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EXPRESSING MATRICES IN SL,(F) AS PRODUCTS OF COMMUTATORS OF
UNIPOTENT MATRICES*

TRUONG HUU DUNG' AND VO THI VAN ANH#

Abstract. This paper aims to show that for two positive integers n > k, every nonscalar matrix in the special linear group
of degree n over a field can be written as a product of a maximum of two commutators of unipotent matrices of index k. This
fact also holds for scalar matrices over a quadratically closed field. Using GAP, some examples are provided to highlight the
significance of the field’s cardinality and to show that the assumption of quadratically closed fields is essential.
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1. Introduction.

1.1. Notations. Let F be a field and n be a positive integer. We denote by GL,,(F) and SL,,(F) the
general linear group and the special linear group of degree n over F, respectively. We also use the following
notations: M, x, (F) the set of all m x n matrices over a field F'; M,,(F') the set of all n X n square matrices
over a field F; diag(ay, aq,...,a,) the n x n diagonal matrix with the i-th entry on the main diagonal being
a;; and Ay ® Ay @ -+ @ A, the direct sum of r square matrices Ay, Aa,..., A,. An element A in GL,(F)
is said to be unipotent if there exists a positive integer k such that (A — I,,)¥ = 0, where I,, is the n x n
identity matrix. Moreover, if k is the smallest integer satisfying such property, then A is called a unipotent
matriz of indez k.

1.2. Unipotent matrices. This paper is mainly concerned with the question of whether every matrix
in SL,,(F) can be written as the product of (two or more) commutators of unipotent matrices of a given
index k. Here commutators of unipotent matrices of index k¥ mean elements of the form [A, B] = ABA~!B~!
where A and B are unipotent matrices of index k.

The decomposition of a matrix into a product of unipotent matrices has historically attracted significant
attention [1, 3, 4, 7, 9, 12, 20]. Writing an element as a product of commutators of unipotent matrices can
be seen as a nice description in this case. C. K. Fong and A. R. Sourour [7, Theorem 2| proved that every
matrix in SL,,(C) is a product of three unipotent matrices. Later, J. H. Wang and P. Y. Wu [20, Theorem
3.5] showed that these matrices can be expressed as products of at most four unipotent matrices of index 2
(with respect to the fundamental case k = 2). In 2021, X. Hou [12, Theorem 1.1] demonstrated that these
four unipotent matrices of index 2 can be rewritten as two commutators of unipotent matrices of index 2.
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While much attention has been given to matrices over fields, considerable investigation has also focused on
this decomposition over noncommutative rings, such as division rings [3] and the real quaternion division
ring [9, Corollary 1.3].

Our problem can also be placed in the context related to the Sandwich Classification Theorem (SCT)
for the lattice of subgroups of a linear group G that are normalized by the elementary subgroup of G. The
SCT plays a significant role in the structure theory of linear groups. The decomposition of unipotents was
introduced by N. Vavilov, E. Plotkin, and A. Stepanov. It provides a simple proof for the SCT. Recently
n [16], A. Stepanov continues a series of publications on the “decomposition of unipotents” method with a
new perspective on this decomposition related to the normal structure of Chevalley groups. By decomposing
unipotents, one may derive short polynomial expressions representing the conjugates of elementary generators
as products of elementaries. We refer the reader to relevant literature [14, 15, 18, 19] on this topic.

The main goal of this paper is to consider the problem on decomposition of matrices in SL,(F) into
products of commutators of unipotent matrices of index k, where k is a given positive integer greater than
1 and not exceeding n. Precisely, every matrix in SL,(F) can be written as a product of at most two
commutators of unipotent matrices of index k when the base field F' is a quadratically closed field. In
particular, for the case when matrices are nonscalar, it is important to note that F' may not necessarily be
a quadratically closed field. In this paper, the concept of a quadratically closed field is understood as a field
that has no quadratic extension. Especially, our results extend that of X. Hou [12] and J. H. Wang and P.
Y. Wu [20].

1.3. Outline. The structure of the article is as follows. We present the main results in two separate
sections: scalar matrices and nonscalar matrices. Section 2 focuses on the results concerning nonscalar
matrices, while Section 3 addresses those related to scalar matrices. The Appendix presents examples that
illustrate the main theorems from Sections 2 and 3 with the aid of the computational programs Maple and
GAP. Additionally, some open problems are posed for further exploration.

2. Decomposition of nonscalar matrices in SL, (F'). Based on our experience, the matrix decom-
position is often divided into two cases: scalar matrices and nonscalar matrices. The problems related to
nonscalar matrices seem particularly interesting [6, 8, 13]. Therefore, in this section, we consider the problem
of decomposing a nonscalar matrix into a product of commutators of unipotent matrices of given index k.

Let A be a unipotent matrix of index k in M,,(F'). It is straightforward to verify that A has eigenvalue
1 only, and its characteristic polynomial is (z —1)"™. By the Cayley—Hamilton theorem, (A —I,,)™ = 0. Since
k is the smallest positive integer satisfying (A — I,,)¥ = 0, it follows that & < n. Consequently, throughout
this paper, any reference to unipotent matrices assumes that their index does not exceed their size.

In the rest of the paper, the notation .J,, (1) denotes the Jordan block of size n corresponding to 1

110 0
0 1 1 0
J,(1)=10 0 1 - 0| cM,(F).
000 -~ 1

It is easy to verify that this matrix is a unipotent matrix of index n.
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The following two remarks can be easily verified.

REMARK 2.1. Let k > 2 be an integer and A € M,,(F) be a unipotent matriz of index k. Then, for any
matriz B € GL,,(F), the matriz B~YAB is a unipotent matriz of index k.

REMARK 2.2. Let 1 be a positive integer. Suppose that A= A1 ®As®---D A,., where each A; € M,,, (F)
is a unipotent matriz of index k;, for every i =1,...,r. Then, A € M,,(F) is a unipotent matriz of indez k,
where k = _max {k;} andn=ny+---+n,.
i=1,...,

(s

From Remark 2.1, we derive the following lemma, which will be utilized in the next section.

LEMMA 2.3. If a matriz A can be written as a product of £ commutators of unipotent matrices of index
k, then any matrix that is similar to A can also be expressed in the same form.

Proof. Suppose that
A = [X17Y1HX27Y2] tee [XZa}/da

with X7, Xs,..., Xy and Y7, Y5, ..., Y} being unipotent matrices of index k. Then, for any matrix B € GL(F),
B_IAB = (B_l[X17Y1]B)(B_1[X27}/Q]B) e (B_I[XZ7§/T€]B) = [CI7D1HCQ7D2] U [CZwDZ];

where C; = B7'X,;B and D; = B~'Y;B. According to Remark 2.1, C; and D; are also unipotent matrices
of index k. This completes the proof. ]

The following lemma describes the direct sum of products of commutators of unipotent matrices.

LEmMMA 2.4. If A; € SL,,,(F) is a product of ¢; commutators of unipotent matrices of index k; for
i =1,2,...,s, then the direct sum Ay @ --- & A; is a product of £ = max{{,...,{s} commutators of
unipotent matrices of index k = max{ky,..., ks}.

Proof. We only need to prove the case for s = 2. Suppose that A; = H§:1 [Xij,Yi;] € SLy, (F'), where
Xij,Yi; are unipotent matrices of index k;, for ¢ = 1,2. Without loss of generality, we can assume ¢; > /.
Set Xo; =Ya; = Iy, forall j € {fo+1,...,41}. Then,

Zl fl 51 Z1
Ava Ay = [ [0, Vi) @ [[1X2, Yoy = [T [0 Y] © [Xoj. Yoy ] = [ X0 © Xoj. Vi © Yoy,

j=1 j=1 j=1 =]

is a product of {; commutators. Moreover, by Remark 2.2, X;; ® Xy; and Y7; @ Y5; are unipotent matrices
of index k = max{kq, ka}. d

The next three results demonstrate the similarity between the direct sum of two matrices, which do
not share common eigenvalues, and a quasi-upper triangular matrix formed by them. A similar result for
matrices over the complex numbers can be found in [10, Theorem 4.4.22]. We noticed that the Kronecker
product presented in [10]. While our proofs differ slightly from those in [10] as they do not involve the use
of the Kronecker product, we use a result of Drazin [5, Theorem 1.1] to provide readers with an alternative
perspective, which is stated below.

THEOREM 2.5. [5, Theorem 1.1] For any field F, any m,n € N and any matrices A € M, (F), B €

M, (F) whose eigenvalues all lie in F, the following three properties of the pair A, B are equivalent:

(i) for any given polynomials f,g € F [t] there exists a polynomial h € F[t] such that f(A) = h(A)
and g(B) = h(B);
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(ii) A and B share no eigenvalue in common;
(iii) for n x m matrices X over F, AX = XB =X =0.

Using the equivalent conditions of Theorem 2.5, we present a sufficient condition for the existence of
solutions to the Sylvester equation AX — X B = C over a field F.

LEMMA 2.6. Let F be a field, and let A € M,,(F) and B € M,,,(F). If A and B have no eigenvalue in
common, then for every C' € My, xm(F), there exists an X € My xm (F') such that AX — XB =C.

Proof. Consider the linear transformation
T . Mnxm(F) — Mnxm(F)7

defined by T(X) = AX — XB. To prove this lemma, it is sufficient to show that T is an isomorphism.
According to Theorem 2.5, T is an injective linear map. Since dimpg M, (F) < oo, T is an isomorphism.0

Next, we show that the direct sum of two matrices without common eigenvalues is similar to a quasi-
upper triangular matrix formed by these two matrices.

COROLLARY 2.7. If A € M,,(F) and B € M,,,(F) have no eigenvalue in common, then A® B is similar

to the matriz

A C

0 B/’
for every matriz C € My, 5 (F).

Proof. According to Lemma 2.6, there exists a matrix X € M,,x,,, (F') such that AX — XB = C. In this

case, it is easy to verify that
A 0\ (I, =X\ (A C\ (I, -X
o B) \o I, 0 B)\0 I,/

Thus, the proof is completed. ]

The next two lemmas present a construction of a unipotent matrix based on two given unipotent matrices,
where the index of the new unipotent matrix is higher than the indices of the original unipotent matrices.

LEMMA 2.8. For integersn > k > 2 and m € {1,2}, if A € M,(F) is a unipotent matriz of index k and
B € M,,,(F) is a unipotent matriz of index m, then there exists an n x m matriz C such that the matriz

0 B

Proof. Let G = A—1I, and H = B — I,,,. Then, G¥ =0,G*"! #0, and H™ = 0, H™~! # 0. Here, if
m = 1, then H™ ! is understood as the identity matrix I;. Let us denote the entries in the i-th row and
j-th column of the matrices GF~! and H™~! by gi; and hy;, respectively.

A
D= ( O) s a unipotent matriz of index k + m.

Since GF~1 £ 0 and H™~! # 0, there exist nonzero entries g;,s, and h,,j,. Choose C as an n x m matrix
whose entry in the sp-th row and rg-th column is 1, and 0 elsewhere. Then, the entry in the ig-th row and
Jjo-th column of GF='C H™~1 is nonzero element g;,s, - hiryj,- Therefore, GF"1CH™~1 2 0. Finally, we need
A

to show that with the chosen C, the matrix D = ( 0 B

) is a unipotent matrix of index k 4+ m. It is easy

to compute that for every integer s > 2,

s G G5710+G572CH
(D = Inym) :(0 0 )
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If m =1, then
Gk GkC
D1, )t = —
( n-l—l) < 0 0 > Oa
and

Gk-‘rl Gk—lc
(D—Inm’“:( A )#o.

Thus, D is a unipotent matrix of index k£ + 1.

If m = 2, then
Gk+2 Gk+1C + GkCH
D —1I,.5)"? = =0
( +2) ( 0 0 ) )
and k41 k k—1
G G'C+G*~"CH
(D = Ip2)" = ( 0 0 ) 70
Thus, D is a unipotent matrix of index k + 2. O

LEMMA 2.9. Let n > k > 2 be two integers. If A € M,(F) is a unipotent matriz of index k and
B € My(F) is a unipotent matriz of index 2, then there exists an n X 2 matriz Y such that the matriz

AY
D= (O B) s a unipotent matriz of index k + 1.

Proof. As demonstrated in the proof of Lemma 2.8, a matrix C' of size n x 2 can be found such that for
every integer s > 2, the following holds:

s Gs Gs—10+Gs—20H
(D1 = Iny2) (0 0 >,

A C
0 B
integer s > 2, we have:

AY

where Dy = < 0 B

>, G=A—-I,and H=B—1I,. Let Y =GC and D = ( > Then, for every

s G* GC+GCH
(D~ Ip») =(0 ‘ )

Therefore, (D — Iy42)*' = 0 and (D — I,42)" # 0. This completes the proof. d

Next, we demonstrate that the direct sum of two commutators sharing no eigenvalue in common is also
a commutator.

LEMMA 2.10. Let A € M, (F) and B € M,,(F) be two matrices with no eigenvalue in common. If
A=[X,Y] and B = [S,T], then A® B is a commutator of two matrices.

Proof. For any n x m matrices C and F, let U = <)5 §>7 V= G; g), and W = [U,V]. By

calculation, we obtain W = (81 2)7 where

7 =—AFET ' — AYCS 'T~ '+ XES 'T~'+crs'T'.

Since A and B share no common eigenvalues, by Corollary 2.7, A @ B is similar to the matrix W; in other
words, there exists an (n +m) x (n + m) matrix P such that A ® B = P~!WP. Therefore, A B =
[P~'UP, P~V P|. The proof is completed. 0
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The following two corollaries indicate that the direct sum of two commutators of unipotent matrices can
be expressed as the commutator of two unipotent matrices of a higher index.

COROLLARY 2.11. Letn >k > 2 and m € {1,2} be integers. Suppose that A € M, (F) and B € M,,,(F)
are two matrices sharing no eigenvalue in common. If A is a commutator of two unipotent matrices of
index k, and B is a commutator of two unipotent matrices of index m, then A ® B is a commutator of two
unipotent matrices of index k + m.

Proof. Suppose A = [X,Y] and B = [S,T], where X and Y are unipotent matrices of index k, and S, T
are unipotent matrices of index m. According to Lemma 2.8, there exist n x m matrices C' and E such that

the (n+m) x (n4+m) matrices U = <)0( g) and V = (3(; jE;) are both unipotent matrices of index k+m.

As proven in Lemma 2.10, there exists an (n+m) x (n+m) matrix P such that A® B = [P~'UP,P~'V P|.
Since U and V are unipotent matrices of index k 4+ m, by Remark 2.1, P"'UP and P~V P are unipotent
matrices of index k + m as well. O

Note that, according to Corollary 2.11, if the matrix A is a commutator of two unipotent matrices of
index k and 1 is not an eigenvalue of A, then the direct sum A @ (1) is a commutator of two unipotent
matrices of index k + 1.

In the proof of Corollary 2.11, by utilizing Lemma 2.9 instead of Lemma 2.8, we obtain the following
result.

COROLLARY 2.12. For integers n >k > 2, let A € M, (F) and B € Ma(F). Suppose A and B share no
eigenvalue in common. Then, if A is a commutator of unipotent matrices of index k and B is a commutator
of unipotent matrices of index 2, then A ® B is a commutator of unipotent matrices of index k + 1.

The following corollary is analogous to a result in X. Hou [12, Lemma 2.3].

LEMMA 2.13. If a is a nonzero element in a field F satisfying a®> # —1, then the matriz

(b

is a commutator of two unipotent matrices of index 2.

1 1
Proof. If a®> = 1, then A = I = [J5(1), J2(1)], where J2(1) = <O 1) is a unipotent matrix of index 2.

If a® # +1, then A = [X,Y], where

2a° (a2+1)_1 (a* +2a® —2a — 1) [(a2—|—1)2]71

X = )
—(a-1)(a+1)7" 2(a2+1)""

and

v— |2 (a? + 1)_1 —(a*—=2a*+1)a™! {(a2 + 1)2] o
)

a 2a? (a2+1 -t 7

are two unipotent matrices of index 2. 0
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From the above lemma, we can construct a diagonal matrix that can be expressed as a commutator of
unipotent matrices of a given index. The following theorem and its corollary present results related to this
construction.

THEOREM 2.14. Let F be a field and
CL%, (a%)_l,a%’ (a%)_17 EERE) a’ ) (agn)—l’
be distinct elements in F'\ {0,£1}. Then, for an integer
ke{23,....2m},

the matriz
A = diag (a%, (@)™t a2, (a2)71, ..., a2, (a?n)_l) ,
is a commutator of unipotent matrices of index k.

Proof. We can express A as A=A & Ay @ -+ @ Ay, where A; = diag(a;?, (a;2)71) for j =1,2,...,m.
The matrices Ay, ..., A,, share no eigenvalue in common, and each of them is a commutator of unipotent
matrices of index 2 by Lemma 2.13. Let k = 2m — r, with r € {0,1,...,2m — 2}.

If r is even, then taking into account Corollary 2.11 successively to the matrices A1, Aa, ..., Apy—z, we
obtain the matrix A1 ® A, & ... D Am—g as a commutator of unipotent matrices of index k = 2m — r.
Therefore, by Lemma 2.4, A is a commutator of unipotent matrices of index k = 2m — r.

The case that r is odd is similar. Applying Corollary 2.11 successively to the matrices Aq, Ao, ...,
Amf#, we obtain the matrix A’ = A @ A, & --- @ Amf% as a commutator of unipotent matrices of
index 2m — r — 1. By Corollary 2.12, the matrix A’ ® A, _ =1 is a commutator of unipotent matrices of
index k = 2m — r. Therefore, by Lemma 2.4, A is a commutator of unipotent matrices of index k = 2m —r.

Hence, in both cases, A is a commutator of unipotent matrices of index k. ]

COROLLARY 2.15. Let F be a field, and
a%V (a‘2)_17a37 (az)_l7 A ] a’l2TL7 (a'r2n)_17
be distinct elements in F'\ {0,£1}. Then, for an integer
ke{23,...,2m+ 1},

the matriz
A= dlag (17 a’%v (a%)717a§7 (0’5)717 ce 7a2 ’ (agn)il) )

is a commutator of unipotent matrices of index k.

Proof. By Lemma 2.13, each matrix diag (a?, (a?)~') is a commutator of unipotent matrices of index 2
for all i = 1,2,...,m. So, applying Lemma 2.4, we obtain that A is a commutator of unipotent matrices of
index 2.

Next, we prove this corollary in the case where the index is greater than 2. For k € {3,4,...,2m + 1},
according to Theorem 2.14, the matrix

diag (a%, (a%)_l, a%, (a%)—l, . al (a2 )_1) ,

mo m

is a commutator of unipotent matrices of index k — 1. By applying Corollary 2.11, we obtain that A is a
commutator of unipotent matrices of index k. 0
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Next, we present a theorem attributed to Sourour [17, Theorem 1]. The factorization provided by this
theorem is useful for the main result discussed in the section.

THEOREM 2.16. [17, Theorem 1] Let A be a nonscalar invertible n x n matric over a field F' and let b;
and ¢; (1 < j < n) be elements of F' such that H;.lzl bjc; = det A. There exist n x n matrices B and C with
eigenvalues by, ..., b, and cy,...,cy, respectively, such that A = BC. Furthermore, B and C' can be chosen
so that B is lower triangularizable, and C is simultaneously upper triangularizable.

The following theorem presents the decomposition of a nonscalar matrix in SL,,(F') into a product of
commutators of unipotent matrices of a given index. This is one of the main results of this paper.

THEOREM 2.17. Let n > k > 2 be two integers and F' be a field having at least 2n + 3 elements. Every
nonscalar matriz A € SL,,(F) can be decomposed into a product of at most two commutators of unipotent
matrices of index k.

Proof. We consider two possible cases.

Case 1. n is even. Assume n = 2s. Choose

a%? (a%)717a§7 (ag)il’ ) as? (a3)717
as distinct elements in F'\ {0,£1}. According to Theorem 2.16, there exists matrices B and C such that
both matrices have eigenvalues

af, (7)™ a3, (a3) 7, ad, (a2) 7,

and A = BC'. In this case, both B and C' are similar to the matrix

D = diag (a%, (@)t a3, (a3)7 ..., a2 (a2)_1) )
Since 2 < k < 2s, according to Theorem 2.14, the matrix D is a commutator of unipotent matrices of index
k. Therefore, A is a product of two commutators of unipotent matrices of index k.

Case 2. n is odd. Assume n = 2s + 1. Choose
a’%7 (ai)_17a§7 (a%)_l’ ) a2 (a’2)_1’

as distinct elements in F'\ {0, +1}. By Theorem 2.16, there exists matrices B and C such that both matrices
have eigenvalues

17 a%’ (a2)71’ a%’ (a§)717 ctt 7a‘§7 (a’g)i:l?

and A = BC'. In this case, both B and C are similar to the matrix
D = diag (17 a3, (@) a3, (a3)7 ..., a2 (a2)_1) .

Since 2 < k < 2s+ 1, by Corollary 2.15, the matrix D is a commutator of unipotent matrices of index k. It
implies that A is a product of two commutators of unipotent matrices of index k. ]

3. Decomposition of scalar matrices in SL,(F). There are many papers that only decompose
nonscalar matrices (see, for example, [6, 8, 13]). Therefore, the case of scalar matrices seems to be more
challenging. In this section, we consider the problem of decomposing scalar matrices in SL, (F') into a
product of commutators of unipotent matrices of a given index k, where F' is an quadratically closed field.
Because a quadratically closed field is a field that has no quadratic extension, every its element has a square
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root. Moreover, given that every finite field IF, has at least one quadratic extension Fg2, it follows that a
quadratically closed field must be an infinite field.

First, we state some properties related to a finite-order element in a field. Recall that the order of an
element a of a field is the smallest positive integer m such that a™ = 1. If m exists, a is said to be finite
order.

LEMMA 3.1. Let F be a field and a € F\ {1} be an element of order m. Then:
(i) a* #a’ foralli,j €{0,1,...,m —1} and i # j.
(ii) If a™ =1, then m is a divisor of n.
Proof. First, let us prove (i). Suppose a’ = a’ for some
i,7€{0,1,...,m— 1},
and ¢ > j. This implies a®7 =1 and 0 <4 — j < m — 1. Due to the minimality of order m of a, it must be
i = j. Hence, (i) is true.

Next, we prove (ii). Assume the division of n by m yields a quotient ¢ and a remainder r, meaning
n=gqgm+r with 0 < r < m. Since 1 = a" = a9 = a", by the minimality of m it follows that r = 0.
Thus, m is a divisor of n. 0

REMARK 3.2. Let F' be a field containing enough elements and m be the order of an element a € F\{1}.
By the above lemma, the elements 1,a,a2,...,a™ " are distinct. In this case, we can choose distinct elements
b1,ba,...,bs in F\ {0,£1} such that

biy (b:)2,bibj, b (b)) & {1,a,...,am 1},
foralli,j € {1,2,...,5} and i # j. Indeed, first, we choose by in F such that by, (b1)? ¢ {1,a,...,a™ '}.
Then, for each i = 2,3,...,s, we choose b; € ' such that

bi, ()%, b, b; ()" ¢ {1,a,...,a™ "},
foralli,j€{1,2,...,s} and 1 < j <i. With these chosen elements by, ..., bs, the elements

1,a", b, (bi) ™, bia®, (bs) '’
are distinct for every i € {1,2,...,s} and £ € {1,2,...,m —1}.
The following lemma presents the problem of decomposing a scalar matrix in SL,,(F') into a product

of commutators of unipotent matrices of index 2. This result is analogous to the one by X. Hou (see [12,
Theorem 2.7]).

LEMMA 3.3. Let F be quadratically closed field. Every matric A = al,, in SL,(F) can be expressed as
the product of at most two commutators of unipotent matrices of index 2.

Proof. Assume n is odd. We can write A = BC, where B = diag (a,a?,...,a""',1) and C =

diag (1, a" ' ... a2, a). Both B and C' are similar to the matrix

(1) @ diag (a, a"_l) @ diag (aQ,a"_Q) @ - --diag (anT_l,anTl) .

If a* = a" %, then (a¥)? = 1 for k € {1,2,...,(n —1)/2}. It implies that a* = 41. In the case where F
is a field of characteristic 2, we have a* = 1. If F is a field of characteristic not 2, then it is impossible to
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have a®* = —1 because 1 = (a")* = (a¥)" and n is odd. Thus, for every k € {1,2,...,(n — 1)/2}, either

ab =a" % =1 or a* # @™ F. In both cases, each matrix diag (ak, a”_k’) is a commutator of two unipotent

matrices of index 2 for every k € {1,2,...,(n —1)/2} by Lemma 2.13. Hence,
(1) @ diag (a, a"_l) @ diag (a2,an_2) @ ---diag (aﬂ,a%ﬂ) ,

is a commutator of two unipotent matrices of index 2 by Lemma 2.4. Therefore, A is a product of two
commutators of unipotent matrices of index 2.

Assume n is even. We can write n = 2m. Choose b € F \ {0,41} such that b*> # a’ for every
j=1,2,...,n. We have A = BC where

B = diag (ab, abil) & diag (asb, a3b*1) @ --- @ diag (azm*lb, anflb*I) ,

and
C = diag (b_l7 b) @ diag (an_Qb_l, agm_Qb) @ -+ P diag (aQb_l, a2b) .
The matrix B is similar to the matrix <@ diag (a2i’1b, a2m2i+1b1)> . Foreachi=1,2,...,m, the matrix
i=1

diag (a%_lb7 a2m_2i+1b_l) is a commutator of two unipotent matrices of index 2, by Lemma 2.13. Thus,
by Lemma 2.3 , B is a commutator of two unipotent matrices of index 2. The matrix C is similar to the

matrix (@ diag (a2z_2b7 a2m—2z+2b_1)>. For each ¢ = 1,2,...,m, the matrix diag (an_zb, a2m_21+2b_1)
i=1

is a commutators of two unipotent matrices of index 2, by Lemma 2.13. Thus, by Lemma 2.3, C' is a
commutator of two unipotent matrices of index 2. Hence, A is a product of at most two commutators of
unipotent matrices of index 2. ]

The decomposition of scalar matrices in SL,,(F') into a product of commutators of unipotent matrices
of a given index is presented in the following theorem. This is the third main result of the paper.

THEOREM 3.4. Let n > k > 2 be two integers and F' be a quadratically closed field. Each scalar matriz
in SL,(F) can be decomposed into a product of at most two commutators of unipotent matrices of index k.

Proof. Let A = al,, € SL,,(F) for some a € F'\ {0}. The proof is divided into two cases:
Case 1. a =1.

The result of theorem follows from A = I, = [B, B], where B = Ji(1) & I, _.

Case 2. a = —1.

If F has characteristic 2, then A = I,, = [B, B] where B = Ji(1) ® I,,_;. If F has characteristic not 2,
then n must be even. Let n = 2s and choose

af, (7)™ a3, (a3) 7, a2, (a2) 7Y,
as distinct elements in F'\ {0, £1}. We can write A = BC where
B = diag (af, ()", a3, (a3) ", ad, (a2) 7)),

and
C = diag ((—a%)_l, —a%, (—a%)_l7 —a%, ol (—az)_l, —a2) .
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Since 2 < k < 2s, by Theorem 2.14, both B and C' are commutators of unipotent matrices of index k. Thus,
A is a product of two commutators of unipotent matrices of index k.

Case 3. a # £1

q
Let m be the order of a. By Lemma 3.1, we can write n = gm and A = (@ aIm), where ¢ is some
i=1
integer. Suppose k = sm +r with 0 < r < m.

Case 3.1. m is even.

q
Since k > 2 and ( ) aIm) is a product of at most two commutators of unipotent matrices of index 2

1=s+2
s+1
by Lemmas 3.3 and 2.4, we only need to prove that (@ aIm> is a product of two commutators of unipotent
i=1

matrices of index k. By Remark 3.2, we can choose distinct elements by, b, ..., bsy1 in F'\ {0,41} such that

a2z71bt,am72l+1bt—17a2172bt’am72z+2bt—1’

are distinct for every ¢ = 1,2,...,% and t = 1,2,...,5+ 1. Then, for each t = 1,2,...,s + 1, by the proof

of Lemma 3.3, we can write al,,, = B;C}, where B; is similar to the matrix
m/2

B, = [ @ diag (® *bam 25,7 |
i=1

m/2 ) ) s+1
and Cy is similar to the matrix C} = | € diag (a2’*2bt, am*2’+2bt_1) . Thus, it follows that <EB aIm) =
i=1 i=1
s+1 s+1 s+1 s+1
) Bt) is similar to B’ = (@ Bg), and C = (EB C’t) is similar to C" = <@ C’g)
t=1 t=1 t=1 t=1

BC, where B = (

Since 2 < k < (s + 1)m, by Theorem 2.14, both B’ and C” are commutators of unipotent matrices of index
s+1

k. Therefore, (@ alm) is a product of two commutators of unipotent matrices of index k. Thus, A is a
i=1

product of two commutators of unipotent matrices of index k.

Case 3.2. m is odd.
Case 3.2.1. ¢ = 1.

In this case, it follows that n = m and 2 < k < m. According to the proof of Lemma 3.3, we can write
A = BC, where B = diag (a,a?,...,a"*,1) and C = diag (1,a""%,...,a? a). By Corollary 2.15, both B
and C are commutators of unipotent matrices of index k. Therefore, A is a product of two commutators of
unipotent matrices of index k.

Case 3.2.2. q > 2.

Let
2L if ¢ is odd
Yq =
4,if ¢ is even.
It is easy to see that if ¢ is odd, then ¢ = 27, — 1, and if g is even, then ¢ = 2v,. By Remark 3.2, we
can choose distinct elements by, b, ..., b, in F'\ {0,%1} such that elements a’,b;, (b))t bia’, (b))~ tat are
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distinct for all i € {1,2,...,7,} and £ € {1,2,...,m —1}. Foreach i =1,2,...,7,, let
Bil = dlag (bz, abi, azbi, ey amilbi) s
Big = diag ((bi)_l,a(bi)_l,GQ(bi)_l, ey &m_l(bi)_l) s
Cﬂ = diag ((l(bi)_l, (bi)_l,am_l(bi)_l, ey ag(bi)_l) s
Cio = diag (abi7 b, a™ b, ... 7azbi)
D; =al,, ®al,,.

Then, we can write D; = B;.C;, where B; = B;1 @ Bz and C; = C;; @ Cj2. Both B; and C; are similar to
the matrix

E; = diag (bi7 (bi)_l) @ diag (abi, am_l(bi)_l) @ diag (aQbi7 am_Q(bi)_l) @ - @ diag (am_lbi, a(bi)_l) )

Yq Yq Yq Yq Yq
If g is even, then A = (@ Di> = (@ Bi) . (@ Ci>. Both (@ Bi> and (@ Ci) are similar to the
i=1 i=1 i=1 i=1 i=1

Ya

matrix £ = | @ EZ> Since 2 < k < n = 2yym, by Theorem 2.14, E is a commutator of two unipotent
i=1

matrices of index k. Therefore, A is a product of two commutators of unipotent matrices of index k.

Yq—1

If ¢ is odd, then A = ( ) Di> @ al,, = BC, where
i=1

Ya—1
B= ((@ Bi> @diag(l,a,aQ,...,am_l)> ,

i=1

Ya—1
C= ((@ C’i> @ diag (a,l,am_l,...,a2)> .

and

i=1
Yg—1 mod

N _ _
E |®| & diag (al,amz)>. It is clear that
i=1 i=1

7

Both B and C are similar to the matrix £ = (1) @ (

2 <k <n = (2y, — 1)m. Therefore, by applying Corollary 2.15, we conclude that E is a commutator of
unipotent matrices of index k. Thus, A is a product of two commutators of unipotent matrices of index k.0

As a direct consequence of Theorems 2.17 and 3.4, we obtain the following result.

COROLLARY 3.5. Let n > k > 2 be two integers and F be a quadratically closed field. Fach matriz in
SL,.(F) can be decomposed into a product of at most two commutators of unipotent matrices of index k.

Appendix and open problems. In the appendix, we use GAP to provide examples involving Theorem
2.17 and Theorem 3.4. The examples presented here consider matrices within the special linear group of
order n over the finite field F,. For specific positive integers n, ¢, and k, the GAP code to determine if there
are any elements in SL,,((F'),) that are not the product of at most two commutators of unipotent matrices
of index k is as follows:

# After input n, q and k, create the special linear group of order n over F_q
gap> G:=SL(n,q) ;
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gap> I:=Identity(G);
gap> zero:=I-I;

# Construct a function to check if a matrix is an unipotent matrix of index k.
gap> localVars:=List([1..k],x -> 0);
gap> sa_uni:=function(4)

> local j, tem, F;

> tem:=1;

> for j in [1..k] do

> localVars[j]:=(A-I)*tem;
> tem:=localVars[j];

> od;

> F:=zero;

> if localVars[k] = zero and localVars[k-1] <> zero then
> F:=A;

> fi;

> return F;

> end;

# Construct the set uni_set containing all unipotent matrices of index k in G.
gap> uni_set:=Set([]);
> for A in G do
if sa_uni(A) <> zero then
AddSet (uni_set,A);
fi;

vV V V V

od;

# Construct the set lcom_set containing all commutators of unipotent matrices of index k
gap> lcom_set:=Set([1);

> for B in uni_set do

> for C in uni_set do

> AddSet (1com_set,Comm(B,C));
> od;

> od;

# Construct the set 2com_set containing all commutators of unipotent matrices of index k
gap> 2com_set:=Set ([1);

> for B in 1com_set do

> for C in 1com_set do

> AddSet (2com_set ,B*C) ;
> od;

> od;

# Conclusion
gap> if Size(Union(lcom_set,2com_set)) = Size(SL(n,q)) then

> Print ("Every element of G is the product of at most
two commutators of unipotent matrices of index k.");
> else
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> Print ("Some elements of G are not the product of at most
two commutators of unipotent matrices of index k. They are:");
> Print (Difference(SL(n,q), Union(lcom_set, 2com_set)));
> fi;

Because the code will take a long time to run in GAP when SL(n, ¢) has many elements, we apply this
code to small values of n and q.

Using the above code, we present the following three examples to illustrate the importance of the number
of elements in F' in Theorem 2.17:

Example 1. n = 2,q = 8,k = 2 (nonscalar, enough elements, true). Since Fg has more than 2n +3 =7
elements, it satisfies the condition of Theorem 2.17. Moreover, every nonscalar matrices in SLo(Fg) is
decomposed into a product of at most two commutators of unipotent matrices of index 2.

Example 2. n = 4,9 = 2,k € {2,3,4} (nonscalar, not enough elements, true). In this case, Fy has fewer
than 2n + 3 = 7 elements. However, every nonscalar matrices in SL4(F2) is decomposed into a product of at
most two commutators of unipotent matrices of index k.

Example 3. n = 2,q = 2,k = 2 (nonscalar, not enough elements, false). The field Fy has fewer than
1
2n+3 = 7 elements and <(1) 0) is a nonscalar matrix in SLy(IF3) that cannot be decomposed into a product

of one or two commutators of unipotent matrices of index 2.

The sufficient condition in Theorem 3.4 is that F' must be an quadratically closed field. Next, we provide
an example that Theorem 3.4 is not true when F' is not an quadratically closed field by using the above
code.

Example 4. n = 2,q = 5,k = 2. The field F5 = {0,1,2,3,4} is non-quadratically closed field. There
exists a scalar matrix of SLa(F5) that cannot be decomposed into a product of one or two commutators of

4
unipotent matrices of index 2. This matrix is 415 = (0 2)

Additionally, we apply the results from Section 2, combined with the use of Maple, to express a specific
matrix A € SL,,(R) as a product of two commutators of unipotent matrices of index k < n, considering the
cases n =3 and n = 4.

1
Example 5. Consider A = | —1
1 -1

6 3
3 1] € SL3(R). In Case 2 of the proof of Theorem 2.17, by choosing
0

1
1
a; = —, A can be written as A = BC, where B = | —1

0
3
V3 o

3

are similar

w—= o O
o
=]
o,
Q
|
S O =
wl—wlik O

6
3
0
), we can compute

1
to diag (1, 3 3). By using the proofs in Section 2 (from Lemma 2.8 to Theorem 2.17

A = [By,C4] - [B2,C3], where By, Cq, Ba, Csy are unipotent matrices of index 2, and A = [Bs, Cs] - [By, Cy),
where Bs, C3, By, Cy are unipotent matrices of index 3. Specifically,
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1 0 0 1 0 0
Bi—| 5-3/3 -14v3 -Bi83|.a=| 1+4vE L-1v3 -5V3 |,

9 5 21~ 21 5 5 1 7, 49 31
—mtaY3 GTomv3 3-8 —%6—aV3 §tgV3 2+5V3
13 Zo3p R VG
Bo=(0 1433 d-15) = (0 1+LvE —1h1vs)

R R 0o 13 i-iv

59 , 13 35 _ 21
SRSV B M
N R AR A VRO
—ts V3 G -av3 T 1VE
29 _ 13 21 21
RonY3 L+ nV3 3+V3
Ca=| #—-V3 —H+5V3 —3+3V3],
37 9 77 35 97, 1
— V3 @ tisV3 Tt V3
1 §-§v3 -15V3 1 —g+5V3 H+1Vv3
Bi= (0 {+1v3 H-1RVB8]|.Ci=|0 1+iV3 —1+3V3
0 -3-1v3 1-1va VA B
1 2 -2 =2
. 2 5 -3 —4
Example 6. Consider A = 5 1 4 € SL4(R). In Case 1 of the proof of Theorem 2.17,
-1 0 5 9
2 0 0 0
by choosi L 1Ab'tt A = BC, where B 4%()0 dC
choosing a1 = —,a2 = — can be written as A = where B = an =
Y g a1 \/ga 2 \/5’ ’ 9 0 3 0
1
1 -2 1 3 3
5 1 -1 -1
0 2 2 . . 1.1 . . .
0 o0 1 are similar to diag 5,2,§,3 . By using the proofs in Section 2 (from Lemma 2.8 to
3
0 0 0 3

Theorem 2.17), we can compute A = [By, C1] - [Ba, Cs], where By, C1, Ba, Cs are unipotent matrices of index
2, A = [Bs,Cs] - [Ba4, Cy4], where Bs, Cs3, By, Cy are unipotent matrices of index 3, and A = [Bs, Cs] - [Bg, Cs],
where Bs, (5, Bg, Cg are unipotent matrices of index 4. Specifically,

9 102 -2+ 8Vv2 0 0
1885 _ 3584./9 -5 +10v2 0 0
Bi=| 1 B plmess 1 _itgi03 1,3 16_sj|
15 15 12 2 3 2 9 9
+ 2-V3

th 12 p ML 7125463 2

120 " 45 80 2
5 2 5
156\/5;1;8g 4_%65 . 0 0
G = e Jr1ﬁ22§ 15 3.2 162 1 01 80 ’
V23 +E2VE 0 RV2- V3 S -5v3 B
37 344 407 9 21 3 1
V2RV SI43V2-2V8 R -5V3 S45V3
8 4 11 2 454 92 1 361 224 27
55V2 —g iV SR V24 Ve S - V2 -3
B |3-2v2 -S+3vz 384 28V2-5V3  GR - 10V2+ V3
oo 0 -3V3 I+ V3 ’

0 0 2-V3 V3
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P p
$43VE i3V §-2VE- 4B -1 BVI-BY
o | e —lvae: Tna-14 i 2veri-ius
) =
0 0 3+ lx/ -3 FV3 ’
1_1
0 0 V3 1-1V3

247 495 _ 45 15 189 225 495 81 15 5 15 5

3%7§ 1%§6f+12281 1$+ f 13222634»210563 752112 7113778 0 451+ 5f+ 755 ’
Bs = %2889 20\1er540\[+ 5995 0, 4\[+112f 82021+ 491/5787%1\/6 261380+ \[+ 713?\/§ s

1§§g1+;936§) _m 2362;\/6 34-"_ gﬁf Gf _H_mf+25§ﬁt@ 0 7_7\/7 63\/7_'—% s

5 5 5

600 T 3_% ~ Foo0 V6 _?"'?\/6_6\/3 _*_*\["' 6\/§+§\/€ 15 2v2 - 1Lf)\/6'~'\/§

—5V2 5?2\/5+‘$2é+?§§\/5 2-13V3 V2~ m VO — 85 — 5553 ACRE AL
o — — o0 + 5 V3 ReV2+ de Ve 1§+ ffﬁ -V —3p V3T RVZ-anVe 5 - 3V2H 5V + Vo

3 = ; - - )
125V2+ 555 V6 — 351 — w0 V3 V2 5V3 —30V2+ 513V + 35 + 5 V3 BV2— 35 V3
o~ w0 V3HIRV2EagVe -3 -3VZHVBo VB R VB RV2o V6 T4 IV2- 5B g
So4VE B HIVE BBV BVE+ BV BB 821f+m
3-2v2 —Z2+34V2 —35+26f—%\/5+%\/§ H6_28./3_49./54 3%
Ba= 3 7,5 ’
0 0 2-3V3 —I+3V3

0 0 2-V3 3V3
1+ 1v3 —%—%ﬂ B 8V3-BVE+ VG —ﬂ—%ﬁgw mf
3V2 +2 2-1 V24 5V6+ 5 3
0
0

G = 3, 1 37 ’
5+1v3 —i 163
1 1 _ 1
0 V3 113
6025 | 1329 /3 _ 2243 2703 105 15 189 _ 207 189 369 15, 5 5 5
o2 T as V3~ T3 V2 256\/6 - 16 \/§+T\/6 T 128 206\/§+256\/§+5(1)2\/6 E‘*"\[_%Q‘[_’\/g
148087 | 33527 1010867 16781 443 _ 152 88 299 333 _ 359 651 157 38 | 76 299
B5 — 1800 T 1200 21600 2- 600 \/6 7T57ﬁ\/§+?\/§+ﬁ\/6 7W7W\f+ szn\f+ sn\f 5t 377 T 180 6
I NERSE VR N R R B NCEE IR Y 7% 7% 6 & -EVE+ VIV
UL SELGNERVIL VG W RIS 0VE e BVE-BVI-BE b8V IV RV
—HV2-ERVEH SR SRV B f*f*f“"f 512 V2+ 03 %23 E?Z 3 f£ﬂ+£+i\/§f%\@
75311 | 32621 3659 68477 209 | 23 151 309 _ 317 147 589 83 73 151
C _ 3600 T 2400 \/7710800\/57 4800\/6 —30 T3 ‘[+ *ﬁ*m‘[Jrﬁ‘/i*ew‘/é %*ﬁ‘[Jrgo 180
- 323 2703 2053 _ 30877 5 _ 189 369 253 | 365 15 5 ’
128f+ 56 V0 — 53 — F760 V3 _ﬁ‘["' 3_7 6 —3% 2_512\/6+128+768 3 32\[—*—m\[+ V6
3109 _ 2607 4973 12613 16 21 29 24 117 | 93 447 4,17 4 29
_W_W\f"' 900\["" 800 5 2= \[+ \f B0 T80 3_7 — 520 V6 5t 2_3\f+%\[
8 __ 4 1, 2 ,@,f 193 96 _ 313 _ 1891 _
3 3 \/i 9 3 \@ \[ 3+ \[ Jr 5 120 120 2 120 6
3-2v2 -2+34V2 —41—%x/§+5—2?\/§+2\/6 361 4 120 /3 97, /2 - 3LV/6
B6 = )
0 0 2-23 R ]
4 8 16
0 0 2—-v3 3V3
4 41 _4_ 1 22 _ 21 5 2 _ 269 _ 89
§+§‘/§ 9 Bﬁ 15 \T‘F 6\/§ 120\f+ 2 120 6
1 1
2 3
Ce =

[SJ[°]
+

1
4

N -
0
0 V3

o /5
2 25 5 1 79 31 89 33
V245 -RV2-5-3vBeVE RV2- Ve R+ V3
0 V3

0

W=
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We close the work with five intriguing questions. In the proof of Theorem 4.4, we use the following two
properties of a quadratically closed field F":
(1) every element in F' has a square root,
(2) F is an infinite field.
This raises the following question:

Question 1. Given that F is a finite field with property (1), specifically F' = Fyx, does Theorem 4.4 still
hold?

The main theorem states that for two positive integers n > k, every nonscalar matrix in the special
linear group of degree n over a field can be written as a product of at most two commutators of unipotent
matrices of index k. This fact is also true for scalar matrices over a quadratically closed field. Therefore, we
inquire whether two is indeed the smallest such number.

Question 2. For two positive integers n > k > 2, is there an n by n matrix that can be expressed
as a product of two commutators of unipotent matrices of index k, but cannot be expressed as a single
commutator of unipotent matrices of index k7

According to [11, Lemma 2.8], if n = k = 2, then — I can be expressed as a product of two commutators
of unipotent matrices of index 2, but it cannot be expressed as a single commutator of unipotent matrices
of index 2.

Next, our questions concern further research on matrices over general rings, specifically focusing on
division rings and local rings, stemming from recent main results obtained in [2, 3, 9].

Note that our obtained results can be seen as a generalization of Hou’s results concerning matrices over
the field of complex numbers in the study of decomposition into commutators of unipotent matrices of index
2. On the other hand, it is shown in [9] that every matrix in the special linear group of degree n over the real
quaternion division ring can be expressed as a product of at most three commutators of unipotent matrices
of index 2. Moreover, three is the smallest such number, illustrated by —1I,, for odd n. With these insights,
we hope that the answer to the following question is affirmative.

Question 3. For two positive integers n > k, can every matrix in the special linear group of degree n
over the real quaternion division ring be expressed as a product of at most three commutators of unipotent
matrices of index k7

Question 4. For two positive integers n > k, can the matrix —I, be written as a product exactly three
commutators of unipotent matrices of index k if n is odd?

The final question arises from the main tool we use, which is Sourour’s theorem [17, Theorem 1]. A
recent generalization of Sourour’s theorem for matrices over local rings is provided in [2]. Therefore, we now
focus our attention on the following challenging problem.

Question 5. For two positive integers n > k, does the special linear group of degree n over a local
ring coincide with the group generated by commutators of unipotent matrices of index k& and can matrices
decompose if this is the case?
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