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MORE INEQUALITIES FOR POSITIVE SEMIDEFINITE MATRICES*

FENG ZHANG! AND HEFANG JINGH

Abstract. In this paper, we first present a necessary and sufficient condition for a class of block matrices to be positive
semidefinite. Second, we demonstrate the significance of a known inequality (as presented in [5]) through a norm inequality.
Finally, utilizing the polar decomposition, we provide a functional version of a singular value inequality.
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1. Introduction. Let M, be the set of n square complex matrices and I = | | | | € M,.
00 --- 1

For A € M,,, we use \;(A) to denote the eigenvalues of A with [A1(A)| > |A2(A4)] > -+ > |A,(4)], the singular
values of A are s;(A) = X\(JA|), i = 1,--- ,n, where |A| = (A*A)2 and A* is the conjugate transpose of A.
Let A € M, with s1(A4) < 1, we write 24 to present (I — A)~! (I + A) = (I + A) (I — A)~L. Considering A4,
B € M, with singular value vectors s(A) = (s1(A4), s2(4),- -+ ,s,(A4)) and s(B) = (s1(B), s2(B), - , sn(B)),
s(A) < s(B) holds if

D si(A) <) si(B),

i=1 i=1
for 1 <k <n and s(A) <y10g s(B) is used to mean that

k

k
[Is:4) < Hsi(B).

i=1
For simplicity, A > B (A > B) shows that A, B are Hermitian matrices and A — B is a positive semidefinite

matrix (positive definite matrix). A matrix X € M, is normal if X*X = XX*. Let || - || be a unitarily
invariant norm, it is clear that s(A) <, s(B) < || 4| < | B

Let A € M, in [3], M. Sababheh, I. Glimiig, and H. Moradi utilized the properties of geometric mean
to prove that
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. o oa [ Al A* . . |A|? A*
if and only if A is normal. We note that A |4 is a special case of A (AR 0<a<l).
So whether the sufficient and necessary condition for
B |A|2a A*
A |A‘2(17a) 20,

is A is normal is a question we are interested in this paper. Due to the changes of diagonal elements, using
the geometric mean method to solve it is difficult, we consider to give a new method and address this question
partially.

Let A; € M,, and let g be a nonnegative concave function on [0, 00), Zhang in [5] obtained

(S <l G (B SR )< Sotan

for m > 2 as a generalization of the following inequality

(1.1)

1( |Al+|B] A*+ B* ))
1.2 A+ B <lg(= < lg(1A B))|, A, BeM,,
a2 tstasmpi< o (5 (TR T )| < letani+ s

shown in [6]. Putting A = Ay and B =)/, A; in inequality (1.2), we obtain an expression which is similar
to the left side of inequality (1.1) as follows:

o([Saf) <o (2 S )|

Indeed, inequality (1.3) is equivalent to the left side of inequality (1.2). If a fixed relation between

PR EA)

and

13 b GO ™ waran Dl

is provided without any further assumptions, we can determine whether inequality (1.1) is a trivial gen-

(1.3)

b

eralization of inequality (1.2). Inspired by this thinking, we give a certain inequality and some numerical
examples involving (1.4) and (1.5) under several conditions to suggest no fixed relation between (1.4) and

(1.5).
In [7], Lewent gave a well-known inequality, i.e.,

1 —I—Z"i A% - 14+ x; Ai
1.6 —ei=l TV o
( ) 12:7;1)\1x1_11:[1<1—x2> ’

for z; € [0,1), \; > 0 and >_."; A\; = 1. Lin in [8] proved a determinantal type of (1.6):

1+E7-711 N A; - I+ ‘A7| e
1. d —== || <
() ‘ et<12ﬁ1)\iAi>’_i1:[ldet<I—Ai| 7
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for s1(A4;) <1, A; > 0and >;"; A; = 1. Zhang [9] used the log-convexity of 1L and spectral decomposition

to generalize inequality (1.6) and inequality (1.7) to

T+ 37 NA; T T+ AT
1.8 —== ) <o ;
(18) S<1_Zinil)\i‘4i 1g£[18 I— |4

under the same conditions in inequality (1.7), we suppose that A; = U; |A;| are the polar decompositions of
A;, i =1,--- ;m. Then inequality (1.8) can be restated as

1+ N |Ai|> i <1+ |AZ-|>A1'
S R <wlo S .
(1_21'_1 )‘iUi |Az| gil;[l I_|Ai|

At the last of this paper, we provide a nonnegative functional version of inequality (1.8).

2. Main results. In this part, we first list the following lemmas.

LEMMA 2.1. [1] Let A> B > 0. Then

for0<r<1.
LEMMA 2.2. [3] Let A € M, Then A is normal if |A*| < |A].
THEOREM 2.3. Let A € M,,. Then

‘A|2a A* -0
A |A‘2(17a) =

for0<a< % if and only if A is normal.
Proof. Let A =V |A| be the polar decomposition of A. Then

I 0 lAl* 0 Al 0171 0]
o v |l o]l At o] [0 Vv
B ‘A|2a A*
- |: A |A*‘2(17a) >0,

for0<a < % Since A is normal, we get

|A‘2a A* B |A|2a A* >0
A |A|2(17a) - A ‘A*|2(17a) .

On the other hand. If

‘A'Qa A*
[ A |A‘2(1_a) > 0.
Then

|A|2a |A| 1 0] lAPe A I o],
Al VHARPG-OYV | T 0V A ARG 0o v ]|=7
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where V is a unitary with A =V |A|. For 0 <a < %,
(2.9) VAPV — 407 >0,

is a consequence of

I 0] |APe |A| o0,
_‘A|1—2a T |A| V*lA‘Z(l_a)V _|A|1—2a T =

Inequality (2.9) yield that
|A[20-0) >y A2A-a)yr = | 4¥20-a),
An application of Lemma 2.1 reveals that
|A*] < |A].
Hence, A is normal due to Lemma 2.2.

LEMMA 2.4. [4] Let [ ; ); } > 0 with X € M,,. Then

(2.10) X < A% (A*%BA*%) ?Ab,
LEMMA 2.5. [4] Let A > B >0 and let f be a nonnegative function on [0,00). Then

IF B < If A

Next, with the help of the above two lemmas, we give a relation between (1.4) and (1.5).

THEOREM 2.6. Let A, B; € M,, (1 <i<m), B;=B} and Y .~ B; > 0. Then

(3 (AR A )]
A ES Sy VR RS v

< f<1<A|+ZZ1|Bi| A*+Z£1B;’k ))
N 2 A+30 B AT+ B

)

for a nonnegative function f on [0, 00).

Proof. An application of the polar decomposition B; = V; | B;| shows that
B |Bf| )~
Therefore, due to B; is Hermitian and

(Z?il 1Bi| >, By )
Zi:l B; Zi:1|3i|

IL
AS
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are positive semidefinite, we obtain

m

> B

=1

m

<> IBil,
=1

from Lemma 2.4 and B; = B}, 1 < i < m. Hence,
( A+ Bl A+ B )
A+Zi:1 B; |A*| + |Zi:1 B:‘

<<A+ZZZ1|B1' A*+ 3 B >
o A+ B AT+ X0 B

By Lemma 2.07 we get

< f<1< ‘A|+Z£1|Bi| A*+ZZLBT >) ]
N 2 A+ B A+ B

REMARK 2.7. In Theorem 2.6, we assume that

(1 1
A_11}’

[0 —1
B:

0o )

[0 -1
C__—l —1]’

and f(x) = z, we observe that B # B*, C = C* and calculate that

|[A|+|B+C| A*+(B+0C)" )
o | &~ 4.6852,
( A+B+C |A*[+|(B+0O)|
and
|A|+|B|+|C] A*+(B+C)" >
~ 4.6165.
Sl( A+B+C  |A*+|B*| +|C]

This indicates that Theorem (2.6) does not necessarily hold if B; (1 < i < m) are not Hermitian matrices.

REMARK 2.8. In Theorem 2.6, we set

A 1],
[ 1 2
o -1

B:
| -1 0 |’
0 -1

C__—l —1}’
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and f(x) = x. It is clear that B, C' are Hermitian matrices, but B + C' is not a positive semidefinite matriz.

A small calculation shows that

|A|+|B+C| A"+ (B+CO) )
. ) ~6.1770,
81( A+ (B+C) |A*|+]|(B+0O)]
and
|A|+|B|+|C|] A*+(B+C)"
~ 6.1438.
31( A+ (B+C) |A*| +|B*| +|C*|

From this, we see the condition that Y .-, B; is a positive semidefinite matriz in Theorem 2.6 is necessary.

Combining Theorem 2.6, Remarks 2.7 and 2.8, we see that inequality (1.3) is better than inequality (1.1)
in certain cases. However, this does not mean that the proposal of inequality (1.1) is no meaningful.

LEMMA 2.9. [2] Let [ ; ); } >0 with X € M,,. Then

$(X) <wiog S (A ) (Bé).

*

); ]ZOwithXeMn. Then, if  — A>0,1—B >0, sois

I+A I+X*
I-A I—-X*

LEMMA 2.10. /8] Let [ ;}

I+X I+B
I-X I-B

LEMMA 2.11. [9] Let A; > 0 and s1(A) < 1. Then
T+ NA; ﬁs I+A
T Zl 1>\A wlog )
where \; >0 and >_" | N = 1.

THEOREM 2.12. Let A; € M,, with the polar decomposition A; = U;|A;| and s1(4;) <1,i=1,---,m.
Then

GBI B G

for f:[0,1) = [0,1), A\; >0 and D" | \; = 1.
Proof. Since f:[0,1) — [0,1) and A; = U; |4;|, we have

( 2oy Aif (J4i]) Z?L(AiUif(lAil))*)
s MU (A T A (AT

ZZAW( (14:1) g)wi*zo,

where W, = % ( Tj} —I;JZ- >
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Then, by Lemma 2.10, we get

£ M4 TEXT (U f(JA)*
T NF(AD T2 (GUif([A; m*
I+ XU f(JAd) A5 N (AT ;
I=3770 0 MU f(JAqD) -y f(|Ag )

is positive semidefinite. Thus,

S(I+Zz_>\Uf|A|
I=Y"" 0 NUf (A
< wlog$? <§+§:z 1?; ﬁ ) %GJF%:_ E: D

Aif
A
Aq
n I FADNF (1 £ 047
) ‘“°gH8( rian) =
1=1 =1
T (L (ADY
o] L+ ( FiAn)
where the first inequality is formed by Lemma 2.9, the second inequality is a consequence of Lemma 2.11
and the last formula follows from

(L) o (S (22

for any . O

REMARK 2.13. Putting f(xz) = x in Theorem 2.12, we obtain Theorem 7 in [9].

Due to the limitations of our research method, we cannot solve the problem that Theorem 2.3 holds for
% < a < 1. At the end of this paper, we list an open question containing this case:

raap A
A g(lA])
conditions that f(z)g(x) = 22 for x >0, f(z) > g(z) (x > 1) and g(z) > f(z) (0 <z < 1).

QUESTION 2.14. Let A € M,,. Then > 0 if and only if A is normal under the
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