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NEW REPRESENTATIONS FOR THE MOORE-PENROSE INVERSE*

HONGXING WANG! AND MUSHENG WEI*

Abstract. In this paper, some new representations of the Moore-Penrose inverse of a complex
m X n matrix of rank r in terms of (s X t)-constrained submatrices with m > s >r, n >t > r are
presented.
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1. Introduction. We adopt the following notation in this paper. The set of m x
n matrices with complex (respectively, real) entries is denoted by C™*™ (respectively,
R™>™). The subset of C™*™ (respectively, R"™*™) consisting of the rank r matrices
is denoted by C™*™ (respectively, R™*™). We assume throughout that r > 0. For
positive integers r < [ < m,

Alym:{{il,...,il}“. < << Sm},
Ar,a :{{1/1,712,} - {il,...,il}:aeAl,mh’l SZ/I < .- <Z';A SZ[}

For o € A, and 8 € Ay, Aap is the s x ¢t submatrix of A consisting of the
rows of A indexed by a and the columns of A indexed by 3, and A, . (respectively,
A, p) denotes A, (1,2, n} (vespectively, A1 o my.). For a = {i1,... is} € Ay m,
P, is the s X m matrix with 1 in positions (1,41),...,(s,is) and 0 elsewhere; for
B ={j1,-..,jt} € Ay, Qp is the n x ¢t matrix with 1 at positions (j1,1),...,(ji,t)
and 0 elsewhere. It is obvious that P,A = A, . and AQg = A, g. The conjugate
transpose of A is denoted by AT, and it is clear that Agﬂ = (AH) . The r-th

a,B

compound matriz of A is denoted by C,. (A). Thus, by [6], if rank(A) = 7, then

Tr C, (AAH) =TrC, (AHA) = Z det (Ay,5) det (Aga).
a€EA, m,BEA n
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The Moore-Penrose inverse of A € C™*™ is defined as the unique X € C"*™
satisfying
(1.1) (1) AXA=A, (2) XAX =X, (3) (AX)" = AX, (4) (xA)" = X4,

and is usually denoted by X = AT (see [6]). If A € C™*™ and rank(A) = r > 0, then
A has a full-rank factorization A = F'G, and it is a standard fact that

(1.2) At =GP
Also AT 5 = (Aap)".
For A € C™*™,  the smallest nonnegative integer k such that rank (Ak“) =

rank (A"*), is called the indez of A, and is denoted by Ind (A) = k. If Ind (4) = 1,
then there exists a unique matrix X € C"*™ satisfying

(1.3) (1) AXA=A, (2) XAX =X, (5) AX = XA.
Here X = A is called the group inverse of A. Furthermore, for a full-rank factoriza-

tion A = FG of A, A* = F (GF) %G (sec [6]).

For A € CI"*", in [7], Berg deduced the following representation of the Moore-
Penrose inverse of A:

1
(1.4) Al = T C, (AR A) E Tr C, (A 4 Ao p) QﬁAl,ﬁPa‘
r aeArﬂn;ﬂeAr,n

In [9], Bruening obtained the following representations of the Moore-Penrose inverse
of A:

(1.5) Al = e AHA > T e o) Al P
aEArm
and
1
(L6) A= ey 2 WO (A QaAl,
" BEAM R

n [10], for A € C**™ with Ind (A) = 1, Cai and Chen deduced the following repre-
sentation of the group inverse of A:

> Tr C, (4,0 Aa,B) QﬁAL,BPO‘
(XeAr,mﬁeAT«m'

(1.7) Ab = T O (A7)

A detailed discussion of generalized inverses and their representations in terms of
submatrices can be found in [2, 6, 10, 12, 14, 17, 18, 19, 20, 22, 23, 25, 26].

In this paper, we will deduce some new representations of the Moore-Penrose

inverse of A € C**"

n>t>r.

in terms of (s X t)-constrained submatrices, where m > s > r,
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2. Preliminaries. In this section, we present some preliminary results.

LEMMA 2.1. [20] Let A € CI"*", o € Ay, B € Ay, with rank (Ay g) =7, and
let P, and Qg be r x m and n x r matrices, respectively. Then

(2.1) AQpA, 3 PuA = A

Notice that A = AQp (A;IBPOCA) is a full-rank decomposition of A and

AT = (PaA)! Ao s (AQp)".
We now extend the above formula to more general forms.

LEMMA 2.2. Let A € CI"*", o € Agm, 8 € Ay pym > 5 > 1, >t > r with
rank (P, AQg) = r. Then

(2.2) AQp (PaAQp)' PuA = A.

Proof. Let A = FG be a full-rank decomposition of A. Because
r =rank (FG) = rank (P, FGQg) < rank (GQg) < r,

we have that rank (GQg) = r. Similarly, rank (P,F') = r. Therefore P,AQp =
(PoF) (GQg) is a full-rank decomposition of P,AQs. By applying (1.2), we obtain
AQs (PaAQp) PoA = FGQp (PoFGQp)! PLFG
= FGQp (GQp)' (PLF) PLFG
=A 0O

LEMMA 2.3. Lt Ac C", o€ Ay, BE A, m>s2>1, n>12>1r with
rank (P,AQg) =r. Then

(2.3) At = (P, A A, 5 (AQp)T.

Proof. Let A = FG be a full-rank decomposition of A. By applying Lemma 2.2
and (1.2), we obtain
(PaA) (PaAQp) (AQp) = (PaFG)' (PaFGQp) (FGQp)!
= G' (PaF)' (PaF) (GQp) (GQp)' FT
=GIFT
=Af. O
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3. Representations of the Moore-Penrose inverse. In this section, we de-
rive some new representations of the Moore-Penrose inverse of A.

THEOREM 3.1. Let Ac C**", m>s>r andn >t >r. Then Al equals

. LY e (A Aws) Qual P
(3.1) m-—r n—r A€l m,BEAL R
' s—r t—r Tr C, (AHA)

Proof. For given a € Ay, and 8 € Ay, let 7' be the rank of the submatrix
Au. 5. By applying (1.4), we have

Tr CT/ (Aga’Ao/,ﬁ> t
a’,B

(3.2) Al = P,
7 Q,EXA;,’& Tr Gy (A4, Aag)

Notice that if ' < r, &' € Ay o, @ € A,y and 3 € A, then P, P, = P, and

(3.3) Tr C, (A yAa,s) = 0.

Therefore, applying (3.2) and simplifying by (3.3) gives
Tr C, (A 4 Aap) QoA 5Pa
Tr Cpr (AY  Aw ) T
Al 4P | P,
a’EA / Tr CT’ (Ag{aAa,ﬁ)
Tx Gy (A Aap)
= Y Tr C (Afl A ) QpAL, 4P
a'EArzﬁa Tr CT’ (AgaAa,ﬁ>

(34) = Y TC (Af,Aw ) QAL 4Pur.

a’€Ay o

s—r
a from {1,...,m} such that o’ C a. Therefore,

m-—r . . .
For each fixed o € A, 4, there are ( ) choices of s elements i1, ...,is of

) S TG, (A;;{Q,Aa,,ﬁ) QuAL, 4Pu
(3 5) llEAs,nL Dé,eAr,oe

= ( m—r ) > Tr G, (Aga,Aa,ﬁ) QﬁAL/ﬁPa'-

S—7Tr O"EA'V',Q
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Similarly, for each fixed o € A, 4, by adopting the above formulas to AL, 5 and
using the fact that Tr Cy.(Aa g A ) = Tr C(Af  Aar pr), we have

(3.6) TrCp (Al Awp) QsAl, jPr = Y T Cr (A v Aw ) Qe AL, 5 P,
B'€Ar g

and

S| 2w (A8 Aws ) QuAl P
(37) BEALn \B'EA B

n—r
= T C (AI—I/ /A ’ /) ’AT/ /P’-

Therefore, by combining the formulas in (3.4)-(3.7) and applying (1.4), we obtain

. G Y (Mo (A Aas) @Al 4Pa)
m-—-r n—r a€As m,BEAL R
( s—r ) <tr> Tr C. (AT A)

. . 3 < > TrCr (Af o Aw p) QﬁAL,ﬂPa,>
B < m—r > < n—r ) a€As m,BEALn \ /' EAL o

s—r t—r Tr C, (AH A) ’
(by (3.4))
'Y ( S Tr Cr (Aga/Aa,,ﬁ)QgAL,ﬁPa,>
n—r o' €Ay o \BEAL N
_< t—r ) Tr C, (AT A) » (by (3:5))

> (Z > Trcr(Agf,ya,Aa/ﬁ,)Qﬂ,AL,ﬁ,Pa,>

BEAL N B'EA, 4

:< . ) - Tr C, (AT A) » (by (3.6))

_ 1 " i
= Tr Cr (AHA) ( Z Tr Cr (A/B/,Q’Aa’,ﬁ/> QB’Aa’,ﬁ’Pa/) N (by (37))

o/ €Ap m B EArn

= AT,
that is,

-1 -1 Z Tr G, (AgaAa,ﬁ) QﬁAL ﬁPOé
gt ((m-r n—r Q€A m,BEAL, ’ ’ .
S\ Us—r t—r Tr C, (A7 A) '
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EXAMPLE 3.2. Take

725

1 2 01 0 2 0
0 -2 010 -1 0
A=|1 0 02 0 1 0]€eR>,
1 0 1.0 0 0 2
2 0 1 20 1 2
s =4 and t = 6. Then Tr C, (AHA) = 1632, ( TZ_: ) ( TtL_: ) = 8 and after
some calculations, we have
S TG (A8, A0p) QeAl P
a€EAs m,BEAL R
[ 46 6 52 90 142
236 —324 —88 36  —bH2
-50 —42 —-92 186 94 )
=8 74 258 332 —210 122
0 0 0 0 0
214 —114 100 —78 22
| —100 -84 —184 372 188 |
(see the appendix). Thus by (3.1),
[ 46 6 52 90 142
236 —324 —88 36  —5H2
1 -50 —42 —-92 186 94
At = 1632 74 258 332 —-210 122
0 0 0 0 0
214 —-114 100 -—-78 22
| —100 -84 —184 372 188 |

In a similar manner, we can derive the following formulas which are generaliza-

tions of the formulas in (1.5) and (1.6).

COROLLARY 3.3. Let A € C™*" with rank(A) = r, & € Agp, B € Ay,

m>s>randn>t>r. Then

Y Te G (AT ALL) ALLP,

AT_(mT

a€EAs m
s—r Tr C,. (AHA)

LY TG (A Alp) @Al

n—r BEAn
t—r

Tr C,

(AT A)
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Appendix

In Example 3.1, we have

S TG (A Aug) QaAl 4P
Q€A m,BEAL R

T 4 11 87 0 35 5 40 48 0 35 20 55 87 0 20 35 55 12 0
26 —40 —14 —6 O 82 —92 —10 —120 82 —128 —46 —6 0 10 —56 —46 6 0
—7 —4 —11 105 0 -7 —-1 -8 63 0 -7 —4 —11 1050 —4 —7 —11 27 0
= |15 36 51 —330| + 43 58 101 —24 0| + 43 112 155 —33 0| + 0 0 0 0 o
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 o0
27 —12 15 =210 0 0 0 0o 0 83 —40 43 -—-210 29 14 43 —-120
0 0 0 0 0 —14 —2 —16 126 0 —14 —8 —22 210 0 —8 —14 —22 54 0
r 28 16 44 87 0 15 0 15 270 0 o0 0 0 0 —22 —25 —47 0 87
68 —106 —38 —6 0 0 0 0O 00 60 —90 —30 0 O 28 —38 —100 —6
0 0 0 0 0 —3 0 —3330 0o o0 0 87 0 —42 —39 —81 0 105
+ | 36 93 129 —330| + | —5 64 59 —90| + |40 85 125 0 O| + 26 47 73 0 —33
0 0 0 0 0 0 0 0O 00 0o o0 0 0 0 0 0 0O 0 0
69 —33 36 —210 59 —64 —5 —9 0 65 —25 40 0 O 34 -5 29 0 -—21
L—14 —8 —22 2100 —6 0 —6 660 (O] 0 1740 0 0 0 0 O
r19 —11 8 0 48 6 -9 —3 0 87 1 16 31 47 0 12 —1 —13 —14 0 87
86 —88 —2 0 —12 84 —126 —42 0 —6 8 —58 =500 6 70 —104 —34 0 —6
—28 —22 —50 0 63 —42 —39 —81 0 105 —13 —16 —29 0 27 0 0 0O 0 0
+ | 51 66 117 0 —24| + 54 123 177 0 —33| + 0 0 0O 0 O + 47 104 151 0 —33
0 0 0O 0 0 0 0 0O 0 0 0 0 0O 0 0 0 0 0O 0 0
0 0 0O 0 0 90 —33 57 0 —21 33 18 51 0 —12 76 —26 50 0 —21
L—-56 —44 —100 0 126 —84 —78 —1620 210 —26 —32 —58 0 54 —84 —78 —1620 210
r 6 —9 —3 027 0 0 0O 00 —16 —200 76 40 44 4 0 8 56
0 0 0o 00 60 —90 —30 0 O 32 —-560 8 —16 110 —1220 -2 —14
—14 —11 —250 33 —29 —29 —58 0 87 —48 —44 0 116 24 —33 —25 0 71 13
+| —2 67 65 0-—-9| + 40 85 125 0 O + 48 76 0 —84 40 + 99 119 0 —125 93
0 0 0 0 0 0 0 0O 00 0 0O 0 0 0 0 0O 0 o0 0
62 —61 1 0 —9 65 —25 40 0 O 48 —4 0 —36 8 0 0o 0 o0 0
L—28 —22 —50 0 66 —58 —58 —116 0 174 0 0O 0 O 0 —66 —50 0 142 26
36 16 0 32 84 41 61 0 —43 59 r 23 7T 0 43 73 16 —4 0 12 24
96 —184 0 40 —48 —4 —920 52 —44 80 —1520 32 —40 0 0 0 O 0
—48 —44 0 116 24 —18 —220 38 -2 0 0O 0 O 0 —16 —120 36 8
+ | 120 212 0 —188 144 | + 0 0O 0 0 0 + | 102 178 0 —162 118 | + 16 108 0 —68 56
0 0O 0 O 0 0 0 0 0 0 0 0O 0 O 0 0 0 0 O 0
132 —32 0 —64 36 57 37 0 —55 39 111 —25 0 —57 29 80 —840 —4 -8
L—96 —88 0 232 48 —36 —440 76 —4 L—96 —88 0 232 48 —32 —240 72 16
r o 0O 0 O 0 3 0—-19 53 347 r 30 o 14 17 31 15 0 21 33 54
70 —1300 30 —30 66 0 —34 14 —20 174 0 —64 26 —38 210 0 —114 54 —60
—29 —29 0 87 29 —3 0 —45 75 30 —6 0 —27 45 18 —3 0 —45 75 30
+ 95 155 0 —125 125 | + | —21 0 69 —51 18 + | —150 114 —69 45 + | —690 189 —111 78
0 0o 0 o0 0 0O 0 0 0 0 0 0 0 0 0 0O 0 o0 0 0
100 —20 0 —40 40 39 0 9 —15 —6 0O 0 O 0 0 1230 9 —15 —6
L—58 —58 0 174 58 0O 0 0 0 o I L—120 —54 90 36 —6 0 —90 150 60
r—150 56 —22 34 12 0 11 38 49 15 0 1 13 14 0O 0 O 0 0
66 0 —70 38 —32 174 0 —94 44 —-50 0 0 O 0 0 150 0 —80 40 —40
3 0-—21 24 3 0O 0 0 0 0 —3 0—-13 23 10 0 0—29 58 29
+ 0o 0 0 0 0 + | =570 159 —96 63 + | —690 85 —47 38 + | —450 140 —70 70
0 0 0 0 0 0O 0 0 0 0 0 0 0 0 0 0O 0 0 0 0
15 0 42 —27 15 1020 9 —15 —6 123 0 —43 17 —26 90 0 10 -5 5
L 6 0 —42 48 6 —6 0 —90 150 60 —6 0 —26 46 20 0 0 —58 116 58
0 —3 —17 52 35 0 —30 34 7 41 0 —15 31 28 59 0 15 46 —17 29
0—-66 10 —8 2 0 —174 52 —3220 0 —210 26 —16 10 0 —66 —26 16 —10
0 3 —47 76 29 0 6 —31 47 16 0 3 —47 76 29 0 —3 —19 23 4
+ (0 21 55 —4411| + |0 15 104 —6440| + |0 69 143 —8855| + |0 O 0 0 0
0 o 0 (O] (O] 0 (O] 0o o 0 (O] 0o 0 0 0 0
0—39 35 —28 7 (O] 0 0o o 0 —123 91 —56 35 0—15 52 —32 20
0 o0 0 0o o0 0 12 —62 94 32 0 6 —94 152 58 0 —6 —38 46 8
0 —12 19 34 53 0 —15 11 8 19 0o o0 0 0o o0
0 —174 22 —14 8 o 0 0 (O] 0 —150 20 —1010
(O] 0 (O] 0 3 —15 24 9 0O 0 —29 58 29
+ |0 57 121 —7744| 4+ |0 69 39 —2415( + |0 45 110 —55 55
(O] 0 (O] 0o o0 0 (O] o o0 0 0o o0
0 —102 77 —49 28 0 —123 39 —2415 0 —90 70 —3535
0 6 —94 152 58 0 6 —30 48 18 0O 0 —58 116 58

46 6 52 90 142
236 —324 —88 36 —52
—50 —42 —92 186 94

74 258 332 —210 122

0 0 0 0 0

214 —114 100 -—-78 22

—100 —84 —184 372 188
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