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Abstract. In this paper, some new representations of the Moore-Penrose inverse of a complex

m × n matrix of rank r in terms of (s × t)-constrained submatrices with m ≥ s ≥ r, n ≥ t ≥ r are

presented.
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1. Introduction. We adopt the following notation in this paper. The set of m×

n matrices with complex (respectively, real) entries is denoted by C
m×n (respectively,

R
m×n). The subset of C

m×n (respectively, R
m×n) consisting of the rank r matrices

is denoted by C
m×n
r (respectively, R

m×n
r ). We assume throughout that r > 0. For

positive integers r ≤ l ≤ m,

∆l,m = {{i1, . . . , il}|1 ≤ i1 < · · · < il ≤ m},

∆r,α = {{i′1, . . . , i
′
r} ⊆ {i1, . . . , il} = α ∈ ∆l,m|i1 ≤ i′1 < · · · < i′r ≤ il}.

For α ∈ ∆s,m, and β ∈ ∆t,n, Aα,β is the s × t submatrix of A consisting of the

rows of A indexed by α and the columns of A indexed by β, and Aα,∗ (respectively,

A∗,β) denotes Aα,{1,2,...,n} (respectively, A{1,2,...,m},β). For α = {i1, . . . , is} ∈ ∆s,m,

Pα is the s × m matrix with 1 in positions (1, i1) , . . . , (s, is) and 0 elsewhere; for

β = {j1, . . . , jt} ∈ ∆t,n, Qβ is the n × t matrix with 1 at positions (j1, 1) , . . . , (jt, t)

and 0 elsewhere. It is obvious that PαA = Aα,∗ and AQβ = A∗,β . The conjugate

transpose of A is denoted by AH , and it is clear that AH
α,β =

(

AH
)

α,β
. The r-th

compound matrix of A is denoted by Cr (A). Thus, by [6], if rank(A) = r, then

Tr Cr

(

AAH
)

= Tr Cr

(

AHA
)

=
∑

α∈∆r,m,β∈∆r,n

det (Aα,β) det
(

AH
β,α

)

.
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The Moore-Penrose inverse of A ∈ C
m×n is defined as the unique X ∈ C

n×m

satisfying

(1) AXA = A, (2) XAX = X, (3) (AX)
H

= AX, (4) (XA)
H

= XA,(1.1)

and is usually denoted by X = A† (see [6]). If A ∈ C
m×n and rank(A) = r > 0, then

A has a full-rank factorization A = FG, and it is a standard fact that

A† = G†F †.(1.2)

Also A
†
α,β = (Aα,β)

†
.

For A ∈ C
m×m, the smallest nonnegative integer k such that rank

(

Ak+1
)

=

rank
(

Ak
)

, is called the index of A, and is denoted by Ind (A) = k. If Ind (A) = 1,

then there exists a unique matrix X ∈ C
m×m satisfying

(1) AXA = A, (2) XAX = X, (5) AX = XA.(1.3)

Here X = A♯ is called the group inverse of A. Furthermore, for a full-rank factoriza-

tion A = FG of A, A♯ = F (GF )
−2

G (see [6]).

For A ∈ C
m×n
r , in [7], Berg deduced the following representation of the Moore-

Penrose inverse of A:

A† =
1

Tr Cr (AHA)

∑

α∈∆r,m,β∈∆r,n

Tr Cr

(

AH
β,αAα,β

)

QβA
†
α,βPα.(1.4)

In [9], Bruening obtained the following representations of the Moore-Penrose inverse

of A:

A† =
1

Tr Cr (AHA)

∑

α∈∆r,m

Tr Cr

(

AH
∗,αAα,∗

)

A†
α,∗Pα(1.5)

and

A† =
1

Tr Cr (AHA)

∑

β∈∆r,n

Tr Cr

(

AH
β,∗A∗,β

)

QβA
†
∗,β .(1.6)

In [10], for A ∈ C
m×m
r with Ind (A) = 1, Cai and Chen deduced the following repre-

sentation of the group inverse of A:

A♯ =

∑

α∈∆r,mβ∈∆r,m

Tr Cr (Aβ,αAα,β)QβA
†
α,βPα

Tr Cr(A2)
.(1.7)

A detailed discussion of generalized inverses and their representations in terms of

submatrices can be found in [2, 6, 10, 12, 14, 17, 18, 19, 20, 22, 23, 25, 26].

In this paper, we will deduce some new representations of the Moore-Penrose

inverse of A ∈ C
m×n
r in terms of (s × t)-constrained submatrices, where m ≥ s ≥ r,

n ≥ t ≥ r.
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2. Preliminaries. In this section, we present some preliminary results.

Lemma 2.1. [20] Let A ∈ C
m×n
r , α ∈ ∆r,m, β ∈ ∆r,n with rank (Aα,β) = r, and

let Pα and Qβ be r × m and n × r matrices, respectively. Then

AQβA−1

α,βPαA = A.(2.1)

Notice that A = AQβ

(

A−1

α,βPαA
)

is a full-rank decomposition of A and

A† = (PαA)
†
Aα,β (AQβ)

†
.

We now extend the above formula to more general forms.

Lemma 2.2. Let A ∈ C
m×n
r , α ∈ ∆s,m, β ∈ ∆t,n,m ≥ s ≥ r, n ≥ t ≥ r with

rank (PαAQβ) = r. Then

AQβ (PαAQβ)
†
PαA = A.(2.2)

Proof. Let A = FG be a full-rank decomposition of A. Because

r = rank (FG) = rank (PαFGQβ) ≤ rank (GQβ) ≤ r,

we have that rank (GQβ) = r. Similarly, rank (PαF ) = r. Therefore PαAQβ =

(PαF ) (GQβ) is a full-rank decomposition of PαAQβ . By applying (1.2), we obtain

AQβ (PαAQβ)
†
PαA = FGQβ (PαFGQβ)

†
PαFG

= FGQβ (GQβ)
†
(PαF )

†
PαFG

= A.

Lemma 2.3. Let A ∈ C
m×n
r , α ∈ ∆s,m, β ∈ ∆t,n, m ≥ s ≥ r, n ≥ t ≥ r with

rank (PαAQβ) = r. Then

A† = (PαA)
†
Aα,β (AQβ)

†
.(2.3)

Proof. Let A = FG be a full-rank decomposition of A. By applying Lemma 2.2

and (1.2), we obtain

(PαA)
†
(PαAQβ) (AQβ)

†
= (PαFG)

†
(PαFGQβ) (FGQβ)

†

= G† (PαF )
†
(PαF ) (GQβ) (GQβ)

†
F †

= G†F †

= A†.
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3. Representations of the Moore-Penrose inverse. In this section, we de-

rive some new representations of the Moore-Penrose inverse of A.

Theorem 3.1. Let A ∈ C
m×n
r , m ≥ s ≥ r and n ≥ t ≥ r. Then A† equals

(

m − r

s − r

)−1(

n − r

t − r

)−1

∑

α∈∆s,m,β∈∆t,n

Tr Cr

(

AH
β,αAα,β

)

QβA
†
α,βPα

Tr Cr (AHA)
.(3.1)

Proof. For given α ∈ ∆s,m and β ∈ ∆t,n, let r′ be the rank of the submatrix

Aα,β . By applying (1.4), we have

A
†
α,β =

∑

α′∈∆r′,α

Tr Cr′

(

AH
β,α′Aα′,β

)

Tr Cr′

(

AH
β,αAα,β

) A
†
α′,βPα′ .(3.2)

Notice that if r′ < r, α′ ∈ ∆r′,α, α ∈ ∆s,m and β ∈ ∆r,n, then Pα′Pα = Pα′ and

Tr Cr

(

AH
β,αAα,β

)

= 0.(3.3)

Therefore, applying (3.2) and simplifying by (3.3) gives

Tr Cr

(

AH
β,αAα,β

)

QβA
†
α,βPα

= Tr Cr

(

AH
β,αAα,β

)

Qβ





∑

α′∈∆r′,α

Tr Cr′

(

AH
β,α′Aα′,β

)

Tr Cr′

(

AH
β,αAα,β

) A
†
α′,βPα′



Pα

=
∑

α′∈∆r′,α

Tr Cr

(

AH
β,αAα,β

)

Tr Cr′

(

AH
β,αAα,β

)Tr Cr′

(

AH
β,α′Aα′,β

)

QβA
†
α′,βPα′

=
∑

α′∈∆r,α

Tr Cr

(

AH
β,α′Aα′,β

)

QβA
†
α′,βPα′ .(3.4)

For each fixed α′ ∈ ∆r,α, there are

(

m − r

s − r

)

choices of s elements i1, . . . , is of

α from {1, . . . ,m} such that α′ ⊆ α. Therefore,

∑

α∈∆s,m

(

∑

α′∈∆r,α

Tr Cr

(

AH
β,α′Aα′,β

)

QβA
†
α′,βPα′

)

=

(

m − r

s − r

)

∑

α′∈∆r,α

Tr Cr

(

AH
β,α′Aα′,β

)

QβA
†
α′,βPα′ .

(3.5)
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Similarly, for each fixed α′ ∈ ∆r,α, by adopting the above formulas to A
†
α′,β and

using the fact that Tr Cr(Aα′,β′AH
β′,α′) = Tr Cr(A

H
β′,α′Aα′,β′), we have

Tr Cr

(

AH
β,α′Aα′,β

)

QβA
†
α′,βPα′ =

∑

β′∈∆r,β

Tr Cr

(

AH
β′,α′Aα′,β′

)

Qβ′A
†
α′,β′Pα′ ,(3.6)

and

∑

β∈∆t,n

(

∑

β′∈∆r,β

Tr Cr

(

AH
β′,α′Aα′,β′

)

Qβ′A
†
α′,β′Pα′

)

=

(

n − r

t − r

)

∑

β′∈∆r,β

Tr Cr

(

AH
β′,α′Aα′,β′

)

Qβ′A
†
α′,β′Pα′ .

(3.7)

Therefore, by combining the formulas in (3.4)-(3.7) and applying (1.4), we obtain

(

m − r

s − r

)−1(

n − r

t − r

)−1

∑

α∈∆s,m,β∈∆t,n

(

Tr Cr

(

AH
β,αAα,β

)

QβA
†
α,βPα

)

Tr Cr (AHA)

=

(

m − r

s − r

)−1(

n − r

t − r

)−1

∑

α∈∆s,m,β∈∆t,n

(

∑

α′∈∆r,α

Tr Cr

(

AH
β,α′Aα′,β

)

QβA
†

α′,β
Pα′

)

Tr Cr (AHA)
,

(by (3.4))

=

(

n − r

t − r

)−1

∑

α′∈∆r,α

(

∑

β∈∆t,n

Tr Cr

(

AH
β,α′Aα′,β

)

QβA
†

α′,β
Pα′

)

Tr Cr (AHA)
, (by (3.5))

=

(

n − r

t − r

)−1

∑

α′∈∆r,α

(

∑

β∈∆t,n

∑

β′∈∆r,β

Tr Cr

(

AH
β′,α′Aα′,β′

)

Qβ′A
†

α′,β′Pα′

)

Tr Cr (AHA)
, (by (3.6))

=
1

Tr Cr (AHA)





∑

α′∈∆r,m,β′∈∆r,n

Tr Cr

(

A
H
β′,α′Aα′,β′

)

Qβ′A
†

α′,β′Pα′



, (by (3.7))

= A
†
,

that is,

A† =

(

m − r

s − r

)−1(

n − r

t − r

)−1

∑

α∈∆s,m,β∈∆t,n

Tr Cr

(

AH
β,αAα,β

)

QβA
†
α,βPα

Tr Cr (AHA)
.
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Example 3.2. Take

A =















1 2 0 1 0 2 0

0 −2 0 1 0 −1 0

1 0 0 2 0 1 0

1 0 1 0 0 0 2

2 0 1 2 0 1 2















∈ R
5×7
3 ,

s = 4 and t = 6. Then Tr Cr

(

AHA
)

= 1632,

(

m − r

s − r

)(

n − r

t − r

)

= 8 and after

some calculations, we have

∑

α∈∆s,m,β∈∆t,n

Tr Cr

(

AH
β,αAα,β

)

QβA
†
α,βPα

= 8























46 6 52 90 142

236 −324 −88 36 −52

−50 −42 −92 186 94

74 258 332 −210 122

0 0 0 0 0

214 −114 100 −78 22

−100 −84 −184 372 188























,

(see the appendix). Thus by (3.1),

A† =
1

1632























46 6 52 90 142

236 −324 −88 36 −52

−50 −42 −92 186 94

74 258 332 −210 122

0 0 0 0 0

214 −114 100 −78 22

−100 −84 −184 372 188























.

In a similar manner, we can derive the following formulas which are generaliza-

tions of the formulas in (1.5) and (1.6).

Corollary 3.3. Let A ∈ C
m×n with rank (A) = r, α ∈ ∆s,m, β ∈ ∆t,n,

m ≥ s ≥ r and n ≥ t ≥ r. Then

A† =

(

m − r

s − r

)−1

∑

α∈∆s,m

Tr Cr

(

AH
∗,αAα,∗

)

A
†
α,∗Pα

Tr Cr (AHA)

=

(

n − r

t − r

)−1

∑

β∈∆t,n

Tr Cr

(

AH
β,∗A∗,β

)

QβA
†
∗,β

Tr Cr (AHA)
.
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Appendix

In Example 3.1, we have

∑

α∈∆s,m,β∈∆t,n

Tr Cr

(

AH
β,αAα,β

)

QβA
†
α,βPα

=





















7 4 11 87 0

26 −40 −14 −6 0

−7 −4 −11 105 0

15 36 51 −33 0

0 0 0 0 0

27 −12 15 −21 0

0 0 0 0 0





















+





















35 5 40 48 0

82 −92 −10 −12 0

−7 −1 −8 63 0

43 58 101 −24 0

0 0 0 0 0

0 0 0 0 0

−14 −2 −16 126 0





















+





















35 20 55 87 0

82 −128 −46 −6 0

−7 −4 −11 105 0

43 112 155 −33 0

0 0 0 0 0

83 −40 43 −21 0

−14 −8 −22 210 0





















+





















20 35 55 12 0

10 −56 −46 6 0

−4 −7 −11 27 0

0 0 0 0 0

0 0 0 0 0

29 14 43 −12 0

−8 −14 −22 54 0





















+





















28 16 44 87 0

68 −106 −38 −6 0

0 0 0 0 0

36 93 129 −33 0

0 0 0 0 0

69 −33 36 −21 0

−14 −8 −22 210 0





















+





















15 0 15 27 0

0 0 0 0 0

−3 0 −3 33 0

−5 64 59 −9 0

0 0 0 0 0

59 −64 −5 −9 0

−6 0 −6 66 0





















+





















0 0 0 0 0

60 −90 −30 0 0

0 0 0 87 0

40 85 125 0 0

0 0 0 0 0

65 −25 40 0 0

0 0 0 174 0





















+





















−22 −25 −47 0 87

28 −38 −10 0 −6

−42 −39 −81 0 105

26 47 73 0 −33

0 0 0 0 0

34 −5 29 0 −21

0 0 0 0 0





















+





















19 −11 8 0 48

86 −88 −2 0 −12

−28 −22 −50 0 63

51 66 117 0 −24

0 0 0 0 0

0 0 0 0 0

−56 −44 −100 0 126





















+





















6 −9 −3 0 87

84 −126 −42 0 −6

−42 −39 −81 0 105

54 123 177 0 −33

0 0 0 0 0

90 −33 57 0 −21

−84 −78 −162 0 210





















+





















16 31 47 0 12

8 −58 −50 0 6

−13 −16 −29 0 27

0 0 0 0 0

0 0 0 0 0

33 18 51 0 −12

−26 −32 −58 0 54





















+





















−1 −13 −14 0 87

70 −104 −34 0 −6

0 0 0 0 0

47 104 151 0 −33

0 0 0 0 0

76 −26 50 0 −21

−84 −78 −162 0 210





















+





















6 −9 −3 0 27

0 0 0 0 0

−14 −11 −25 0 33

−2 67 65 0 −9

0 0 0 0 0

62 −61 1 0 −9

−28 −22 −50 0 66





















+





















0 0 0 0 0

60 −90 −30 0 0

−29 −29 −58 0 87

40 85 125 0 0

0 0 0 0 0

65 −25 40 0 0

−58 −58 −116 0 174





















+





















−16 −20 0 76 40

32 −56 0 8 −16

−48 −44 0 116 24

48 76 0 −84 40

0 0 0 0 0

48 −4 0 −36 8

0 0 0 0 0





















+





















44 4 0 8 56

110 −122 0 −2 −14

−33 −25 0 71 13

99 119 0 −125 93

0 0 0 0 0

0 0 0 0 0

−66 −50 0 142 26





















+





















36 16 0 32 84

96 −184 0 40 −48

−48 −44 0 116 24

120 212 0 −188 144

0 0 0 0 0

132 −32 0 −64 36

−96 −88 0 232 48





















+





















41 61 0 −43 59

−4 −92 0 52 −44

−18 −22 0 38 −2

0 0 0 0 0

0 0 0 0 0

57 37 0 −55 39

−36 −44 0 76 −4





















+





















23 7 0 43 73

80 −152 0 32 −40

0 0 0 0 0

102 178 0 −162 118

0 0 0 0 0

111 −25 0 −57 29

−96 −88 0 232 48





















+





















16 −4 0 12 24

0 0 0 0 0

−16 −12 0 36 8

16 108 0 −68 56

0 0 0 0 0

80 −84 0 −4 −8

−32 −24 0 72 16





















+





















0 0 0 0 0

70 −130 0 30 −30

−29 −29 0 87 29

95 155 0 −125 125

0 0 0 0 0

100 −20 0 −40 40

−58 −58 0 174 58





















+





















3 0 −19 53 34

66 0 −34 14 −20

−3 0 −45 75 30

−21 0 69 −51 18

0 0 0 0 0

39 0 9 −15 −6

0 0 0 0 0





















+





















30 0 14 17 31

174 0 −64 26 −38

−6 0 −27 45 18

−15 0 114 −69 45

0 0 0 0 0

0 0 0 0 0

−12 0 −54 90 36





















+





















15 0 21 33 54

210 0 −114 54 −60

−3 0 −45 75 30

−69 0 189 −111 78

0 0 0 0 0

123 0 9 −15 −6

−6 0 −90 150 60





















+





















−15 0 56 −22 34

66 0 −70 38 −32

3 0 −21 24 3

0 0 0 0 0

0 0 0 0 0

15 0 42 −27 15

6 0 −42 48 6





















+





















12 0 11 38 49

174 0 −94 44 −50

0 0 0 0 0

−57 0 159 −96 63

0 0 0 0 0

102 0 9 −15 −6

−6 0 −90 150 60





















+





















15 0 1 13 14

0 0 0 0 0

−3 0 −13 23 10

−69 0 85 −47 38

0 0 0 0 0

123 0 −43 17 −26

−6 0 −26 46 20





















+





















0 0 0 0 0

150 0 −80 40 −40

0 0 −29 58 29

−45 0 140 −70 70

0 0 0 0 0

90 0 10 −5 5

0 0 −58 116 58





















+





















0 −3 −17 52 35

0 −66 10 −8 2

0 3 −47 76 29

0 21 55 −44 11

0 0 0 0 0

0 −39 35 −28 7

0 0 0 0 0





















+





















0 −30 34 7 41

0 −174 52 −32 20

0 6 −31 47 16

0 15 104 −64 40

0 0 0 0 0

0 0 0 0 0

0 12 −62 94 32





















+





















0 −15 31 28 59

0 −210 26 −16 10

0 3 −47 76 29

0 69 143 −88 55

0 0 0 0 0

0 −123 91 −56 35

0 6 −94 152 58





















+





















0 15 46 −17 29

0 −66 −26 16 −10

0 −3 −19 23 4

0 0 0 0 0

0 0 0 0 0

0 −15 52 −32 20

0 −6 −38 46 8





















+





















0 −12 19 34 53

0 −174 22 −14 8

0 0 0 0 0

0 57 121 −77 44

0 0 0 0 0

0 −102 77 −49 28

0 6 −94 152 58





















+





















0 −15 11 8 19

0 0 0 0 0

0 3 −15 24 9

0 69 39 −24 15

0 0 0 0 0

0 −123 39 −24 15

0 6 −30 48 18





















+





















0 0 0 0 0

0 −150 20 −10 10

0 0 −29 58 29

0 45 110 −55 55

0 0 0 0 0

0 −90 70 −35 35

0 0 −58 116 58





















= 8





















46 6 52 90 142

236 −324 −88 36 −52

−50 −42 −92 186 94

74 258 332 −210 122

0 0 0 0 0

214 −114 100 −78 22

−100 −84 −184 372 188





















.
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