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TOUGHNESS AND SIGNLESS LAPLACIAN EIGENVALUES IN GRAPHS*

SHUAIWEI ZHAIT, YUANYUAN CHEN%, DAN LIf, AND YUE ZHANG?

Abstract. For a non-complete connected graph G, the toughness of G is defined as ¢(G) = min {%} by Chvatal, in

which the minimum is taken over all proper sets S C V(G), where ¢(G — S) denotes the number of components of G — S and
c(G —8) > 2. A graph G is called ¢-tough if t(G) > t. Incorporating the toughness and signless Laplacian eigenvalues of a
regular graph, we provide a sufficient spectral radius condition for a connected regular graph to be %-‘cough7 where b > 1 is an
integer. Particularly, we obtain the second largest eigenvalue condition for regular graphs to be %—tough. Moreover, we give a
sufficient condition for a connected graph to be %—tough with fixed minimum degree § in terms of the signless Laplacian spectral
radius and spectral radius, which extends a significant result by Fan, Lin and Lu [Eur. J. Comb. 110:Paper No. 103701, 2023].
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1. Introduction. All graphs considered in this paper are finite, undirected, and simple connected
graphs. Let G be a graph with vertex set V(G) = {v1,...,v,} and edge set E(G) = {e1,...,en}, and
let m(G) = |E(G)| be the number of edges in G. For any v € V(G), let Ng(v) (N(v)) and dg(v) (d(v))
denote the neighborhood and degree of v, respectively. The adjacency matriz of G is defined as the matrix
A(G) = (@uw)uwev(a) With a,, = 1 if u and v are adjacent, and a,,, = 0 otherwise. The signless Laplacian
matriz of G is defined as Q(G) = D(G) + A(G), where D(G) is the diagonal matrix of vertex degrees of G.
The largest eigenvalues of A(G) and Q(G), denoted by p(G) and ¢(G), are called the spectral radius and
signless Laplacian spectral radius of G, respectively. We denote by p(G) = A\ (G) > X2(G) > -+ > A\, (G)
and ¢(G) = ¢1(G) > ¢2(G) > -+ > ¢,(G) the eigenvalues of its adjacency matrix and signless Laplacian
matrix, respectively.

Toughness is an important invariant in graphs, and there has been extensive work on toughness since
Chvétal [9] introduced the concept in 1973. For a non-complete graph G, the toughness of G is defined as

t(G) = min {%}, in which the minimum is taken over all proper sets S C G, where ¢(G — S) denotes

the number of components of G — S and ¢(G — S) > 2. The toughness of a graph is related to many other
important properties such as hamiltonicity [23, 29], pancyclicity [3, 16], and the existence of various factors
[5, 8, 13, 15, 17, 18, 27, 30], cycles [1, 21], and spanning trees [2, 25]. The relationship between Laplacian
eigenvalues and toughness has also been widely examined [10, 11, 25, 28]. For a comprehensive survey on
toughness, we refer the reader to [4].
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There are many studies on the relationship between toughness and eigenvalues. It was initiated by Alon

[1] who showed that for any connected d-regular graph G, t(G) > %(#jﬂ—l), where A=max {P2(G) |\ (G)]}

Moreover, Brouwer [6] independently proved t(G) > ¢ — 2, and he further conjectured in [26] that ¢(G) >
d

4 _
a d-regular graph G, it is necessary that A < %. This indicates A2(G) < g (it is trivial for complete graphs

whose toughness is 00). In [28], Liu and Chen improved the eigenvalue condition for 1-tough d-regular
graphs. More exciting results can be found in Cioabd and Wong [11], Cioabd and Gu [10].

1. Then, it was completely proved by Gu [24] recently. From Gu’s result, to guarantee 1-toughness of

In this paper, we first focus on the relationship between toughness of a regular graph and its signless

Laplacian eigenvalues. We determine a signless Laplacian eigenvalue condition for a d-regular graph to be

%—tough where b is a positive integer and d > 2(b+ 1).

THEOREM 1.1. Let b > 1 be an integers and d > 2(b+ 1). If G is a connected d-regular graph and

3(d—1)+v/d>—2d+8b+9
2
@41(G) < {3(d_1>+¢m
2

when d, b have the same parity,

when d, b have different parity,
then t(G) > %.

Moreover, we provide a sufficient condition in terms of ¢g2(G) for a d-regular graph G to be %—tough
(b>2and d<2(b—1)).

THEOREM 1.2. Let G be a connected d-reqular graph with integer d < 2(b— 1) and b > 2, if

_ \/77 .
3(d-1)+ d; 8b+6d+17  hen d is odd,

QQ(G) < 3(d—1)++/d%—8b+6d+9

2

when d is even,

then t(G) > 1.

Fan, Lin, and Lu [19] provided spectral conditions for a graph with minimum degree to be 1-tough
and to be t-tough, respectively. Very recently, Chen, Fan, and Lin [14] provided spectral conditions for a
graph to be t-tough. In this paper, we improve some toughness results of [19] in terms of spectral radius.
Moreover, a signless Laplacian spectral radius condition for a graph with minimum degree § to be %—tough

is also considered.

If G and H are two vertex disjoint graphs, the join GV H is the graph obtained by taking the union of
G and H and adding all the edges between the vertex set of G and the vertex set of H.

The union G7 U Gq is the graph with vertex set V(G1) U V(G3) and edge set E(G1) U E(G2). The

complement of a graph G is denoted by G. Let 6(G) be the minimum degree of G.

THEOREM 1.3. Let b > 1 be a positive integer. Suppose that G is a connected graph of order n with
minimum degree §(G) = 0. Then, we have the following statements.

(i) If n > max{56,b6* + 6} and p(G) > p(KsV(K,_(p+1)s UbSK1)), then G is a t-tough graph, unless
G KgV(Kn_(b+1)5 @] b5K1).

(i) If n > max{[2227,2(b5 + 0 + 1),b5° + 6} and q(G) > q(KsV (K, (p11)5 UbSK1)), then G is a 3-tough
graph, unless G = K5V (K, _(p41)s UbOK1).

In order to prove our results, we need some tools. Let A be a real symmetric matrix of order n and
let X = {1,2,...,n}. For any partition IT of X : X; U X3 U --- U X,,, the matrix A can be partitioned
correspondingly.
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The characteristic matriz of Il is the n x m matrix xyg whose columns are the characteristic vectors
of X1,...,X,,, and quotient matriz of A with respect to II is the matrix Bn = (bij)mxm with b, ; =
ﬁe&i‘flquﬂ, where e|x,| and e|y,| are the all ones | X;|- and | X|-vectors, respectively. In particular,
the partition II is called equitable if each block A; ; has constant row sum.

LEMMA 1.4. (Brouwer and Haemers [7, p. 30]; Godsil and Royle [22, pp. 196-198]) Let M be a real
symmetric matriz and let A1 (M) be the largest eigenvalue of M. If Br is a quotient matriz of M, then the
eigenvalues of By interlace those of M. Furthermore, if the partition 11 is equitable, then all eigenvalues
of Br1 are also eigenvalues of M ; and for any eigenvalue of By, the corresponding eigenvector has constant
element on each vertex in a common part.

2. Proof of Theorems 1.1 and 1.2. We first give some lemmas that will be used in our proof.

LEMMA 2.1. (see [12]) Let G be a graph of order n and v € V(G). Then, fori=1,...,n—1,
2i+1(G) = 1 < qi(G —v) < q;(G).

where the right inequality holds if and only if v is an isolated vertez.

LEMMA 2.2. Let G be a connected graph with n vertices and m edges. Then,

4m

q(G) >

’
n

and the equality holds if and only if G is a regular graph.

If t is a positive even integer, denote by M; the union of % disjoint edges. Let d,b be two integers and
d>2(b+1),b> 1. Denote by G}i,b the family of all connected irregular graphs with maximum degree d,
size m with 2m > dn — d + b that have at least b+ 1 vertices of degree d when d, b have the same parity and
at least b+ 2 vertices of degree d when d, b have different parity. Let Gqp = Mgy VKpi1, when d,b have
the same parity, and Ggp = Mg—p—1V Kpy2, when d, b have different parity. Obviously, G4 € G}tb.

LEMMA 2.3. Let d > 2(b+ 1) be an integer. If G € Gcll,w then we have

(@) > 4(Gus) 3d=-D)+y d;_2d+8b+9 if d,b have the same parity,
q = @(Gap) = 1)+ —2dF8bF1T - . .
3d-D)+ d; 2d+8bF17 if d, b have different parity,

with equality if and only if G = Ggp.

Proof. Let d,b have the same parity. Then, the partition of the vertex set of My, VKp,1 into the b+ 1
vertices of degree d and the d — b vertices of degree d — 1 is an equitable partition whose quotient matrix is
d+b d—b 3(d—1)++/dZ—2d+8b+9
b+1 2d—b—-3 2

_ 2 __
q(MdfbVKb+1) _ 3(d 1)+\/d2 2d+8b+9 by

} . By a simple calculation, its largest eigenvalue is . Then, we have

Lemma 1.4.
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Let G € G}Lb. If n > d+ 2, then by Lemma 2.2, after some straightforward calculations, we obtain that

«G)z“"zz<d—db>zz(d—db)

n n d+ 2

d—1)++vVd? —2d + 8b
>3d=D+ 5 T8F9 Ginee d > 200+ 1))
ZQ(Gd,b)~

Ifn=d+1, then 2m > dn —d+b=d? +b. When 2m > d? + b+ 2, we can obtain that
4m d>+b+2 3(d—1)++d*—2d+8b+9
> 2 > 5 =q

q(G) > (Gap) -

d+1

n
The only remaining case is n = d + 1 and 2m = d? + b. Let V7 be a subset of b+ 1 vertices of degree d and
let V5 be the complement of V;. The quotient matrix of the partition of the vertex set into V; and V5 is

B d+b d—b
Tl b+1 2d-b-3 |

By Lemma 2.1, we have ¢(G) > M\(B) = 3(d_1)+‘d22_2d+8b+9 = q(Gap), with equality if and only if the
partition Vi U V3 is equitable. This happens if and only if G = Gg44. If d,b have different parity, the proof
is similar. This completes the proof. 0

Let (Gib with d > b+ 1 > 3 be the family of graphs with maximum degree d, size m with 2m > dn — b
that have at least d+ 1 —b vertices of degree d when b is even, and at least d+ 2 — b vertices of degree d when
bis odd. Let Gy, = MyVKg.1_p, when b is even, and Guy = My 1V Kgio_p, when b is odd. Obviously,

:1,1) € Gﬁ’b. Similar to the proof of Lemma 2.3, we have following result.

LEMMA 2.4. Let d <2(b—1) and G € G}, then

G BV iy g epen,
q(G) 2 q(Gyy) = 3(d71)+\/‘122*8b+76d+17 if b is odd,

with equality if and only if G = G,

Now, we present the proof of Theorem 1.1.

Proof. We suppose to the contrary that G is not a %—tough graph. Then, there exists some nonempty

subset S of V(G) such that |S| < +¢(G — S). Choose |S| to be as small as possible. Let |S| = s and
c¢(G —8S) = ¢, then ¢ > bs + 1. We denote by G1,Ga,...,G. the ¢ components of G — S. For 1 < < ¢,
let e; be the number of edges in G between S and G;. Since G is connected, it is clear that e; > 1 and

>i_1ei < ds. We have the following claims.
Cram 1. d > b+ 1.

Proof. Each vertex in S is connected to at least one component in {G1, Ga,...,G.}. Otherwise, there
exists a vertex v of S whose neighbors lie in S. Let S' = S — {v}, then we have ¢ (G — S’) = ¢+ 1, which
contradicts the minimality of S. Since G is d-regular, ¢ > bs 4+ 1 and s > 1. There exists a vertex in S, say
u, satisfies

d>dg s(u)> < >
S

Thus, the claim holds. 0
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Without loss of generality, the number of edges e; of S and G; can be sorted in ascending order.
CLAM 2. ¢; <d—b, fori=1,...,b+ 1.
Proof. Otherwise, suppose that e; >d—b+1fori=5b+1,...,c. Thus, we have

ds > e; > b+ (d—b+1)(c—D)

i=1
>b+(d—b+1)(bs+1)—(d—b+1)b (since c>bs+1)
=b+ds+(b—1)((s—1)(d—0b)—1)
>ds (sinceb>1,s>1,d>b+1),
a contradiction. Thus, the claim holds. 0

Suppose that ¢(G1) > ¢(G2) > -+ > q(Gpy1) > -+ > ¢(G.). By Lemma 2.1, we have

(2.1) Ww+1(G) > @11(G —v) > qu11(G — S) = q(Gpq1).

Let |V(Gps1)| = npy1 and |E(Gpg1)| = mpy1. We have npp1 > d + 1. Otherwise, if ny1 < d, then

(22) dnb+1 = €p+1 + 2mb+1
<ept1 +npp1(nor1 — 1)

< epr1 +d(nyer —1)  ( since npyq < d).

This implies e, 1 > d, contrary to ep41 < d—0. Thus, Gpy1 contains at least b+ 1 vertices of degree d.

If d and b have the same parity, then d > b+ 2 , implying Gpy1 € G}Lb. By (2.1) and Lemma 2.3, we

have
3(d—1)++vd*>—-2d+8bh+9
5 .

Ww+1(G) > q(Goy1) =

If d is even and b is odd, then ep11 must be even by (2.2) and so 2 < ep11 < d—b—1 by Claim 2. If d
is odd, b is even, and dnyy; is even, we know ep4; must be even by (2.2) and so 2 < ep11 <d—b—1. Each
of these cases implies G 11 contains at least np1 — epr1 > b+ 2 vertices of degree d. So Gpy1 € G<11,b' By
(2.1) and Lemma 2.3, we have

3(d—1)+Vd? —2d +8b+ 17
5 .

W+1(G) > q(Gpq1) >

If d is odd, b is even, and dny41 is odd. We know ny11 is odd. So mp41 > d + 2 and Gp41 contains at
least npr1 — epr1 > b+ 2 vertices of degree d. Then, Gpy1 € G}Lb. By (2.1) and Lemma 2.3, we obtain

3(d—1)++d? —2d + 8+ 17

Ww1(G) 2 q(Goy1) > 5

This completes the proof. ]

Next, we present the proof of Theorem 1.2.
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Proof. Suppose that G is not a %—tough graph. There exists some nonempty subset S of V(G) such that
|S| < $¢(G — S). We choose |S| to be as small as possible. Let |S| = s and ¢(G — S) = ¢, then ¢ > bs + 1.
Write the ¢ components of G — S as G1,Ga,...,G.. Let e; be the number of edges in G between S and Gj;.
Since G is connected, it is clear that e; > 1 and 25:1 e; < ds. Similar to the proof of Claim 1 in Theorem
1.1 above, we have d > b+ 1. Now, we claim that e; < b for at least 2 candidates of ¢. Otherwise, let
e; >b+1fori=23,...,c. Then, we have

c
ds > Zei >14+(b+1)(g—-1)
i=1

>1+bs(b+1) (sincec>bs+1)

=1+s(b*>+0b)

> s (0% +)

> ds (Sinced§2(b71) §b2+b),
a contradiction. Without loss of generality, we assume that e; < b,i = 1,2 and ¢ (G1) > ¢(G2). By Lemma
2.1, we obtain

(2.3) ©2(G) 2 ¢2(G —v) > ¢2(G = S) = q(Ga).

Let |[V(G2)| = n2 and |E(G2)| = ma. We have ny > d + 1. Otherwise, no < d, then

(24) dny = e3 + 2ms
<es+ ng(’l’LQ — 1)
<eg+d(ng—1) ( since ny <d).

This implies e; > d > b+ 1 > b, contrary to e; < b . Thus, G contains at least d + 1 — b vertices of
degree d. If b is even, then by (2.3) and Lemma 2.4, we know

3d—3+Vd?>—8b+6d+9
5 .

22(G) = q(G2) 2

Now let b be odd. If d is even, then e must be even by (2.4) and so e; < b — 1. Thus, G2 contains at least
ng — ey > d + 2 — b vertices of degree d. This implies G5 € Gfl’b. If d is odd and dns is even, we know es is
even by (2.4) and so ez < b — 1. Similarly, this gives Gy € Gfl’b. If d is odd and dns is odd, we know ng is
odd and so ng > d + 2. This indicates G5 contains at least no — es > d + 2 — b vertices of degree d. Note
that 2mg > dng — b. So G5 € thb. By (2.3) and Lemma 2.4, we know each of these cases has

3d—3+Vd2—8b+6d+ 17

2(G) > q(G2) > 5

This completes the proof. 0

3. Proof of Theorem 1.3. In order to prove the Theorem 1.3 for p(G) and ¢(G) simultaneously, we
introduce a new matrix A,(G) = aD(G)+ A(G) and denote by p,(G) the largest eigenvalue of A,(G), where
a > 0. Clearly, Ao(G) = A(G) (resp. A1(G) = Q(G)) and po(G) = p(G) (resp. p1(G) = q(G)).
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By the well-known Perron-Frobenius theorem ([22, Section 8.8]), we can easily deduce the following
result.

LEMMA 3.1. (see [20]) Let a > 0. If H is a spanning subgraph of a connected graph G, then p,(H) <
pa(G), with equality if and only if H = G.

LEMMA 3.2. (see [20]) Leta > 0 andn = 25:1 ni+s. Ifng >ng >+ >ng > pandny < n—s—p(t—1),
then pa(K V(K UKp, U---UKy,)) < pa(KsV(Kp_s_pr—1) U (t —1)Kp)).
Now, we present the proof of Theorem 1.3.

Proof. Suppose that G is not a %—tough graph, we shall prove that po(G) < pa(KsV (K — (p41)s UbIKY)).
Note that t(G) < ¢, there exists some nonempty subset S of V/(G) such that S| < $¢(G — S). Take |S| = s
and ¢(G — S) = c¢. Notice that b > 1 is an integer. Hence, ¢ > bs + 1. One can verify that G is a spanning
subgraph of G; = K,;V(K;, UK., U---U K,,) for some integers ¢; > ¢y > -+ > ¢ with [ = bs + 1 and
22:1 ¢i=n—s. Let a € {0,1}. By Lemma 3.1, we have

(35) pa(G) S pa(Gl)v

with equality if and only if G = G;. Then, we shall divide the proof into the following two cases.
CasE 1. s >+ 1.

Let Go = K,V (K,—(p+1)s UbsK1). Note that s > ¢ + 1. Then, by Lemma 3.2, we have

(36) pa(Gl) é pa(GQ)a

with equality if and only if (¢1,...,¢) = (n — (b + 1)s,1,...,1). Notice that A,(G3) has the equitable
quotient matrix

aln—1)4+s—1 bs n—(b+1)s
f(s) = s as 0
s 0 an—bs—1)+n—(b+1)s—1

(i) Let @ = 0. Then, AY%(s) is the equitable quotient matrix of A(Gz). By a simple calculation, the
characteristic polynomial of A%(s) is

H(AY(s),2) = 2® — (n — bs — 2)x* — (n + bs® — bs — 1)z — bs*(bs —n + s+ 1).

Note that Ag(KsV(K,—_(p4+1)s U b6K1)) has the equitable quotient matrix A% (), which is obtained by
replacing s with ¢ in A% (s). Then,

(3.7) S(ARi(s), ) — ¢(AN(0),2) = (s — O)p(2),

where
o(x) = bx? — (6 + 5 — )bz — (6% 4 65 + s°)b> — (62 — don + ds — sn + s> + 5 + s)b.

In what follows, we shall prove that ¢(z) > 0. Since n > (b+1)s+1, s >0+ 1 and b > 1, the symmetry
axis of parabola p(z) is
v 0+s—1

5 <n-—>bd—1.
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This implies that ¢(z) is increasing with respect to x > n—bJ — 1. Since n > (b+1)s+ 1, we have s < :T_ll
Hence,

o(x) > p(n—0b5 —1)

(3.8) = —(b* +b)s® — 6bs + b ((b> — 1)6° — (2n — 1)bd 4+ n* — n)
L : n—
> mg( n) (since s < bJrll)7
where

g(n) = b?n? — (26?6 + 266 + b+ 6 — 1)bn + b(b>6* + 626 + b5 — b6* +5b— 62 + 5 — 1).

If b=1, since n > 56 and § > 1, we have g(n) = n(n —59) + 36 — 1 > 0. Combining this with (3.8), we have
o(z) >0.Ifb>2and § = 1, then g(n) = b*n? — (203 + 3b%)n + b(b> + 2b% — 1). Observe that s > +1 =2
and n > (b+1)s+ 1 > 2b+ 3. The symmetry axis of parabola g(n) is

203 + 3b? 3
be+§<2b+3.

Then, g(n) is increasing with respect to n > 2b+ 3, and hence g(n) > g(2b+3) = b(b+ 1)(b> +b—1) > 0.
Thus, we have p(z) > 0 by (3.8). If b > 2 and § > 2, since the symmetry axis of parabola g(n) is

51,
b6+ 5+~ st~ g <0,

we conclude that g(n) is increasing with respect to n > b3% + §. For n > bd® + §, we get

g(n) = g(bs® + 4)
= 5302830 — 25b2 §—b) + ((b* —b+0 —2)6% + 6b)b* — (26% — 20 + 1)b
> 5302 (20b% — 6 —b) — (262 — 25 + 1)b
= 0*b*(2(0 — )(b— 2) +20b(b— 1) + 35 +3b —8) — (26 — 25 + 1)b
> b(20%0% — 262 + 26 — 1)
>0,
where all the inequalities follows from the fact that 6 > 2 and b > 2. Thus, we also have p(z) > 0 by (3.8).

Combining this with (3.7), we have ¢(AY(s),z) > ¢(A%(5),x) for z > n — b — 1. Since K,,_ps is a proper
subgraph of K5V (K, _11)s UbdK1), we have

P(KsV(Kp—(p+1)5 UbIKL)) > p(Kpn—ps) =n —bd — 1,
and hence A; (A% (8)) > A\ (A%(s)). Combining this with Lemma 1.4, (3.5) and (3.6), we have
v I

p(G) < p(G1) < p(G2) < p(KsV (K (b41)s UbIKY)).

(ii) Let a = 1. Then, A}(s) is the equitable quotient matrix of Q(G2). And the characteristic polynomial
of Al;(s) is

V(AL(s),z) = 23+ (2bs—3n—s+4)z* — (2bns+4bs* —4bs —2n* —3ns+6n+4s—4)x
I
—2s(bs —n+1)(bs —n + 2).
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Also, since Ay (KsV (K, _p41)s UbIK7)) has the equitable quotient matrix Afj(8), which is obtained by
replacing s with § in Af;(s). Then,
(3.9) P(An(s), z) — ¥(Ap(6), 2) = (s — 8)v(2),
where
y(x) = (20— 1)z? — (40 +2n + 45 — 4)b — 3n + 4)x
— ((20° + 265 + 25*)b* — (461 + 4sn — 66 — 65)b + 2n* — 6n +4) .

In what follows, we shall prove that v(z) > 0. The symmetry axis of parabola v(z) is
(46+2n+4s—4)b—3n+4

= 2(n—00 —1
. 2020 — 1) <2n )
dueton >2b6+0+1),0+1<s< ZT_ll and b > 1. This implies that v(z) is increasing with respect to
x >2(n—>bd—1). Since s < ZT_ll' Hence,

Y(@) = y(2(n — b6 — 1))
= —2b%s% — 2b(2n — 306 — 1)s + 2b(b5 — n + 1)(4b5 + &6 — 2n)
o2
~(b+1)2

(3.10)

h(n) (since s < %)7
where

h(n) = (20 + b)n? — (660> + (108 + 2)b? + (56 — )b+ § — 1)n + 46%b*
+ (96% 4 46)b® 4 (66% 4 68)b® + (62 +36 —2)b+ 0 — 1.
If b =1, since n > [222] and § > 1, we have h(n) = 3n? — 220n + 2062 + 145 — 3 > 0. Combining this with
(3.10), we have v(z) > 0.If b > 2 and § = 1, then h(n) = (2b%+b)n? — (60> +120% +4b)n+4b* +13b3+12b+2b.
Observe that n > 2(bd 4+ 6 + 1) > 2b + 4. The symmetry axis of parabola h(n) is
6b% 4 12b% 4 4b
2(2b% + b)
Then, h(n) is increasing with respect to n > 2b+ 4, and hence h(n) > h(2b+4) = b(b*> + 4b+ 2) > 0. Thus,
we have y(z) > 0 by (3.10). If b > 2 and ¢ > 2, since the symmetry axis of parabola h(n) is
600° 4 106b% + 20> + 56b — b+ — 1
2(20% +b)
we conclude that h(n) is increasing with respect to n > b3® + 6. For n > b§® + 6, if § = 2, we obtain
h(n) > h(bd> + §) = h(8b + 2) = 48b* — 28b3 — 40b*> — 14b — 1 > 0, and so the result holds. If § > 3, we get

< 2b+4.

< bé3 + 4,

h(n) > h(bd® + 6)
= 5%0(26°b* — 60b? + 0°b — 65b — 2b — 30) + (462b* + 30%b + 46b + 6* — 26 + 46)b?
—(6* = 0% +362—46+2)b— 0% +26— 1
> 53212007 — 36 — 2b) — (6% — 6 + 36% — 45 + 2)b
= 5302(12(6 — 2)(b — 2) + 126b(b — 1) + 216 + 22b — 48) — (6* — 6% + 362 — 46 + 2)b
> 12040 — (0% — 6% + 307 — 46 +2)b
= b(126"b* — §* + 6 — 367 + 40 — 2)
>0,
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where all the inequalities follows from the fact that 6 > 3 and b > 2. Thus, we also have v(z) > 0 by (3.10).
Combining this with (3.9), we have 1(Af;(s), z) > ¥(AL(6),z) for £ > 2(n—bd —1). Since K,,_ps is a proper
subgraph of K5V (K, _@11)s UbIK1), we have
q(KsV (K- (p11)s UbIK1)) > q(Kp—ps) = 2(n — bd — 1),
and hence A1 (A% (6)) > A1 (A} (s)). Combining this with Lemma 1.4, (3.5) and (3.6), we have
4(G) < q(G1) < q(G2) < q(KsV(Ky—(p11)5 UbSKT)).
CASE 2. s < 4.
If s = 4, then by Lemma 3.2, we have
Pa(G1) < pa(KsV (K (by1)5 UbIKT)),
with equality if and only if G1 = K5V (K,,_(341)s UbdK;). Combining this with (3.5), we deduce that
Pa(G) < pa(KsV (Kp—(p41)5 UbSK1)),

with equality if and only if G = KsV (K, _(y41)s UbdK1), and so the result holds.
Ifs<d—1,let Gz = K;V(K,_s_(5—s+1)bs U bsKs_s+1). Recall that ¢; > ¢;41 for 1 <i <1 —1. Note
that dg(u) > ¢ for any u € V(K,,). So § < s+ ¢; — 1. That is, ¢ > § — s+ 1. By Lemma 3.2, we have

(311) pa(Gl) é pa(GL’))a

with equality if and only if G; = G3. In the following, we divide the proof for « = 0 and a = 1.

(i) Let a = 0. We first prove that p(G3) < n —bd — 1. Assume that p(Gz) = p* >n— (0 +1—s)bs. Let
x be the Perron vector of A(G3). By symmetry, « takes the same values x1,x2, and 3 on the vertices of
V(Kp—s—(541-s)bs), V(Ks41-5) and V(Ky), respectively. Then, by A(G3)x = p*z, we have

(3.12) pfrr=m—s—(0+1—9)bs — 1)x1 + sx3,
(3.13) prxe = (6 — 8)wg + sw3,
(3.14) pPrrs=m—s—(0+1—28)bs)zy + (6 +1—5s)bsza + (s — 1)x3.

From (3.12) and (3.13), we obtain

_ ST
(315) { 1= p*f(nf(§+1is)bsfl)+s7

— ST3
Ty = o —d1s"

Note that n > b3% +§,b > 1 and § > s+ 1 > 2. Then, p* >n — (§+1— s)bs > § + 1. Putting (3.15) into
(3.14), and considering that p* >n — (0 +1 — s)bs > 0 + 1, we get
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s(n—s—(6+1—s)bs) s(0+1—s)bs
pr—(n—(0+1—s)bs—1)+s p*—0+s

<5+s(ni—s) (since p* >n—(0+1—38)bs>d+1)

s+1
-5 — 1-— 1
:n—(6—|—1—3)bs—n s—(0+1—15)bs(s+1)
s+1

bo® +5—s—(0+1—s)bs(s+1)
a s+1
<n—(0+1—3s)bs (sinced>s+1,b>1ands>1)
<p"

<n—(0+1-—s)bs ( since n > bd® + 6)

which is impossible. Thus, we have

pr<n—(0+1—s)bs
(3.16) =n—-bl—1—((s—1)(6 —s)b—1)
<n-—>b5 (sinced>s+1,b>1ands>1).

Since K5V (K, —_(p41)s UbdK1) contains K, _p5 as a proper subgraph, we have
p(KgV(Kn,(b+1)5 U b(SKl)) > p(Kn_(,g) =n-—>5b0— 1.
Combining this with (3.5), (3.11) and (3.16), we may conclude that

P(G) < p(Gh) < p(Ga) < n — b5 — 1 < p(K5V (K (p41)5 UBSKL)).

(ii) Let a = 1. We first prove ¢(Gs3) < 2(n—0d). Similarly, assume that ¢(Gs) = ¢* > 2(n—(d+1—s)bs).
Let y be the Perron vector of Q(G3). By symmetry, y takes the same values y1, y2, and y3 on the vertices of
V(Kp—s—(541-s)bs), V(Ks541-5) and V(Kj), respectively. Then, by Q(G3)y = ¢*y, we have

(3.17) Fypn=m—s—(+1—s)bs— 1)y +sys+(n— (6 +1—s)bs — 1)y,
(3.18) q"y2 = (0 — s)y2 + sys + dy2,
(3.19) Tys=Mm—s—(0+1—35)bs)y1 + (d + 1 —s)bsya + (s — 1)ys + (n — 1)ys.

From (3.17) and (3.18), we obtain

— S5Y3
(320) L8 q*7?577,7(5+175)bsf1)+sf(n7(5+175)b571)’
— SY3
Y2 = q*—26+s"

Note that n > b6% +6,b > 1 and § > s+ 1 > 2. Then, ¢* > 2(n — (6 + 1 — s)bs) > 20 + 2. Putting (3.20)
into (3.19), and considering that ¢* > 2(n — (6 + 1 — s)bs) > 26 + 2 , we get
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¢ +1
. s(n—s—(d+1—s)bs) (0+1—5)bs? 3
T g —(n—(6+1—s)bs—1)+s—(n—(6+1—s)bs—1)  ¢*—25+s
<5+M+n—l (since ¢* > 2(n— (8 +1—s)bs) > 26 + 2)

542

n— (641 s)bs) — 2n—s—2bs(0+1—s)(s+2)+2

s+2

2(b63+46)—s—2bs(6+1—8)(s+2)+2
s+2

2n—(6+1—s)bs) (sinced>s+1,b>1and s> 1)

q

<2(n—(6+1—s)bs)— ( since n > bd®+6)

*
)

IN A

which is impossible. Thus, we have

(3.21) (n—b6—1—((s—1)(6 - s)b—1))

¢  <2(n—(6+1—s)bs)
2
<2(n—"5bd) (sinced>s+1,b>1ands>1).

Since K(;V(Kn,(bﬂ)(g U bd K1) contains K,,_ps as a proper subgraph, we have
q(KsV(Kp—(p+1)s UbOK1)) > q(Kp_ps) = 2(n — bd — 1).
Combining this with (3.5), (3.11), and (3.21), we may conclude that
4(G) < q(G1) < q(Ga) < 2(n — b3) — 1 < q(E5V (Ko p11)5 U BSKY)).

It is easy to verify that KsV (K, _(p41)s UbIK,) is not %—tough. This completes the proof of Theorem 1.3.0
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