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SCHUR FUNCTIONS AND IMMANANTAL IDENTITIES*

RYO TABATAT

Abstract. Littlewood developed the theory of symmetric functions and immanants. It is known that some identities
for immanants correspond to the ordinary products of Schur functions via the Littlewood—Richardson rule. We discuss the
relations between immanants and plethysm, another type of products of Schur functions. We present immanantal identities
corresponding to the most basic formula of plethysm. As an application, we show some inequalities for positive semidefinite
Hermitian matrices.
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1. Introduction. Let A = (a;;) be an n x n matrix, and let x denote the irreducible character of the
symmetric group &,, corresponding to each partition A of n. The immanant associated with A is a matrix
function

dx(A) = Z XA(0)A16(1)020(2) ** * Ano(n)-

ceS,

If A = (1™), then yx, is the alternating character and dx(A) = det A. If A = (n), then x) is the trivial
character and dy(A) = per A.

In [2], Littlewood and Richardson defined Schur functions sy as the immanants of a special matrix:

m 1 0 0 0
p2 p1 2 0 0
ps p2 p1 3 0
dy . . , , ) = nlsy,
Pn—1 P11 n— 1
Pn o D2 b1

where p; is the i-th power sum symmetric function. Moreover, the connection between symmetric functions
and immanants was discussed in the paper. Littlewood summarized the following results on relations between
Schur functions (or S-functions denoted by {A}) and immanants.

THEOREM 1.1 (Littlewood [7]). I Corresponding to any relation between S-functions of total weight n,
we may replace the S-functions by the corresponding immanants of complementary coazial minors of [as]
provided that every product is summed for all sets of complementary coaxial minors.

1I. Corresponding to any relation between S-functions we may replace each S-function by the corresponding
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immanant of a coaxial minor of [as], provided that we sum with respect to all the coazial minors of the
appropriate order.

III. The S-function {\} of weight p of the characteristic roots of a matriz [as] is equal to the sum of the
immanants corresponding to the partition (\) of all p-rowed coazial minors of [ast].

The first two of the results above imply that there are immanantal identities with respect to principal
submatrices corresponding to Schur functions. Let us call them Littlewood—Richardson’s correspondence
between Schur functions and immanants. For example, consider the expansion of the (ordinary) product of

_ v
SAS, = g CruSv-
v

It is known that the coefficient ¢y, can be computed in a combinatorial way, so-called the Littlewood—
Richardson rule. The corresponding identity for immanants is

Y D (AIN) dy (AIN:]) = ) e5,du(4),

(N1,N2)

Schur functions,

where the sum runs over all ordered pairs (Ny, N3) of subsets of {1,2,--- ,n} such that Ny U Ny =
{1,2,---,n}, Ny NNy = ¢, |[N1| = |A|, |N2| = |p|, and A[N;] is the |N;| x |N;| principal submatrix ob-
tained by choosing rows and columns of N;.

The purpose of this paper is to discuss the relations between Schur functions and immanants from the
view of plethysm. Plethysm, first introduced by Littlewood, is another type of products of Schur functions
and has a natural interpretation as the representations of the general linear groups. We review Littlewood’s
original approach to plethysm based on invariant matrices. Especially, we observe the contribution of im-
manants to the definition of plethysm. It remains an open problem to find a combinatorial rule to expand
plethysm, and there are explicit formulae only for special cases. Our main theorem is to present the im-
manantal identities corresponding to the most basic ones. We also mention applications to the inequality
problem of immanants.

2. Invariant matrices and plethysm. If for any two m x m matrices A and B

T(AB) = T(A)T(B),

T(A) is called an invariant matrix of A. Littlewood [5] constructed a specific invariant matrix corresponding
to each partition A of n as follows.

For f* standard tableaux T}, T5, - - - , Typx of shape A, define elements P;, 05, and 7;; of the group algebra

C[&,,] to be
P, = E g, Q1 = E (Sgn U)Ja
o€ G, o€ G,
o preserves each row in 7T o preserves each column in T}

T;; = (the permutation which transforms T; into T}),
and define QSE;\)(U) to be the coefficient of o in Pi7;Q; .

Let p and v be

= (1Mot = (17t
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satisfying p1q + -+ + um = n and v; + -+ 4+ v, = n. Let Afu|v] be the n X n submatrix of A obtained
by (repeatedly) choosing rows and columns belonging to p and v. Denoting (k, £)-element of A[u|v] by gge,
define the invariant matrix of A corresponding to A to be

_ oy 1
(2.1) T\(4) = (UEZG b (o) - mma(l)%o(z) qno(n)) -
n 4.
Note that if A = (n), then Ty (A) is the n-th induced matrix of A, and if A = (1™), then T3 (A) is the n-th
compound matrix of A.

Clearly, the definition of invariant matrices can be regarded as a representation of the general linear
groups. Littlewood noted the following important theorem, which nowadays has the interpretation as the
character of a Schur functor:

THEOREM 2.1 (Littlewood [3, p.371]). Let A be an m x m matriz with its eigenvalues ay, -+ , Qm, and
T\ (A) the invariant matriz of A corresponding to partition A of n. Then, the trace of T\(A) is equal to the
Schur function sy of a1, , Q. Namely,

tr Th(A) = salaq, -+ ,am).

Proof. Recall that the rows (or columns) of the invariant matrix corresponding to A is labeled by (u, )
(or (v,7)). Then,

1
A
tr Th(A) = Z Z ¢z(‘i )(U) 0 1 Nle()%20(2) 7 Ano(n)

(1:0) 7€S Hacfizes s Hm

I
=3 3 > 6o

€S, p =1

1
: m%a(l)‘ho@) *Gno(n)-

Since qﬁl(-f‘)(a) is the coefficient of o in the Young symmetrizer of the tableau 7; with the shape A, we can

rewrite
a \
> 0i(0) = xalo),
i=1
so that
tr Th(A) = — 5 410 o(2) " " 4no(n
A(4) sz: ZX M1',u2 Mm!% (1)920(2) Gno(n)
€S, n
_Z N Z xa(o qla(l)q20(2) *Gno(n)
Ha: 'u2 ceS,
= A .
Zm'uz dx(Alplp])
By III of Theorem 1.1, the theorem is proved. ]

The invariant matrix of the invariant matrix is an invariant matrix of the original matrix and can be
expressed as a direct sum

) = @D aX,.T.(4)
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In [4], Littlewood defined another product of Schur functions called plethysm to be

_ § v
8,\05,11, = CL)\HSV.
v

This product is naturally interpreted as the composition of the representations of the general linear groups,
or the Schur functors. It is an open problem to find a combinatorial rule to compute the coefficient ay,, in
general, and there are explicit formulae only for some special cases. Due to its complexity, some methods
have been developed to approach the plethysm problem even in recent years (see, for example, [1]). The
followings are the most basic results.

THEOREM 2.2 (Littlewood [6], Thrall [8]).
2|n/2]
5(2) ©S(n) = Z S(2n—iyi)-
1=0,i:even
2l(n—1)/2]+1
5(1,1) ©8(n) = Z S(2n—iyi)-
i=1,i:0dd

3. Main theorem. In this section, we present the immanantal identities corresponding to Theorem
2.2.

THEOREM 3.1. Let A be a 2n X 2n matriz. Then:

2n/2)
per A[N1|[N1] per A[Ni|N3] \ N )
(3.22) (NZN)per< per A[Na|N1] per A[Na|No] ) — 2. i (A)

1=0,7:even
2| (n—1)/2]+1
)— S oA,

i=1,i:0odd

(3.2b)

Z det(perA[N1|N1] per A[N7|Ns]
) perA[N2|N1] perA[N2|N2]

(N1,N2

where the sum runs over all non-ordered pairs (N1, Na) of subsets of {1,2,---,2n} such that Ny U Ny =
{1,2,---,2n}, N1 N Ny = ¢, |N1| = |Na| = n, and A[N;|N;] is the n x n submatriz obtained by choosing
rows of N; and columns of N;.

EXAMPLE 3.2. For any 4 x 4 matriz A = (a;j)1<i j<4,

ailr a2 a3 ai4
per per
a1 a2 a23 A24

per
per( asp as2 > per( assz as34 ) aj; a2 a1z a4
ag1 Q42 aq3 Q44 d(4) ag1 Q22 (23 Q24
a1l ais a1 Qai14 agz1 asz2 a3z Aa34
" per( as1  ass3 ) per( aze a4 ) (41 Qa2 Q43 Q44
er =
P per ( a1 a23 > per < a22  A24 ) ailp] Qai2 a3 a4
a41 43 a42 Q44 n d(2 » ag1 Qg2 (23 (24
a1l ai4 a2 ais ’ a31 as2 ass as4
+ per per< g1 Agq > per( Ga2 Q43 > dar Gaz das Gad
per< a1 424 > per< a2 a23 >
aziy 434 azz asg



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society I I

Volume 41, pp. 226-235, March 2025.

R. Tabata 230

LEMMA 3.3. Suppose that the cycle type of the permutation o € Gy, is (191292 -+ - (2n)72n).

Z(_l)ZX(Qn—i,i) (0) =

n , {2‘72+”4+"'+”2" (if the cycle type of o is (272474 - .- (2n)2")),
i=0

0 (if o has at least one odd cycle) .
Proof. Using a basic property of plethysm for the n-th complete symmetric function h,,,
hn Op2 = hn(I%, :E%, o )

Z Pk 131,172," )k
oplko*

o k=1
_ZHP% Ty, Ty, )7k
i O'k'ko'k
_Z p3'papon
o1logl - 0,1191202 ... non’
where the sum runs over all cycle types o = (1921292 ...n%") of &,,, satisfying o1 + 209 + -+ + no, = n.

Thus, we have

O2n

o2
h. opy = 2202+U4+"'+O’2n 3 P2 p4 *Paon )
n 0‘2'04' .o 02n!202404 .o (2”)0271.

(e

On the other hand,

n n 2n ok
Y o 1y B Dy
Z( 1) S(2n—i,i) = Z( 1) {ZX@nz,z) (U) o kon }
=0 =0 k=1
_ IS SR 2
; (; X(Qn ll)( )> 0'1!0'2!"'0'2n! 191202 .. (27’1)0—2”’

where the sum runs over all cycle types o = (292494 - - (2n)727) of Gy, satisfying 200+404+- - -+2n02, = 2n.
Now, the lemma follows from the equation ([9, p. 140])

n

hp o py = Z(_l)is(Zn—i,i)~ 0

i=0
Proof of Theorem 3.1. The left-hand side of (3.2a) becomes

Z per A[N1|N7| per A[No|Nao] + Z per A[N1|Ns] per A[Ny|Nq].
(N1,N2) (N1,N2)

The first term is yielded by the principal submatrices of A. This enables us to apply Littlewood—Richardson’s
correspondence. Noticing that it is applied with respect to ordered pairs (Ny, Na),

> per A[Ni|Ni]per A[No|No] = > diny (A[N1N1]) d(y (A[N2|N2])
(Nl,Nz) (NI»NZ)

1
= 5 (dn)(4) + dizn-11)(4) + din-2.2)(A) + -+ + dnn)(4)) -
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To analyze the second term, suppose Ny = {j1,Jo2, - ,jn} and No = {jn11,Jn+2, " ,Jon}. Then,

Aj1gng1 Yrgngsz 77 Ajigan Ujni1,d1 Angrdz 7 Fngidn
Qoin Qin R P s ) s . e Qs .
J2:Jn+1 J25In+2 J2:72n In+2,J1 In+2,72 In+2:In
A[Ny|No] = . : , ) and  A[Ny|N;] = ,
Ajrjntr Qndgntz 7 Qjnjon Ajop .1 Ao jo T Ao jn

Any term in per A[Ny|N3] per A[N3|Np] can be written as

(3.3)

Qi1 gnroy " Vindntom) Ynstsdray ~ an,dr(ny

for some 0 € &, and 7 € &,,. The map for : {1,2,---,2n} — {1,2,--- ,2n} (simply denoted by f) defined
by

v Jdnvewy (if 1<k<m),
for(]k) = ) '
Jrk—m) (f n4+1<k<2n),

is regarded as a permutation in &g, so we can rewrite the term (3.3) as

a1f(1)02f(2) """ G2nf(2n)-

It is clear that f € &, only consists of even cycles. If the length of the cycle of f including 1 < ji < n is
denoted by p, then f has a cycle

(jlw f(jk)v fZ(jk)’ T fp_l(jk))a

which can be

(jk:a jnJro(k)a j‘ra(k)7 T jn+(oro--~ra)(k)) .

Also, note that some of elements in N7 and Ny appear alternately in this cycle. There exists ¢ such that
p = 2q and (70)?(k) = k, which implies the length of each cycle of f € Gy, is twice as the length of 70 € &,,.
Thus, the number of terms in per A[Ny|Nz] per A[N2|N;] yielded by the permutations with the cycle type
(20247 ... (2n)2n) is

(nh)?

1i2i2!2i4i4! s ni2"i2n!7

which is equal to the number of elements of the conjugacy class of G,, with the type (1"2 204 ... niZ") multiplied
by n!l.

2
If we sum up for ( n) /2! pairs (N7, N3), we have
n

(n!)? L <2n> - (2n)!

1i2i2!2i4i4! s ni""”ign! 2! n . 1i2i2!2i4i4! s ni%ign!’

terms yielded by the cycle type (2247 --- (2n)) in 37y, y,) per A[N1|No| per A[Na| N1].
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On the other hand, since the number of elements of the conjugacy class of Gs,, with the type
(2124i4 - (Qn)izn) is

(2n)!
Dtz dingy) - (2n)i2nigy!’

there are

(2”)

(2n)!
2 - 1%24512%44,! . . - pizngy, 12441444, .

_ giatisteiag—1
— 2 2 4 n ,

(2n)i2ni2n!)

sets of the terms corresponding to the conjugacy class of the type (214241'4 e (2n)i2n) in
> (N, Ny Per A[N1[Na] per A[N2|N1]. By Lemma 3.3,

1 .
> per A[N|No] per A[N;|N;] = 3 > (1) d(2n—i i) (A).
(N1,N2) i=0
Therefore, we conclude
Z o (per A[Ny|Ny] per A[N1N2]>
o per A[Ny|N1] per A[No|Ns]
Z per A[Ny|Np] per A[Na|Na] + Z per A[N1|Na] per A[N2|Ny]
(N1,N2) (N1,N2)
1 & L1 =
= 5 Z d(2n—i z) 5 Z d(2n %,1) A)
i=0 i=0
2[n/2]
= Z d2n—i,i)(A)
1=0,2:even
Also, we have
Z dot (perA [N1|Nq] perA[N1|N2]>
) per A[N3|N1] per A[N2|No]
Z per A[N7|Ny] per A[N2|Na| — Z per A[N1|No] per A[Na|Nq]
(Nl,Nz) (Nl N2)

1 1< ,
= D) Z d(2”*i7i) (A) — ) Z(_l)zd@nfi,i)(A)
1=0 i=0
2[(n—1)/2]+1

= Z d(2n—i,i)(A). 0

i=1,i:0dd

We obtain the similar result to Theorem 3.1, corresponding to the expansions of s(2)0s(;») and s(12)08(1n).
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THEOREM 3.4. Let A be a 2n x 2n matriz. Then:

Z d(2i’12n72i)(A) (Zf n s 6’[16’/7,),

Z (det A[N1|N1] det A[NlNQ]) o i=0,i:even
)

det A[N3|Ny] det A[N3|N:
[ 2| 1] [ 2‘ 2] Z d(2i,12n72i)(A) (’Lf n s OCld)7
i=1,i:odd

(N1,N2

Z dgi 12n—2iy(A)  (if nis even),
Z det <d€tA N1|N1] detA[NlNQ]) _Ji=1,ic0dd
- n—1

det A[N3|N1] det A[N>|N:
[N2| V4] [N2|N2] Z dggi 2020y (A)  (if n is odd),

1=0,7:even

(N1,N2)

where the sum runs over all non-ordered pairs (N1, Na) of subsets of {1,2,---,2n} such that Ny U Ny =
{1,2,---,2n}, N1 N Ny = ¢, |N1| = |Na| = n, and A[N;|N;] is the n x n submatriz obtained by choosing
rows of N; and columns of Nj.

These results will be proved by the following lemma, whose proof is similar to the proof of Lemma 3.3
with a simple argument of signs.

LEMMA 3.5. Suppose that the cycle type of the permutation o € Sa,, is (191272 - - (2n)72"). If n is even,
then

(_1)U4+08+~-+Uzn202+04+-~-+02n
n

S (=D (@) = (if the cycle type of o is (272474 -~ (2m)20),
=0 0 (if o has at least one odd cycle) .

If n is odd, then

(_1)0'4+0'8+"'+0'2n72 902+04+F0o2n+1

n

S DXz (@) = (if the cyele type of o is (272475 -+~ (20)730))
=0 0 (if o has at least one odd cycle) .

4. Remarks. In this section, we make some connections to positive semidefiniteness and inequal-
ity problems. Let us assume that A is a positive semidefinite Hermitian matrix. Modifying the coeffi-
cients 1/pq! -+ pm! in (2.1) to 1/l pnln T 1! (as seen in [10, p. 87]), the induced matrix preserves
Hermitian-ness. The following result is deduced from Theorem 2.1.

THEOREM 4.1. If A is positive semidefinite Hermitian, then so is the induced matriz of A.

Let A(i]j) denote the (n — 1) x (n — 1) submatrix of A obtained by deleting the i-th row and j-th column.
One can notice that the (n — 1)-th induced matrix of A has the following principal submatrix

per A(1]1) per A(1]2) --- perA(1l|n)
per A(2|]1) perA(2]2) --- perA(2|n)
per A(n|1) per A(n|2) --- perA(n|n)

of which the transpose is the permanental adjugate of A, that is, B = (per(A(j]¢))) (cf. [10, p.27]).
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THEOREM 4.2. Let A be an n X n matriz, and B the permanental adjugate of A. If A is positive
semidefinite Hermitian, then B is positive semidefinite Hermitian.

Let A be an mn X mn matrix partitioned into m x m blocks with n x n block matrices. Namely,

A o Ay
A= CR
Aml T Amm
where each A;; is an n x n matrix. It is known [11] that if A is a positive semidefinite Hermitian matrix,

then
det All e det Ahn

det . > det A.
det A,,1 --- detA,,m

Using this fact, we show the following inequality, which can also be obtained by Schur’s inequality [12].

COROLLARY 4.3. If n is even (resp. odd) and A is a 2n x 2n positive semidefinite Hermitian matriz,
then

1 —
Z d(zi’12n72i)(A) > det A.

2n—1 1=0,i2:0dd (resp. even)
n—1

Proof. Applying Thompson’s inequality with m = 2, we have

det detA[N1|N1] detA[N1|N2]
detA[N2|N1] detA[N2|N2]

3=,

det A[N1|N1]  det A[N{|No] o — 1
> .
(NE;V det (det A[Na|N7] det A[N2|No]) = \n—1 det A

> > det A.

Summing up for

pairs (N1, N3), we have

It is sufficient to apply Theorem 3.4 to the left-hand side. 0
EXAMPLE 4.4. If A is a 10 x 10 positive semidefinite Hermitian matriz, then

1

126 (d(llo)(A) + d(22,16)(A) + d(24712)(A)) > det A.

Equivalently,

d(22)16)(A) + d(24)12)(A) — 125 detA 2 O
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