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A NOTE ON THE REVERSE ORDER LAWS FOR {1,2,3}- AND
{1,2,4}-INVERSES OF MULTIPLE MATRIX PRODUCTS*

XIFU LIUT AND HU YANGT

Abstract. Motivated by the equivalent conditions for the inclusions
An{1,2,i}--- A2{1,2,i}A1{1,2,i} C (A1A2--- An){1,2,i} (i =3,4)

presented in [B. Zheng and Z. Xiong. The reverse order laws for {1,2,3}- and {1,2,4}-inverses of
multiple matrix products. Linear Multilinear Algebra, 58:765-782, 2010.], we show that for ¢ € {3, 4},

An{1,2,i}--- A2{1,2,i}A1{1,2,i} = (A1 A2 --- Ap){1,2,i}
is equivalent to

An{1,2,i} - Aa{1,2,i}A1{1,2,:} C (A1 A --- An){1,2,4}.

Key words. Reverse order law, Maximal and minimal ranks, Generalized inverse, Generalized
Schur complement.
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1. Introduction. Throughout this paper, we let C™*™ denote the set of all
m X n matrices over the complex field C. For A € C™*"  its rank and conjugate
transpose are denoted by r(A) and A*, respectively. The identity matrix of order n
is denoted by I,,.

For convenience, the following notations will be used in this paper. For A; €
Clixli+r and X; € Clit1xli (7 =1,2,...,n), we set

(1.1) A} = AiAipr - Ay, 27 =XPX[ - X;, 1<i<j<n,
and
nn+1 = Iln+1 and ‘%O = Ill'
Recall that the Moore-Penrose inverse At of a matrix A € C™*™ is defined to be

the unique solution of the four Penrose equations (see, for example, [1])
(1.2) (1) AXA=A, (2) XAX =X, (3) (AX)" = AX, (4) (XA)* = XA.
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Let (0 #) n € {1,2,3,4}. Then An denotes the set of all matrices X which satisfy
property (i) in (1.2) for each i € . Any matrix X € An is called an n-inverse of A.
One usually denotes any {1}-inverse of A as A~. Any {1, 2, 3}-inverse of A is denoted
by A123) and any {1,2,4}-inverse of A is denoted by A(124 . Set Fy = I — AAT
and Fy =1 — ATA.

As we know, for nonsingular matrices A; € C"*", (A1 Ay -+ A,) 1= AL A;l
Afl. However, this so-called reverse order law is not necessarily true for the general-
ized inverses. The reverse order law for the generalized inverses of the multiple-matrix
products yields a class of interesting problems that are fundamental in the theory of
generalized inverses of matrices, and statistics. They have attracted considerable at-
tention since the mid 1960s, and many interesting results have been studied. There
are three important relations with which we are concerned in the study of the reverse
order law for any n-inverse of the multiple-matrix products A; As - -- A,,. These are

Apn---Aondin C (ArAs--- An)n,
AnT]A277A177 B (AlAQ An)nv
Ann...A277A177 = (A1A2 An)n

Since the Moore-Penrose inverse of a matrix is unique, for Moore-Penrose inverse
(A1 Ay --- AT, the above three relations reduce to one, namely (A;As---A,)" =
Al .-~ ATAT. In [5] Tian derived equivalent conditions for the equality to hold.
For {1}-inverse and {1, 2}-inverse, using Product Singular Value Decomposition (P-
SVD), in [6] Wei presented the equivalent conditions for A,{1}--- A3{1}A4:{1} C
(A1As - Ap){1} and A, {1,2}--- Ax{1,2} A1 {1,2} = (4145 --- A,){1,2}, and in [§]
Zheng and Xiong obtained conditions on the ranks of the known matrices satisfying
Ap{1}--- Ao{1} A1 {1} C (A1A45--- A,){1} by using the maximal rank of the gen-
eralized Schur complement, but the cases A, {1} - A2{1}A1{1} D (A142--- A,){1}
and Ap{1}--- A2{1} A1{1} = (A1 A --- A,){1} are still open. For the {1, 3}-inverse,
by using P-SVD, in [7] Liu and Wei gave the necessary and sufficient conditions for
the reverse order law

A {1,3} - A2{1,3}A1{1,3} C (D)(A142--- A,,){1, 3},
but these results require information about the sub-block produced by P-SVD.

For {1,2,3}- and {1,2,4}-inverses, in [9] Xiong and Zheng presented necessary
and sufficient conditions for B{1,2,i}A{1,2,i} C (AB){1,2,i} (: = 3,4) to hold.
Recently, by applying the maximal and minimal ranks of generalized Schur comple-
ments, in [2] Zheng and Xiong derived equivalent conditions for one side inclusion
relations of n-inverses

An{1,2,i} - A{1,2,i}A1{1,2,i} C (A1 Ay -~ A){1,2,i} (i = 3,4),

and the other two relations remain open. We restate these results below.
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THEOREM 1.1. Let A; € Chixtiti §j =1.2.....n, and ,dij, 1<i1<j5<n beas
in (1.1). Then the following statements are equivalent:

1. An{l, 273} te Ag{l, 2, 3}A1{17 2, 3} g (AlAQ e An){l, 2,3},’

2.1 ([ (@) " "Ea, () ?Eq,_, (") ' Ea, ]) =0 and
T(A1A2 tee An) = min {T(Al)a T(A2)a ce 7T(An)}

A 0 .- 0
. 0 Ay .- 0
=> r(4;)—r : : . :
=1 0 0 - Ar
%1 .52/12 . %nfl

THEOREM 1.2. Let A; € Clixli+1 4 =1,2,...,n, and szij, 1<i<j<nbeas
in (1.1). Then the following statements are equivalent:

1 Ap{1,2,4} -+ Ax{1,2,4} A1 {1,2,4} C (A1 Ay -+~ A,){1,2,4};

Fy, oy (")
Fa, o3 (o)
- 3.( ) 0 and
Fu, A ()"
r(A1Ay -+ Ay) = min{r(41),7(42),...,7(An)}
AL 0 0 n
n 0 A;‘li? 0 ‘!Z{’r?fl
= Zr(Ai) -7 . )
p : : L :
0 0 - A

We remark that since E4 = F4« and EFa« = F4, we use the EF4 and F4 instead
of By« = Fa and B4 = Fy- as in [2].

It is not easy to establish equivalent conditions of the inclusions
An{lv 27 ’L} e AQ{I? 2a ’L}Al{l, 2a Z} 2 (A1A2 e A?L){la 27 7’}7 (Z = 37 4)7

since these involve complicated extreme ranks operations. In [2] the authors present
equivalent conditions of the inclusion

An{1,2,i} - A{1,2,i}A1{1,2,i} C (A1 Ay~ An){1,2,i}.

In this paper, by applying the extremal ranks of generalized Schur complements, we
prove that for ¢ € {3,4},

Ap{1,2,0) - Ao{1,2, VA1 {1,2,4} = (A Ay - - A,){1, 2,1}
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is actually equivalent to

Ap{1,2,4} - Ax{1,2,i} A1{1,2,i} C (A1 A2+ An){1,2,4}.

For the theory of generalized inverses, we refer the reader to [1]. In the following
proposition, we have compiled some basic facts about the {1,2,3}- and {1,2,4}-
inverses, which will be used throughout the paper.

ProPOSITION 1.3. Let A € C™*™. Then

1. r(A(1’2’3)) = r(A(1’2’4)) =r(A);
9. AQ23) 44T = 4029 gng ATAAORA) Z 40.2.0)

In our development we will need the following lemmas.

LEMMA 1.4. [4] Let X1 and Xa be a pair of outer inverses of a matriz A, that
iS, XlAXl = X1 and X2AX2 = X2. Then

X
T(Xl—XQ):’I“([X; :|>+7"([ Xl X2 ])—’I"(Xl)—’l“(Xg).
LEMMA 1.5. [3] Let A€ C™*", B e C™** C € C™" and D € C**k. Then

ru)—cuUB)zr([f“AA* Aqg})—r@@,

CA* D
A*A A*B A*B
_ (1,2,3) — mi _
Ar(rlli?g)r(D CA B) mln{r([ o D }) T(A),T([ D ])},
(1.3) @%MD—CNM@E
A(1,2,3

(D))

AA* B |
(1,2,4) By _ s *
I(I}%?Z)T(D CA B)—mm{r([CA D]),T<[C " ) r(A)},

Qo

0
A*B
D

o CA* D

ﬂ({gc&*g})

i, (0 - 040208 = ([ oa 0 ([ 447 2])
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LEMMA 1.6. [3] Let A€ C™*" B € C™** and C € C*". Then

r([ A B D :T(A)‘FT[(I—AAT)B], and

. ([ . D — 1 (A) +r[C(I — ATA)].

2. Main results. In this section, we will prove that for i = 3,4,
An{1,2,i} - Ao{1,2,i} A1 {1,2,i} = (A1 42+ An){1,2,i}
is equivalent to
An{1,2,d} - Ao{1,2,i} A1{1,2,i} C (A1 4z --- A,){1,2,i}.

Before giving the main results, we first prove some auxiliary ones.

LEMMA 2.1. Let A; € Ch¥lin | X; € A{1,2,3}, i =1,2,...,n, and &}, 27,
1<i<j<nbeasin (1.1). Then
(2.1) Xl’g?}’xnr([ (Zm)* (%n)(1,2,3) ])
= ’I”(Al) + 7”(«2{1”) -r ([ «52711EA2 ce JZflnilEA" " ]) .

Proof. Formula (1.3) gives
(2.2) 1£1(1Tbnr([ (2 ()12 )
= winr ([ ~(27)° ()29 )

= winr ([0 ()29 =X [ (2777 0])
i AP R (L )

I, 0 () (1:2:3) 0 () (1:2:3)
A, 0 0
—r 0 As(2yhH* 0
I, ., 0 () (1:2:3)

=r ([ AZ(«%&”*I)* AZAn(,Qfln)(l,Qﬁ) ]) + T[(%n)(l,ZB)] _ r[An(%”)(1’2’3)}
(s M Y M7 Rl )

n
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Applying (1.3) to (2.2), we have
i ny* n\(1,2,3)
cmin r ([ (A2 ])
= win ([ 452777 A A2 )
— A;flAnfl A:L—l(f%flniz)* 0 " Azfl('%fln72)* 0
AU 0 A |) T o4
Anfl 0 0
- 0 o1 (207 0
AL 0 AF A, (o) (1:2:3)
=r([ A (2772 An AnaBa,  Ap (o) 02D 1) +r[AL A () 2]
—r ([ Ap1Ba, @ ()29 ])
=r([ A (2772 Ap AnaBa, Ap 7 ()02 ]) ()
—r ([ An1Ba, @ ()12 ).
Furthermore,
omin ([ () )
:gi}lzr([ Ar (27 AL Ap i Ea, AL A ()12 D + r[Af Ap () 123)]
—r ([ An_1Ea, @ ()29 ])
A* A 3 An—Z(‘%ln 3) 0 0
=r A* 0 A* A E AX (A (1,2,3)
n—1 n—1An—1k4, ()
+r n—2(‘%‘1n_3)* 0 0
0 A (An 1Ea, AL M (e)123)
An—2 0 0 0
- 0 A (27 0 0
Ax 0 Ar A1 Es, A "Qf?? L )(123)
[A*A (JZ{”) 123} T([ Ap_1Ea, ﬂnnil(%n)(l, , ])
r([ . (2 3) AZ-QQ@?:Q?EAn_l A:—2Wf:21EAn A:_Q’Q@_Q(%n)(l,m) ])
+r ([ A _jAn1Ea, Af @ (a2 )
—r ([ ,;z{n 2EA A IEs, AP ()2 )
+r(") — ([ AnflEAn 42%7;’171(%")(1,273) ])

=r(] An o (2770)
-r ([ JZ{T:L—_ZZEAnfl

()
In general, for 1 <4

(2.3)

Kn—irXn—itiss

* n—2
An—an—Q EAn_l

n—1
JZ{71—2 EAn,

A s, Ao () (128) )
Ao ()2 ).
<n —1, we have

min ([ (27)7 (er) 2D ])

X’IL

An(ﬂfln)(l,l?,)
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=r ([ Azfi(%fl_i_l)* AL%K;EA
(") —r ([ ZEa

n—i+1 A:L*’Lﬂ’r?f_llEAn A’:.fi%’r;lfi('g{ln)(lyzﬂg) :|)
Dy B, A ()2 ).

n—it1

Notice that, for ¢ = 1 or 2, the rank identity (2.3) has been proved. Assume that the
statement (2.3) is true for i — 1 (i > 2), i.e.,

min v ([ (277 ()12 ])

X?L*’i+17"‘7X7L
=T ([ A;ﬂl—i+1(‘%1n_i)* A:l—’i-‘rl"Q{r:l:iz;:_llEAn—iJrl T AZ—i+1ﬂ#—i+1(£{1n)(l’2’3) ])
+ () —r ([ 'Q{r::‘ljllEAn,iﬂ . %J;}HEA" dnn_i_i_l(%n)(l,l?)) ]) _

Substituting (1.3) into above equation yields

ani,XfEiﬁl,m,Xn r ([ (%171)* (@4”)(1’2’3) ])
— ([ Al AL A;_i(%nfifl)* O. oo 0 :|>
Anisa 0 A i@y T Ba iy A ()5
([ A (27 0 : )
0 A i@ T By A I ()Y
ALiAn_i 0 0 Ce 0
- 0 Ax (2 0 0
An—it 0 A DT B, e A () 2)
+r(£{1n) -r ([ dv?:iz;:_llEAn—i-*-l e JMnn—_i}i-lEAn dﬁfwrl(*g{ln)(l’z’?’) ])

=r ([ A”:Lfi(‘%ln_i_l)* A’:,f’iﬂ’r;,n:iiEA
(") —r ([ ZEa

n—it1 A:fbfz%:;lEAn A:,fiﬂrtl—i(%n)(lgﬁ) :|)
&Q{nn:ilEAn 'Q{T?—i (%n)(l,Z,S) :|) )

n—it1l

That is to say the statement (2.3) is also true for i.
In particular, we take i = n — 1, then

min ([ (277 ()29 ))

X1,X2,0, X0

=r ([ AT(%P)* AT"Q{llEAz . AT.,Q%{L_IEA” ATJZ{{L(JZ%{L)(LQ’S) ])
+r(a) —r ([ AL Ey, - MlnﬂEAn %n(ﬁln)(mg) ])

— () £ ()~ ([ A Bay - Ay Ba, )

and the proof is complete. O

LEMMA 2.2, Let A; € Ch¥lini X, € A;{1,2,3}, i =1,2,...,n, and &, 27,
1<i<j<nbeasin (1.1). If A{1,2,3} -+ As{1,2,3}A1{1,2,3} C (A1 A5 -~ A,){
1,2,3}, then, for each (<)) and (27)*, we have

(2.4) r q (ﬂ?%(:;’g) D = r(").
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Proof. Because A,{1,2,3}---A3{1,2,3}4:{1,2,3} C (A145--- A,){1,2,3}, for
each (Z7")*, there exists a (%1")(1’2’3)/ such that (42/1")(1’2’3)/ = (Z7)*. Thus

(5271")(1’2’3) (3{1")(11273)
T =T / .
(LG ) =r [ s
The formula r(AB) < min {r(A),r(B)} together with the fact that

{ () e 0 } [ (/) (1:2:3) 1 _ { () }7

0 () e || ()12 ()
and
(dln)(1’2’3)((%n)f)* 0 (%n)* _ (%n)(l,Q,S)
0 (dln)(1,2,3)/((£{1n)f)* [ () ] = (%")(1’2’3)1 ,

means that

' (l e D = ([ & ) =

Now the statement (2.4) readily follows. O

Based on the above auxiliary conclusions, in the following, we present the equiv-
alent conditions for 4,{1,2,3}--- A2{1,2,3}4:{1,2,3} = (4142 --- 4,,){1, 2, 3}.

THEOREM 2.3. Let A; € CliXlivt fori=1,2,...,n, and o) (1 <i<j <n) be
as in (1.1). Then the following statements are equivalent:

1 A,{1,2,3}--- A2{1,2,3}4,{1,2,3} C (A1 45 --- A,){1,2,3};
2. Ap{1,2,3} -+ Ax{1,2,3VA:{1,2,3} = (41 45 - -- 4,,){1,2,3};
3. v ([ (@) " Ea, ()" PBa,, - () Ba, |)=0and

r(A1Ay -+ Ay) =min {r(41),7(A42),...,7(An)}

A} o - 0
. 0 AF - 0
=Y r(A)—r ST
=1 0 0 - Ar
%11 '52{12 %nfl

Proof. Since (1) and (3) are equivalent, (2)=(1) and (2)=-(3) are obvious, there-
fore, we only need to prove that (1)=(2).
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We remark that A,{1,2,3}--- A2{1,2,3}4:1{1,2,3} = (A143--- A,){1,2,3} is
equivalent to

An{1,2,3}--- Ax{1,2,3}A1{1,2,3} C (4145 --- A,){1,2,3},
and
An{1,2,3} -+ A2{1,2,3} A1 {1,2,3} D (A1 42 --- A,){1,2,3}.

Here, we only need to prove that the latter inclusion holds under the conditions of
part (1) or (3). The second side inclusion relation is equivelent to

. n\(1,2,3) _ ny*]
(2.5) (% 0 2, JE0 rl(") (27")]=0

If part (1) holds, then (27*)(123) and (2,*)* are a pair of outer inverses of matrix
o". Using Lemma 1.4 and Lemma 2.2, we have

(2.6)  r[(am) 123 —
ny(1,2,3)
:r([ «@7 }) +r 123) ((%/in)* ]) _T((fdln)(l’z"?))—T((%ln)*)

([ 123) (27 ]) —r((Z")7)
=7 ([ (a3 (27) ]) ().

Combining (2.6) with (2.1), we have

%ﬂ

(2.7) max min _ r[(@) B2 — (27

(ﬂln)(1=2’3> X17X2;<~~7Xn

_ : ny(1,2,3) nyx 1) _ n
(szfl’r'};%),(zx) xl,)r(I;}.I.le"T ([ (") (27") ]) (@)

=r(A) —r([ H'Es, - S "Ea, S]).

Note that if P*Q =0, thenr ([ P Q ]) =7(P)+7(Q). From part (3), (2.7) reduces
to

: n\(1,2,3) _ n*
(2.8) i x, Jpin () (27")"]
=r(A) =71 ([ A Ea, - 'Ea, ]) ()
Ay, 0 -0
B 0 A3 .- 0
=> r(A)—r S —r(a").
=1 0 0 - A
%1 %2 foln_l

According to part (3), we know that the right-hand side of (2.8) is equal to zero. O
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For the reverse order law for {1, 2, 4}-inverse of multiple matrix products we have
a similar result. Here, we present it below without proof.

THEOREM 2.4. Let A; € Chxlitt =1,2,...,n, and &, 1 <i < j <n be as
in (1.1). Then the following statements are equivalent:

1. Ap{1,2,4}--- A2{1,2,4}A1{1,2,4} C (A1 Ay --- A,){1,2,4};
2. Ap{1,2,4}--- A{1,2,4}A1{1,2,4} = (A1 45 -+ A,){1,2,4};
FAl%n('Q(ln)*

3,( ! =0 and
Fu, A ()"

n—1

r(A1Ay -+ Ay) = min {r(41),r(A2),...,r(A,

N
——

A, 0 -~ 0 @

“ 0 AL, - 0 9,
= r(4;)—r . . )
i=1 . . . . :

0 0 - AT @y
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