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GRAPHS WITH BIPARTITE COMPLEMENT THAT ADMIT TWO DISTINCT
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Abstract. The parameter q(G) of an n-vertex graph G is the minimum number of distinct eigenvalues over the family of

symmetric matrices described by G. We show that all G with e(G) = |E(G)| ≤ bn/2c − 1 have q(G) = 2. We conjecture that

any G with e(G) ≤ n− 3 satisfies q(G) = 2. We show that this conjecture is true if G is bipartite and in other sporadic cases.

Furthermore, we characterize G with G bipartite and e(G) = n− 2 for which q(G) > 2.
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1. Introduction. Let G = (V (G), E(G)) be a simple graph on n = |V (G)| vertices and e(G) = |E(G)|
edges. Let S(G) be the set of n×n real symmetric matrices for which aij = 0, i 6= j, if and only if ij /∈ E(G).

The inverse eigenvalue problem for graphs (IEPG) asks which spectra can occur for matrices in S(G) [14].

One approach to the IEPG is to investigate the minimum number of distinct eigenvalues that can occur

for a matrix A ∈ S(G) [2]. Given an n × n symmetric matrix A, let q(A) denote the number of distinct

eigenvalues of A and let

q(G) = min{q(A) : A ∈ S(G)}.

The determination of q(G) is a difficult outstanding problem for almost all graphs, but it has been

achieved for n ≤ 6 [8]; see also [3]. A compelling subproblem is determining which graphs have q(G) = 2

(since only the graph with no edges satisfies q(G) = 1); see for example [1, 2, 8, 13, 16, 17]. One approach

is to find a lower bound on the number of edges that a graph on n vertices with q(G) = 2 can have. The

solution to this so-called “allows problem” was given in [5]: If a connected graph G on n vertices satisfies

q(G) = 2, then e(G) ≥ 2n− 4 if n is even and e(G) ≥ 2n− 3 if n is odd. Equality can be achieved for any

n and graphs achieving equality were characterized in [5]. Another approach to the q(G) = 2 problem is

to narrow the focus to a subclass of graphs, such as regular graphs. The classification of regular graphs of

degree at most 4 with q(G) = 2 appears in [6].

In this paper, we shift our focus from graphs of low density to graphs of high density. The q = 2 “requires

problem” poses the following query: For a fixed number of vertices, n, determine the largest positive integer

m such that the removal of any set of m edges from the complete graph Kn results in a graph G that admits

a matrix A ∈ S(G) with q(A) = 2. For n ≥ 2, it is well known that complete graphs all have q(Kn) = 2
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(Lemma 2.2 in [2]). Furthermore, if n ≥ 4 and e is any edge of Kn, then q(Kn − e) = 2 (Proposition 4.7 in

[2]). For n = 5 and n = 6, the minimum number of edges needed for a graph to require q = 2 is 8 and 12,

respectively [8]. Equivalently, from the standpoint of the complement, a graph G on 5 vertices with e(G) ≤ 2

admits a matrix A ∈ S(G) with q(A) = 2, as does a graph G on 6 vertices with e(G) ≤ 3. It therefore seems

reasonable to pose the following conjecture (also listed explicitly as Conjecture 1 in [10]), which has been

verified for n = 7 and n = 8 [10].

Conjecture 1.1. If G is a graph on n ≥ 3 vertices such that e(G) ≤ n− 3, then q(G) = 2.

We require a few additional definitions and background results, the first of which imposes a very useful

necessary, though not sufficient, condition for q(G) = 2.

Lemma 1.2 (Corollary of [2], Theorem 3.2). Let G be a connected graph with q(G) = 2. If xuy is a

path of length 2, then either x and y are adjacent or there exists vertex v 6= u such that xvy is another path

of length 2.

We note that Conjecture 1.1 cannot be improved further, as demonstrated by the following observation.

Observation 1.3. Removing n−2 edges incident to a single vertex in Kn (n ≥ 3) results in a connected

graph with a vertex of degree 1. By Lemma 1.2, this graph cannot have q-value of 2.

Given a vertex v ∈ V (G), let N(v) denote the set of neighbors (adjacent vertices) of v and let N [v] =

N(v)∪ {v}. Both notations can be extended to a set S ⊆ V (G), and we may use a subscript to indicate the

relevant graph when necessary. The open neighborhood of v has cardinality deg(v) = |N(v)|, and a subscript

may again be used to denote the relevant graph. A graph jdup(G, v) is constructed from G by joined-

duplicating a vertex v ∈ V (G) if V (jdup(G, v)) = V (G)∪{u} and E(jdup(G, v)) = E(G)∪{uw : w ∈ N [v]}.

Lemma 1.4 ([16], Lemma 2.9). For any vertex v in a connected graph G, q(jdup(G, v)) ≤ q(G).

Let G∨H denote the join of G and H, the graph consisting of the vertices V (G)∪ V (H), and all edges

in E(G) ∪ E(H) ∪ {uv : u ∈ V (G), v ∈ V (H)}.

Proposition 1.5 ([13], Theorem 5.2). For any two connected graphs G and H with the same number

of vertices, q(G ∨H) = 2.

Proposition 1.6 ([17], Theorem 3.4). For any two connected graphs G and H whose orders differ by

at most 2, q(G ∨H) = 2.

The following lemma is a generalization of the two previous propositions in a different direction. The

technique in the proof highlights the Strong Spectral Property [7], which we apply frequently throughout

this paper. A symmetric matrix A is said to have the Strong Spectral Property (SSP) if the only symmetric

matrix X (known as the certificate matrix) satisfying A ◦X = O, I ◦X = O, and AX −XA = O is X = O.

Here, ◦ denotes the Hadamard (entrywise) product and O denotes the zero matrix. Theorem 10 of [7] states

that if A ∈ S(G) has the SSP, then every supergraph G′ of G with the same vertex set has a realization

A′ ∈ S(G′) such that A′ has the same spectrum as A and has the SSP.

Lemma 1.7. If H is any graph on n vertices and n′ ≥ n, then q(Kn′ ∨H) = 2.

Proof. Let G = Kn in Lemma 3.13 in [1]. Then, q(Kn ∨Kn) = 2. In addition, the (1, 2) block of the

matrix M ∈ S(Kn ∨Kn) in the proof of the lemma is invertible. Now, Lemma 5.1 of [18] implies that M

has the SSP. The result follows from joined duplication of the vertices of Kn.
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Throughout this paper, we denote the subgraph of G induced by S ⊆ V (G) as G[S]. The notation

H ⊆ G indicates that H is a subgraph of G (equivalently, G is a supergraph of H) and V (H) = V (G). The

removal of an edge e (as above) or a vertex v from a graph G are denoted G− e and G−v, respectively. The

Cartesian product of two graphs G and H is written as G�H. Using the notation of [16], for a, b ≥ 0, let

Sa,b denote a tree whose vertex set can be partitioned as {x1, . . . , xa} ∪ {u, v} ∪ {y1, . . . , yb} so that each xi
is a leaf adjacent to u, each yi is a leaf adjacent to v, and u is adjacent to v. When a, b ≥ 1, Sa,b is known as

a double star. As in [16], for ~1 = (1, 1, . . . , 1), let W (k, 0,~1) and W (k, 1,~1) be the graphs obtained from K1,k

by subdividing all edges or from K1,k+1 by subdividing all edges except one, respectively (see Figure 1).

Figure 1. The graphs W (5, 0,~1) and W (4, 1,~1).

This paper is organized as follows. In Section 2, we present some results toward the full generality of

Conjecture 1.1 but with fewer removed edges. In Section 3, we establish our principal result (Theorem 3.7)

that the conjecture holds under the additional assumption that G is bipartite. Moreover, for G bipartite

and e(G) = n− 2, we establish in Section 4 (Theorem 4.1) that q(G) = 2 unless G has a specific structure,

in which case q(G) = 3. We have an ever increasing quantity of evidence that the bipartite restriction can

be removed, some of which is included in Section 5.

2. The q = 2 requires problem. In this section, we prove a bound on e(G) that ensures q(G) = 2

(Theorem 2.3). For general graphs, this is the closest result we have toward Conjecture 1.1.

Observation 2.1. If G is a graph on n ≥ 3 vertices such that e(G) ≤ bn/4c, then q(G) = 2.

Proof. The statement holds for n ≤ 7 by Lemma 2.2 and Proposition 4.7 in [2]. For n > 7, the removal

of at most bn/4c edges from Kn results in Kdn/2e ∨H where H is a connected graph on bn/2c vertices, and

we may apply Proposition 1.6.

With some effort, using Lemma 1.7, the upper bound in the previous observation can be improved to

e(G) ≤ b3n/8c. Our best general answer to the “requires problem” is given in Theorem 2.3, whose proof

makes use of the following combinatorial lemma.

Lemma 2.2. Suppose t1 ≥ t2 ≥ · · · ≥ tk are natural numbers with
∑k

i=1 ti = n and
∑k

i=1(ti−1) ≤ n
2 −1.

Then, there exist disjoint sets A,B with A ∪B = {1, . . . , k} such that∣∣∣∣∣∣
∑
i∈A

ti −
∑
j∈B

tj

∣∣∣∣∣∣ ≤ 1.

Proof. By the assumptions, we note that k ≥ n
2 + 1. Let x be the number of i such that ti = 1 and y be

the number of i such that ti > 2. Our first claim is that x ≥ y + 2. This follows because

n

2
− 1 ≥

k∑
i=1

(ti − 1) ≥ 2y + 1(k − y − x) + 0x = y + k − x ≥ y +
n

2
+ 1− x;

rearranging gives the claim.
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We will prove the statement by induction on t1. If t1 = 1 or t1 = 2, the claim gives that tk = tk−1 = 1.

Let m be the number of ti that are 2; that is, t1 = · · · = tm = 2 and tm+1 = · · · = tk = 1. If m is even or

k is even, let A = {t2i+1 : 0 ≤ i ≤ b(k − 1)/2c} and B = {t2i : 1 ≤ i ≤ bk/2c}. If m is odd and k is odd,

let A = {t1, t3, . . . tk−4, tk−2} and B = {t2, t4, . . . , tk−3, tk−1, tk}. In either case, A and B give a satisfactory

partition.

Now assume that the statement holds for sequences with greatest value strictly less than l ≥ 3 and

satisfying the hypotheses of the statement. Suppose we have t1, . . . , tk satisfying the hypotheses of the

lemma and t1 = l. If k > x+ y, consider the sequence of k − y integers given by

t′i =


ti − 1 for 1 ≤ i ≤ y
2 for y + 1 ≤ i ≤ k − x
1 for k − x+ 1 ≤ i ≤ k − y;

otherwise, let

t′i =

{
ti − 1 for 1 ≤ i ≤ y
1 for k − x+ 1 ≤ i ≤ k − y.

Note that the last range is well defined by the claim. This sequence t′1, . . . , t
′
k−y is nonincreasing, satisfies

t′1 = t1 − 1 < l, and

k−y∑
i=1

(t′i − 1) =

(
k∑

i=1

(ti − 1)

)
− y ≤ n

2
− 1− y =

n− 2y

2
− 1 =

∑k−y
i=1 t

′
i

2
− 1,

and we may therefore apply the induction hypothesis. So there exists a partition A′ and B′ such that∣∣∣∣∣∣
∑
i∈A′

t′i −
∑
j∈B′

t′j

∣∣∣∣∣∣ ≤ 1.

Start with sets A and B where ti ∈ A if and only if t′i ∈ A′ and tj ∈ B if and only if t′j ∈ B′. Then,∣∣∣∣∣∣
∑
i∈A

ti −
∑
j∈B

tj

∣∣∣∣∣∣ ≤ 1 + y,

and the integers tk−y+1, · · · , tk are all equal to 1 and have not been assigned to either A or B yet. Since

they are all equal to 1, it is easy to assign each to A or B such that∣∣∣∣∣∣
∑
i∈A

ti −
∑
j∈B

tj

∣∣∣∣∣∣ ≤ 1.

Theorem 2.3. If G is a graph on n ≥ 3 vertices such that e(G) ≤ bn/2c − 1, then q(G) = 2.

Proof. Assume G is a graph with e(G) ≥
(
n
2

)
− bn2 c + 1 edges. We will first assume n is even. Let

H1, . . . ,Hk be the connected components of G with |V (Hi)| = ti. Without loss of generality, assume

t1 ≥ t2 ≥ · · · ≥ tk.
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Note that

(2.1)

k∑
i=1

(ti − 1) ≤
k∑

i=1

e(Hi) ≤
⌊n

2

⌋
− 1.

By Lemma 2.2, there exist sets A,B such that A ∩B = ∅, A ∪B = {1, . . . , k}, and∣∣∣∣∣∣
∑
i∈A

ti −
∑
j∈B

tj

∣∣∣∣∣∣ ≤ 1.

Since n is even, we have that
∑

i∈A ti =
∑

j∈B tj . By the first claim in the proof of Lemma 2.2, the

components Hk−1 and Hk are isolated vertices, so they are dominating vertices in G. If {k − 1, k} 6⊆ A and

{k − 1, k} 6⊆ B, then

GA = G

[⋃
i∈A

V (Hi)

]
and GB = G

⋃
j∈B

V (Hj)

 ,
are connected subgraphs of G. Since G = GA ∨ GB and GA and GB have the same order, by Proposition

1.5, we have that q(G) = 2. If one of the sets in the partition, say B, contains both k − 1 and k, then we

may move k to A, so that GA and GB are both connected; then, G = GA ∨GB with |GA| − |GB | = 2, and

q(G) = 2 follows by Proposition 1.6.

Finally, assume that n is odd. Again, since Hk−1 and Hk are isolated vertices, they are dominating

vertices inG. In fact, Hk−2 must also be an isolated vertex. Suppose otherwise. Then, n =
∑
ti ≥ 2(k−2)+2,

which implies n/2 ≥ k − 1. On the other hand, it follows from Inequality 2.1 that dn2 e ≤ k − 1. Since

n/2 < dn/2e, this gives a contradiction. Let Hk = {v}, Hk−1 = {w}, and define G′ = G − v. Since

e(G) ≥
(
n
2

)
− n

2 + 3
2 , we see that

e(G′) = e(G)− (n− 1) ≥
(
n

2

)
− n

2
+

3

2
− (n− 1) =

(
n− 1

2

)
−
⌊
n− 1

2

⌋
+ 1.

By the case when n is even, we have that q(G′) = 2. Since G = jdup(G′, w), Lemma 1.4 now implies

q(G) = 2.

3. Graphs with bipartite complement. In this section, we prove that Conjecture 1.1 is true when

G is bipartite (Theorem 3.7). We first give some definitions and lemmas. For a large subclass of graphs

whose complement is bipartite, we use the following theorem of Levene et al. [16] to establish Conjecture

1.1. Recall that q(Kn) = 2, so we only consider graphs with nonempty complement.

Theorem 3.1 ([16], Theorem 2.7). Let G be a bipartite graph with partite sets of sizes r, s ≥ 1, where

G has order r+ s ≥ 3. If G does not contain Km1,n1
∪Km2,n2

as a spanning subgraph, where r = m1 +m2,

s = n1 + n2, m1,m2, n1, n2 ≥ 0, and either m1m2 6= 0 or n1n2 6= 0, then q(G) = 2.

Definition 3.2. A graph G on m1 +m2 +n1 +n2 ≥ 3 vertices is called simplified if G is nonempty and

bipartite, with partite sets M1 ∪M2 6= ∅ and N1 ∪N2 6= ∅, such that M1 ∪N1 induces Km1,n1 and M2 ∪N2

induces Km2,n2 in G, and furthermore, there is no pair of nonisolated vertices in G with exactly the same

neighborhood.

To motivate the previous definition, we make the following observation, which we will use repeatedly in

our arguments, allowing us to restrict our attention to simplified graphs.
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Observation 3.3. Let G be a graph on at least three vertices (with a nonempty complement). If NG(u) =

NG(v) 6= ∅ for vertices u and v, then jdup(G − v, u) = G; note that e(G− v) ≤ e(G) − 1. We sequentially

remove one vertex from each pair of nonisolated vertices with exactly the same neighborhood in G until we

obtain a graph G′ in which no such pairs exist. If e(G) ≤ k, then e(G′) ≤ k. Furthermore, q(G) ≤ q(G′) by

Lemma 1.4, and in particular if q(G′) = 2, then q(G) = 2.

Lemma 3.4. Let G be a simplified graph of order n ≥ 3 such that e(G) ≤ n− 2 or e(G) = n− 1 and G

contains a cycle. Partition the vertices of G as in Definition 3.2. If G is not C4, then the following hold:

1. At least one of m1,m2, n1, n2 equals 0. Without loss of generality, assume that N2 is empty.

2. It follows from n2 = 0 that m1 = 1.

3. If n is even, then n1 ≤ n
2 − 1.

4. If n is even, then there are at least n
2 − n1 isolated vertices in G.

Proof. To establish the first assertion, we consider the possibilities where none of m1, m2, n1, or n2 is

0. First, suppose that m1, n1,m2, n2 ≥ 2. Then,

n− 1 ≥ e(G) ≥ m1n1 +m2n2 ≥ m1 + n1 +m2 + n2 = n,

giving an immediate contradiction. Without loss of generality, assume m1 = 1. First, suppose that m2 = 1.

Then, G[M1 ∪ N1] and G[M2 ∪ N2] are both stars and account for n − 2 edges. If e(G) = n − 2, then

n1 ≥ 2 or n2 ≥ 2 contradicts our assumption that G is simplified, and n1 = n2 = 1 contradicts G 6= C4. If

e(G) = n− 1, then our assumption that G contains a cycle implies that G contains a triangle, contradicting

that G is bipartite. This same argument gives a contradiction when n2 = 1.

Finally, suppose m2, n2 ≥ 2. We have

n− 1 ≥ e(G) ≥ m1n1 +m2n2 ≥ n1 +m2 + n2 = n− 1,

so we have equality throughout. This implies that m2 = n2 = 2 and G = K1,n1 ∪ C4. However, this means

the vertices in M2 (and the vertices in N2) have the same neighborhood, contradicting G being simplified.

Since we have ruled out every possibility where none of m1, m2, n1, or n2 is 0, one of them must be.

We assume without loss of generality that n2 = 0.

Since N2 = ∅, all G-neighbors of vertices in M1 belong to N1. Since M1 ∪ N1 induces Km1,n1 in G, it

follows from G being a simplified graph that m1 = 1, establishing assertion (2).

For assertion (3), note that N1 can contain at most one vertex with G-degree 1 since G is simplified. So

e(G) ≥ n1 + n1 − 1.

If e(G) ≤ n − 2, then the claim follows since n is even and n1 is an integer. Suppose e(G) = n − 1 and G

contains a cycle; then, n1 ≤ n/2 follows immediately. If n1 = n/2, then N1 must contain one vertex with

G-degree 1 and all remaining vertices with G-degree 2; but this implies that the cycle in G has order 4 and

that the two cycle vertices in N1 have the same neighborhood, a contradiction.

Finally, let I represent the set of isolated vertices in G (note that I ⊆M2), and let

E1 = {e ∈ E(G) : e is incident to a vertex v ∈M2 with degG(v) = 1},

E2 = {e ∈ E(G) : e is incident to a vertex v ∈M2 with degG(v) > 1},
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V 1 = {v ∈M2 : degG(v) = 1},

and

V 2 = {v ∈M2 : degG(v) > 1}.

Then,

n1 +m2 = n− 1 ≥ e(G) = n1 + |E1|+ |E2|.

On the other hand, m2 = |I|+ |V 1|+ |V 2|, so

|I|+ |V 1|+ |V 2| ≥ |E1|+ |E2| = |V 1|+ |E2|.

Since |E2| ≥ 2|V 2|, the previous inequality implies

|I| ≥ |E2| − |V 2| ≥ |V 2| = m2 − |I| − |V 1|.

Note that |V 1| ≤ n1: indeed, if |V 1| > n1, then a pair of vertices in M2, each with G-degree 1, share

their G-neighbor in N1, violating G being simplified. This fact together with the previous inequality yields

2|I| ≥ m2 − |V 1| = n− n1 − |V 1| − 1 ≥ n− 2n1 − 1,

and assertion (4) follows since n is even and |I| is an integer.

Note that q(C4) = 2 is known, so the previous lemma is not weakened by excluding this graph from

consideration.

Lemma 3.5. Let n ≥ 4 be even, and let G be a simplified graph of order n such that either e(G) ≤ n− 2

or e(G) = n− 1 and G contains a cycle. Then, G is a supergraph of Kn/2�K2.

Proof. It is easy to verify that when n = 4, G = K4 − e or G = C4, and the conclusion holds. Suppose

n ≥ 6. By Lemma 3.4, we may assume that we have arranged the isolated vertices of G so that G is a

bipartite graph with partite sets X and Y that each contain n/2 vertices. We will use Hall’s Theorem to

show the existence of a perfect matching in G between X and Y . Let H be the bipartite subgraph of G

with vertex set V (H) = V (G) = X ∪ Y and edge set E(H) = {uv ∈ E(G) : u ∈ X, v ∈ Y }. Suppose S is a

subset of X such that |S| = k and |NH(S)| < k. Let s ∈ S. Then, degH(s) ≤ k− 1, so degG(s) ≥ n
2 − k+ 1.

It follows that

n− 1 ≥ e(G) ≥ k
(n

2
− k + 1

)
.

Rearranging, we have

(k + 1)(k − 2) + 1 = k2 − k − 1 ≥ kn

2
− n =

n

2
(k − 2).

If k > 2, we divide by (k − 2) and obtain n/2 ≤ k + 1 + 1
k−2 . If k > 3, this implies k ≥ n

2 − 1 since k is an

integer. Therefore, we may assume that either k ≤ 3 or k ≥ n
2 − 1.

Suppose k = 3. Then, n ≤ 10. The three vertices in S each must be adjacent in G to all the vertices in

Y \NH(S), and |Y \NH(S)| ≥ n/2−2. If n = 10, then e(G) ≤ 9 implies |NH(S)| = 2 and G[S∪(Y \NH(S))] =

K3,3. This accounts for all of the edges of G and contradicts that G is simplified. If n = 8, then e(G) ≤ 7

implies |NH(S)| = 2 and G[S ∪ (Y \ NH(S))] = K3,2. This accounts for six of the edges in G, and the

addition of any edge cannot eliminate the existence of two non-isolated vertices with the same neighborhood

in G, again contradicting that G is simplified. The final case to consider is n = 6. Again, |NH(S)| = 2, and

up to isomorphism, only the configurations of edges in G shown in Fig. 2 are candidates for e(G) ∈ {3, 4, 5}.
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e(G) = 3 e(G) = 4 e(G) = 5 e(G) = 5 e(G) = 5

Figure 2. The five candidate configurations for e(G) ∈ {3, 4, 5}.

In the first four cases, G is not simplified while in the last two cases, G has no cycle. So k = 3 is impossible.

If k = 1 or k = n/2, then |NH(S)| < k implies there exists a vertex v (in X or Y , respectively) with

degG(v) = n/2. If k = 2 or k = n
2 − 1, then |NH(S)| < k implies that two vertices (in X or Y , respectively)

share n
2 − 1 G-neighbors; since G is simplified, one of these vertices, v, must have degG(v) = n/2. Suppose,

without loss of generality, that v ∈ X. Since G is simplified, for every y ∈ Y except at most one, there exists

x ∈ X such that x 6= v and xy ∈ E(G). This accounts for at least n
2 − 1 additional edges, and

n− 1 ≥ e(G) ≥ n

2
+
n

2
− 1.

Thus, we have equality throughout, and e(G) = n− 1. So Y must consist of one vertex with G-degree 1 and
n
2 − 1 vertices with G-degree 2, each pair of which share only v as their common neighbor in X (since G is

simplified). Thus, G is the tree on n vertices obtained from the star K1,n/2 by subdividing all but one edge.

Note that this graph is W (n
2 − 1, 1,~1). As G has no cycle, we reach a contradiction, and |NH(S)| ≥ |S|.

Since |X| = |Y |, there exists a perfect matching M in H by Hall’s Theorem. It follows that the graph

with vertex set V (G) and edge set E(G[X]) ∪ E(G[Y ]) ∪M is Kn/2�K2. Therefore, G is a supergraph of

Kn/2�K2.

Lemma 3.6. Let G be a simplified graph of order n ≥ 4 such that e(G) ≤ n− 3 or e(G) = n− 2 and G

contains a cycle. Then, G has at least 2 isolated vertices.

Proof. Because G cannot be C4, we may apply Lemma 3.4. Using the notation established in the

statement and proof of Lemma 3.4, we have m1 = 1 and n2 = 0. Let M2 be split into vertices that have

degree 0, 1, or at least 2 in G and, as before, call these sets I, V 1, V 2, respectively. Then,

e(G) ≥ n1 + 2|V 2|+ |V 1| and

n = n1 + 1 + |I|+ |V 1|+ |V 2|.

If e(G) ≤ n − 3, it follows that |I| ≥ |V 2| + 2 ≥ 2. On the other hand, if e(G) = n − 2 and G contains a

cycle, then |V 2| ≥ 1 and |I| ≥ |V 2|+ 1 ≥ 2.

Theorem 3.7. Let G be a graph of order n ≥ 3 such that G is bipartite and e(G) ≤ n − 3. Then,

q(G) = 2.

Proof. As noted in Section 1, q(G) = 2 if e(G) = 0 or e(G) = 1, so we may assume n ≥ 5 (and G is

nonempty). If the hypotheses of Theorem 3.1 are met, then the result follows, so assume that there is a

bipartition of G with partite sets M1 ∪M2 and N1 ∪N2, both nonempty, such that M1 ∪N1 induces Km1,n1

and M2 ∪N2 induces Km2,n2
in G. By Observation 3.3, we may assume that G is simplified.
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If n is even, Theorem 3.5 implies G is a supergraph of Kn/2�K2. Suppose n is odd. By Lemma 3.6, the

number of isolated vertices in G is at least 2. Let w and z be isolated vertices in G, and let G′ = G − w.

Then, G = jdup(G′, z), |G′| = n′ = n − 1 is even, and e(G′) ≤ n′ − 2. It suffices to show that q(G′) = 2

by Lemma 1.4. By Theorem 3.5, G′ is a supergraph of Kn′/2�K2. By Theorem 20 of [10], Ks�K2, for any

s ≥ 3, has an SSP matrix realization with 2 distinct eigenvalues; the same is true when s = 2 [4]. Therefore,

any supergraph of this graph will have q-value 2.

4. Graphs close to the requires bound. A natural next step is to consider those graphs that are

missing one more edge above the bound in Theorem 3.7, distinguishing graphs that have a q-value of 2 from

graphs that do not. Recall that Sa,b is the (possibly degenerate) double star with a+b leaves. In this section,

we prove the following characterization of graphs G with G bipartite and e(G) = n − 2 in terms of their

q-values.

Theorem 4.1. Let G be a graph of order n ≥ 3. If G is bipartite and e(G) = n − 2, then q(G) = 3 if

and only if G = Sa,b ∪K1 for some a, b ≥ 0, and q(G) = 2 otherwise.

The remainder of this section provides a proof of Theorem 4.1. To handle the most difficult cases, we

will rely on the following description of certain simplified graphs on at least 5 vertices.

Lemma 4.2. Let G be a simplified graph of odd order n ≥ 5, such that e(G) = n − 2 and G does not

contain a cycle. Then G = W (k, 1,~1) ∪K1 where k = (n− 3)/2.

Proof. First, we apply Lemma 3.4. Since n is odd, G 6= C4. So we can partition the vertices as in

Definition 3.2 and conclude that n2 = 0 and m1 = 1.

Since G does not contain a cycle, every vertex in M2 has degree at most 1 in G. Partition M2 as

M2 = I ∪ V 1 where I consists of the vertices with degree 0 in G and V 1 consists of the vertices with degree

1 in G. Since G is simplified, any pair of vertices in V 1 has distinct neighbors in G. Thus, each vertex in

V 1 is matched to a distinct vertex in N1.

Since G is simplified, there is at most one vertex in N1 with degree 1 in G. So we have that |V 1| ∈
{n1 − 1, n1}. Now from n = 1 + n1 + |V 1|+ |I| and n− 2 = e(G) = n1 + |V 1|, it follows that |I| = 1. Since

n ≥ 5 is odd, we must have |V 1| = n1 − 1 > 0 and so G = W (|V 1|, 1,~1) ∪K1.

We next establish that q(G) = 2 for all graphs G with G = W (k, 1,~1) ∪ K1 where k ≥ 2. Our proof

uses the strong spectral property for all such values of k. For simplicity, we denote the complement of

W (k, 1,~1) ∪K1 by G2k+3. We consider the graph G7 (i.e., k = 2) first and verify that q(G7) = 2.

Example 4.3. q(G7) = 2.

Proof. Consider the matrix

M7 =



3 1 1 1 0 0 0

1 1 0 0 0 1 −1

1 0 1 0 −1 0 1

1 0 0 1 1 −1 0

0 0 −1 1 2 −1 −1

0 1 0 −1 −1 2 −1

0 −1 1 0 −1 −1 2


.
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It is easy to check that q(M7) = 2 and that M7 has the SSP. The off-diagonal zero pattern of M7 corresponds

to the graph H7 shown in Figure 3. Since G7 is a supergraph of H7, it follows that q(G7) = 2.

1

4

6

2

7

3

5

2

4

3

7

6

5

1

Figure 3. Graphs H7 and H7, with solid edges representing the edges of G7.

For k ≥ 3, we use the same strategy as in Example 4.3, but we will use a different subgraph of G2k+3.

Denote by W2k+3 the graph W (k + 1, 0,~1). Since W (k, 1,~1) ∪ K1 ⊆ W2k+3, we have W2k+3 ⊆ G2k+3.

Our goal is to construct a matrix M2k+3 ∈ S(W2k+3) with q(M2k+3) = 2 and the SSP. We begin with a

construction and observations from [11] (see Theorem 2.4).

Lemma 4.4. For any k ≥ 3, there is a matrix B and vector ~v that satisfy the following:

1. B ∈ S(Kk+1),

2. B has zero diagonal,

3. B2 is entrywise positive,

4. the spectral radius of B is strictly less than 1,

5. there is a totally nonzero unit vector ~v in the null space of B.

Proof. Let Tk+1 be the (k+1)× (k+1) matrix with [Tk+1]i,j = (i− j)2 for all 1 ≤ i, j ≤ k+1. It follows

easily that Tk+1 ∈ S(Kk+1) and Tk+1 has zero diagonal. Since the entries of Tk+1 are all nonnegative and

for i 6= j they are positive, it follows that T 2
k+1 is entrywise positive. Its shown in [11] that rank(Tk+1) = 3

for k ≥ 2. To construct the desired null vector, we let ~ui, for 4 ≤ i ≤ k + 1, be the vector defined as

[~ui]j =



1
2 (i− 2)(i− 3) for j = 1

−(i− 1)(i− 3) for j = 2
1
2 (i− 1)(i− 2) for j = 3

−1 for j = i

0 else.

Then, Tk+1~ui = ~0 for each 4 ≤ i ≤ k + 1. Define ~u =
∑k+1

i=4 ~ui. Then, Tk+1~u = ~0, and ~u is a totally nonzero

vector (to see this note that [~u]j = −1 for all 4 ≤ j ≤ k + 1, and when j ∈ {1, 2, 3}, [~u]j is either the sum of

k − 2 positive values or k − 2 negative values).

Now since Tk+1 is symmetric, we can take B = βTk+1 for some small enough β > 0 so that the spectral

radius of B is strictly less than 1, satisfying (1), (2), (3) and (4). We may, as needed, also scale ~u to obtain

a totally nonzero unit vector ~v in the null space of B, satisfying (5).
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Using the matrix B from Lemma 4.4 in a construction from Levene et al. from [16], we are able to find

a matrix M2k+3 with the desired properties. Note that [16] builds a matrix in S(W2k+3); our construction

differs slightly by using a symmetric matrix B, which makes it easier to prove that M2k+3 has the SSP.

Corollary 4.5. For any k ≥ 3, there is a matrix M2k+3 ∈ S(W2k+3) with q(M2k+3) = 2 and the SSP.

Since G2k+3 is a supergraph of W2k+3, q(G2k+3) = 2 for all k ≥ 3.

Proof. To describe matrix M2k+3, we follow the vertex ordering of W2k+3 given in [16]. We label the

vertices of W2k+3 with the numbers 1, . . . , 2k+ 3: the vertex with degree k+ 1 has label 1, the vertices with

degree 1 are labeled 2, . . . , k+ 2, and the vertices of degree 2 are labeled k+ 3, . . . , 2k+ 3. So in W2k+3, 1 is

adjacent to each of k + 3, . . . , 2k + 3, and for each 2 ≤ i ≤ k + 2, vertex i is adjacent to i+ k + 1. Let B be

the (k+ 1)× (k+ 1) matrix and ~v be the vector specified in Lemma 4.4. Using the construction in Equation

(6) of [16], we let

M2k+3 = M̂(B,~v, α) =

 0 ~vT ~0T

~v
√
Ik+1 − (α2B2 + ~v~vT ) αB

~0 αB −
√
Ik+1 − α2B2

 =

 0 ~vT ~0T

~v C1 αB
~0 αB C2

 ,
where α ∈ [−1, 1] is chosen as follows. Given that the spectral radius of B is less than 1, it follows from

Lemmas 2.1 and 2.3 in [16] that M2k+3 is a symmetric orthogonal (2k+ 3)× (2k+ 3) matrix, and for all but

finitely many values of α ∈ [−1, 1], C1, C2 ∈ S(Kk+1). Since B has zero diagonal, provided α 6= 0, we see

that M2k+3 ∈ S(W2k+3). We now show that for any such choice of α the resulting M2k+3 also has the SSP.

We do this by showing directly that the only certificate matrix is X = O.

Suppose X is a (2k + 3) × (2k + 3) symmetric matrix so that X ◦ M2k+3 = X ◦ I2k+3 = O and

XM2k+3 = M2k+3X. From the entrywise product and symmetry constraints, X has the form

X =

 0 ~0T ~uT

~0 O D

~u D O

 ,
where ~u is unconstrained, and D is a (k + 1)× (k + 1) diagonal matrix. Setting 0 α~uTB ~uTC2

~0 αDB DC2

D~v ~u~vT +DC1 αDB

 = XM2k+3 = M2k+3X =

 0 ~0T ~vTD

αB~u αBD ~v~uT + C1D

C2~u C2D αBD

 ,
we see that equality in the (2, 2)-entry yields αDB = αBD. Since B is totally nonzero off the diagonal,

this implies D = βIk+1 for some number β. From the (2, 3)-entry of XM2k+3 = M2k+3X, we obtain the

equation

DC2 = ~v~uT + C1D,

which then implies

β(C2 − C1) = ~v~uT .

Now we revisit the construction of M2k+3 in [16]. From Lemma 2.3 in [16], we have C1 = −C2 − ~v~vT .

Thus, our expression for ~u~vT simplifies to

~u~vT = ~v~uT = 2βC2 + β~v~vT .
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From the (2, 1)-entry of M2k+3X = XM2k+3, we have αB~u = ~0. Therefore,

O = αB~u~vT = 2βαBC2 + βαB~v~vT = 2βαBC2,

as ~v was chosen so that B~v = ~0.

Note that if ~x is a γ-eigenvector for B, then ~x is a
√

1− α2γ2-eigenvector for C2 (since the spectral

radius of B is strictly less than 1 and α ∈ [−1, 1], 1− α2γ2 > 0). If γ 6= 0, then

~0 = O~x = 2βαBC2~x = −2βαγ
√

1− α2γ2~x,

and β = 0. Since D = βIk+1, this means that D = O. Also since ~u~vT = β(C2−C1) and ~v is totally nonzero,

we have that ~u = ~0.

Therefore, X = O is the only (2k+ 3)× (2k+ 3) symmetric matrix so that X ◦M2k+3 = X ◦ I2k+3 = O

and XM2k+3 = M2k+3X. Thus, M2k+3 has the SSP, as desired.

Proof of Theorem 4.1. First note that if G meets the hypotheses of Theorem 3.1, q(G) = 2 follows

immediately. So we suppose otherwise. Let G′ be the simplified graph obtained from G after the sequential

removal of one vertex from each pair of non-isolated vertices in G with the same neighborhood. Then,

|G′| = n′ ≤ n and, by Observation 3.3, e(G′) ≤ n′− 2. If e(G′) < n′− 2, then q(G′) = 2 follows by Theorem

3.7. So we assume that e(G′) = n′ − 2.

If n′ ≥ 4 is even, then Lemma 3.5 implies that G′ is a supergraph of Kn′/2�K2. In this case, as in the

proof of Theorem 3.7, Theorem 20 of [10] implies that q(G′) = 2.

Next, suppose n′ is odd and G′ contains a cycle (note that e(G′) = n′− 2 implies n′ ≥ 5). From Lemma

3.6, G′ must have at least 2 isolated vertices. Let w and z be isolated in G′. Consider G′′ = G′ − w and

note that G′ = jdup(G′′, z), |G′′| = n′′ = n′ − 1 is even, and e(G′′) = n′′ − 1. So by Lemma 3.5, G′′ is a

supergraph of Kn′′/2�K2, and Theorem 20 of [10] implies q(G′′) = 2. Therefore q(G′) = 2.

Finally, suppose that n′ is odd and G′ does not contain a cycle. If n′ = 3, then G′ = P3 and q(G′) = 3,

and the result holds since G′ = S0,0∪K1. If n′ = 2k+3 ≥ 5, we apply Lemma 4.2 and recognize G′ = G2k+3.

If k = 1, then G′ = P4∪K1 and q(G′) = 3 (see graph G47 in [3]); the result holds since P4∪K1 = S1,1∪K1.

By Example 4.3 and Corollary 4.5, q(G′) = 2 if k ≥ 2.

To complete the proof, it remains to consider the original (unsimplified) graph G. By Observation

3.3, if G can be obtained from a simplified graph with q = 2 by joined duplication, then q(G) = 2. Any

graph G obtained from P3 or P4 ∪K1 via a sequence of joined duplications that maintain e(G) = n− 2 has

G = Sa,b ∪K1 with a ≥ 1 and b = 0 or b ≥ 1, respectively. It follows by Lemma 1.4 that q(G) ≤ 3 for all

such graphs. In the first case, since G contains a unique shortest path uzv where u is a leaf vertex of Sa,0, v

is the non-leaf vertex, and z is the isolated vertex in G, we have q(G) = 3 by Lemma 1.2. Similarly, in the

second case, G contains a unique shortest path uzv where u and v are the non-leaf vertices of Sa,b in G and

z is the isolated vertex in G. Therefore, we see that q(G) = 3 for all such graphs.

5. Further evidence in favor of Conjecture 1.1. From the analysis in the previous sections and

appealing to [10], we have verified Conjecture 1.1 for n ≤ 8. Consequently, it is tempting to consider possible

inductive strategies that may lead to additional positive evidence for this conjecture. Along these lines, we

have the following result for general collections of edges removed from the complete graph on n vertices.

Observation 5.1. Suppose n ≥ 4 and that H is a graph on n − 2 vertices with e(H) ≤ n − 4. If

Conjecture 1.1 holds for graphs on at most n− 1 vertices, then q(Kn − E(H)) = 2.
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Proof. Assume, by induction, that Conjecture 1.1 holds for graphs on at most n − 1 vertices. Thus,

Kn − E(H) = K2 ∨H = K1 ∨ (K1 ∨H). Observe that

e(K1 ∨H) ≥
(
n− 1

2

)
− (n− 4).

Hence, q(K1∨H) = 2 by the inductive hypothesis. Then, Kn−E(H) can be realized as the joined duplication

of a graph K1 ∨H with q(K1 ∨H) = 2. So, q(Kn − E(H)) = 2.

Looking beyond bipartite complements, we consider a natural initial case where the subgraph H removed

from Kn contains one large odd cycle (relative to n), namely H is an odd cycle with n− 3 edges. To show

q(Cn−3∨K3) = 2 when n−3 is odd, we rely on the construction from Proposition 5.9 of [9]. For completeness

and to be explicit, we include its proof in the following argument.

Lemma 5.2. For n ≥ 6, there exists an (n − 3) × 3 matrix M such that MMT ∈ S(Cn−3) and MTM

has 3 distinct nonzero eigenvalues.

Proof. If n = 6, the matrix

M =

1 0 0

0 2 0

0 0 3

 ,
satisfies the two requirements, so we may assume n ≥ 7.

Let ~v1 = [1, 1, 2], ~v2 = [1, 3,−2], and ~v3 = [−1, 1, 1] be row vectors in R3. Suppose that nonzero row

vectors ~v4, . . . , ~vk ∈ R3 have been constructed so that

1. ~vi · ~vi+1 = 0 for all 1 ≤ i ≤ k − 1, and

2. ~vi · ~vj 6= 0 for all 1 ≤ i, j ≤ k with |i− j| > 1.

Note that conditions (1) and (2) imply no two of the vectors are scalar multiples of one another. Consider

the set

S = span{~vk}⊥ \

[
k−1⋃
i=1

span{~vi × ~vk} ∪
k⋃

i=2

span{~v1 × ~vi}⊥
]
.

Since span{~vi × ~vk} is a one-dimensional subspace of span{~vk}⊥ for 1 ≤ i ≤ k − 1 and since span{~v1 × ~vi}⊥
must intersect span{~vk}⊥ in a one-dimensional subspace for 2 ≤ i ≤ k (note k > 2), we can always choose a

nonzero vector ~w ∈ S. It follows that ~w·~vk = 0. Moreover, for 1 ≤ i ≤ k−1, ~w·~vi 6= 0 since ~w /∈ span{~vi×~vk}.

Let ~u = ~v1 × ~w. Then, ~u · ~vi = 0 if and only if

0 = (~v1 × ~w) · ~vi = (~vi × ~v1) · ~w.

So, for 2 ≤ i ≤ k, ~u · ~vi 6= 0 since w /∈ span{~v1 × ~vi}⊥. Arguing inductively, we may assume k = n− 5 and

~w = ~vk+1, so that the vectors ~v1, . . . , ~vk+1, ~u are a faithful orthogonal representation of Cn−3.

To build the matrix M , let P be the 3× 3 matrix whose rows are ~v1, ~v2, ~v3 and let Q be the (n− 6)× 3

matrix with rows ~v4, . . . , ~vk+1, ~u. The eigenvalues of PTP are λ1 = 14, λ2 = 7, and λ3 = 2. Let ρ(QTQ)

denote the spectral radius of QTQ and find ε > 0 such that ε2ρ(QTQ) < 1
2min{λ1 − λ2, λ2 − λ3}. Finally,

let

M =

[
P

εQ

]
.
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Then, MMT ∈ S(Cn−3) and MTM = PTP + ε2QTQ. By Weyl’s Theorem (see [15, Corollary 4.3.15]), the

spectrum of a symmetric matrix is stable under perturbation; that is, for j = 1, 2, 3,

|λj(MTM)− λj(PTP )| ≤ ε2ρ(QTQ).

Therefore, MTM has three distinct eigenvalues, as desired.

Theorem 5.3. Suppose n ≥ 6 is even. Then, q(Cn−3 ∨K3) = 2, and there is a matrix realization with

two distinct eigenvalues and the SSP.

Proof. Let M be the (n − 3) × 3 matrix constructed in Lemma 5.2 and let A = MMT . Then, A is an

(n− 3)× (n− 3) positive semidefinite matrix in S(Cn−3) with rank 3. Furthermore, from the construction

of M , we have that q(A) = 4 and that MTM is not a scalar matrix. Choose α > 0 so that αI3 −MTM is

positive definite and choose a 3× 3 matrix M1 so that MT
1 M1 = αI3 −MTM .

Let

B =

[
M

M1

]
.

It follows that BTB = αI3.

Since MMT
1 may contain zero entries, BBT may not lie in S(Cn−3 ∨K3). So we act on M1, via a 3× 3

orthogonal matrix R (e.g., we can choose R to be a rotation matrix), to obtain a new matrix

B′ =

[
M

RM1

]
,

to guarantee that

B′(B′)T =

[
MMT MMT

1 R
T

RM1M
T RM1M

T
1 R

T ,

]
is in S(Cn−3 ∨H), where H is some graph on three vertices. Note that

(B′)TB′ = MTM + (RM1)TRM1 = αI3.

By construction, C = RM1M
T
1 R

T has three distinct positive eigenvalues, and the graph of C is either empty,

contains one edge, two edges, or three edges. Applying [7, Theorem 34], it is not difficult to confirm that C

has the SSP.

Finally, using [18, Lemma 5.1 (2)] with the main diagonal blocks interchanged, the matrix B′(B′)T

has the SSP. Since the nonzero eigenvalues of B′(B′)T and (B′)TB′ are the same, q(B′(B′)T ) = 2. Thus,

q(Cn−3 ∨K3) = 2 with an SSP realization.

The proof above can be easily extended to a slightly more general family of graphs, the graphs that can

be expressed as G = Γ ∨H, where H is any graph on three vertices and Γ shares some spectral properties

with Cn−3. If A is an n×n matrix with distinct eigenvalues λ1 and λ2 with respective multiplicities m1 and

m2, then we call [m1,m2] the multiplicity bipartition (MB) of A.

Porism 5.4. Let G = Γ∨K3, where Γ is a graph on n−3 vertices with the following properties: q(Γ) = 2

with an SSP realization and with MB [n− 6, 3]. Then, q(G) = 2 with an SSP realization.
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Proof. Applying the hypotheses on the graph Γ, we know there exists B ∈ S(Γ) such that B = CCT ,

where C is an (n−3)×3 matrix and CTC is a nonzero scalar matrix. Construct an n×3 matrix M obtained

from C as follows:

M =

[
C

Q

]
,

where Q is orthogonal. Following similar reasoning as in the proof of Theorem 5.3, using isometries as

needed, we may assume that MMT ∈ S(G). To verify that

MMT =

[
B CQT

QCT I3

]
,

has the SSP, suppose the matrix B above also has the SSP. Suppose X is a designated real symmetric

certificate matrix for the SSP. Then,

(MMT )X =

[
B CQT

QCT I3

] [
X1 O

O X2

]
=

[
BX1 (CQT )X2

(QCT )X1 X2

]
,

is symmetric. Since B has the SSP, it follows that X1 = O. Since C has rank 3, it has no nonzero null

vectors, and so (CQT )X2 = O implies QTX2 = O. But Q is orthogonal, so we have X2 = O. Hence, MMT

has the SSP.

Note that MTM = CTC +QTQ is a nonzero scalar matrix. Hence, q(G) = 2 with an SSP realization.

An example class of such graphs Γ is the complements of trees with the property that: q(Γ) = 2

with a positive semidefinite SSP realization that has rank equal to 3. A specific example that satisfies the

above requirements is Γ = Pn, where n > 4 and not divisible by 3 (consult the works [16] for the claim

regarding q; [12] for the claim about the minimum positive semidefinite rank; and [18] for guaranteeing an

SSP realization).

Theorems 2.3 and 3.7 and the results of this section provide evidence in the affirmative for Conjecture

1.1. Theorem 4.1 shows that for bipartite complements, the only way to remove n−2 edges from a complete

graph and obtain q > 2 is if the edges removed create a unique shortest path of length 2 between some pair of

distinct vertices. In fact, this is the only way we know to obtain q > 2 by removing n−2 edges even without

restricting to removing a bipartite graph. Thus, we state the following strengthening of Conjecture 1.1.

Conjecture 5.5. Let G be a graph of order n ≥ 3. If e(G) ≤ n − 2, then q(G) = 3 if and only if

G = Sa,b ∪K1 for some a, b ≥ 0 and q(G) = 2 otherwise.
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