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SEMIRINGS IN WHICH THE PERMANENT OF

INVERTIBLE MATRICES IS MULTIPLICATIVE∗

YAROSLAV SHITOV†

Abstract. We show that, if 1 + 2xy = 1 holds for all elements x, y with additive inverses in a commutative semiring S,

then the function of permanent is multiplicative on the matrices with multiplicative inverses over S.

Key words. Commutative semirings, Matrix inversion.

AMS subject classifications. 15A15, 16Y60.

Let S be a commutative semiring, and let V (S) be the set of all elements with additive inverses in S.

We write A ∈ GLn(S) if an n× n matrix A has a mutliplicative inverse over S, and its permanent is

perA =
∑
σ∈Sn

(A1σ1 · . . . ·Anσn) ,

where Sn is the symmetric group on {1, . . . , n}. In [1], Dolžan observed that, for any n > 2, the condition

(1) (∀A, B ∈ GLn(S) per(A ·B) = perA · perB) implies (∀x, y ∈ V (S) 1 + 2xy = 1) ,

and he conjectured the converse implication [1, page 449]. We recall that, for any A ∈ GLn(S) and i, j, k in

{1, . . . , n} with j 6= k, the elements Aij ·Aik and Aji ·Aki are both in V (S), see Proposition 3.1 in [2].

Lemma 1. If A,B ∈ GLn(S), then the equality per(A ·B) = (perA) · (perB) + 2 · (x1 · y1 + . . .+ xk · yk)

is valid for some x1, y1, . . . , xk, yk ∈ V (S).

Proof. If i 6= ı̂ and j 6= ̂, then (Ait · Btj) · (Aı̂t · Bt̂) = (Ait · Bt̂) · (Aı̂t · Btj) are products of pairs of

additively invertible elements, and hence, in per(A · B) =
∑
σ∈Sn

(
∑n
i=1 A1i ·Biσ1

) · . . . · (
∑n
i=1 Ani ·Biσn

),

all summands that are not involved in the corresponding expression

(perA) · (perB) =
∑
σ∈Sn

∑
τ∈Sn

(A1τ1 ·Bτ1σ1
) · . . . · (Anτn ·Bτnσn

)

are split into pairs of equal products of the form x · y with x, y ∈ V (S).

In particular, if A ∈ GLn(S), then per(A ·A−1) = 1 = per(A) · per(A−1) provided that the condition on

the right of (1) is valid. Therefore, per(A) is a unit, and Lemma 1 implies the condition on the left of (1).
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