
Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 41, pp. 193-212, March 2025.

ON THE PRODUCTS OF COMMUTATORS OF REAL J-SYMMETRIES∗

RALPH JOHN L. DE LA CRUZ† AND KERISH VILLEGAS‡

Abstract. Let J2n =

[
0 In
−In 0

]
. A 2n-by-2n complex matrix A is said to be symplectic if AT JA = J . If A is symplectic

and rank(A−I) = 1, then A is called a J-symmetry. It is known that every 2n-by-2n complex symplectic matrix can be written

as a product of n + 1 commutators of J-symmetries. We consider the real case and study the properties of real J-symmetries

and commutators of real J-symmetries. We prove that if A is a 2n-by-2n real symplectic matrix, with rank(A− I) = m, then

A is a product of 3m
2
− 2bm

4
c commutators of real J-symmetries if J(A − I) is skew-symmetric, and A is a product of 3dm

2
e

commutators of real J-symmetries if J(A− I) is not skew-symmetric.
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1. Introduction. Let J =

[
0 In
−In 0

]
, where In is the n-by-n identity matrix. An A ∈ M2n(C)

is said to be symplectic if ATJA = J . If A is symplectic and rank(A − I) = 1, then A is called a J-

symmetry. It can be shown that a matrix A is a J-symmetry if and only if A is a J-Householder matrix,

that is, A = I + uuTJ for some nonzero vector u ∈ F2n. If there are J-symmetries X and Y such that

A = XYX−1Y −1, then A is said to be a commutator of J-symmetries.

Complex J-symmetries and their commutators have been studied extensively. In [5], Dela Rosa, Merino,

and Paras presented the properties of J-Householder matrices and the possible Jordan Canonical Forms

of matrices that can be written as products of two J-Householder matrices. They also proved that every

complex symplectic matrix can be written as a product of J-Householder matrices by showing that each

symplectic operation matrix can be written as a product of three J-Householder matrices. In [4], de la Cruz,

Dela Rosa, Merino, and Paras proved that a complex symplectic matrix is a J-symmetry if and only if it is a

J-Householder matrix. In [3], de la Cruz and Dela Rosa presented all the possible Jordan Canonical Forms

of commutators of complex J-symmetries. They also proved that every 2n-by-2n symplectic matrix can be

written as a product of commutators of J-symmetries, and the number of factors needed is n+ 1.

Factorizations of symplectic matrices as products of matrices with special forms or properties have also

been studied. In [2], de la Cruz proved that each complex symplectic matrix of size greater than two can be

written as a product of four symplectic involutions (that is, a symplectic matrix A such that A2 = I). In

[1], where the real case is considered, Awa and de la Cruz proved that every 4-by-4 real symplectic matrix

is a product of four real symplectic involutions; while in general, every 2n-by-2n real symplectic matrix is

a product of a finite number of real symplectic involutions. In their discussion, they have also shown that

∗Received by the editors on October 19, 2024. Accepted for publication on March 8, 2025. Handling Editor: Heike

Fassbender. Corresponding Author: Ralph John de la Cruz.
†Institute of Mathematics, University of the Philippines, Diliman, Quezon City, 1101 Philippines (rjdelacruz@

math.upd.edu.ph).
‡Department of Quantitative Methods and Information Technology, Ateneo de Manila University, Quezon City, 1101 Philip-

pines (kvvccgg0508@gmail.com).

mailto:rjdelacruz@math.upd.edu.ph
mailto:rjdelacruz@math.upd.edu.ph
mailto:kvvccgg0508@gmail.com


Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 41, pp. 193-212, March 2025.

R. J. L. de la Cruz and K. Villegas 194

while in the complex case, a symplectic matrix A and its inverse A−1 are similar if and only if they are

symplectically similar, this property is no longer true in the real case. Under real symplectic similarity,

a real symplectic matrix A is real symplectically similar to A−1 if and only if A is a product of two real

symplectic involutions. The authors also presented and discussed some canonical forms for 2-by-2 and 4-by-4

symplectic matrices under real symplectic similarity. In the discussion of 2-by-2 real symplectic similarity,

the authors also introduced the real symplectic similarity of a 2-by-2 nonscalar real symplectic matrix B to

LB,µ =

[
tr B µ

−µ 0

]
, where µ ∈ {−1, 1}.

In [7] and [8], Hou discussed the decomposition of symplectic matrices into products of commutators of

symplectic involutions. In [7], it is proved that every complex symplectic matrix of size greater than 2 can

be written as a product of three commutators of symplectic involutions. An analogous result is obtained for

the 4-by-4 real case in [8]. This result is then used to show that real symplectic matrices of larger sizes can

be written as a product of a finite number of commutators of real symplectic involutions. In the process of

proving the 4-by-4 case, Hou also improved the discussion of the LB,µ mapping by giving a stronger result

for the cases where −2 ≤ tr B < 2.

In this paper, we prove an analog of the characterization of J-symmetries of de la Cruz and Dela Rosa

[3] for the real setting (see Lemma 2.8). We do this in Chapter 2 alongside proving some preliminary results.

We then prove the following result, which is the main goal of this work, in Chapter 3.

Theorem 1.1. Let P be a 2n-by-2n real symplectic matrix, and let m = rank(P − I2n).

(a) If J(P−I2n) is skew-symmetric, then P is a product of 3m
2 −2bm4 c commutators of real J-symmetries.

(b) If J(P−I2n) is not skew-symmetric, then P is a product of 3dm2 e commutators of real J-symmetries.

2. Preliminaries. We develop some preliminary results in this chapter before we prove our main result

in Chapter 3.

When working with symplectic matrices, it helps to make use of their special block structure. Observe

that if we write A =

[
A1 A2

A3 A4

]
, where each Ai ∈ Mn(R), then A is symplectic if and only if A3A

T
4 ,

A1A
T
2 are symmetric, and A1A

T
4 − A2A

T
3 = In. Thus, if B ∈ Mn(C) is nonsingular, then B ⊕ B−T is

symplectic. Also, the matrix

[
In X

0 In

]
is symplectic if and only if X is symmetric. The previous examples

will be used thoroughly in the paper. Note that if A is symplectic, then so are AT , −A, and A−1, where

A−1 =

[
AT4 −AT2
−AT3 AT1

]
. If F = R or C, we denote the set of 2n-by-2n symplectic matrices with entries in F

by Sp(2n,F). It is known that Sp(2n,F) is a subgroup of the special linear group of order 2n.

The direct sum of orthogonal matrices is orthogonal, but the same property does not hold for symplectic

matrices. We define a different operation that preserves the property of being symplectic. If A =

[
A11 A12

A21 A22

]
and B =

[
B11 B12

B21 B22

]
, where Aij ∈ Mn(R) and Bij ∈ Mm(R) for i, j ∈ {1, 2}, the expanding sum of A and

B is defined as
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A�B =

[
A11 ⊕B11 A12 ⊕B12

A21 ⊕B21 A22 ⊕B22

]
.

Note that if A,C ∈ M2m(R) and B,D ∈ M2n(R), then (A � B)(C � D) = (AC) � (BD). Also, A ⊕ B is

similar to A�B.

Symplectic similarity also plays a central role in this work. We say that a symplectic matrix A is

(complex) symplectically similar to B if there exists a (complex) symplectic matrix P for which B = PAP−1.

If we can take P to be a real symplectic matrix, then we say that A is real symplectically similar to B.

If A ∈M2n(C) is a J-symmetry, then A is symplectically similar to J2(1) � I2n−2 (see [5]). Hence, any

two complex J-symmetries are symplectically similar. In the following, we show that the real J-symmetry

J2(1) � I2n−2 is not real symplectically similar to the real J-symmetry J2(1)−1 � I2n−2.

Lemma 2.1. Let n be a positive integer. Then J2(1)�I2n−2 is not real symplectically similar to J2(1)−1�
I2n−2.

Proof. Suppose there exists a real symplectic matrix P =
[
p(i,j)

]
∈ Sp(2n,R) such that P (J2(1) �

I2n−2)P−1 = J2(1)−1 � I2n−2. If we let E(i,j) be the matrix whose (i, j)-entry is 1 and the rest are 0,

then we have J2(1) � I2n−2 = I2n + E(1,n+1) and J2(1)−1 � I2n−2 = I2n − E(1,n+1). Thus,

P (J2(1) � I2n−2) =
(
J2(1)−1 � I2n−2

)
P

P
(
I2n + E(1,n+1)

)
=
(
I2n − E(1,n+1)

)
P

P + PE(1,n+1) = P − E(1,n+1)P

PE(1,n+1) = −E(1,n+1)P.

Note that the only nonzero column of the matrix product on the left is its (n + 1)-th column, which

is a copy of the first column of P . On the other hand, the only nonzero row of the matrix product on the

right is its first row, which is the negative of the (n + 1)-th row of P . Hence, we must have the following:

p(n+1,s) = 0 for s 6= (n+ 1), p(t,1) = 0 for t 6= 1, and p(n+1,n+1) = −p(1,1).

Write P =

[
P1 P2

P3 P4

]
, where P1, P2, P3, P4 ∈ Mn(R). Since P is symplectic, we must have P1P

T
4 −

P2P
T
3 = In. The (1, 1)-entry of the preceding matrix equation gives us

1 =

n∑
r=1

p(1,r)p(n+1,n+r) −
n∑
r=1

p(1,n+r)p(n+1,r)

= p(1,1)p(n+1,n+1) +

n∑
r=2

p(1,r)p(n+1,n+r) −
n∑
r=1

p(1,n+r)p(n+1,r)

= p(1,1)(−p(1,1)) +

n∑
r=2

p(1,r)(0)−
n∑
r=1

p(1,n+r)(0)

= −(p(1,1))
2,

which is not possible since P is a real symplectic matrix. Hence, the matrices J2(1)�I2n−2 and J2(1)−1�I2n−2
are not real symplectically similar. �
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As a result of Lemma 2.1, there are at least two distinct classes of real J-symmetries under real sym-

plectic similarity: those that are real symplectically similar to Jn := J2(1) � I2n−2, and those that are real

symplectically similar to J−1n := J2(1)−1 � I2n−2. We will prove in Lemma 2.3 that every real J-symmetry

belongs to one of these two classes. Henceforth, we let SJn be the set of all real J-symmetries that are

real symplectically similar to Jn, and SJ−1
n

be the set of all real J-symmetries that are real symplectically

similar to J−1n .

Let 0 6= u ∈ C2n be given. The J-Householder matrix corresponding to u is Hu := I2n − uuTJ2n. By

[4, Theorem 1.2], a complex symplectic matrix is a J-symmetry if and only if it is a J-Householder matrix.

More properties of complex J-Householder matrices are presented in the following (see also [5, Lemma 2]):

Lemma 2.2. Let 0 6= u ∈ C2n, and let Hu be the J-Householder matrix corresponding to u.

(a) Then H−1u = Hiu.

(b) If Q ∈ Sp(2n,C), then QHuQ
−1 = HQu

(c) If Hv is a J-Householder matrix corresponding to some 0 6= v ∈ C2n, then HvHuH
−1
v = HHvu is

also a J-Householder matrix corresponding to Hvu = u − (vTJu)v. If vTJu = 0, then Hvu = u,

and Hu and Hv commute.

Proof. One can prove HuHiu = I using the fact that uTJu = 0, which gives (a). Recall that if Q is

symplectic, then QTJQ = J , and using this fact, one can prove (b) by direct calculation. For (c), note

that for any nonzero vector v ∈ C2n, Hv is a symplectic matrix. Hence, a direct application of (b) gives

HvHuH
−1
v = HHvu. Note that

Hvu = (I − vvTJ)u = u− vvTJu = u− (vTJu)v.

If vTJu = 0, thenHvu = u−(0)v = u, soHvHuH
−1
v = Hu. Right-multiplication byHv givesHvHu = HuHv.

Hence, if vTJu = 0, then Hu and Hv commute. �

Let e1 =
[
1 0 ... 0

]T ∈ R2n. Then He1 = J2(1)−1�I2n−2, and Hie1 = H−1e1 = J2(1)�I2n−2. Hence,

He1 and Hie1 are real J-symmetries. Suppose that u ∈ R2n is an arbitrary nonzero vector. It turns out

that Hu and Hiu are also real J-symmetries. Conversely, if P ∈ Sp(2n,R) is a real J-symmetry, we show in

the following lemma that P is a J-Householder matrix that corresponds to a real vector, or a vector whose

nonzero components are pure imaginary.

Lemma 2.3. Let P ∈ Sp(2n,R) be a real J-symmetry.

(a) Then P = Hu for some u ∈ R2n or u ∈ (iR)2n.

(b) P is real symplectically similar to exactly one of Jn := J2(1)�I2n−2 or J−1n := J2(1)−1�I2n−2, i.e.,
the set of real J-symmetries is SJn ∪̇ SJ−1

n
, where SJn = {Hiu|u ∈ R2n} and SJ−1

n
= {Hv|v ∈ R2n}.

(c) In particular, P ∈ SJn if and only if P−1 ∈ SJ−1
n

.

Proof. (a) Suppose P = Hv, where v =
[
v1 v2 . . . v2n

]
∈ C2n is nonzero. Since P = Hv = I2n − vvTJ

is a real symplectic matrix, it follows that vvT = (I2n − P )(−J) is a real matrix. Since the (j, k)-entry of

vvT is vjvk, it follows that vjvk ∈ R for all j, k. In particular, each v2j ∈ R. Since v2j ∈ R, we have that

vj ∈ R ∪ iR. Take j such that vj 6= 0. Then vjvk ∈ R implies that if vj ∈ R, vk ∈ R for every k; similarly, if

vj ∈ iR, vk ∈ iR for every k.

(b) If P = Hv is a real J-symmetry, then, from (a), v ∈ R2n or v = iu for some u ∈ R2n.
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Suppose that v ∈ R2n. By [1, Theorem 9], there exists a real symplectic matrix Q ∈ Sp(2n,R) such

that Qv = e1. By Lemma 2.2(b), J−1n = He1 = HQv = QHvQ
−1. Hence, if v ∈ R2n, then P = Hv is real

symplectically similar to J−1n .

Suppose that v = iu, where u ∈ R2n. There exists a real symplectic matrix D ∈ Sp(2n,R) such that

Du = e1. Then Dv = D(iu) = i(Du) = ie1. By Lemma 2.2(b), Jn = Hie1 = HDv = DHvD
−1. Hence, if

v = iu, where u ∈ R2n, then P = Hv is real symplectically similar to Jn.

The remaining part of the claim follows from Lemma 2.1.

(c) This follows from (a), (b), and Lemma 2.2(a). �

Suppose that P ∈ Sp(2n,R) \ {I2n} is a commutator of real J-symmetries, that is, P = ABA−1B−1 for

some real J-symmetries A and B. Since A−1 is a real J-symmetry, and B is real symplectic, then BA−1B−1

is a real J-symmetry by Lemma 2.2(b). Hence, we can view a real symplectic commutator P as a product

of two real J-symmetries.

We express this result as a real analog of [3, Lemma 4].

Lemma 2.4. Let P be real symplectic and P 6= I2n. The following are equivalent:

(a) P is a commutator of real J-symmetries.

(b) P = HxHyH
−1
x H−1y = HHxyHiy = HxHHy(ix) for some x, y ∈ R2n ∪ (iR)2n with xTJy 6= 0.

(c) P = HsHit or P = HisHt for some s, t ∈ R2n with sTJt > 0.

Proof. Let P be symplectic such that P 6= I2n.

(a) ⇒ (b): Let P be a commutator of real J-symmetries. By Lemma 2.3(a), we can write P =

HxHyH
−1
x H−1y = (HxHyH

−1
x )H−1y for some nonzero x, y ∈ R2n ∪ (iR)2n. By Lemma 2.2(a) and (b),

P = HHxyHiy and P = HxHHy(ix).

From Lemma 2.2(c), if xTJy = 0, then Hx and Hy commute, resulting to P = HxHy(HyHx)−1 = I2n.

Hence, xTJy 6= 0.

Since real J-symmetries are symplectic, we have HHxy = HxHyH
−1
x and HHy(ix) = HyH

−1
x H−1y are real

J-symmetries.

(b) ⇒ (c): Suppose P = HHxyHiy for some x, y ∈ R2n ∪ (iR)2n with xTJy 6= 0. If y ∈ R2n then

P = HHxyHiy where Hxy ∈ R2n. If y ∈ iR2n then P = HiHx(−iy)Hiy where Hxy ∈ iR2n and iy ∈ R2n.

Finally,

i(Hx(−iy))TJ(iy) = (Hxy)TJy = yTJ(y − xxTJy) = −(xTJy)yTJx = (xTJy)2 > 0.

(c) ⇒ (a): Let P = HsHit for some s, t ∈ R2n with sTJt > 0. We seek x, y ∈ R2n ∪ (iR)2n such that

HsHit = HHxyHiy = HxHyH
−1
x H−1y and xTJy 6= 0. If x = 1√

tT Js
(t− s) and y = t, then x ∈ R2n ∪ (iR)2n,

y ∈ R2n, (xTJy)2 = tTJs 6= 0, and Hxy = y − (xTJy)x = t− (t− s) = s. Hence, P is a commutator of real

J-symmetries. �

In particular, Lemma 2.4 says that if I2n 6= P is a commutator of real J-symmetries, then we can

write P as a product of two real J-symmetries which are not real symplectically similar. Conversely, if

I2n 6= P = HuHv is a product of two real J-symmetries, then P is a commutator of real J-symmetries if (i)

u, iv ∈ R2n, or (ii) iu, v ∈ R2n.
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Lemma 2.5. Let u, v ∈ R2n be nonzero, and suppose a, b ∈ C. Then

tr (HauHbv) = 2n− (ab)2(uTJv)2.

Proof. Suppose u, v ∈ R2n and are nonzero. Since for every w ∈ R2n, wwtJ is nilpotent and the trace is a

linear function, we have that

tr (HauHbv) = tr (I − a2uuTJ − b2vvTJ + a2b2(uTJv)uvTJ)

= 2n+ (a2b2uTJv)(vTJu)

= 2n− (ab)2(uTJv)2. �

The following can easily be proven.

Lemma 2.6. Let P,Q ∈ Sp(2n,R) such that Q is real symplectically similar to P . Then

(a) P is a commutator of real J-symmetries if and only if Q is a commutator of real J-symmetries.

(b) P is a product of m ∈ N commutators of real J-symmetries if and only if Q is a product of m

commutators of real J-symmetries.

(c) P is a commutator of real J-symmetries if and only if P−1 is a commutator of real J-symmetries;

and

(d) P is a product of m commutators of real J-symmetries if and only if P−1 is a product of m com-

mutators of real J-symmetries.

Note that I2n is a commutator of real J-symmetries. Hence, we also have that if P is a product of m

commutators of real J-symmetries, then P is a product of t ≥ m commutators of real J-symmetries.

If P is a commutator of real J-symmetries, then, by Lemma 2.4, P is a product of two J-Householder

matrices. It is discussed in [5, Lemma 6] that 0 ≤ rank(P − I2n) ≤ 2. Hence, by Lemma 2.5 and [5, Lemma

6], we can obtain a characterization of commutators of real J-symmetries. We also use the following, which

is a consequence of the canonical form for real symplectic matrices under real symplectic similarity in [6,

Theorem 1] (see also [9]).

Lemma 2.7. Let A ∈ Sp(2n,R).

(a) If λ ∈ R\{−1, 0, 1} is an eigenvalue of A, then so is λ−1. Moreover, if dim(Ker(A − λI2n)) = 1,

then A is real symplectically similar to

diag(λ, λ−1) �B,

where λ, λ−1 /∈ σ(B).

(b) If λ = ±1 is an eigenvalue of A, then A is real symplectically similar to A1 � A2 � · · · � Aj � B,

where each Aj is of the form [
Jkj (λ)−1 C(kj , αj , λ)

0 Jkj (λ)T

]
,

with C(kj , αj , λ) = Jkj (λ)−1diag(0, 0, ..., αj) and αj ∈ {−1, 0, 1}; and ±1 /∈ σ(B). The values of kj
are determined by rank(A− λI2n)l for l ≥ 1.
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(c) If eiθ is a nonreal eigenvalue of A for some θ ∈ (−π, π)\{0}, then so is e−iθ. Moreover, if eiθ has

algebraic multiplicity 1, then A is real symplectically similar to[
cos θ − sin θ

sin θ cos θ

]
�B,

where eiθ, e−iθ /∈ σ(B).

We now give the characterization of the commutators of real J-symmetries.

Lemma 2.8. Let P ∈ Sp(2n,R) such that P 6= I2n. Then P is a commutator of real J-symmetries if

and only if P is real symplectically similar to diag(λ, λ−1) � I2n−2, where λ ∈ R+\{1}.

Proof. Let P ∈ Sp(2n,R) such that P 6= I2n. Suppose P is a commutator of real J-symmetries. By Lemma

2.4, we can suppose that P = HiuHv or P = HuHiv, where u, v ∈ R2n and uTJv 6= 0. We consider the

former case, as the other case is proven similarly. By Lemma 2.5, tr (HiuHv) = 2n + (uTJv)2 > 2n, since

uTJv 6= 0. Since P is a product of two J-Householder matrices and P 6= I2n, we have 0 < rank(P −I2n) ≤ 2.

If rank(P−I2n) = 1, then P is a real J-symmetry. By Lemma 2.3(c), trP = 2n, which is a contradiction.

Thus, rank(P − I2n) = 2. By the rank-nullity theorem, dim(Ker(P − I2n)) = 2n − 2, and the algebraic

multiplicity of 1 as an eigenvalue of P is at least 2n − 2. Since tr P > 2n, there exists λ ∈ σ(P ) such that

λ ∈ R and λ 6= 1. If λ = −1, then since P is symplectic, −1 has algebraic multiplicity 2, and 1 has algebraic

multiplicity 2n− 2, which is a contradiction. Hence, λ 6= λ−1, and 1 has algebraic multiplicity 2n− 2. Now,

tr P = λ + λ−1 + (2n − 2), so λ + λ−1 > 2. Hence, λ is positive. Moreover, dim(Ker(P − λI2n)) = 1 and

dim(Ker(P − λ−1I2n)) = 1. By Lemma 2.7(a), P is real symplectically similar to diag(λ, λ−1) � I2n−2.

Conversely, let P be real symplectically similar to Q := diag(λ, λ−1) � I2n−2, where λ is a positive

real number not equal to 1. We first write Q as a product of two real J-symmetries, one of which is real

symplectically similar to Jn and the other is real symplectically similar to J−1n . Observe that

(2.1) Q =

([
2λ(1 + λ)−1 (1− λ)2

−(1 + λ)−2 2(1 + λ)−1

]
� I2n−2

)([
2λ(1 + λ)−1 −λ−1(1− λ)2

λ(1 + λ)−2 2(1 + λ)−1

]
� I2n−2

)
.

Now let

A =

[
1− λ −1

(1 + λ)−1 λ(1− λ2)−1

]
� I2n−2 and R =

[
0 −

√
(λ+ λ−1 − 2)−1√

λ+ λ−1 − 2 1

]
� I2n−2,

which are real and symplectic, since λ is a positive real number not equal to 1. Then

(2.2) A(J2(1) � I2n−2)A−1 =

[
2λ(1 + λ)−1 (1− λ)2

−(1 + λ)−2 2(1 + λ)−1

]
� I2n−2,

and

(2.3) (AR)(J2(1)−1 � I2n−2)(AR)−1 =

[
2λ(1 + λ)−1 −λ−1(1− λ)2

λ(1 + λ)−2 2(1 + λ)−1

]
� I2n−2.

Hence, Q is a product of a matrix similar to Jn and a matrix similar to J−1n . By Lemma 2.3 and 2.4,

Q is a commutator of real J-symmetries. Since P is real symplectically similar to Q, we have P is also a

commutator of real J-symmetries by Lemma 2.6. �

The following lemma follows from the fact that if A is a J-symmetry, then so is A� I2t.
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Lemma 2.9. If A ∈ Sp(2n,R) is a product of m commutators of real J-symmetries, then A � I2t is a

product of m commutators of real J-symmetries for each positive integer t.

Suppose we have a real symplectic matrix A ∈ Sp(2n,R), which we want to write as a product of

commutators of real J-symmetries. By Lemma 2.6, we may replace A with a matrix that is real symplectically

similar to it. In particular, to determine such factorizations for 2-by-2 and 4-by-4 real sympletic matrices, it

suffices to consider some canonical forms for these sympletic matrices under real symplectic similarity. The

following is in [1, Lemma 5] and [8, Lemma 2.10, 2.11].

Lemma 2.10. Let B = [bij ] ∈ Sp(2,R) be nonscalar.

(a) If B is not a diagonal matrix, then B is real symplectically similar to

LB,µ :=

[
trB µ

−µ 0

]
for some µ ∈ {−1, 1}.

(b) If |tr B| > 2, then B is real symplectically similar to LB,1 and LB,−1. In particular, B is real

symplectically similar to diag(λ, λ−1) for some λ ∈ R\{−1, 0, 1}.
(c) If |tr B| < 2 and b12 > 0, then B is real symplectically similar to LB,1.

If |tr B| < 2 and b12 < 0, then B is real symplectically similar to LB,−1.

(d) If tr B = −2, then B is real symplectically similar to

[
−1 µ

0 −1

]
for some µ ∈ {−1, 1}.

The following is a direct consequence of Lemma 2.10 and the normal forms for symplectic matrices in

[6, Theorem 1]. See also [9].

Lemma 2.11. Let Q ∈ Sp(2,R). Then Q is real symplectically similar to one of the following.

(a) Q1 = diag(λ, λ−1), where λ ∈ R\{−1, 0, 1}

(b) Q2(µ, α) =

[
µ αµ

0 µ

]
, where µ ∈ {−1, 1}, α ∈ {−1, 0, 1}

(c) R(θ) =

[
cos θ sin θ

− sin θ cos θ

]
, where θ ∈ (−π, π)\{0}

Finally, the following result is for 4-by-4 real symplectic matrices.

Lemma 2.12. [1, Theorem 4] Each P ∈ Sp(4,R) is real symplectically similar to one of the following:

(a) P1 = J2(λ)−1 ⊕ J2(λ)T , where λ ∈ R\{0,−1, 1}

(b) P2(µ, α) =


µ −1 0 0

0 µ αµ α

0 0 µ 0

0 0 1 µ

, where α ∈ {−1, 0, 1} and µ ∈ {−1, 1}

(c) P3 =

[
a b

−b a

]
⊕

[
a

a2+b2
b

a2+b2

− b
a2+b2

a
a2+b2

]
, where a, b ∈ R such that a2 + b2 6= 1

(d) P4 =


cos θ sin θ 0 0

− sin θ cos θ α −α cot θ

0 0 cos θ sin θ

0 0 − sin θ cos θ

, where θ ∈ (−π, π)\{0} and

α ∈ {−1, 0, 1}
(e) A�B for some A,B ∈ Sp(2,R)
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3. Main results. The Cartan–Dieudonné–Scherk Theorem [4] guarantees that a symplectic matrix A

is a product of J-symmetries, and this is proved for orthogonal matrices over a field F of characteristic not 2.

In [10], Scherk showed that the number of factors needed is rank(A− I) if J(A− I) is not skew-symmetric,

and rank(A− I) + 2 otherwise.

Let A be symplectic such that A 6= −I2n and suppose that A =
∏2k
i=1Ai, where Ai is a J-symmetry.

Then A =
∏k
j=1Bj , where Bj is a product of 2 J-symmetries for each j. Furthermore, by [5, Lemma 6], we

have that 0 ≤ rank(Bj − I) ≤ 2 for each j. We use these results, along with the following, to prove Theorem

1.1.

Lemma 3.1. Let B ∈ Sp(2n,R) be symplectic. If B is a product of 2 real J-symmetries, then B can only

be real symplectically similar to one of the following:

(a) I2n−2 � diag(λ, λ−1), where λ ∈ R\{0}
(b) I2n−2 � J2(1)α, where α ∈ {−1, 1}
(c) I2n−2 � J2(−1)α, where α ∈ {−1, 1}
(d) I2n−2 �R(θ), where θ ∈ (−π, π)\{0}
(e) I2n−4 � J2(1)α � J2(1)β, where α, β ∈ {−1, 1}
(f) I2n−4 � P2(1, 0)

Proof. Suppose that B is a product of 2 real J-symmetries. By [5, Lemma 6], 0 ≤ rank(B − I2n) ≤ 2.

If rank(B − I2n) = 0, then B = I2n.

If rank(B − I2n) = 1, then B is a real J-symmetry. By Lemma 2.3, B is real symplectically similar to

I2n−2 � J2(1)α, where α ∈ {−1, 1}.

Suppose rank(B − I2n) = 2. If n = 1, then σ(B) = {λ, λ−1} for some λ 6= 1. Hence, B is real

symplectically similar to one of the following:

• diag(λ, λ−1), where λ ∈ R\{0, 1}
• J2(−1)α, where α ∈ {−1, 1}
• R(θ), where θ ∈ (−π, π)\{0}

If n > 1, note that B can only have at most 3 distinct eigenvalues, one of which is 1. Otherwise, if B

has more than 2 distinct eigenvalues not equal to 1, then rank(B − I2n) > 2. Hence, we can suppose that

σ(B) = {1, r1, r2}, and consider cases for r1 and r2. Note that since B is symplectic, we have det(B) = 1,

so r1r2 = 1. However, it is possible that r1 and r2 are nonreal eigenvalues.

If r1, r2 6= 1 and r1 6= r2, then r2 = r−11 , where r1 ∈ C\{−1, 0, 1}. If r1 and r−11 are real eigenvalues of B,

with dim(Ker(B−r1I2n)) = 1, then, by Lemma 2.7(a), B is real symplectically similar to I2n−2�diag(λ, λ−1)

for some λ ∈ R\{−1, 0, 1}. Otherwise, we have that B is real symplectically similar to I2n−2�R(θ) for some

θ ∈ (−π, π)\{0} by Lemma 2.7(c).

If r1, r2 6= 1 and r1 = r2, then r1 = r2 = −1. If rank(B + I2n) = 2n − 1, then B is real symplectically

similar to I2n−2 � J2(−1)α, where α ∈ {−1, 1}. If rank(B + I2n) = 2n − 2, then B is real symplectically

similar to I2n−2 �−I2.

If r1 = r2 = 1, then in view of Lemmas 2.1 and 2.7, we have that B is real symplectically similar to one

of the following:
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• I2n−4 � J2(1) � J2(1)

• I2n−4 � J2(1) � J2(1)−1

• I2n−4 � J2(1)−1 � J2(1)−1

• I2n−4 � P2(1, α), where α ∈ {−1, 0, 1}

However, note that for α = ±1, rank ((I2n−2 � P2(1, α))− I2n) = 3 > 2. Hence, α = 0. �

The bulk of the technical work come from showing that the blocks in Lemma 3.1 are products of either

2 or 3 commutators of real J-symmetries. Observe that the matrices from Lemma 3.1 (a)-(d) are of the form

I � A, where A is 2× 2, while the remaining blocks are of the form I � A, where A is 4× 4. We prove the

technical results in the following subsections before we go back to the proof of Theorem 1.1.

3.1. The matrices from (a) to (d). The following matrix will be used quite often as a commutator

factor.

Lemma 3.2. If β ∈ R such that β > 2 and µ ∈ {−1, 1}, then Cβ,µ =

[
β µ

−µ 0

]
is a commutator of real

J-symmetries.

Proof. Let k := 1
2

(
β +

√
β2 − 4

)
. Observe that k−1 = 1

2

(
β −

√
β2 − 4

)
, and k + k−1 = β. Since

0 <
√
β2 − 4 <

√
β2 = β, we have that k and k−1 are positive and not equal to 1. By Lemma 2.10(b),

Cβ,µ =

[
β µ

−µ 0

]
is real symplectically similar to diag(k, k−1). By Lemma 2.8, Cβ,µ is a commutator of real

J-symmetries. �

The following three lemmas will show that the matrices in Lemma 2.11, other than −I2, are products

of 2 commutators of real J-symmetries.

Lemma 3.3. If λ ∈ R\{−1, 0, 1}, then Q1 := diag(λ, λ−1) is a product of 2 commutators of real J-

symmetries.

Proof. If λ > 0 and not equal to 1, then Q1 is a commutator of real J-symmetries by Lemma 2.8. Suppose

λ < 0. Observe that for β1, β2 > 2,

(3.4)

[
0 −λ
λ−1 β1

] [
β2 1

−1 0

]
=

[
λ 0

λ−1β2 − β1 λ−1

]
.

If we let K =

[
0 −

√
−λ√

−λ−1 0

]
, then

(3.5) KCβ1,1K
−1 =

[
0 −λ
λ−1 β1

]
.

It follows that the first factor on the left-hand side of (3.4) is a commutator of real J-symmetries by Lemmas

2.6 and 3.2. The second factor is of the form Cβ2,1 in Lemma 3.2, so it is a commutator of real J-symmetries.

Finally, the matrix on the right-hand side of (3.4) is similar to Q1 by Lemma 2.10(b). It follows from Lemma

2.6 that Q1 is a product of two commutators of real J-symmetries. �

Lemma 3.4. If µ, α ∈ {−1, 1}, then Q2(µ, α) :=

[
µ αµ

0 µ

]
is a product of 2 commutators of real J-

symmetries.
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Proof. If µ = 1 and λ > 1, then Q2(1, α) =

[
λ 0

0 λ−1

] [
λ−1 αλ−1

0 λ

]
. By Lemma 2.10(b), each factor

on the right-hand side is real symplectically similar to diag(λ, λ−1), so each one is a commutator of real

J-symmetries.

Let µ = −1 and β1, β2 > 2. Note that[
−1 α(β1 + β2)

0 −1

]
=

[
β1 α

−α 0

] [
0 α

−α β2

]
.

Since β1 +β2 > 0, the matrix on the left-hand side is similar to Q2(−1, α). The first factor on the right-hand

side is Cβ1,α, so it is a commutator of real J-symmetries by Lemma 3.2. If we let K =

[
0 1

−1 0

]
, then

(3.6) KCβ2,αK
−1 =

[
0 α

−α β2

]
.

Hence, the second factor on the right-hand side is real symplectically similar to Cβ2,α. By Lemma 3.2,

it is also a commutator of real J-symmetries. Thus, if µ, α ∈ {−1, 1}, then Q2(µ, α) is a product of two

commutators of real J-symmtries. �

Lemma 3.5. If θ ∈ (−π, π)\{0}, then R(θ) :=

[
cos θ sin θ

− sin θ cos θ

]
is a product of 2 commutators of real

J-symmetries.

Proof. Let 2 < β1, β2 ∈ R. Then for any θ ∈ (−π, π)\{0}, (β1 +β2)2− 8 cos θ− 8 > 0, so d := − 1
2 (β1 +β2)±

1
2

√
(β1 + β2)2 − 8 cos θ − 8 ∈ R. Observe that d < 0 since 8 cos θ + 8 > 0.

If θ ∈ (0, π), then R(θ) is real symplectically similar to

[
2 cos θ 1

−1 0

]
by Lemma 2.10(c). Now observe

that

(3.7)

[
−d d2 + β1d+ 1

−1 β1 + d

]
Cβ2,1 =

[
−d2 − (β1 + β2)d− 1 −d
−d− (β1 + β2) −1

]
.

The trace of the matrix on the right-hand side is

−d2 − (β1 + β2)d− 2 =
1

4
(β1 + β2)2 − 2− (d+

1

2
(β1 + β2))2

=
1

4
(8 cos θ) = 2 cos θ.

Since −d > 0, the matrix on the right-hand side of (3.7) is real symplectically similar to

[
2 cos θ 1

−1 0

]
by

Lemma 2.10(c). Next, if we let K =

[
d −1

1 0

]
, then

(3.8) KCβ1,1K
−1 =

[
−d d2 + β1d+ 1

−1 β1 + d

]
,
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so the first factor on the left-hand side of (3.7) is a commutator of real J-symmetries. Thus, if θ ∈ (0, π),

then R(θ) is a product of 2 commutators of real J-symmetries.

If θ ∈ (−π, 0), then R(θ) is real symplectically similar to

[
2 cos θ −1

1 0

]
. By Lemma 2.10(c),

[
2 cos θ −1

1 0

]
is real symplectically similar to

[
0 −1

1 2 cos θ

]
=

[
2 cos θ 1

−1 0

]−1
. Hence, by Lemma 2.6(d),

[
2 cos θ −1

1 0

]
is

also a product of 2 commutators of real J-symmetries. �

Lemma 3.6. Let A ∈ Sp(2,R) such that A 6= −I2. If n is a positive integer, then A� I2n can be written

as a product of 2 commutators of real J-symmetries.

Proof. By Lemmas 2.11, 3.3, 3.4, and 3.5, we have A is a product of two commutators of real J-symmetries.

By Lemma 2.9, A� I2n is also a product of 2 commutators of real J-symmetries. �

It is only natural to ask what happens when A = −I2. To this end, we have the following.

Lemma 3.7. −I2 is a product of 3 commutators of real J-symmetries, and no fewer.

Proof. Observe that if λ > 1, then −I2 =

[
λ 0

0 λ−1

] [
−λ−1 0

0 −λ

]
. The first factor is a commutator of real

J-symmetries by Lemma 2.8. The second factor is a product of two commutators of real J-symmetries by

Lemma 3.3. Hence, −I2 can be expressed as a product of 3 commutators of real J-symmetries.

Suppose now that I2 6= A ∈ Sp(2,R) is a commutator of real J-symmetries. Then A is nonsingular, and

the unique matrix X for which AX = −I2 is X = −A−1. Since A is a commutator of real J-symmetries,

then σ(A) = {λ, λ−1} for some λ > 1. But this means that σ(X) = σ(−A−1) = {−λ,−λ−1}. Since −λ and

−λ−1 are negative real numbers, X cannot be a commutator of real J-symmetries by Lemma 2.8. It follows

that −I2 cannot be written as a product of 2 commutators of real J-symmetries. �

3.2. The matrices from (d) to (f). The next six lemmas will discuss factorizations for 4-by-4 real

symplectic matrices.

Lemma 3.8. Let 1 6= λ be a positive real number, and let a, b, c ∈ R. Then H1, H
T
1 , H2, and H

T
2 are

commutators of real J-symmetries, where

H1 =


λ a b c

0 1 λ−1c 0

0 0 λ−1 0

0 0 −λ−1a 1

 and H2 =


1 0 0 λ−1b

a λ b c

0 0 1 −λ−1a
0 0 0 λ−1

.

Proof. Let P1 =


1 a

1−λ
b

λ−1−λ
c

1−λ
0 1 c

1−λ 0

0 0 1 0

0 0 − a
1−λ 1

 and P2 =


1 0 0 b

1−λ
a

1−λ 1 b
1−λ

c
λ−1−λ

0 0 1 − a
1−λ

0 0 0 1

. Note that P1 and P2 are

real symplectic matrices. Then

(3.9) P1diag(λ, 1, λ−1, 1)P−11 = H1,

(3.10) P2diag(1, λ, 1, λ−1)P−12 = H2.
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By Lemma 2.8, diag(λ, 1, λ−1, 1) and diag(1, λ, 1, λ−1) are commutators of real J-symmetries. Thus, by

Lemma 2.6, it follows that H1 and H2 are commutators of real J-symmetries. For i = 1, 2, if Hi = PiDiP
−1
i ,

where Pi and Di are real symplectic and Di is diagonal, then HT
i = P−Ti DiP

T
i , where PTi is real symplectic.

Hence, HT
1 and HT

2 are commutators of real J-symmetries. �

Lemma 3.9. If α ∈ {−1, 0, 1} and µ ∈ {−1, 1}, then P2(µ, α) :=


µ −1 0 0

0 µ αµ α

0 0 µ 0

0 0 1 µ

 is a product of 2

commutators of real J-symmetries.

Proof. If µ = 1, choose λ > 1 and let

K1 =


1 0 0 0

0 λ−1 0 αλ

0 0 1 0

0 0 0 λ

 and K2 =


1 −1 0 0

0 λ 0 0

0 0 1 0

0 0 λ−1 λ−1

.

By Lemma 3.8, K1 and K2 are commutators of real J-symmetries. Now note that K1K2 = P2(1, α). Hence,

P2(1, α) is a product of 2 commutators of real J-symmetries.

If µ = −1, choose λ > 1 and let

K3 =


1 0 0 0

4 λ 0 −αλ−1
0 0 1 −4λ−1

0 0 0 λ−1

, and K4 =


1 −1 0 0

0 λ−1 0 0

0 0 1 0

0 0 λ λ

.

Then K3 and K4 are commutators of real J-symmetries by Lemma 3.8. Now

K3K4 =


1 −1 0 0

4 −3 −α −α
0 0 −3 −4

0 0 1 1

 .

Note that if Q =

[
1 0

2 1

]
⊕
[
1 −2

0 1

]
∈ Sp(4,R), then

(3.11) Q(P2(−1, α))Q−1 = K3K4.

Hence, P2(−1, α) is also a product of 2 commutators of real J-symmetries by Lemma 2.6. �

Lemma 3.10. If a, b ∈ R are not both zero such that a2+b2 6= 1, then P3 :=

[
a b

−b a

]
⊕

[
a

a2+b2
b

a2+b2

− b
a2+b2

a
a2+b2

]
is a product of 2 commutators of real J-symmetries.

Proof. Let ϕ :=
√
a2 + b2 6= 1. First suppose that b > 0. Let K1 =

[
ϕ 0

−2 1

]
⊕
[
ϕ−1 2ϕ−1

0 1

]
, and

K2 =

[
1 ϕ− a
0 ϕ

]
⊕
[

1 0

ϕ−1(a− ϕ) ϕ−1

]
. By Lemma 3.8, K1 and K2 are commutators of real J-symmetries.
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Observe that

K1K2 =

[
ϕ ϕ(ϕ− a)

−2 2a− ϕ

]
⊕
[
ϕ−2(2a− ϕ) 2ϕ−2

ϕ−1(a− ϕ) ϕ−1

]
.

If we let w =
√

2b−1 and Q1 =

[
w ϕ−a

2 w

0 b
2w

]
⊕
[

1
w 0
a−ϕ
bw

2
bw

]
∈ Sp(4,R), then

(3.12) Q1(K1K2)Q−11 = P3.

Hence, if b > 0, then P3 is a product of 2 commutators of real J-symmetries.

We proceed similarly for the case when b < 0. Consider

K3 =

[
ϕ 0

2 1

]
⊕
[
ϕ−1 −2ϕ−1

0 1

]
and K4 =

[
1 a− ϕ
0 ϕ

]
⊕
[

1 0

ϕ−1(ϕ− a) ϕ−1

]
.

By Lemma 3.8, K3 and K4 are also commutators of real J-symmetries. Note that

K3K4 =

[
ϕ ϕ(a− ϕ)

2 2a− ϕ

]
⊕
[
ϕ−2(2a− ϕ) −2ϕ−2

ϕ−1(ϕ− a) ϕ−1

]
.

Let w =
√
−2b−1, and Q2 =

[
w a−ϕ

2 w

0 − b
2w

]
⊕
[

1
w 0
a−ϕ
bw − 2

bw

]
∈ Sp(4,R). Then

(3.13) Q2(K3K4)Q−12 = P3.

Thus, if b < 0, then P3 is a product of 2 commutators of real J-symmetries.

Suppose now that b = 0. Then a 6= ±1 and P3 = diag(a, a, a−1, a−1). If a > 0, then

P3 = (I2 � diag(a, a−1))(diag(a, a−1) � I2).

Since each factor on the right-hand side is a commutator of real J-symmetries, P3 is a product of 2 commu-

tators of real J-symmetries.

If a < 0, choose λ > 1, and let u = a+ a−1 and t = u− λ− λ−1. Consider

K5 =

[
λ 0

1 1

]
⊕
[
λ−1 −λ−1

0 1

]
and K6 =

[
1 t

0 λ−1

]
⊕
[

1 0

−tλ λ

]
,

which are commutators of real J-symmetries by Lemma 3.8. Then

K5K6 =

[
λ tλ

1 t+ λ−1

]
⊕
[
t+ λ−1 −1

−tλ λ

]
.

If Q3 =

[
1 a− λ
1

a−1−a
a−1−λ
a−1−a

]
⊕

[
a−1−λ
a−1−a

−1
a−1−a

λ− a 1

]
and Q4 =


1 0 0 0

0 0 0 −1

0 0 1 0

0 1 0 0

, then

(3.14) (Q4Q3)(K5K6)(Q4Q3)−1 = P3.

Since Q4Q3 is symplectic, we have P3 is a product of 2 commutators of real J-symmetries when b = 0. �
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Lemma 3.11. Let A = B �

[
1 µ

0 1

]
, where B ∈ Sp(2,R) such that |tr B| 6= 2 and µ ∈ {−1, 1}. Then A

is a product of 2 commutators of real J-symmetries.

Proof. Take a positive real number λ > 1, and a, b, c ∈ R such that ab 6= 0 and ac 6= 0,−4. Let K1 =
λ 0 0 0

0 1 0 0

a bλ−1 λ−1 0

b 0 0 1

 and K2 =


λ−1 0 c 0

0 1 0 0

0 0 λ 0

0 0 0 1

. By Lemma 3.8, K1 and K2 are commutators of real

J-symmetries. Then

K1K2 =


1 0 λc 0

0 1 0 0

aλ−1 bλ−1 1 + ac 0

bλ−1 0 bc 1

 ,
with characteristic polynomial

(3.15) fK1K2(x) = (1− x)2(1− (ac+ 2)x+ x2).

It follows that the spectrum of K1K2 is

σ(K1K2) = {1, 1

2

(
ac+ 2 +

√
(ac+ 2)2 − 4

)
,

1

2

(
ac+ 2−

√
(ac+ 2)2 − 4

)
}.

If ac /∈ {0,−4}, then the eigenvalues
1

2

(
ac+ 2 +

√
(ac+ 2)2 − 4

)
and

1

2

(
ac+ 2−

√
(ac+ 2)2 − 4

)
are distinct and not equal to 1. Furthermore, we have that rank (K1K2−I4) =

3 and rank (K1K2 − I4)m = 2 for all m ≥ 2. By Lemma 2.10 and Lemma 2.12, K1K2 is real symplectically

similar to

[
ac+ 2 ϕ

−ϕ 0

]
�

[
1 µ

0 1

]
, for some µ, ϕ ∈ {−1, 1}. Or to prove this directly, we can choose a and c

so that µa > 0 and ϕc > 0, and let

S1 =
√
λ−1


√
c−1ϕ a−1b

√
c−1ϕ 0 0

0 0 λ
√
a−1µ −ab−1λ

√
a−1µ

−ϕ(1 + ac)
√
c−1ϕ −a−1bϕ(1 + ac)

√
c−1ϕ λ

√
ϕc 0

0 bµ
√
a−1µ 0 0

 ,
then

(3.16) K1K2 = S−11

([
ac+ 2 ϕ

−ϕ 0

]
�

[
1 µ

0 1

])
S1.

Suppose B ∈ Sp(2,R) such that |tr B| 6= 2. Then B is not diagonal, and, by Lemma 2.10(a), B is real

symplectically similar to

[
trB ϕ

−ϕ 0

]
for some ϕ ∈ {−1, 1}, and so B �

[
1 µ

0 1

]
is real symplectically similar

to

[
trB ϕ

−ϕ 0

]
�

[
1 µ

0 1

]
. Since the real symplectic similarity in (3.16) holds for ac+2 6= ±2, then B�

[
1 µ

0 1

]
is a product of 2 commutators of real J-symmetries. �
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Lemma 3.12. If α, µ ∈ {−1, 1}, then

[
α −µ
0 α

]
�

[
1 µ

0 1

]
is a product of 2 commutators of real J-

symmetries.

Proof. Suppose α = 1. Let λ > 1 and a, b ∈ R such that ab 6= 0. If

K1 =


λ 0 0 0

0 1 0 0

a bλ−1 λ−1 0

b 0 0 1

 and K2 =


λ−1 0 0 0

0 1 0 0

0 0 λ 0

0 0 0 1

,

then K1K2 =


1 0 0 0

0 1 0 0

aλ−1 bλ−1 1 0

bλ−1 0 0 1

, and K1, K2 are commutators of real J-symmetries by Lemma 3.8. If

we let

S1 =


0 0 1 1

2b
−1(λ− a)

0 0 −1 1
2b
−1(λ+ a)

1
2λ
−1(−λ− a) −bλ−1 0 0

1
2λ
−1(λ− a) −bλ−1 0 0

 ∈ Sp(4,R),

then

(3.17) K1K2 = S−11

([
1 −1

0 1

]
�

[
1 1

0 1

])
S1.

By Lemma 2.6,

[
1 −1

0 1

]
�

[
1 1

0 1

]
is a product of 2 commutators of real J-symmetries. Furthermore, note

that

([
1 −1

0 1

]
�

[
1 1

0 1

])−1
=

[
1 1

0 1

]
�

[
1 −1

0 1

]
. By Lemma 2.6,

[
1 1

0 1

]
�

[
1 −1

0 1

]
is also a product of

2 commutators of real J-symmetries.

Suppose α = −1 and µ = 1. Let λ > 1, a > 0, and b 6= 0. If

K1 =


λ 0 0 0

0 1 0 0

a bλ−1 λ−1 0

b 0 0 1

 and K3 =


λ−1 0 −4a−1 0

0 1 0 0

0 0 λ 0

0 0 0 1

,

then K1K3 =


1 0 −4a−1λ 0

0 1 0 0

aλ−1 bλ−1 −3 0

bλ−1 0 −4a−1b 1

.

In view of (3.15), with c = −4a−1, we get fK1K3(x) = (1− x)2(1 + x)2 and σ(K1K3) = {−1, 1}. If we let

S2 =
1

2

√
λ−1a−1


a b 0 0

0 0 2λ −2ab−1λ

−2a −2b 4λ 0

0 2b 0 0

 ∈ Sp(4,R),
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then

(3.18) K1K3 = S−12

([
−1 −1

0 −1

]
�

[
1 1

0 1

])
S2.

By Lemma 2.6,

[
−1 −1

0 −1

]
�

[
1 1

0 1

]
is a product of 2 commutators of real J-symmetries. Since([

−1 −1

0 −1

]
�

[
1 1

0 1

])−1
=

[
−1 1

0 −1

]
�

[
1 −1

0 1

]
,

by Lemma 2.6,

[
−1 1

0 −1

]
�

[
1 −1

0 1

]
is also a product of 2 commutators of real J-symmetries. �

Lemma 3.13. If α, µ ∈ {−1, 1}, then

[
α µ

0 α

]
�

[
1 µ

0 1

]
is a product of 3 commutators of real J-

symmetries.

Proof. Suppose that α = µ = 1, and let λ be a positive real number not equal to 1. Note that([
λ 0

0 λ−1

]
�

[
1 1

0 1

])([
λ−1 λ−1

0 λ

]
�

[
1 0

0 1

])
=

[
1 1

0 1

]
�

[
1 1

0 1

]
.

By Lemma 3.11, the first factor on the left-hand side is a product of 2 commutators of real J-symmetries,

and the second factor is a commutator of real J-symmetries by Lemma 2.8. Hence,

[
1 1

0 1

]
�

[
1 1

0 1

]
is a

product of 3 commutators of real J-symmetries. Since([
1 1

0 1

]
�

[
1 1

0 1

])−1
=

[
1 −1

0 1

]
�

[
1 −1

0 1

]
,

[
1 −1

0 1

]
�

[
1 −1

0 1

]
is also a product of 3 commutators of real J-symmetries by Lemma 2.6.

Suppose α = −1. Choose a positive real number λ 6= 1 and a < 0. Let K1 =

[
λ 0

a λ−1

]
�

[
1 1

0 1

]
and

K2 =

[
λ−1 −4a−1

0 λ

]
� I2. Note that λ+λ−1 > 2, so K1 is a product of 2 commutators of J-symmetries by

Lemma 3.11. By Lemma 2.8, K2 is a commutator of real J-symmetries. Hence,

K1K2 =

[
1 −4a−1λ

aλ−1 −3

]
�

[
1 1

0 1

]
,

is a product of 3 commutators of real J-symmetries. If we let

S =

(√
−a−1λ

[
0 1

aλ−1 −2

])
� I2,

then

(3.19) K1K2 = S

([
−1 1

0 −1

]
�

[
1 1

0 1

])
S−1.
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By Lemma 2.6, it follows that

[
−1 1

0 −1

]
�

[
1 1

0 1

]
is a product of 3 commutators of real J-symmetries. Since([

−1 1

0 −1

]
�

[
1 1

0 1

])−1
=

[
−1 −1

0 −1

]
�

[
1 −1

0 1

]
, we have that

[
−1 −1

0 −1

]
�

[
1 −1

0 1

]
is also a product of

3 commutators of real J-symmetries by Lemma 2.6. �

3.3. Back to the proof of Theorem 1. We summarize the technical results into the following lemma.

Lemma 3.14. Let A ∈ Sp(2n,R). If A is a product of 2k real J-symmetries, then A is a product of at

most 3k commutators of real J-symmetries.

Proof. Let A ∈ Sp(2n,R) be a product of 2k real J-symmetries. Then we can write A =
∏k
j=1Bj , where

Bj is a product of 2 real J-symmetries for each j. By Lemma 3.1, each Bj can only be real symplectically

similar to one of the following

(a) I2n−2 � diag(λ, λ−1), where λ 6= 0

(b) I2n−2 � J2(1)α, where α ∈ {−1, 1}
(c) I2n−2 � J2(−1)α, where α ∈ {−1, 1}
(d) I2n−2 �R(θ), where θ ∈ (−π, π)\{0}
(e) I2n−4 � J2(1)α � J2(1)β , where α, β ∈ {−1, 1}.
(f) I2n−4 � P2(1, 0)

The identity I2n is a commutator of real J-symmetries.

If λ > 0 and λ 6= 1, then I2n−2 � diag(λ, λ−1) is a commutator of real J-symmetries by Lemma 2.8. If

λ < 0 and λ 6= −1, then I2n−2�diag(λ, λ−1) is a product of 2 commutators of real J-symmetries by Lemma

3.6. If n > 1 and λ = −1, then I2n−2 � diag(λ, λ−1) is a product of 3 commutators of real J-symmetries by

Lemmas 3.7 and 2.9.

If α ∈ {−1, 1}, then I2n−2 � J2(1)α is a product of 2 commutators of real J-symmetries by Lemma 3.6.

If α ∈ {−1, 1}, then I2n−2 � J2(−1)α is a product of 2 commutators of real J-symmetries by Lemma

3.6.

If θ ∈ (−π, π)\{0}, then I2n−2 � R(θ) is a product of 2 commutators of real J-symmetries by Lemma

3.6.

If α = β, then I2n−4 � J2(1)α � J2(1)β is a product of 3 commutators of real J-symmetries by Lemma

3.13.

If α 6= β, then I2n−4 � J2(1)α � J2(1)β is a product of 2 commutators of real J-symmetries by Lemma

3.12.

Finally, I2n−4 � P2(1, 0) is a product of 2 commutators of real J-symmetries by Lemmas 3.9 and 2.9.

Since Bj is a product of at most 3 commutators of real J-symmetries for each j, it follows that A =∏k
j=1Bj is a product of at most 3k commutators of real J-symmetries. �

Every 2n×2n symplectic matrix P is a product of rank(P −I) J-symmetries except when P is similar to

−I2k�I2n−2k for some k. We also need to isolate this special case when counting the number of commutator

of real J-symmetries factors.
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Lemma 3.15. −I4 is a product of 4 commutators of real J-symmetries.

Proof. Let a be a real number such that a /∈ {−1, 0, 1}. Note that

−I4 =
(
diag(a, a, a−1, a−1)

) (
diag(−a−1,−a−1,−a,−a)

)
.

The first factor on the right-hand side is P3 with a 6= 1 and b = 0. By Lemma 3.10, it is a product of

2 commutators of real J-symmetries. The second factor on the right-hand side also has the same form as

P3 with b = 0, so it is a product of 2 commutators of real J-symmetries. Therefore, −I4 is a product of 4

commutators of real J-symmetries. �

Lemma 3.16. Let A = −I2n1 � I2n2 , where n1 and n2 are positive integers with n1 + n2 = n.

(a) If n1 is odd, then A is a product of 2n1 + 1 commutators of real J-symmetries.

(b) If n1 is even, then A is a product of 2n1 commutators of real J-symmetries.

Proof. (a) By Lemma 2.9, it suffices to show that if n1 is an odd integer, then −I2n1 is a product of 2n1 + 1

commutators of real J-symmetries. Since n1 is odd, we can write n1 = 2m− 1 where m is a positive integer.

We use induction on m. Beginning with m = 1, or n1 = 1, we note that −I2 is a product of 3 = 2(1) + 1

commutators of real J-symmetries by Lemma 3.7.

Suppose that −I4k−2 = −I2(2k−1) is a product of 2(2k−1)+1 = 4k−1 commutators of real J-symmetries.

Then

−I2(2k+1) = −I(4k−2)+4 = (−I4k−2 � I4) (I4k−2 �−I4) .

By Lemma 2.9 and the inductive hypothesis, the first factor on the right-hand side is a product of 4k − 1

commutators of real J-symmetries. By Lemmas 2.9 and 3.15, the second factor on the right-hand side is a

product of 4 commutators of real J-symmetries. Therefore, −I4k+2 is a product of 4k+3 = 2(2(k+1)−1)+1

commutators of real J-symmetries. This concludes the induction.

(b) By Lemma 2.9, it suffices to show that if n1 is an even integer, then −I2n1
is a product of 2n1

commutators of real J-symmetries. Suppose n1 = 2m where m is a positive integer. By Lemma 3.15, −I4
is a product of 4 commutators of real J-symmetries.

Suppose that −I4k = −I2(2k) is a product of 4k commutators of real J-symmetries. Then

−I4(k+1) = −I4k+4 = (−I4k � I4) (I4k �−I4) .

By Lemma 2.9 and the inductive hypothesis, the first factor on the right-hand side is a product of 4k

commutators of real J-symmetries. By Lemmas 2.9 and 3.15, the second factor on the right-hand side is

a product of 4 commutators of real J-symmetries. Therefore, −I4(k+1) is a product of 4k + 4 = 4(k + 1)

commutators of real J-symmetries. �

Now we are ready to prove Theorem 1.1.

Proof of Theorem 1.1. Let P ∈ Sp(2n,R), and let m = rank(P − I2n). By [4, Theorem 16], P can be written

as a product of m J-symmetries if J(P − I2n) is not skew-symmetric, and m+ 1 J-symmetries if J(P − I2n)

is skew-symmetric.
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Suppose J(P − I2n) is skew-symmetric. Then (J(P − I2n))
T

= −J(P − I2n) if and only if (PT −
I2n)(−J) = −JP +J . Hence, J(P −I2n) is skew-symmetric if and only if −PTJ = −JP , which is equivalent

to PTJP = JP 2. Since P is symplectic, J = JP 2, which implies that P is a real symplectic involution.

It follows from Lemma 2.7 that P is real symplectically similar to B = −I2n1 � I2n2 for some nonnegative

integers n1 and n2, with n1 +n2 = n. By Lemma 3.16, B is a product of 2n1 +1 = 3n1−2bn1

2 c commutators

of real J-symmetries if n1 is odd, and a product of 2n1 = 3n1 − 2bn1

2 c commutators of real J-symmetries

of n1 is even. Since P is real symplectically similar to B, m = rank(B − I2n) = 2n1. Hence, replacing each

instance of n1 with m
2 , we have that P is a product of 3m

2 − 2bm4 c commutators of real J-symmetries.

Suppose J(P − I2n) is not skew-symmetric. If m is odd, then by [5, Lemma 2(4)], P can be written as

a product of m+ 1 J-symmetries. By Lemma 3.14, P is a product of 3
(
m+1
2

)
= 3dm2 e commutators of real

J-symmetries. Finally, if m is even, then, by Lemma 3.14, P is a product of 3
(
m
2

)
= 3dm2 e commutators of

real J-symmetries. �
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