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NEW FAMILIES OF INTEGER MATRICES WHOSE LEADING
PRINCIPAL MINORS FORM SOME WELL-KNOWN SEQUENCES*
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Abstract. The purpose of this article is to obtain some new infinite families of Toeplitz matri-
ces, 7-matrices and generalized Pascal triangles whose leading principal minors form the Fibonacci,
Lucas, Pell and Jacobsthal sequences. We also present a new proof for Theorem 3.1 in [R. Bacher.
Determinants of matrices related to the Pascal triangle. J. Théor. Nombres Bordeaux, 14:19-41,
2002.].

Key words. Fibonacci sequence, Lucas sequence, Pell sequence, Jacobsthal sequence, Deter-
minant, Toeplitz matrix, 7-matrix, Generalized Pascal triangle, Matrix factorization, Recurrence
relation.

AMS subject classifications. 15A09, 15A36, 11C20.
In memory of Professor Michael Neumann.

1. Introduction and notation. Throughout this article, unless noted other-
wise, we will use the following notation (see for instance [1, 10]):

o o = (ay)i>0 and 8 = (B;)i>0 are two arbitrary sequences with ag = fo(:= 7).

e P, s(n) is the generalized Pascal triangle associated with the sequences o and
B (see [1]), which we introduce as follows. In fact, Py g(n) = (P; j)o<i,j<n is a square
matrix of order n + 1 whose (7, j)-entry P; ; obeys the following rule:

Pio=o;, Poy=0 for0<i<n,and P;=PF; 1+P_1; for 1<4,j<n.

o Ay p(n) = (Aij)o<i,j<n is the T-matrix associated with the sequences a and [
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of order n + 1, whose entries satisfy A; o = a;, Ao, = 3; for 0 < ¢ < n, and
Ai,j = Ai,17j71 —+ Aiflyj for 1 S Z,] S n.
This class of matrices was first introduced in [6].

o L(n) = An1,1,1,..,1,0,0,0,.)(n), which is called the unipotent lower triangular
matrix of order n+1. If L(n) = (L; j)o<i,j<n, then an explicit formula for (7, j)-entry
L; ; is also given by the following formula

oo i i<y,
Livj_{ (5) if i>4.

Moreover, we put U(n) = L(n)*, where A? signifies the transpose of matrix A.

o Ty 5(n) = (T})o<i,j<n is the Toeplitz matrix with T; o = «o; and Tp,; = G;,
0<i<n,and T;; = T, whenever i —j =k —[.

o R;(A) (resp., C;(A)) denotes the row 4 (resp., column j) of matrix A.
o I;; denotes the square matrix having 1 in the (4, j) position and 0 elsewhere.

o & = (&;)i>0 with &; = 22:0(—1)”’“ (;) oy, which is called the binomial trans-

form.

o & = (&y)i>0 with &; = ZZ:O (;) ay, which is called the inverse binomial trans-
form.

1-5

° = %5 is the golden ratio and ® = “=*2 is the golden ratio conjugate.

e [, is the nth Fibonacci number (A000045), which satisfies
Fh=0 F=1 F,=F, 1+ F,_5 forn>2.
e L, is the nth Lucas number (A000032), which satisfies
Loy=2IL1=1, L,=L,_ 1+ L,_o forn>2.
e P, is the nth Pell number (A000129), which satisfies
Ph=0, =1, P,=2P, 1+ P, 5 forn>2.
e J, is the nth Jacobsthal number (A001045), which satisfies
Jo=0, J1 =1, J,=Jn_1+2J,_5 forn>2.
REMARK 1.1. Let a,b,r, s be integers with ;s > 1. The (a,b,r, s)-Gibonacci
sequence (or generalized Fibonacci sequence), (G%a’b’r’s))nzo, is recursively defined by:

G =a, G =band Gt = rGUETY 4+ GG, forn > 2.

n—1 n—
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The Fibonacci sequence (resp., Lucas sequence, Pell sequence, or Jacobsthal se-
quence) correspond to the case (a,b,7,s) = (0,1,1,1) (resp., (2,1,1,1), (0,1,2,1) or
(0,1,1,2)).

For convenience, some values of F),, L,, P, and J, for 0 < n < 13 are determined
in the following:

n |01 2 3 4 5 6 7 8 9 10 11 12 13
F,|0 1 1 2 5 8 13 21 34 55 89 144 233
F,10 1 2 5 12 29 70 169 408 985 2378 5741 13860 33461
J, 10 1 1 3 11 21 43 8 171 341 683 1365 2731
L,12 1 3 4 7 11 18 29 47 76 123 199 322 521

Considerable attention has been devoted in the literature to the study of symbolic
evaluation of determinants (for two excellent surveys on determinant evaluations, we
refer to 8, 9]). Given an arbitrary infinite matrix A = (A4, ;); j>o0, denote by d,, the nth
leading principal minor of A defined as the determinant of the submatrix consisting
of the entries in its first » + 1 rows and columns. In this article, we are mainly
interested in computation of the sequence of leading principal minors (dg, d1,ds, .. .),
especially in the case that d,, is the nth Fibonacci (Lucas, Pell or Jacobsthal) number.
As a matter of fact, in many papers one may encounter certain infinite matrices,
the leading principal minors of which constitute a Fibonacci (sub)sequence (see for
instance [3, 4, 5, 7, 10, 11]). One of the interesting examples is the infinite matrix

given by:
1 1 1 1 1
1 2 2 1 -1
1 4 6 6 3
Afoo) = (Aijij=o=| 1 6 13 19 21
1 10 25 45 66

Indeed, the leading principal minors of A(co) form the Fibonacci subsequence
(Fh+1)n>0 (see [10]). This matrix is described as follows. The first row and col-
umn are the constant sequence (1,1,1,...). The remaining entries A; ; are obtained
from the following nonhomogeneous recurrence relation:

Ai,j = Ai’j71 + Aifl’j +1i—7, i, > 1.

There are also other infinite integer matrices where the sequence of their leading
principal minors consist of Fibonacci or Lucas numbers (see Table 1). In this table, i

denotes /—1.
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Table 1. Some integer matrices with determinants as Fibonacci or Lucas numbers.

~ Determinant Refs.
2 (2,1,1,...) ( ~1,0,0,...) det T 5(1) = Fonrs 3]
2| (2,1,1,...) (2,1,0,0,...) det T (n) = Foys 3]
11(1,4,0,0,...) (1,1,0,0,...) det To 3(n) = Fnto (3], [4]
1] (1,-1,0,0,...) | (1,1,0,0,...) det To5(n) = Foyo 12]
31(3,1,0,0,...) | (3,1,0,0,...) det T 5(n) = Fanss (2], [13]
31(3,-1,0,0,...) | (3,=1,0,0,...) det T () = Fons [13]
1](1,1,0,0,...) | (1,i0,0,...) det <Ta,g(n) + E22) = Lot 3]

1] (1,1,1,..) (1,-1,0,0,...) det (Ta,ﬁ(n) +, E) = Fanya | [3]
1](1,i,0,0,...) | (1,1,0,0,...) det (Ta,ﬁ(n) +2E11> = Lnys 2]
L ee. ) | (Lé6.) det Ta5(n) = Fuss )
11 (0,-®,—®,...) | (0,4, —¢,...) det Ta5(n) = Fu [7]
l|lai=ai-1+c Bi=Bi-1—c " det Pa,g(n) = Fui2 [11]
llai=ai1+1 | f1=0, B = Bit2 det Aa,5(n) = Fnt1 [11]
llai=a;-1—1 | f1=0, B = Bit2 det Aq,5(n) = Fnt1 [11]
1 |og =01 +1 B1 =2i, B; = Bit2 det Ao 3(n) = Lpt1 [11]
1] ai=ai-1—1i B1 = =21, Bi = Biy2 | det Aa,g(n) = Lnt1 [11]

The purpose of this article is twofold. First, we want to find some mnew infi-
nite families of integer matrices whose leading principal minors form the sequences
(Frnt1)n>0, (Fu)n>0, (Pn)n>0, (Jn)n>0 and (Ly)n>0. Second, we provide a new proof
for Theorem 3.1 in [1].

2. Preliminary results. In this section, we introduce some definitions and sev-
eral auxiliary results to be used later. We begin with the following definition.

DEFINITION 2.1 (See [15]). Infinite matrices A = [a; ;]; ;>0 and B = [b; ;i j>o0
are equimodular if the sequences of their leading principal minors agree, i.e.,

det[ai,]‘]ogi’jgn = det[biﬁj]ogi’jgn for all n 2 0.

We continue with the following simple observations.

LEMMA 2.2 (See [10]). Let i,j be positive integers. Then, we have

= ; j 0 if i#7,
HL))-
,;( ) k+j J 1 if i=7j.
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LEMMA 2.3 (See [10]). Let ¢ be an arbitrary sequence. Then, we have ¢ = ¢ =

In [10], we showed that generalized Pascal triangles are strongly related to Toeplitz
matrices. Actually, we obtained a factorization of the generalized Pascal triangle
P, 3(n) associated with the arbitrary sequences a and 3, as a product of the unipo-
tent lower triangular matrix L(n), the Toeplitz matrix T} 5(n) and the unipotent
upper triangular matrix U(n) (see [10] and [14]), that is

(2.1) Py g(n) = L(n) - Ty 5(n) - U(n).
Moreover, we showed that

(2.2) To(n) = L(n) ™" - Py 5(n) - U(n)~".

a’

In fact, we obtained a relationship between generalized Pascal triangles and
Toeplitz matrices. In particular, from the identities (2.1) and (2.2), it follows that

(2.3) det Py g(n) = detTy 5(n) and  detTo g(n) = det Py 5(n).

Note that, in general, we have
Pop(n) = Pga(n)’  and  Tup(n) =Tsa(n)"
Hence, one can immediately obtain the following results:
(2.4) det Py g(n) = det Pg o(n) and detT, g(n)=detTp o(n).
In this section, we first give a factorization of A, g(n) as a product of the unipo-

tent lower triangular matrix and a Toeplitz matrix. The next result is already obtained
in [6, 14]. However, we will include a brief new proof for completeness.

THEOREM 2.4. We have the following factorizations:

(2.5) Aa,p(n) = L(n) - T 5(n)
and
(2.6) Ty p(n) = L(n)~*- Az p(n).

In particular, we have det A, g(n) = det Ty g(n) and det T, g(n) = det A g(n).

As a matter of fact, Theorem 2.4 gives a connection between 7-matrices and
Toeplitz matrices. For example, we have the following factorizations of A, g(2) and
T 3(2) as follows:

v B B2 0 0 0 B B2
ar Y+ 5 b1+ B2 =1 1 0] | —yv+o1 ¥ 61|,
az a1+y+B1 y+261+ B2 1 21 -2 +ta —y+or vy
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v B B 1 0 0 Y B B2
ar vy B =l -1 1 0|-| v+ v+ b1 B1+ B2
T 1 -2 1 Y+2a1tax 2y+ar+p y+261+ B

Proof of Theorem 2.4. We recall that, the 7-matrix L(n) = (L; j)o<i j<n is a lower
triangular matrix with

oo it i<y,
L”’{ (5) if i>j

For convenience, we put A = Ay g(n), L = L(n) and T = T4 g(n) = (Ti;)o<i,j<n-
For the proof of the claimed factorization Eq. (2.5), i.e., A= L-T, we compute the
(i,7)-entry of L - T, that is,

(L-T)ij=> LixTh;.
k=0

In fact, so as to prove the theorem, we should establish

RO(LT):RO(A):(ﬂ()v ﬂla R ﬂn)a
CO(L : T) = CO(A) = (O(O, A1y ey an)ty
and
(2.7) (L-T)ij=(L-T)i—1j-1+ (L-T)i—1j, for 1<i,j<n.

Let us do the required calculations. First, suppose that ¢ = 0. Then

0
(L-T)o; =Y LosTh; = LooTo; = B,
k=0
and so Ro(L - T) = Ro(A) = (Bo, B1, ---5 Bn)-

Next, we suppose that 7 = 0, and we obtain
(L Thio = Sheo LikTro = Sioo (D Thop(-17*(%)as}
= Cioea{ ST}

a;, (by Lemma 2.2)
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which implies that Co(L - T) = Co(4) = (g, a1, ..., ap)h

Finally, we must establish Eq. (2.7). At the moment, let us assume that 1 <
i,7 < n. Note that the entries of L satisfy in the following recurrence

(2.8) Lij=Li—1j-1+Li—1; 1<4,7<n.
Now, we obtain that
(L-T)iy = YheoLinTh,
= LioToj + X hey LinTh
= LioToj+ Yoy (Licthe—1 + Lic10)Tk;  (by Eq. (2.8))
= LT, + 2221 Li_1 1Tk ; + 2221 L1 4Ty 4
= LoTo,; + Zzzl Li—ip—1Thk—1,-1+ ch:o Li—1 4Tk j — Li—10T0,5
(Notice that Ty ; = Tp—1,j-1)

( zO* i— 10)T0J+Zk =0 1 1kaj 1+Zk 0 z 1ka]
(It should be noticed that L;_; ; = 0)
( )1 1,7—1 + (L T)z 1,55 (note that Li,O = Li*l,O = ].)
which is Eq. (2.7).
To prove of Eq. (2.6), we observe that
L(n)™'-Asp(n) = L(n)~' L(n) Tz 4(n)  (by Eq. (2.5))
= Typ(n). (by Lemma 2.3)

Our proof is thus complete. 0O

As a consequence, we have the following result.

COROLLARY 2.5. Let a and [ be two sequences starting with a common first
term. Then, there holds

det Az,p(n) = det As ,(n).

Proof. By Theorem 2.4, we have
det As g(n) = detTo 5(n) and  det A ,(n) =detTsq(n).
Now, the conclusion follows immediately from Eq. (2.4). O

We can summarize the above results in the following corollary.
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COROLLARY 2.6. Let a and 8 be two sequences starting with a common first
term. Then, the following matrices

Top(20), Tpaloo), Pgpg(o0), Pgalo0), Aap(oo) and Ag (o),

)

are equimodular.

We conclude this section with the following simple observation to be used in the
next section.

LEMMA 2.7. Let a be an arbitrary sequence. Then, it holds that

Proof. Easy computations show that
n—1 1 n—1 n-—1 r n—1 n
Yo=Y (=S (=S ()1
=0 k=0 j=0 r=0 7=0
as desired. O
3. Main results. As we mentioned in the Introduction, we are going to obtain

some integer matrices whose leading principal minors form the Fibonacci, Lucas, Pell
and Jacobsthal sequences. We start with the following definition.

DEFINITION 3.1. A sequence ¢ = (¢;);>0 satisfies a homogeneous linear re-
currence relation of order s (with constant coefficients), if there exist constants
C1,Cs, ..., Cy, with Cg # 0, such that

S
¢ = Z Cri—r, for all ¢ > s.

Such a sequence is called s-recurrent.

We recall that, generally, the binomial transforms preserve the vector space of
sequences satisfying linear recurrence relations and also they preserve the set of such
sequences satisfying linear recurrence relations of given degree. We illustrate this with
the following lemma.

LEMMA 3.2. Let a = (ay)i>0 be a sequence satisfying a homogeneous linear
recurrence relation of order 2:

(3.1) a; = Cra;_1 + Coaj_o for all i > 2.
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Then, we have

(a) The sequence & = (&;);>0 satisfies a homogeneous linear recurrence relation

with &g = ag, &1 = ag + aq, and

(3.2) &y = (Cl + 2)071‘,1 + (CQ - C1 - 1)07,‘,2 for all i>2.

(b) The sequence & = (&;);>0 satisfies a homogeneous linear recurrence relation

with &g = ag, &1 = —ag + a1, and

&; = (Cr — 2)@1‘71 + (Cy+Cq — 1)072‘,2 for all i>2.

Proof. (a) Evidently d¢y = ap and & = ag + 1. To prove Eq. (3.2), we use
strong induction on 4. It is easy to verify the result if ¢ = 2. Suppose that the result
is true for all ¢ < n. We put S := (Cy + 2)dp—1 + (Cy — C1 — 1)dy—2. We have to
prove that S = ¢&,,. To do this, we notice that

S = (01 + 2)ézn_1 + (CQ - Ci — l)dn_g
o1 = (C14+2)dp—2+ (Cy —Cy — 1)dp_3
Oy = (01 + 2)dn_3 + (CQ - Ci — 1)dn_4
dpnoz = (Cr+2)ap—4+(Co—C1—1)dn—s

g = (01 + 2)(541 + (Cg - Ci — 1)(3(0.

Adding both sides and simplifying, we obtain

n—1 n—2
S+ @i =(Cr+2an1+(Cat+ 1) ai+(Co—Cy— 1),
1=2 1=1

or equivalently

n—2
S + dn,1 == (Cl + 2)(1“,1 + CQ Z dz + dl + (CQ - Cl - 1)@0

i=1
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After more simplification this leads to

S

n—2
Op—1+ Crép_1 + 02( > d — 070) + a1 + (C2 — Cr)d
i=0
n—2

n—1
= G+ 2 (")) 0oy + 02( > ()i — Oéo) + a1 + (Ca — Cr)ag
i=0 i=0

(by definition of &, and Lemma 2.7)

n—1 n—2
= dnt 2 (") (@ip = Coaiia) +Co Y (1] )ai + a1 (by Eq. (3.1))
i=1 =0

1=

n—1
= Qp_1+ ) (nzl)aiﬂ
i=0
n— n
= 2 (et X (5w
1=

=0
n—1
= a0t R+ (5)lei +an
i=1
n—1
= ao+ Y (})a;+a, (by Pascal’s rule)
i=1
= L (Dai = an,
=0
which completes the proof of (a).

(b) The proof of this part is similar to that of part (a) and, therefore, omitted. O

Let us consider Toeplitz matrices in which the first row and column are linear
recursion sequences of order 2. Indeed, for Toeplitz matrices associated with two
linear recursion sequences of order 2, we will prove that the sequence of their leading
principal minors satisfies such a recurrence of order 2 as well. More precisely, let
a = (a;)i>0 and 8 = (8;)i>0 be two sequences satisfying ag = By = v and linear
recursion

o; = Ay + Asa;_o  and B, = B1Bi_1 + BofBi_o  forall i > 2,
of order 2. We set d,, = detT, g(n), for n > 0, and introduce the following constants:
Dy =~(1+ A1B1 — A2 B2) — an B1 — Bi Ay,
and

Dy = —(a1 — A1y — As51) (51 — Baoy — Bry).

Then, we have the following result.
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THEOREM 3.3. The sequence d,,, n > 0, defined as above, satisfies the following
equalities

do = s
di = 7* — a1,
dn = Dldn—l + Dan_Q fOT all n Z 2.

Proof. The assertions concerning dy and d; are obvious. Hence, we may assume
that n > 2. Now, we introduce the lower and upper triangular square matrices

1 0 0 1 -By —DB;
Tan)=1| -4 1 0 |®I,—2 and Te(n)=| 0 1 0 @I, 9,
—A5 0 1 0 0 1

where I,,, is the identity matrix of order m, and we set

T(n) = Tg(n) - Tap(n) - Ta(n).

One has
[ Too Tox O 0 0 ... 0 ]
Tio v B B2 B3 ... Bt
0 aq v B B2 ) :
T(n) = 0 ar a7 B B3 ;
0 a3 a ap Y B2
. B
L 0 Qp—1 asg Q2 aq vy J
where
7?0,0 = y(1+4+ A1By — AsBy) —a1B1 — 314y,
Tvo = a1— Ay —Afh,
Toy = (1 — Boar — Byy.

Developing the determinant d,, = det T'(n) along the first column of T'(n) one obtains
dp = Didp—1 + Dan—Za

as required. [0

As consequences of Theorem 3.3, we have the following corollaries.
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COROLLARY 3.4. Let Ay, Ay, By and By be integers with As, By # 0. Let
a = (a)i>0 and B = (B;)i>0 be two integer sequences satisfying oy = Py = 7y and
linear recurrences

a; = Ay + Asaio and  Bi = B1Bi—1 + B2fi—2  for all i>2,
of order 2. Then it holds
(a) For any nmonnegative integer n, we have det Ty g(n) = Fpi1 if and only if

v, a1, B1, A1, As, By and By satisfy one of the following conditions, where ¢ is a
constant.

Yy ai B/ A A Bl B
FLH|L 0 c+1 - 1 ¢ c
F2)|1 0 ¢—-1 ¢ -1 ¢c—=2 ¢
F3)|1 0 ¢—1 —c 1 c —c
F4)|1 0 1-¢ —-c¢ -1 2—-¢ ¢
(F5)|1 ¢+1 0 c c - 1
(F6)|1 ¢-=1 0 ¢—-2 ¢ c -1
(F7)|1 ¢—1 0 c —c —c 1
(F8 |1 1—¢ 0 2—-¢ ¢ —-c -1

(b) For any nonnegative integer n, we have det Ay g(n) = Fpy1 if and only if
v, ai, B1, A1, As, By and Bs satisfy one of the following conditions, where ¢ is a
constant.

v oo B1 Aq A B: B
(F.1) |1 1 c¢c+1 2—c¢ c c c
F2Y(1 1 ¢—=1 ¢c+2 —(c+2) c¢c—2 ¢
F3)|1 1 ¢—1 2-¢ c ¢ —c
(F4) |1 1 l—¢c 2—-c¢ c—2 2—c ¢
(F5)[1 ¢4+2 0 2+4c¢ -1 — 1
(F.6) | 1 c 0 c 1 c -1
(F7)|1 ¢ 0 c¢+2 —(2c+1) —¢ 1
(F8)|1 2—¢ 0 4—c 2¢-3 — -1

(¢) For any nonnegative integer n, we have det P, g(n) = Fny1, if and only if

v, a1, B1, A1, As, By and By satisfy one of the following conditions, where ¢ is a
constant.



Electronic Journal of Linear Algebra I1SSN 1081-3810
Vame2.pp GBS, Dmeott ELA
610 A.R. Moghaddamfar, K. Moghaddamfar, and H. Tajbakhsh
Yo B1 Ay A By By

(F1") |1 1 c¢c+2 2-c c 2+c -1
(F2y 11 1 ¢ c+2 —(c+2) c 1
(F3) 11 1 c 2-c c c+2 —(2¢+1)
(F4 |11 1 2—-¢ 2-c¢ c—2 4—c 2c—-3
(F5") |1 ¢c+2 1 2+4c¢ -1 2—c c
(F6") |1 ¢ 1 c 1 c+2 —(c+2)
(F7) 11 c 1 ¢+2 —(2c+1) 2—-¢ ¢
(F.87)

1 2—¢ 1 4—c 2¢c—3 2—c c—2

REMARK 3.5. Although we have restricted ourselves to integral values in Corol-
lary 3.4, the necessary part holds for arbitrary values of ¢. It is worth mentioning
that the Toeplitz matrix constructed by condition (F.1) (resp., (F.2), (F.3) and (F.4))
is the transpose of the Toeplitz matrix constructed by condition (F.5) (resp., (F.6),
(F.7) and (F.8)). In addition, by Corollary 3.4, there exist some new infinite fam-
ilies of Toeplitz matrices, 7-matrices and generalized Pascal triangles whose leading
principal minors form the Fibonacci sequence.

Proof of Corollary 3.4. (a) The sufficiency is clear. To prove the necessity, suppose
that

dn = det Taﬂ(n) = Fn+1.
By Theorem 3.3, it follows that dy = v, dy = ¥? — a1 31, and for all n > 2,

dn = Dldn—l + D2dn—2a

where

(3.3) Dy =~(1+ A1B; — A3Bs) — a1 By — (14,4,
and

(3.4) Dy = —(a1 — A1y — As51) (51 — Baoy — Bry).

Note that, by our assumption we have D; = Dy = 1. Since dy = F;, we conclude
that v = 1. Moreover, from d; = Fy, it follows that v — a13; = 1, and since v = 1,
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we deduce that a18; = 0, which implies that «; = 0 or 8; = 0. Since the proofs of
both cases are similar, only the proof for vy = 0 is presented.

We assume that ap = 0. If this is substituted in Egs. (3.3) and (3.4), then we
obtain

(3.5) A1B1 — AsBy — /141 =0,
and
(3.6) (Ay + Axf31) (B — B1) = 1.

Solving Eq. (3.6) in Z, we obtain that
(A1 + A28, b1 — By) € {(17 1), (-1, —1)}.
We now consider two cases separately.
Casel. A1+ AsBy =1and B — By = 1.

In this case, we have 81 = By + 1. After having substituted this in Eq. (3.5), we
conclude that Ay = —AB>. Now, if we substitute —As By with A in A1 + A6 =1,
we obtain As(f; — Ba) = 1. This yields that (A, 51 — B2) = (1,1) or (42,01 —
Bs) = (—1,-1). If (A3,81 — Bs) = (1,1), then B; = By = —A;(:= ¢ say), and if
(AQ,/Bl — B2) = (—1, —1), then B1 —2= BQ = Al(Z: C say).

Case 2. A1 + Ay = —1 and 1 — By = —1.

The proof is quite similar to the proof in Case 1, so we avoid here full explanation
of all details. In fact, we obtain Ay =1 and By = —By = —A;(:= ¢ say) or Ay = —1
and 2 — By = By = —A;(:= ¢ say).

(b) This follows directly from part (a), Theorem 2.4, and Lemma 3.2 (a).
(¢) This follows from part (a), Lemma 3.2 (a) and Eq. (2.3). O

As a special case of Corollary 3.4, we see that Fibonacci numbers provide the
following exotic example:

EXAMPLE 3.6. We have

det A(F17F21F37"~)7 (F27F37F4,...)(n) = Fn+1~

In fact, this example follows from Corollary 3.4 (b), part (F.1’), if we substitute 1
with c.

COROLLARY 3.7. Let Ay, Ay, B1 and By be integers. Let o = (a;);>0 and
B = (Bi)i>o0 be two integer sequences satisfy ag = Bo = v and linear recurrences

o; = Ajo—1 + Asa_o and (; = B18i—1+ B2Bi—o  for all i > 2.
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Then it holds

(a) For any nonnegative integer n, det Ty g(n) = Ly, if and only if v, o, B1, Ax,
Ao, By and Bs satisfy one of the following conditions.

Yy o i A1 Ay By B Yy o1 B A1 Ay B B
w2 3 1 0 2 -5 4] @in|z 1 3 -5 4 0 2
(L.2) | 2 3 1 4 —4 -9 6 || (L.18) | 2 1 3 -9 6 4 -4
(L.3) | 2 3 1 -1 4 10 -6 | (L.19) | 2 1 3 10 -6 -1 4
L4 |2 3 1 3 -2 6 -4|@20]2 1 3 6 -4 3 -2
Ls)|2 3 1 6 -8 -3 2|@2)|2 1 3 -3 2 6 -8
Le)y|2 3 1 2 -2 1 of @222 1 3 0 2 -2
L7 |2 3 1 -3 2|l @232 1 3 -2 -3
(L.8) | 2 3 1 1 0] (L.24) | 2 1 3 0 1
Lo |2 -3 -1 -2 -2 -1 of@2)|2 -1 -3 -1 0 -2 -2

Lio)y |2 -3 -1 -6 -8 3 2| (L26)|2 -1 -3 2 —6 -8
Li) |2 -3 -1 0 2 afl@en |2 -1 -3 4 0 2
(L12) |2 -3 -1 -4 -4 6| (L2s)y|2 -1 -3 6 —4 —4
(L.13) |2 -3 -1 1 4 -10 -61| (L29)|2 -1 -3 —-10 -6 1 4
(L14) |2 -3 -1 -3 -2 -6 -4 (@1L30)|2 -1 -3 —6 -4 -3 -2
Lis) |2 -3 -1 3 8 -4 —2|@®3)|2 -1 -3 -4 -2 3

Li6)|2 -3 -1 -1 2 0 0| @32 -1 -3 0o 0 -1

(b) For any nonnegative integer n, det A g(n) = Ly, if and only if v, on, 51, Az,
Ao, By and Bs satisfy one of the following conditions.

v a1 1 A1 Ay By Ba v a1 B A1 Ay Bi1 B
w12 5 1 =2 1 -5 Li7) |2 3 3 -3 8 2
w2)|2 5 1 6 -9 -9 (Li1g) |2 3 3 -7 14 4
ws)|2 5 1 1 4 10 -6 (@192 3 3 12 —17 -1 4
Layl2 5 1 5 —6 6 -4 @L20)|2 3 3 8 -11 —2
(L.5/) 2 5 1 8 —15 -3 (L 21/ ) 2 3 3 -1 4 -8
(L.G') 2 5 1 4 -5 0 (L 22/ ) 2 3 3 3 -2 2 =2
w™ |2 5 1 -1 10 4 -2 @22 3 3 6 -7 -3
ws)|2 5 1 3 0 ofl@aeay|2 3 3 2 -1 1
Loy |2 -1 -1 -1 -1 ofl@2)|2 1 -3 1 0 -2 -2

L) |2 -1 -1 -4 -3 3 2|@2)|2 1 -3 5 -2 —6 -8
iy |2 -1 -1 2 1 5 4f|@2)|2 1 -3 7 -2 0 2
Li2y|2 -1 -1 -2 -1 9 6| @22 1 -3 11 -4 -4 -4
L1y |2 -1 -1 3 2 -10 -6 @L2)[2 1 -3 -8 3 1 4
L1y |2 -1 -1 -1 0 -6 -4 ([@L30)|2 1 -3 -4 1 -3 -2
Lisy |2 -1 -1 5 4 -4 —2|@L31)|2 1 -3 -2 13

wie)|2 -1 -1 1 2 o0 ol|l@3s)|2z 1 -3 2 -1 -1
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(¢) For any nonnegative integer n, det P, g(n) = Ly, if and only if v, o, B1, Ax,
Ao, By and Bs satisfy one of the following conditions.

7y a1 pr A1 Ay B B Yy a1 p A1 A2 B1 Bp
w12 5 3 2 1 -3 s@i?)lz 3 5 -3 8 2 1
w2)y|l2 5 3 6 -9 -7 14| (@ML18)|2 3 5 -7 14 6 -9
w3y |2 5 3 1 4 12 17| (@19 |2 3 5 12 -17 1 4
L4an |2 5 3 5 -6 8 —11| L2 |2 3 5 8 —-11 5 -6
wsy |2 5 3 8 -15 -1 4| (@2)|l2 3 5 -1 4 8 -—15
(L.GN) 2 5 3 4 -5 3 —2 (L‘22”) 2 3 5 3 —2 4 -5
w?™)y|l2 5 3 -1 10 6 7| (@22 3 5 6 -7 -1 10
ws)|2 5 3 3 0 2 -—1| (@22 3 5 2 -1 3 0
woHl2 -1 1 0o -1 1 of@2”|2 1 -1 1 0o o0 -1
L1’y l2 -1 1 -4 -3 5 -2 @22 1 -1 5 -2 —4 -3
iyl -1 1 2 1 7 —2|@®@em|2 1 -1 7 -2 2 1
(L.12"y | 2 -1 1 -2 -1 11 —4 (L.28”) 2 1 -1 11 -4 =2 -1
(L.13”) | 2 -1 1 3 2 =8 3| (L.29”) | 2 1 -1 -8 3 3 2
(L1422 -1 1 -1 -4 1|l@sm |2 1 -1 -4 1 -1 0
(Li1s”y |2 -1 1 5 2  1|@sml2 1 -1 -2 1 5 4
(Li6”)y |2 -1 1 1 2 —1fl@s2y|2 1 -1 2 -1 1 2

It is worth mentioning that the Toeplitz matrices constructed by conditions
(L.1) — (L.16) are the transpose of the Toeplitz matrices constructed by conditions
(L.17) — (L.32), respectively.

Proof of Corollary 3.7. We need only prove the necessity. Suppose that d, =
det T, 5(n) = L,. By Theorem 3.3, it follows that dy = v, di = 7? — @131, and
for all n > 2, d,, = D1d,,—1 + Dad,, 2, where

Dy =~(1+ A1By — A2By) — a1 B1 — 1Ay,

(3.7) Dy = —(a1 — A1y — As81) (51 — Baoy — Bry).

Note that, by our assumption we have D; = Dy = 1. Since dy = Lg, we conclude
that v = 2. Moreover, from d; = L1, it follows that v? — ;31 = 1, and since v = 2, we
deduce that a1 81 = 3, which implies that (o, 81) € {(3,1), (1,3), (=3,-1),(=1,-3)}.

Suppose first that oy = 3 and (3; = 1. In this case, we observe that as = 341+2A45
and ﬁg = Bl + 2B2
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But then, the equality 3 = dz = det Ty, (3) implies that G2 = (7 — a2)/(9 — 2az),
which must be an integer. On the other hand, since 9 —2ay = 2(7 — a) — 5, it follows

that 9 — 2ay divides 5. So we obtain 9 — 2as € {1, +5}, or equivalently

(38) ay=3A41+24,€ {341,641} and By = B; + 2By € {2+1,-1+£1}.

Finally, if the values of a7 and [; are substituted in Eq. (3.7), then we get
(3.9 (24; + A2 —3)(1 =3By —2B;) = 1.
Solving the Eq. (3.9) in Z, we obtain that
(3.10) (241 + A2,3By +2B1) € {(4,0),(2,2)}.

Thus, combining Egs. (3.8) and (3.10), the following results are obtained:

as o 24, + Ay 2B; + 3B A, A, B D»
4 3 2 2 — 2 -5 4
4 3 4 0 = -4 -9
5 -2 2 2 — -1 4 10 -6
5 -2 4 0 — 2 6 -4
2 1 4 0 = -8 -3
2 1 2 2 = —2 1
70 2 2 = -3 —2
70 4 0 = 1 2 0

The remaining proofs for the cases (a1, 01) € {(1,3),(=3,-1),(—1,-3)} are ex-
actly as in the previous case. This concludes the part (a).

(b) This follows directly from part (a), Theorem 2.4, and Lemma 3.2 (a).
(¢) This follows from part (a), Lemma 3.2 (a) and Eq. (2.3). O

COROLLARY 3.8. Let Ay, Ag, By, Ba and r be integers withr > 1. Let a = (o;)i>0
and B = (8;)i>0 be two integer sequences satisfy ay = Bo = and linear recurrences

o; = A1 + Asay o and B; = B18i—1+ B2Bi—o  forall i>2.

Then, it holds that
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a) For any nonnegative integer n, det Ty g(n) = Gy if and only if v, aq,
F tive int det Ty 5 G it and only
081, A1, As, By and By satisfy one of the following conditions, where ¢ is a constant.

v a1 B Ay Ay Bi By
(FP.1) |0 1 -1 c+r O c 0
(FP.2) 0 1 -1 c¢c+r -2 c -2
(FP.3) |0 -1 1 ¢ 0 c+r 0
(FP.4) 0 -1 1 c -2 c+r -2

b) For any nonnegative integer n, det A, g(n) = G%O’l’r’l) if and only if v, aq,
B v

081, A1, As, By and By satisfy one of the following conditions, where ¢ is a constant.

Y a1 B Ay A Bi B
(FP1) |0 1 -1 ¢+r+2 —c—r—-1 ¢ 0
(FP2)|0 1 -1 ¢+r+2 —c—r—-3 ¢ =2
(FP3) |0 -1 1 c+2 —c—1 c¢+7r 0
(FP4) |0 -1 1 c+2 —c—3 c+r -2

c) For any nonnegative integer n, det P, g(n) = G%O’l’r’l) if and only if v, aq,
3

81, A1, As, By and By satisfy one of the following conditions, where ¢ is a constant.

7o B Ay Ay B B,
(FP.1")|{0 1 -1 c¢+r+2 —c—r—1 c¢+2 —c—1
(FP2"y|0 1 -1 c¢+r+2 —c—r—3 c+2 —c—3
(FP3")|0 -1 1 c+2 —c—1 c+r+2 —c—r-—-1
(FP4”)|0 -1 1 c+2 —c—3 c¢c+r+2 —c—r—3

Proof. (a) The sufficiency is clear. To prove the necessity, suppose that d,, =
det Ty 5(n) = G, By Theorem 3.3, it follows that dy = 7, dy =2 — a1 3y, and
for all n > 2, d,, = D1d,,—1 + Dad,,_o, where

Dl = ’Y(l + AlBl — AQBQ) — OélBl — ﬂlAh
and

Dy = —(ag — A1y — A1) (61 — Baoy — By).

Note that, by our assumption we must have Dy = r and Dy = 1. Since dy =

G(()O’l’r’l) = 0, we conclude that v = 0. Moreover, from d; = Ggo’l’r’l) =1, it
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follows that v2 — a; 81 = 1, and since v = 0, we deduce that a;3; = —1, which

implies that (aq,01) € {(1,-1),(=1,1)}. In both cases, from Dy = 1, it follows
that (As 4+ 1)(By + 1) = 1, and solving this equation in Z, one gets (As, Bs) €
{(0,0),(—=2,—-2)}. Moreover, from D; = r, it follows that 41 —r = By(:= ¢), if
(041,61) = (1,—1) and A1 +r= Bl(IZ C), if (Oél,ﬂl) = (—1, 1)

(b) This follows directly from part (a), Theorem 2.4, and Lemma 3.2 (a).
(¢) This follows from part (a), Lemma 3.2 (a) and Eq. (2.3). O

COROLLARY 3.9. Let Ay, As, By and By be integers and let s be a prime number.
Let o = (a;)i>0 and B = (B;)i>0 be two integer sequences satisfy ay = By = v and
linear recurrences

a; = Ay +Azey_o and By = B1fi1 + Bafi—2  forall i>2.

Then it holds that

(a) For any nonnegative integer n, det Ty g(n) = G&?’l’l's) if and only if v, aq,
081, A1, As, By and Bs satisfy one of the following conditions, where ¢ is a constant.
v oo fh Ay As B By
(J1) (o 1 -1 ec+1 0 c s—1
(J2) |0 1 -1 c+1 -2 c  —s—1
J3) |0 1 -1 c¢+1 s-—1 c 0
(J4) |0 1 -1 c+1 —-s—1 ¢ -2
(J5 |0 -1 1 c s—1 c+1 0
(J.6) 0 -1 1 c —s—1 c+1 -2
(J.7) 0 -1 1 c 0 c+1l s-—1
(J.8) 0 -1 1 c -2 c+1l —s-—1

b) For any nonnegative integer n, det Ay g(n) = G%O’l’l’s) if and only if v, a1,
B

81, A1, As, By and By satisfy one of the following conditions, where ¢ is a constant.

v a1 B Ay Ao By Ba
J1yjo 1 -1 c+3 —c—2 c s—1
J2h10 1 -1 c+3 —c—4 c —-s—1
J3)|0 1 -1 ¢+3 s—c—3 c 0
J4ylo 1 -1 ¢+3 —-s—c—3 c -2
J5)]0 -1 1 ¢c+2 s—c—2 c+1 0
(J‘G/) 0 -1 1 c+2 —s—c—2 c+1 -2
J7)0 -1 1 c+2 —c—1 c+1 s-—1
(J8) 10 -1 1 c+2 —c—3 c¢+1 —-s-—1
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(¢) For any nonnegative integer n, det P, g(n) = GO if and only if v, aq,

b1, A1, As, By and By satisfy one of the following conditions, where ¢ is a constant.

7y oo B A Az B B;
J1ylo 1 -1 c+3 —c—2 c¢+2 s—c—2
J2ylo 1 -1 c¢+3 —c—4 c¢c+2 —s—c-—2
J3"10 1 -1 ¢+3 s—c—3 c+2 —c—1
J4lo 1 -1 ¢+3 —s—c—3 c+2 —c—3
Js5(o0 -1 1 ¢+2 s—c—2 c+3 —c—2
Jelo -1 1 ¢+2 —-s—c—2 c+3 —c—4
J7 10 -1 1 c+2 —c—1 c+3 s—c—3
Jg8)y|1o -1 1 c+2 —c—3 c+3 —-s—c—3

Proof. (a) The sufficiency is clear. To prove the necessity, suppose that d,, =
det Ty 5(n) = G5 By Theorem 3.3, it follows that dy = 7, dy =42 — a1 31, and
for all n > 2, d,, = D1d,,_1 + D>d,,_o, where

Dy =~(1+ A1By — A2Bs) — a1 By — 1Ay,
and

Dy = —(a1 — Ay — A2681)(B1 — Baoy — Bry).

Note that, by our assumption we must have D; = 1 and Dy = s. Since dy =

Géo’l’l’s) = 0, we conclude that v = 0. Moreover, from d; = Ggo’l’l’s) =1, it follows

that 42 — oy 81 = 1, and since v = 0, we deduce that a;3; = —1, which implies that
(a1,01) € {(1,-1),(—=1,1)}. In both cases, we have Dy = (Ay + 1)(Ba +1) = s, and

since s is a prime number, we obtain
(Ao +1,By+1) e {(1,s),(-1,—s),(s,1),(—s,—1)},
or equivalently
(A2, Bs) € {(0,s —1),(=2,—s —1),(s — 1,0),(—s — 1,—2)}.

Furthermore, in the case that (aq,01) = (1,—1), from D; = 1 we conclude that
Ay —1=DB;(:=c¢), and if (a1, 01) = (—1,1), we get A1 +1 = By(:=¢). The proof of
part (a) is now complete.

(b) This follows directly from part (a), Theorem 2.4, and Lemma 3.2 (a).
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(¢) This follows from part (a), Lemma 3.2 (a) and Eq. (2.3). O

REMARK 3.10. Although in Corollaries 3.8 and 3.9, we have restricted ourselves
to integer values, we should mention that the necessary part still holds for all values
of ¢ (not necessarily an integer) in the above conditions. Also, note that some of
the matrices constructed by the above conditions are the transpose of each other.
In addition, by Corollaries 3.8 and 3.9, there exist some infinite families of integer
matrices whose leading principal minors form the Fibonacci, Pell and Jacobsthal
sequences (for 7 = 1,2 in Theorem 3.8 and s = 2 in Theorem 3.9, respectively).

At last, we assume that d, = det P, g(n), where o and § are r-recurrent and
s-recurrent, respectively, starting with a common first term. In [1], Bacher proved
that if both « and (8 are 2-recurrent then so (d,)n>0 (see Theorem 3.1 in [1]). In
the same article, he conjectured that the sequence (dy,)n>0 is a (riff)
general. This conjecture was later proved by Petkovsek and Zakrajsek in [15]. Here,

we provide another proof of Theorem 3.1 in [1].

-recurrent, in

THEOREM 3.11. Let «, B be 2-recurrents starting with a common first term and

d, = det P, g(n). Then the sequence (dn)n>0 i also a 2-recurrent.

Proof. From Eq. (2.1), we have Py 5(n) = L(n) T} 5(n)-U(n), which implies that
dy, = det T}, 5(n). Using Theorem 3.3 and Lemma 3.2 (b), the assertion immediately
follows. O
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