > 0 such that £2p(QTQ) < %min{)\l — A2, A2 — A3}. Finally,

let
P
M:[ecz]‘
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Then, MM?T € S(C,—3) and MTM = PTP + £2Q7TQ. By Weyl’s Theorem (see [15, Corollary 4.3.15]), the
spectrum of a symmetric matrix is stable under perturbation; that is, for j = 1,2, 3,

I\ (MTM) = N (PTP) < €2p(QTQ). 0
Therefore, MT M has three distinct eigenvalues, as desired.

THEOREM 5.3. Suppose n > 6 is even. Then, ¢(C,_3V K3) = 2, and there is a matriz realization with
two distinct eigenvalues and the SSP.

Proof. Let M be the (n — 3) x 3 matrix constructed in Lemma 5.2 and let A = MM7. Then, A is an
(n — 3) x (n — 3) positive semidefinite matrix in S(C,,_3) with rank 3. Furthermore, from the construction
of M, we have that q(A) = 4 and that M7 M is not a scalar matrix. Choose o > 0 so that als — M7 M is
positive definite and choose a 3 x 3 matrix M; so that M1TM1 =als— MTM.

Let

It follows that BT B = als.

Since M M may contain zero entries, BB may not lie in S(C,,_3 V K3). So we act on My, viaa 3 x 3
orthogonal matrix R (e.g., we can choose R to be a rotation matrix), to obtain a new matrix

M
B =
{RMJ’

to guarantee that
BI(B)T = { MMT MM{ERT }

RMyMT RM;M{RT "’

isin S(Cp—_3 V H), where H is some graph on three vertices. Note that
(BYT'B' = MT"M + (RM,)" RM, = als.

By construction, C' = RM; M{ R™ has three distinct positive eigenvalues, and the graph of C'is either empty,
contains one edge, two edges, or three edges. Applying [7, Theorem 34], it is not difficult to confirm that C'
has the SSP.

Finally, using [18, Lemma 5.1 (2)] with the main diagonal blocks interchanged, the matrix B'(B")T
has the SSP. Since the nonzero eigenvalues of B'(B’)T and (B’)T B’ are the same, ¢(B'(B’)T) = 2. Thus,

q(Cr—3 V K3) = 2 with an SSP realization. O

The proof above can be easily extended to a slightly more general family of graphs, the graphs that can
be expressed as G = I' V H, where H is any graph on three vertices and I' shares some spectral properties
with C,,_s. If A is an n x n matrix with distinct eigenvalues Ay and Ay with respective multiplicities m; and
mg, then we call [my, ms] the multiplicity bipartition (MB) of A.

PoRISM 5.4. Let G = 'V K3, where T is a graph on n—3 vertices with the following properties: q(T') = 2
with an SSP realization and with MB [n — 6,3]. Then, ¢(G) = 2 with an SSP realization.
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Proof. Applying the hypotheses on the graph I', we know there exists B € S(I') such that B = CC7T,
where C is an (n —3) x 3 matrix and C7 C' is a nonzero scalar matrix. Construct an n x 3 matrix M obtained

(5]

where @) is orthogonal. Following similar reasoning as in the proof of Theorem 5.3, using isometries as
needed, we may assume that MM7T € S(G). To verify that

B CQT
QCcT I }

from C as follows:

MMT{

has the SSP, suppose the matrix B above also has the SSP. Suppose X is a designated real symmetric
certificate matrix for the SSP. Then,

B CQTHX1 O}:[<BX1 (CQT)X,

T _
(MMT)X = [ QCT I3 0 X, QCTX, X, ’

is symmetric. Since B has the SSP, it follows that X; = O. Since C has rank 3, it has no nonzero null
vectors, and so (CQT) X, = O implies Q7 X, = O. But Q is orthogonal, so we have X5 = O. Hence, MM7T
has the SSP.

Note that MTM = CTC + QT Q is a nonzero scalar matrix. Hence, q(G) = 2 with an SSP realization.O

An example class of such graphs T' is the complements of trees with the property that: ¢(I') = 2
with a positive semidefinite SSP realization that has rank equal to 3. A specific example that satisfies the
above requirements is I' = P,, where n > 4 and not divisible by 3 (consult the works [16] for the claim
regarding g¢; [12] for the claim about the minimum positive semidefinite rank; and [18] for guaranteeing an
SSP realization).

Theorems 2.3 and 3.7 and the results of this section provide evidence in the affirmative for Conjecture
1.1. Theorem 4.1 shows that for bipartite complements, the only way to remove n — 2 edges from a complete
graph and obtain ¢ > 2 is if the edges removed create a unique shortest path of length 2 between some pair of
distinct vertices. In fact, this is the only way we know to obtain ¢ > 2 by removing n — 2 edges even without
restricting to removing a bipartite graph. Thus, we state the following strengthening of Conjecture 1.1.

CONJECTURE 5.5. Let G be a graph of order n > 3. If e(G) < n — 2, then ¢(G) = 3 if and only if
G= Sap U K1 for some a,b> 0 and q(G) = 2 otherwise.
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