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DOMINATION NUMBER AND (SIGNLESS LAPLACIAN) SPECTRAL RADIUS OF
CACTUS GRAPHS*

YAQI CUIT, YUANYUAN CHEN?!, DAN LIf, AND YUE ZHANGS

Abstract. A cactus graph is a connected graph whose block is either an edge or a cycle. A vertex set S C V(G) is said
to a dominating set of a graph G if every vertex in V(G) \ S is adjacent to a vertex in S. There are several results on the
(signless Laplacian) spectral radius and domination number in graph theory. In this paper, we determine the unique graph with
the maximum adjacency spectral radius and signless Laplacian spectral radius among all cactus graphs with fixed domination
number.
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1. Introduction. All graphs in this paper are simple and undirected. Let G be a simple connected
graph with vertex set V(G) and edge set E(G). For a vertex v € V(G), the neighborhood of v is the set
Ng(v) = {u € V(G)|uv € E(G)}. The degree of v € V(G), denoted by dg(v) (or d(v) for short), is defined
as the number of neighbors of v in G, i.e., dg(v)=|Ng(v)|. The adjacency matrix A(G) = (a;;) of G is
defined as an n x n (0,1)-matrix with a;; = 1 if and only if v;v; € E(G). The signless Laplacian matrix
of G is defined as Q(G) = D(G) + A(G), where D(G) is the diagonal matrix of vertex degrees of G. The
largest eigenvalue of A(G) (resp. Q(G)), denoted by p(G) (resp. ¢(G)), is called the adjacency (resp. signless
Laplacian) spectral radius of G. A vertex v € V(G) is called a cut vertex if moving v from G increases the
number of components. A block of G is a maximal connected subgraph of G without any cut vertex. A
cactus is a connected graph in which its blocks are either edges or cycles and any two blocks have at most
one common vertex.

Recently, the research of spectral radius of cactus graphs has attracted much attention. In [16], Xue,
Liu and Liu determined the maximum spectral radius of cactus graphs with fixed independence number. A
unique graph whose spectral radius is maximal among all cactus graphs was determined by Borovi¢anin and
Petrovié [1]. Hou and Li [8] considered the spectral radius of cactus graphs with given matching number.
Huang, Deng and Simi¢ obtained the maximum spectral radius of all cactuses on 2m vertices, k cycles, and
with perfect matchings in [7]. At the same time, the research of the signless Laplacian spectral of cactus
graphs also has some conclusions. For example, the signless Laplacian spread of cacti was studied by Lin
and Guo [12]. In [9], Li and Zhang determined the graph with the largest signless Laplacian index among
all the cacti with n vertices and the cacti with a perfect matching, respectively. Shen and You et al. [13]
characterized the unique graph with the maximal signless Laplacian spectral radius in the cactus graph.
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FIGURE 1. Graphs Cs¢ and Cse,t'

A vertex set S C V(G) is said to a dominating set of a graph G if every vertex in V(G)\ S is adjacent to
a vertex in S. The domination number of G, denoted by 7(G), is the minimum cardinality of a dominating
set, i.e., 7(G) = mingcy (@ {|S[}. A dominating set of G of minimum cardinality is called a (G)-set.
Domination number is widely and profoundly used in mathematical problems such as coverage and location
determination, and there are several results on the (signless Laplacian) spectral radius and domination
number in graph theory. In [2], Chen and He studied the spectral radii of tree with given domination
number. In [3], Fan and Tan researched the least eigenvalue of signless Laplacian of non-bipartite graph
with given domination number. There are also some conclusions about domination number in graphs, one
can see [5, 6, 11, 14, 15].

The union of two graphs G; and G5 is denoted by G1 U G2, which is a graph such that vertex set
V(G1 UG3) = V(G1) UV (G2) and edge set E(G1 UG2) = E(G1) U E(G3), and the join of two graphs G;
and Gy is written as G; V G, which is a graph such that vertex set V(G V G2) = V(G1) UV (G3) and
edge set E(G1 V G2) = E(G1) U E(G2) U{uvlu € V(G;1),v € V(G2)}. Tt is obvious that the cactus graph
is (K3 V 2Kq)-free and K s-free. Let v € V(G), if dg(v) = 1, then we call v is a pendant vertex of G. A
pendant edge is an edge that is incident to a pendant vertex. Let Cs; be a connected graph obtained from
the K1V sK, by attaching ¢ pendant edges to vertices of the s K5 such that for any v € V(sK3), dc, ,(v) < 3,
where s > % Let C¢; be a connected graph obtained from the K; V (K71 U sK3) by attaching ¢ pendant
edges to vertices of the sKj such that for any v € V(sK3), doe, (v) < 3, where s > £ (see Fig. 1).

In this paper, we pay attention to the relation between the (signless Laplacian) spectral radius and the
domination number of a cactus. In order to give the main results for p(G) and ¢(G) simultaneously, we
introduce the matrix A,(G) = aD(G) + A(G) and denote by p,(G) the largest eigenvalue of A,(G), where
a € {0,1}. Clearly, Ag(G) = A(G) (resp. 41(G) = Q(G)) and po(G) = p(G) (resp. p1(G) = ¢(G)). Let G,
be the set of cactus graphs on n (> 24) vertices. For integers n(> 24), 7, let G) and G=" be the set of all
cactus graphs on n vertices with domination number v and with domination number at most ~, respectively.
The main results are shown as below.

THEOREM 1.1. Let G € GV, where n > 24. Then we have

n ’

pa(C'%,,yfl)7 when n —~y =0 (mod 2);
) whenn —~vy =1 (mod 2),
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with equality if and only if G = Cn—y 4—1 OT G=C% ., , S In particular, when n = 2, we haven—vy =1
2 —a Y
(mod 2).

2 )

Note that y(Crn—y 7_1) =~. Thus, if n — v =0 (mod 2), then Crn—y -1 is also the unique cactus graph
3 5

in G which has the maximum largest eigenvalue of A,(G). Similarly, C%_,_, is the unique cactus graph
==,

~y—1
in G) which has the maximum largest eigenvalue of A,(G) if n — v =1 (mod 2). Then we get the following
result immediately.

THEOREM 1.2. Let G € G, where n > 24. Then we have

Pa(Cn=s 1), whenn —~ =0 (mod 2);
)s whenn —~vy =1 (mod 2),

with equality if and only if G = Cn—y 4—1 OT G=C%_,_, Np In particular, when n = 2, we haven—~y =1
z B
(mod 2).

2. Preliminaries. By the Perron-Frobenius Theorem, there is a unique positive unit eigenvector & =
(Tuys Tugy -y o, )T of Au(G) corresponding to p,(G), which is called the A,-Perron vector of G. Such a
unit eigenvector is also called a principal eigenvector of G. We denote by z,, the entry of & corresponding
to the vertex v;. By po(G)x = Ay(G)x, we know the eigenequations for A,(G) can be written as

(2 1) Paly; = a’dG(Ui)xvi + Z mvp 1= 1a2a sy e

Vi~V

The following lemma shows an edge transformation that increases the spectral radius. This result was
proved for A(G) and Q(G) in [10, 17], and we can be easily extended to the general matrix A,(G) for
a € {0,1}.

LEMMA 2.1 ([10], [17]). Let u, v be two vertices of the connected graph G. Suppose that vy, va,. .., Vs
(1 < s <d,) are some vertices of Ng(v) \ Ng(u) and © = (1, 22,...2,)T is the Perron vector of A,(G),
where a € {0,1} and x; corresponds to the vertex v; (1 < i < mn). Let G* be the graph obtained from G by
deleting the edges {vv;} and adding the edges {uv;} (1 <i<s). If z, > x,, then po(G) < po(G*).

LEMMA 2.2 ([5]). If G is a connected graph and C is an arbitrary cycle in G, then there is an edge e
of C such that v(G — e) = v(G).

By the well-known Perron—Frobenius theorem, we can easily deduce the following result.

LEMMA 2.3 ([4]). Let a > 0. If H is a spanning subgraph of a connected graph G, then

pa(H) < pa(G),
with equality if and only if H 2 G.
LEMMA 2.4. Let Cs ¢ and C5, be two graphs depicted in Fig.1. If s > 3, t > 2, then we have

(Z) pa(Cs,t) < pa(Cerl,th);
(i) pa(CSy) < pa(Céyy o)
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Proof. (i). Let = (xy,, Ty,, ..., Ty, )T be a principal eigenvector of C; ¢ corresponding to p,(Cs ;). For
simplicity, let p, = pa(Cs,). Note that every cycle block in Cy, is a triangle, then we can partition the
vertex set of Cy; as V(Cs,) = {u} U {vy,v9,...,v25} U{wi,wa,...,we} such that uv,v,41u is a triangle for
1 <4 <2s—1, where 7 is odd and vjw; is a pendant edge for 1 < j <t. According to the symmetry of Cs ¢,
we know that z,,, = -+ = x4, and z,, = --- = x,,, where ¢ > 2. Since s > 3, K; V 3K> is a subgraph of
Cs ¢, it follows from Lemma 2.3 that p, > p,(K; V 3K2). By simple calculation, we have

8a + 1+ +/16a? — 8a + 25
5 .

Pa > pa(K1V3Ky) =
From equation (2.1), we have

{ Paly, = 30/1:111 + Ty + Ly + Ly 5

Palw, = ATy, + Ty,
Then we obtain that

P2 —(4a+1)ps +3a®> +a—1
Ty = Loy,
Pa —Q
S 3av16a2 — 8a + 25 — Ta + 6a2 + le
8a 4+ v/16a2 —8a + 25 + 1 v

> Ty, -

This implies that x, > z,, (= z,,). Consider a new cactus graph G = Cs; — {viw1, vows} + {vwq, vws}.
Then by Lemma 2.1, we have p,(Cs;) < po(G). Note that Csi14—2 = G + {wiws}. Then we have
Pa(Cst) < pa(G) < pa(Csi1,4—2) by Lemma 2.3.

e

(ii). Similarly, one can show that pa(C¢,;) < pa(Ceiy s o) a0

3. Proof of the Theorem 1.1. We first introduce some notions that will be used in the proof of
Theorem 1.1. If a block has exactly one cut vertex, we say that the block is an end block of G. An
internal block is a block which has at least two cut vertices. The block degree of v, denoted by d’(v),
is the number of blocks containing the vertex v. For u,v € V(G), the distance v and v in G is the
length of a shortest path connecting them, denoted by dist(u,v), and Ng(u) = {v € V(G)|dist(v,u) = 1},
N&(u) = {v € V(G)|dist(v,u) = 2}. For a set U C V(G), we use G[U] to denote the subgraph of G induced
by U.

Proof. Suppose that G is a cactus graph in G=7 with the maximum spectral radius. Let S be a minimum
domination set in G, that is, [S| = 7(G). Note that Cn_~ |, is a cactus graph on n vertices with domination
el

number ~y. Since n > 24, we have "2;7 > % > 6, which implies that K; V 6 K5 is a subgraph of Crn—~ Yot
A,
By Lemma 2.3, we have

v/100a2 — 20a + 49
5 .

1
pa(G) = pu (Caca ) = palKy V 6K) = Ta+ 5 +

Similarly, we also have

V10042 — 20a + 49
5 .

1
0a(G) > pa (Ciﬂ,l 1) > pa(K1 VOKs) =Ta+ 3 +

PR A
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In particular, p = po(G) > 4 and g = p1(G) > 13.1789.

Let C; be a cycle with length [ in G. Suppose that v; € V(C;). Then we denote by G(i) the component
contains the vertex v; after deleting the edges in C;. Let v (H) be the domination number of H in G, where
H C G. Let £ = (T4, Tuy,---,T0, )T be a principal eigenvector of G corresponding to p,(G). In order to
present the structural properties of the graph G, we obtain six claims in the following.

Cram 1. All the cycles of G are triangles.

Proof. Let C; = vyvy...vwy with [ > 3 in G. It suffices to show that [ = 3. By contradiction,
suppose that [ > 4. Without loss of generality, we may assume that z,, = max{x,, |l < i < I}. Let
M= V(EC)\{n}nS. If M # 0, without loss of generality, suppose that vy € M. Then let G’ =
G — {vgv*|v* € Ng(vi) \ V(C1)} 4+ {viv*|v* € Ng(vg) \ V(C;)}. By Lemma 1, we have p,(G’) > po(G). Let

G = G’+{v1vi|3§i§l—1}—{vmi+1|3§i§l—1}, 1fM7£(Z),
Tl G+ {uwl3<i<i—1}—{vwi3<i<i—1}, if M =0.
Obviously, Gy € G,,.
If v; € S, then S is also a domination set in Gy. This implies that v(G1) < |S| = v(G).

Ifv; ¢ Sand M # 0, let v, € M, then (S \ {vg}) U{v1} is the domination set in Gy, we obtain that
Y(G) < [(S\ {vr}) U{vi}] = [S] = ~(G).

If v; ¢ S and M = (), then v; is controlled by vertex in V(G(:)) (1 <i <1). Note that y¢(G(i) — v;) =
ve, (G1(i) —v;) (1 <@ <1). Thus, S is minimum domination set in Gy, that is, v(G1) = |S| = 7(G).

This leads us to the conclusion that G; € G=7. Let ¥ = (Yu,sYuss--->Yv,). be a principal eigen-
vector of G’ corresponding to p,(G’). Obviously, we get y,, = max{y,,|1 < i < 1}. If M # (). Since
pa(G") = yT AL (G")y and p,(G1) > y? Au(G1)y, it follows that

pa(G1) = pa(G') _ y"(Aa(G1) = Au(G))y

2 - 2
(I—3)a a
= Z Yv1Yv; — Z YviYvipy + ) y'gl - 5 Z y1211
3<i<i—1 3<i<i—1 4<i<l
a
= Z (ym - yU'H»l)y'Ui + 5 Z (y’U1 - yvi)2
3<i<i—1 4<i<l

>0 (since y,, = max{y,,|1 <i<I}).

Then we have p,(G1) > po(G') > pa(G). If M = (), the same can be obtained p,(G1) > pa(G). Contradicting
the maximality of G, the Claim 1 hold. ]

CramM 2. Letv € V(G), if v is contained in edge block, then it is contained in at most one edge block.

Proof. Suppose to the contrary that v is a vertex in G which belongs to two edge blocks, say Bi, B,
where By & By = K. Let V(By) = {v,v1}, V(B2) = {v,va}, clearly, v; and vy are nonadjacent in G.
Let G2 = G + {vva}, then G2 € G,, and vvjvgv is a triangle. According to Lemma 2.2, we can see that
v(G2 — {v1v2}) = v(G2), otherwise, remove either edge vv; or edge vva, the vertex v is contained in an edge
block, a contradiction. Since Gy — {vjv2} = G, hence v(G) = v(G2), that is, G5 € G=7. However, according
to Lemma 2.3, we have p,(G2) > pa(G), a contradiction. O
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Suppose that u is a vertex in G which has the maximum entry, that is, z,, = maz{x,|v € V(G)}, then
we have the following claim.

CrLAamM 3. u € S.
Proof. If u is contained in end block, then dg(u) > 2 due to z, = max{z,|v € V(G)}, and thus u € S,

as required. If w is not contained in end block, then u only belongs to internal blocks. Without loss of
generality, we may assume that Bjz is a internal block such that uu; € E(B3) and u ¢ S. Let By be the
block which contained u; different from Bs. Without loss of generality, set u; € S, Ny = Ng(u1) \ Np, (u1).
Let G3 = G — {wqu*|u* € N1} +{uu*|u* € N1} € Gy, then (S\ {u1}) U{u} is the domination set in G3, this
implies that
V(Gs) <[(S\{w}) Ufu}| = [S] = (@),
that is G5 € G=7. Note that z,, > ,,, we have p,(G3) > pa(G) by Lemma 2.1, a contradiction. O
CrLamM 4. Let v € V(G), then dist(u,v) < 2.

Proof. Suppose that v is a vertex with dist(u,v) = max{dist(u,w)lw € V(G)} = d. We assume to the

contrary that d > 3. Let P = vvivs...v4_1u be a shortest path from v to u, then vv; is contained in end
block.

CASE 1. vyvs is an edge block.

Let N3 = Ng(v1) \ {v2}, G4 = G — {viu*|u* € No} + {uwu*|u* € N3} € G,,. Note that v; € S due
to vvy is contained in end block, and u € S by Claim 3. Thus, we have S is the domination set in G4.
This implies that v(Gy4) < |S| = v(G), that is, G4 € G=7. Since x, > ,,, it follows from Lemma 2.1 that
pa(G4) > pa(G), a contradiction.

CASE 2. vyvy is contained in triangle.

Let Bs be a triangle with V(B5) = {v1,v2, w1 }.

SUBCASE 1. w; is only contained in the block Bs.

Let N3 = Ng(v1) \ {w1,v2}, G5 = G — {v1u*|u* € N3} + {uu*|u* € N3} € G,. Note that v; € S due to
vvy is contained in end block, and u € S by Claim 3. Thus, we have S is the domination set in G5. This
implies that 7(G5) < |S| = v(G), that is, G5 € G=7. Note that z,, > x,,, by Lemma 2.1, we obtain that
Pa(Gs) > pa(G), a contradiction.

SUBCASE 2. There are at least two blocks containing the vertex wy.

Suppose that Bg is a block (other than Bs) which contains ws, then Bg is an end block (otherwise, P is
not the shortest path). Let Ny = Ng(wi) \ {v1,v2}. Consider the cactus graph G = G — {v1u}, wiubluj €
Ns,u3 € Ny}t + {uuf,uul|ul € N3, uy € Ny}t Note that {v1, w1} € S due to vv; is contained in end block
and Bg is end block, and v € S by Claim 3. Thus, we have S is the domination set in Gg, this implies that
7(Gs) < |S| = 7(G), that is, Gg € G=". Since x,, > T, and x, > Ty, , we have p,(Gs) > p.(G) by Lemma
2.1, a contradiction. 0

CLAIM 5. Let v € Ng(u), then d°(v) < 2.

Proof. Suppose that d®(v) > 3. Let u and v belong to a block, say B;. We assume that Bg and By are
two blocks different from By, which contain v.

CASE 1. By is a triangle.
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If v contained in edge block, then at most one of Bg and By is an edge block by Claim 2. The following
two cases are discussed.

SUBCASE 1. Bg and Bg are triangles.

We may assume that V(Bg) = {v,v1,v2} and V(By) = {v, v}, v4} by Claim 1. Let G; = G—{vvy,vve} +
{uvy,uve} € G,. Note that v € S due to Bg and By are end blocks by Claim 4, and u € S by Claim 3. Thus,
S is the domination set in Gy, this implies that v(G7) < |S| = v(G), that is, Gy € G=7. Since x, > z,, by
Lemma 2.1, we obtain that p,(G7) > p.(G), a contradiction.

SUBCASE 2. Bg is edge block and By is triangle.

A similar argument as above, one can also find a cactus graph in G=7 whose spectral radius is greater
than p,(G), a contradiction.

CASE 2. By is an edge block.

Then Bg, By are triangles that contain v by Claim 2, the proof is similar to Subcase 1. 0
CLAIM 6. Let w € NZ(u), then w is a pendant vertex.

Proof. Suppose to the contrary that w is not a pendant vertex, where w € NZ(u). Note that G is
(Ka V 2K;)-free, we have any vertex of NZ(u) has at most one neighbor in NZ(u) by Claim 1. Therefore,
G[NZ(u)] is the union of the vertices and independent edges. We can assume that G[NZ(u)] = bK; U cKo.
Let Ng(u) = {’01, e 7U|Nc(u)|}7 Né(u) = {wl, e ,w‘Né(u)‘}

CAsE 1. ¢=1.

Without loss of generality, set F(K3) = wjws. By the definition of cactus, Claims 1 and 4, we have
Ng(wr) \ {we} = Ng(wz) \ {w1} = {v1}. Then vywiwyvy is triangle.

SUBCASE 1. u s contained in edge block.

Let Big be the edge block contain u. If V/(Bi1g) = {u, v1}, then we consider the graph Gg = G—{wiwa}+
{uw1} € G,. Note that v; € S due to viwjwav; is an end block by Claim 4, and uw € S by Claim 3. Thus,
S is the domination set in Gg, this implies that 7(Gg) < |S| = v(G), that is, Gg € G=7. Since T, > Tu,,
by Lemma 2.1, we have p,(Gg) > p.(G), a contradiction. If V(Byg) # {u,v1}, without loss of generality, let
V(B1o) = {u,v3}. Consider the graph Gg = G — {wiwa,v1wa2} + {vswa, uws} € G,,. Note that v; € S due
to triangle vywiwsovy is an end block by Claim 4, and u € S by Claim 3. Therefore, S is the domination set
in Gy, this implies that v(Gg) < |S| = v(G), that is, Gg € G=7. Since x,; > x4, and z, > x,,, it follows
from Lemma 2.1 that p,(Gg) > pq(G), a contradiction.

SUBCASE 2. u is not contained in edge block.

Let G19 = G — {v1we, wiwa } + uws € G,,. Note that v; € S due to triangle vywiwev; is an end block by
Claim 4, and v € S by Claim 3. Thus, S is the domination set in G1g, this implies that v(G1o) < |S| = v(G),
that is G190 € G=7. In the following, we will show p,(G10) > pa(G). By symmetry of G, we can see that
Ty, = Ly,. We divide the proof for ¢ =0 and a = 1.

SUBCASE 2.1. a = 0.

Then A,(G) = Ao(G) = A(G) and p.(G) = po(G) = p(G). Let p(G) = p, p(G1o) = p'. By equation
(2.1), we obtain that
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PLy, = Ty, + Tyy + T, + Ly s
pxwl = -r'ul + xw27
PLyy = Ty + Tyy + Tayg,

PLws = Tyy-

Set x,, = r > 0. Solving the above equations, we obtain that

T 27'02_'—'0_17“
v1 p3_4p_27

B B pP+p—1
Tw, = Twy =

T.
(p=1)(p*—4p—2)
Since p = 2T A(G)x and p' > T A(G1o)z, it follows that

p=p =T (A(Gw) - A(G))=
2 = 2

= Tulwy — Loy Lws — Lwy Twsy

(aju — Loy _xwl)wwz

p° —p° =8p* +10p* —p-2 ,
(p* = p® —4p* +2p+2)?

>0 (since p >4 and r > 0).

It follows that p’ > p, that is, p(G19) > p(G), a contradiction.
SUBCASE 2.2. a = 1.

Then A,(G) = 41(G) = Q(G) and p.(G) = p1(G) =
(2.1), we obtain that

qTv, = 4Ty, + Ty + Loy + Twy + Tu,,
qirwl = 2xw1 + 'Tﬂl + xwga
4Ty, = 3Iv2 + x, + Ty, + LTws s

qTws = Tws + Lyg -

Set x,, = r > 0. Solving the above equations, we obtain that

o= la=3)(*—3¢+1)

T A 1145 + 3942 — 50q + 17
q2—3q+1

¢t~ 11¢° + 3942 —50q + 17

Since ¢ = 2T Q(G)x and ¢’ > 27 Q(G1p)x, it follows that

Twy = Twy =

-9 wT(Q(Gw) - Q(G))z
- 2

= Ty Ty — Loy Twy — Loy Ty +

5

IL
AS

284

q(G). Let ¢(G) = q, ¢(G1p) = ¢’. By equation
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xT

)

= (Ty — Ty, — 2Tu, ) Tuy, + i(x
~q® —22¢" 4 200¢° — 976¢° + 2759¢* — 4538¢> + 41364 — 18564 + 316r2
o 2(q* — 11¢3 + 39¢2 — 50q + 17)2

>0 (since ¢ > 13.1789 and r > 0).

It follows that ¢’ > ¢, that is, ¢(G10) > ¢(G), a contradiction.
CASE 2. ¢ > 2.

Without loss of generality, set E(cKs) = {wjwa,wswy, ..., wse_1wa.}. By the definition of cactus,
Claims 1 and 4, we have Ng(w1)\{w2} = Ng(w2)\{w1} = {v1} and Ng(ws)\{ws} = Ng(ws)\{ws} = {v2}.
Then vywywovy and vowzw,vo are triangles.

Let G11 = G — {viwa, wiws, vowy, wawy } + {uwsy, uwy, wewys} € G,. Note that {vi,ve} € S due to
viwiwovy and vowswsve are end blocks by Claim 4 and w € S by Claim 3. Thus, S is the domination
set in Gyi, this implies that v(G11) < |S| = (G), that is, G11 € G=7. In the following, we will show
0a(G11) > pa(G). By symmetry of G, one can see that ,, = Xy, Ty = Ty = Ty = To,. We divide the
proof for a =0 and a = 1.

SUBCASE 1. a = 0.
Then A,(G) = Ao(G) = A(G) and p.(G) = po(G) = p(G). Let p(G) = p, p(G11) = p'. By equation
(2.1), we obtain that
Py, = Ty + Ly + Ly + Lwsg y
PLw; = Tyq + Ly -

Set x,, = r > 0. Solving the above equations, we obtain that

T =X :71)_1 T
v v2 p2_2p_1 b)
1
l‘wl :J}wz :st :$w4 = mr.

Since p = 2T A(G)z and p' > =T A(G11)z, it follows that
P —p_ o (A(Gn) — AG))z
2 - 2

- xul.'UJQ + xuxw4 + l'waum - xlewg - mwlmwg - mvgxw4 - xngw4

(224, — Ty, — 2y, ) Tap,
2p% —6p — 1 .2
(p* —2p—1)2
>0 (since p >4 and r > 0).

It follows that p’ > p, that is, p(G11) > p(G), a contradiction.

SUBCASE 2. a = 1.

Then A,(G) = A1(G) = Q(G) and p.(G) = p1(G) = ¢(G). Let ¢(G) = ¢, ¢(G11) = ¢'. By equation
(2.1), we obtain that
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qTy; = 4Ty, + Ty + Tyy + Ty, + Ty,
qTw, = 2Ty, + Ty, + Topy-

Set x,, = r > 0. Solving the above equations, we obtain that

T T = qig
VT 2 —8g 4137
1
Foon T s = s T e T TR 13

Since ¢ = 2T Q(G)x and ¢’ > T Q(G11)z, it follows that

¢ —q_ =" (Q(Gn) - Q&)=
9 = 2

= TyLapy + TyTawy, + Ty Twy — Loy Tws — Ty Taws — Tug Ty, — Lawg Ly

1

@ = (T, + T, +a, 2,)

= 2(Tu — Twy — Toy)Twy + T3 — 3712;1

_ q* — 16> + 91¢% — 220 + 190
(¢ — 8q + 13)2

>0 (since ¢ > 13.1789 and r > 0).

It follows that ¢’ > g, that is, ¢(G11) > ¢(G), a contradiction. O

By Claims 3, 5 and 6, we know that S = {u} U NZ(u) and |[NZ(u)| = v(G) — 1. Thus, if n —v(G) =0
(mod 2), we get G = Cn_ya) N by Claims 1-6. Then we assert v(G) = v. Otherwise, v(G) < v, by
1,
Lemma 2.4 (i) we have

(@)-1

Pa (CLQ(G) w(G)—l) < Pa (07"73@)“77(6‘)—3) '

Note that C' € G=7, which contradicts the maximality of G.

%4_177(@)_3

Note that n > 2v. In particular, if n = 2v, we have n — y(G) =1 (mod 2). Otherwise, G = Cn— ;.

However, since z,, = maz{z,|v € V(G)} and C’f;%7 - Con g — {vy—1wy—1} + {vw,_1}. We obtain

that p(Cu—r ;) < p(Ch_, 7_2) by Lemma 2.1. Obviously, C¢_., s € G=7, a contradiction.
3 5

CEER)

For the case of n —y(G) =1 (mod 2), it can be proved in a similar way. Therefore, we have

Crn- , when n — v =0 (mod 2);
< [ ) 5= 0 (mod 2)
pa(CS_,_, 7_1), when n — v =1 (mod 2),
apl,
with equality if and only if
oo Cuz oy when n — v =0 (mod 2);
Ci_;_17 o when n — v =1 (mod 2).

We complete the proof. |
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