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ON SOLUTIONS OF MATRIX EQUATION AX = B OVER A BEZOUT DOMAIN*

VOLODYMYR M. PROKIP?

Abstract. Let Ri,n be the set of m xn matrices over a Bezout domain R with identity e # 0 and let O,k be the zero mx k
matrix. Further, let d;(A) € R be an ideal generated by the i-th order minors of the matrix A € Rim,n, ¢ = 1,2, ..., min{m,n}.
In this article, we investigate a structure of solutions of a matrix equation AX = B, where A € Rim,» and B € Ry, ; are known
matrices and X is unknown matrix over R. It is known that matrix equation AX = B is solvable over a Bezout domain R
if and only if rank A = rank Agp = r and d;(A) = d;(Ap) for all ¢ = 1,2,...,r, where Ap = [A B} . On the other hand,
AX = B is solvable over R if and only if matrices [A Om,k] and Ap are right-equivalent, that is, the Hermitian normal forms
of these matrices coincide. In this article, we give alternative necessary and sufficient conditions for the solvability of equation
AX = B over a Bezout domain R. If a solution of this equation exists, we also give an algorithm for its construction. We prove
also that the matrix equation AX = B over R has a symmetric solution if and only if AX = B has a solution over R and the
matrix ABT is symmetric. If symmetric solution exists, we propose the method for its construction.
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1. Introduction. Let R be a Bezout domain with identity e # 0, that is, R is an integral domain with
the property that every finitely generated ideal over R is principal (see [6], [10]). Denote by R, , the set
of m x n matrices over R and by GL(n,R) the set of n x n invertible matrices over R. In what follows, I,,
is the identity n x n matrix, 0, is the zero m x k matrix and d;(A) € R is an ideal generated by the i-th
order minors of the matrix A € Ry, n, i = 1,2,...,min{m, n}.

The rank of a matrix A, denoted by rank A, is the highest order of a nonzero minor of the matrix A.
(The rank of the zero matrix is 0.) The transpose matrix of a matrix A € R, ,, will be denoted by AT. A
matrix A € R, is called a symmetric matrix if A = AT, In what follows C* = Adj (C') means the classical
adjoint matrix for a nonsingular matrix C € R,, ,,, i.e., C*C = I,, det C.

Let A € Ry n, B € Ry i, and rank A > 1. Consider the matrix equation
(1.1) AX =B,

where X is unknown matrix in R, ;. Solving linear matrix equations over fields and commutative rings is
one of the most important research problems, which has applications in many areas of mathematics and its
applications. The generalization of solvability of the matrix equation AX = B over a field to the equation
(1.1) over rings is nontrivial. Furthermore, this is a very complicated problem, but its solution will have many
applications in theory of differential equations, system theory, control theory, stability theory, engineering
and scientific computations. It may be noted if B = 0,, x, then homogeneous matrix equation AX = 0,,
is solvable if and only if the rank A < n (see [1], [16]).

The problem of solvability of the equation (1.1) over rings has drawn the attention of many mathemati-
cians. Theoretical aspects of solving linear matrix equations can be found in [1], [2], [10], [11] and [16]. On
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the other hand, matrix equations have applications in many applied problems (see [3], [9], [17], [24] and
references therein).

There are many papers, where the basic aim is to find necessary and sufficient conditions for the existence
of a solution X of the matrix equation AX = B, such that X belongs to some special class of matrices.
A problem of existence of symmetric solutions of the equation (1.1) was studied by many authors. For
example, the existence of symmetric solutions of equation (1.1) over a field was investigated in [7] (see also
papers [4], [5], [12], [14], [20] and references therein). A structure symmetric solutions of equation (1.1) over
a principal ideal domain are studied in [21]. We note that the results of paper [21] are true for the equation
(1.1) over domains of elementary divisors. Ranks of symmetric solutions of linear matrix equations have
been considered in [23] and [25]. Solutions with prescribed characteristic polynomials of matrix equation
AX = B considered in [19].

Denote by Ag = [A Omyk] € Ry ntk and by Ap = [A B] € Ry n+k the extended matrix of equations
(1.1). If R is an elementary divisor domain, then equation (1.1) is solvable if and only if the Smith normal
forms of the matrices Ag and Ap coincide. It shall be noted that the study of conditions under which a
Bezout domain is an elementary divisor domain is an open problem. It is known (see [10], [11], [16]) that
equation (1.1) over a Bezout domain R is solvable if and only if rank A = rank Ap = r and d;(A) = d;(4p)
foralli =1,2,...,r. According to [18], equation (1.1) is solvable over a Bezout domain R if and only if the
matrices Ayg and Ap are right equivalent, that is, the Hermitian normal forms of these matrices coincide.
Cramer’s rule to residue class rings of Bezout domains was given in [24].

In this work we investigate the solvability of equation (1.1) over a Bezout domain R. In Section 2, we
give alternative necessary and sufficient conditions for solvability of equation (1.1) over R. If equation (1.1)
is solvable, then we give an algorithm for constructing of a general solution of equation (1.1). In Section 3,
we prove that the equation AX = B over a Bezout domain R has a symmetric solution if and only if AX = B
has a solution over R and the matrix AB” is symmetric. In Section 4, we represent constructive conditions
under which for matrix equation AX = B over a Bezout domain there exists a symmetric solution. If a
symmetric solution exists, we propose the method for its construction. A numerical example is also given in
Section 5.

2. On solvability of the matrix equation AX= B over a Bezout domain. Currently, there are
many direct methods based on matrix factorization and iteration methods for solving linear matrix equations
(see [15], [18] [24], [26] and references therein). The idea of representing a matrix in a product of structured
matrices, such as triangular, orthogonal, and diagonal matrices, is among the important methods in the
theory of numerical computation [26], [27]. In this chapter, we will use the matrix decomposition as a
product of invertible matrices and block diagonal matrices to solve the equation (1.1) in the Bezout domain.

In a Bezout domain R all finitely generated ideals are principal. So, for two given elements a,b € R,
such that the row [a, b] # [0, 0], there exists a greatest common divisor d = (a, b) and elements z,y € R,
satisfying the Bezout identity ax + by = d. This means that for the row [a, b] there exists an invertible
matrix U € GL(2,R) such that [a, b]JU = [d, 0]. Thus, for a matrix A € R,,, ,, of rank A = r > 1, there exist
matrices U € GL(m,R) and V € GL(n,R) such that

C Onn—r

Om—r,r Om—r,n—r

UAV =

)

where C' € R, (see [6], [10], [13]). It is clear that det C' # 0.
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Suppose for the matrix A € R, ,, there exist matrices U; € GL(m,R) and V; € GL(n,R), so that either
Uy #U or V; # V, such that
UlAVl _ Cl OT',n—r :| ,

_Om—r,r Om—r,n—r
where C; € R, and det C; # 0.
U Ui

U1 Usa]
where U11, Vi1 € Rrﬂa, Uy € Rm—r,m—r and Voo € Rn_/r,n_r , wWe have

Vii Vi
Vor Vo

So, for matrices Uy = U;U 1 = [ € GL(m,R) and Vy = V'V = [ } € GL(n,R),

(22) UO |: C Or,n—r :| _ |:O Cl Or,n—r

Om—r,r Om—r,n—r

Vo.

m—r,r Om—r,n—r:|

Hence, from equation (2.2), we get Uz = Opy—pr and Via € R, . This means that U1, Vi1 € GL(r, R).
Thus, matrices C' and C; are equivalent. This means that the matrix C is unique defined with respect to
the equivalence for the matrix A.

The next theorem gives a necessary and sufficient condition for solvability of equation (1.1) over a Bezout
domain.

THEOREM 2.1. Let A € Ry, B € Ry and rank A = r > 1. Further, let U € GL(m,R) and
V € GL(n,R) such that UAV = [ C Opnor

Omfr,r Omfnnfr

, where C' € R, . The matriz equation AX = B is
solvable over a Bezout domain R if and only if the following conditions hold:

B
(i) UB = [0 ! J, where By € Ry i;

(i) if r =1, then By = 01 (mod C) and if r > 2, then C*By = 0, (mod detC), i.e., By = CD, where
D e Rr,k'

D
If equation AX = B is solvable, then for arbitrary matrix P € Ry, _, the set of matrices Xp = [P} 18

a general solution of equation AX = B.

Proof. Let X1 € R, 1 be a solution of matrix equation AX = B. Further, let U € GL(m,R) and
C Or,nfr

Om—r,r Om—r,n—r

V € GL(n,R) such that UAV = [ ] , where C € Rif r =1 and if r > 2, then C' € R,

From equality AX; = B we have
(2.3) UAVV'X, =UB.

Put V-1X; = [?1

12 2

C Or,nfr Xll _ B1
Om—r,r Om—nn—r X12 B B2 ’

From this we have CX11 = B; and By = 0y k.

B
] and UB = {Bl]’ where X11 € R,.;, and By € R, ;. We rewrite the equality (2.3) in

the form

If rank A = 1, then C' € R and CXy; = By, ie., By =01 (mod C). If rank A > 2, then CXy; = By.
From this it follows that C*B; = X11(det C). So in the case, when 7 > 2, we have C*B; = 0,.;, (mod det C).
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Conversely, let A € Ry, n, B € R and rank A = » > 1. Further, let matrices U € GL(m,R) and
¢ Orn-r } and UB = { b

Omfr.,r Omfr,nfr Omfr,k
We note that the matrix C' is unique defined with respect to the equivalence for the matrix A.

V € GL(n,R) such that UAV = ] , where C € R, and By € R, 1.

If rank A = 1, then B; =01 (mod C), ie., CD = By, where D € Ry ;. If rank A > 2, then C*B; = 0,4,
(mod det C). Thus, C*B; = D(det C), where D € R, . From this it follows that CD = B;.

So, we have CD = B; and the matrix Xg =V [ } is the solution of matrix equation AX = B.

n—rk
The solution Xy we will call a minimal solution of AX = B. It is clear if » = n, then solution X is unique

for equation AX = B. If r < n, then for arbitrary matrix P € R,,_, , we obtain

C Or,nfr D _ Bl
Om—r,r Om—r,n—r P B Om—r,k -

D
From the above, it follows that for arbitrary matrix P € R, the set of matrices Xp =V { } € Ry

P
gives all solutions of the equation AX = B.

Let r < n and let the matrix equation AX = B be solvable. Below we will describe some properties

of solutions of equation AX = B. Let X; =V [PD] € R,, 1 be a solution of AX = B and P, € R,_,j; be
1

nonzero matrix. If Py = T'P,, where T' € Ry, »,—, then for matrix X; there exists a representation in the

form
_ D _ Ir Or,n—r —1 D
=V {TPJ =V [Onm T } v {PJ .

It is obvious that Xo =V [5

] is the solution of equation AX = B and the right divisor of the solution X;.
2

Let T be an arbitrary (n — r)-by-(n — r) matrix over R. Consider the equality

Ir Or,nfr -1 _ G _
\%4 [On_w 7 ] VX, =V [TPl] = Xr.

Thus, the matrix X7 is the solution of matrix equation AX = B. So, if T' = 0, p—r, then every solution
of equation AX = B is the right divisor of the minimal solution X of this equation. This completes the
proof of Theorem 2.1. ]

From the proof of the sufficiency of Theorem 2.1, we obtain the following statements.

COROLLARY 2.2. Let a matriz equation AX = B be solvable. Then all solutions of the equation AX = B
are the right divisors of minimal solution Xy of this equation.

COROLLARY 2.3. Let A € Ry n, B € Ry, i and let the matriz equation AX = B be solvable. If n <k,
then equation AX = B has a solution Xg € Ry, such that Xq is the left divisor of all solutions of this
equation.

Proof. Let n < k and let the matrix equation AX = B be solvable. If rank A = n, then n < m and
AX = B has a unique solution. Thus, in this case, corollary 2.3 is trivial.
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Let rank A = r < n and X; € R,, ;; be a solution of equation AX = B. Thus, r <m and r < k. For
matrices A and B there exist matrices U € GL(m,R), V € GL(n,R) and W € GL(k,R) such that

c Or,n—r

Om—r,r Om—r,n—r

UAV{

] and UBW = { Bu Ork—r ],

Om—r,r Om—r,k—r

where C, B11 € R, ;.. From equality AX; = B, we get

(2.4) vavv-ixw = | ¢ Oin—r | iy —ypw = | P1 Ore—r |
Om—r,r Om—r,n—r Om—r,r Om—r,k—r
1 X11 X12 .
Put VI XGW = ¥ , where X117 € R, ., X12 € Ry j—r, and Xo € Ry, . From equality (2.4)
2

we get X1 = 0y .

X r.k—r —1 - .
Thus, for arbitrary matrix P € Ry, the matrix Xp =V { 11P Oy k } W1 is the solution of
X 0 —r .
equation AX = B. So, for arbitrary matrix Q € GL(r,R), the matrix Xgo =V [0 1 5 } W-lisa
n—r,k—r

Or,k—r
2.3 is complete. a

I,
solution of equation AX = B. It is easy to see that Xp = X¢ { 0 ] W L. The proof of Corollary

We note that Corollary 2.2 and Corollary 2.3 generalize the main result of [22]. On the other hand,
the results of [21] are true for a matrix equation AX = B, where A and B are m-by-n matrices over an
elementary divisor domain. So, Theorem [22] is easily obtained as a consequence from Lemma 1 [21].

3. Symmetric solutions of the matrix equation AX=B . In this section, we investigate symmetric
solutions of the matrix equation AX = B, where A and B are m-by-n matrices over a Bezout domain R
and X is unknown n-by-n matrix over R. Let R = D be a principal ideal domain. The equation AX = B
over a principal ideal domain D has a symmetric solution if and only if equation AX = B has a solution
over D and ABT = BAT [21]. In this section, we affirm that this criteria is true for equation AX = B over
a Bezout domain R.

THEOREM 3.1. Let A, B € R, . The matriz equation AX = B has a symmetric solution over a Bezout
domain R if and only if equation AX = B is solvable over R and ABT = BAT.

Proof. Necessity. Let X € Ry, be a symmetric solution of the matrix equation AX = B, that is,
AX, =B and X, = XI. Thus, X,;AT = BT, From the last equality, we have AX ;AT = BAT = ABT. The
necessity is proved.

Sufficiency. Let X, € R, , be the solution of the equation AX = B, that is, AX,, = B. This implies
that X AT = B”. Further, let rank A = r > 1. For the matrix A there exist matrices U € GL(m,R) and
C Or,nfr

Om—r,r Om—r,n—r
defined with respect to the equivalence for the matrix A.

V € GL(n,R) such that UAV = , where C' € R, .. We note that the matrix C' is unique

We introduce for matrix V' € GL(n,R) the following notation (V)7 = V=7 From equalities AX, = B
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and X;;FAT = BT we have

(3.5) UAVV=IX, VT = UBVT,
V_ngV_TVTATUT = V-IBTUT,
G11 G12 Bll Bl2

Put VX,V T =G = and UBV~T = B, = , where G11 € R,.,, G12 € Ry iy,

G21 GQQ B21 B22

Goy € Rn_',-ﬂa, By € R,«,r, By € Rr,n—r and By € R’HL—T,T" Thus, VﬁngviT =GT and V- 1BTUT = B?
From (3.5) we obtain

(3.6) C (A Gu G| |Bu Bz
. Om—rir Om—rn—r Ga1 G2 Ba Bas|
and
(3 7) _G,{l Ggl CT Or,mf'r _ B?l Bgl
_G{Q G;Q On—r,r On—r,m—r BE BgZ

By Theorem 2.1, from (3.6) it follows that Ba; = 0,y and Bag = Op—p n—r. Similarly, from equality

(3.7) it follows that BY; = 0,.,,—, and BL, = 0,,_, . Thus,

C Op.pn—r G G2 B Bn B

Omfr,r Omfr,nfr C:21 G22 Om—r,r Om—r,n—r
and

Gl G cT Orm—r | _ B, Orm—r ]

G1T2 ng On—rr  Op—rm—r BlT2 On—rm—r

From equality ABT = BAT we have UABTUT = UBATUT. Hence,

T NT
UABTUT _ UAVV*IBTUT _ c Or,n—r GT CT O'r‘,m—r _ lCGllc Or,nfr ]
Om—r,r Om,,,"n,T Onfr,r Onfr,mfr On—T,T‘ On—r,n—r
and
T
UBATUT = UBy-TVTATyT = | ¢ Omner gl ©F 0 Onmer

Omf'r,r Omfr,nfr

CGIICT Or,nfr ]

On—r,r On—r,m—r O"_T’T On—r,n—r

From the last two equalities we get CG1;CT = CG¥,CT. This implies that G1; = G7;. Thus, the matrix
G171 is symmetric.
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G11 G2

T
G12 On—r,n—r

It is easily verified that the symmetric matrix X, =V VT is the common solution of

equation AX = B and XAT = BT. So, for the equations AX = B there exists a symmetric solution. Now

Gi1 Gi2
we prove that for arbitrary matrix P € R,,_, ,,—, the set of matrices X, =V ar P VT give a general
12
solution of the equation AX = B. So, we have the following equality
G11 G12 Gll G12
AX, =AV vi=u-! { ¢ Orin—r } vy vl =
Gg; P Omfr,r Omfr,nfr G,{Q P
G11 G12 Bll BlQ
Ut {0 ¢ OO“"‘T ] vi=u-! vi=vu-'vBv-"v" = B.
m—=r,T m—=r,n—r Ggl P Om—r,r Om—r,n—T

Let P =S5 € Ry_; n—r be a symmetric matrix. In this case, we have that the set of symmetric matrices
G G2

Gi, S
Based on Sylvester’s inequality for the rank of the product of two rectangular matrices A and X, we obtain
rank B < rank X; < n 4+ rank B —rank A (see also [23] and [25]). The proof of Theorem 3.1 is complete. 0O

X, =V VT gives a general symmetric solution of matrix equations AX = B, i.e., AX, = B.

COROLLARY 3.2. Let A € Ry, . Ifrank A < n, then homogenous equation AX = 0, , has a symmetric
solution.

4. A structure of symmetric solutions of equation AX=B . Conditions of Theorem 3.1 are very
general, and they represent just the starting point in the search for more constructive conditions in the
particular cases. Below we give an alternative conditions under which for the matrix equation AX = B over
a Bezout domain there exists a symmetric solution. If a symmetric solution exists, we propose the method
for its construction.

THEOREM 4.1. Let A, B € Ry, , and rank A = r. Further, let U € GL(m,R) and V € GL(n,R) such
that UAV = [ ¢ Orin—r

Om—r,r Om—r,n—r

}, where C' € R, ;.. The equation AX = B has a symmetric solution if and
only if the following conditions hold:
By

Om—r,n

(i) vBV-T = { } ,  where By € Ry p;

(ii) C*By = (det C) [Dn Dlg] , where D11 € Ry is a symmetric matriz and D12 € Ry .

If a symmetric solution of the equation AX = B exists, then for arbitrary symmetric matriz S €
D11 Dyo

Riy—rn—r the set of matrices Xg =V

VT gives a general symmetric solution of AX = B.

Proof. Necessity. Let a symmetric matrix X; € R,, ,, be a solution of matrix equation AX = B. Further,

Or,n—r

let U € GL(m,R) and V € GL(n,R) such that UAV =

] , where C' € R, . By Theorem

Omfr,r Omfr,nfr
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2.1, from equality AX; = B we have
c Or,n—r CBy |
VX, =UB= ;
Omfr,r Omf'r‘,nfr Omfr,n_

where By € R,.,,. Put V=T = (V=17 Multiplying the last equality from the right by V=7 we obtain

VXY = [ o 1 e

_Om—r,n

C Or,nfr
(4.8)

b

Om—r,r Om—r,n—r Om—r,n

where By € R, ..

By

We write the symmetric matrix V' X,V ~7 and matrix UBV T = [ ] in block forms as

m—r,n

Yii Yo By

VX VT =Y, = and UBV T =

Y21 )/22 Om—r,n Om—r,r Om—'r,n—'r‘

CDyy CDis 1

where Y11, D11 € Ry, Yoo € Ry n—r, and Dya € R, ;. From the last equality we get By = C [Dn Dlg].
So, we have C* By = (det C) [Dll Dlg}.

Since Y is a symmetric matrix, then Y7; and Y3, are symmetric matrices and Y3, = YITQ. So, we can
write equality (4.8) in the form

l C O n—r ] [CDll CD:2 ]
Y, = .
0

m—r,r Om—r,n—r Om—r,r Om—r,n—r
From this equality we obtain that Y11 = D11, i.e., D11 is the symmetric matrix and Y15 = D19, Yo1 = Di’;.

It is clear that for arbitrary matrix P € R, _, ,,—, the following equality holds

c O r—r D11 Dy CDyy CDs2
Om—r,r Om—r,n—r D,{2 p a Om—r,r Om—r,n—r '

Di1 Dqo

VT is a symmetric
Df, S

So, for arbitrary symmetric matrix S € R, _,,—, the matrix Xg = V [

solution of equation AX = B. The necessity is proved.

C Or,nfr

Omfr,r Omfr,nfr

Sufficiency. Let U € GL(m,R), V € GL(n,R) and let UAV = [ ] , where C' € R,

Further, let UBV T = [ , where By € R, ,, and C*By = (det C) [DH D12:| , where Dy € R, is

Om—r,n

a symmetric matrix and D2 € R, ,,—,. From the last equality we get By = C [Dn Dlg] .

T CDM CD12 . . Dll D12
So, UBV~1 = and for the symmetric matrix Yy = € Ry, we
Om—r,r Om—r,n—r DI{Q On—r,n—r
have
o Orn—r CDn1 CDy2
(4.9) 0= ,
Omfr,r Omfr,nf'r Omf'r‘,r Omfr,nfr
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and

(4.10) Yo

CT Or,m—r ]

On—r,r On—r,m—r

DIICT Or,m—r 1

D{QCT On—r,m—r
From the equality (4.9) it follows

c Or,n—r

Ut VWY, VT = AXy =U"! = B.

CDy, CDsq ] T
Vv

Om,’,-’»,‘ Omfr,nfr Omfr,r Omf'r’,nf’r‘

Since Y} is the symmetric matrix, then Xy = VYyV7 is also the symmetric matrix. Thus, the symmetric
matrix Xy is a solution of equation AX = B. Similarly, from equality (4.10) we have XoAT = BT. From
the above it follows that the equation AX = B has a symmetric solution.

It is easily verified that for arbitrary symmetric matrix S € R,,_, ,,—, the set of matrices

Or,r Or,n—r

Omfr,r S

X, =V VT eR,n,

is a set of common symmetric solutions of homogeneous matrix equations AX = 0, and XAT = 0,, .

D11 Das

Hence, the set of matrices X, = V " VT is a general symmetric solution of matrix equation
Dy

AX = B, and the proof is complete. ]

COROLLARY 4.2. Let A,B € Ry, and let the equation AX = B be solvable. If rank A = 1, then
equation AX = B has a symmetric solution.

Let R be an elementary divisor domain. From Theorem 4.1, we obtain the following statement.

COROLLARY 4.3. Let A,B € Ry, and rank A = r. Further, let U € GL(m,R) and V € GL(n,R) such
that
diag (a1, a9, ..., a,) Opn—r

UAV:SA:[ ]

Om—r,r Om—r,n—r

be the Smith normal form of the matriz A. The matrix equation AX = B has a symmetric solution if and
only if the following conditions hold:

By

Omfr,n

() vBVv-T = [ } ,  where By € Ry p;
(i) By = (diag (a1, as,...,a.)) [Du Dlg] , where D11 € Ry, is a symmetric matriz and Do € Ry p—p.

If a symmetric solution of matrix equation AX = B exists, then for arbitrary symmetric matriz S €

D11 D12
Ri—rn—r the set of matrices Xg =V . g VT is a general symmetric solution of AX = B.
Dy,

5. Example. Let R = Z + AQ[A] be the ring of all polynomials in an indeterminate A\ with rational
coefficients and integral constant term. The ring R is a Bezout domain, but it is not a principal ideal domain
and it is not a unique factorization domain. Moreover, ring R is an elementary divisor domain (see [6], [8]).
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Consider the following example. Let
5,502 43,50 —11X%2 — 7\ 2,75)3 + 5,25\ + 6\ + 2
A= 5A+1 —10X — 2 2,502 + 3,50 +4 )
—8\—1 16X\ + 2 —4X2 = 5,50 —6
and
5,50% +10,5A% + A2 — 3\ —11A3 + 422 + 7\ 2223 + 2872 + 24\ + 8
B= BAZ+TA2 =20 =2 —10A2 48X + 2 202 + 16\ + 16 ,
—8A3 —11A2 +4) 42 1602 — 14\ — 2 —32)2 — 24\ — 24
be 3 x 3 matrices with entries from the domain R. Consider the matrix equation AX = B.
For invertible matrices
1 0,5\ —2 A—1 0,5A—3 —0,5A2+3,5\ 2
U= |{A=1 0,502 —=2,5A+4 X2 —2X\+2| and V = |0,5A—1 —0,5A2+ 1,561 1|,
1 0,5\ +1 A+1 1 -A+1 0
we have
o o 1 0 0
UAV = 2L =10 A2+42 0|, where C =diag(1, A2 +2),
012 O
’ 0 0 0
and
AN+ AN2—20 42 —2X2 44X -2 4\?
UB=| M4+2X3 44X —4 —2X34+2X2 — 4 +4 4\ +4)\2 48048 | =
0 0 0
A A2 —20 42 —2X2 44N 2| 42
diag (1, A2 +2, 0) A2 42\ -2 —2\ +2 4N +4
0 0 0

In accordance with Theorem 2.1, matrix equation AX = B is solvable. Hence, for arbitrary pi, ps,p3 € R
the set of matrices

A A2 —20 42 220244 2| 4A?
X,=V A2 +2)\ -2 —2X+2 IA+4 | =
b1 b2 ‘ b3

[ 4X%2 —6+2p; —6A+6+2py 14\ +2ps
202 —2+4+p; =22 +2+ps 6\ + p3 )
2\ 0 4

is a general solution of equation AX = B.

It is easily verified that AB? is the symmetric matrix. Thus, the equation AX = B has a symmetric
solution. So, by Theorem 4.1 and Corollary 4.3, we get

UBV™t =
1 0 0 AL H6XA3 —15AZ 4160 —6 3XA3+9X2 — 10X +6 | —5A3 —7A2+ 14X —38
0 M+2 0 3A3 4+ 9X2 — 100 +6 N2+ 120 —2 —BX2 120+ 8

0o 0 0 0 0 | 0
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Based on this, we obtain that for arbitrary s € R the set of matrices

M £ 6M3 —15X2 4160 —6 3X3+9XA2 — 10N +6 | —=5A3 — 7TAZ + 14\ — 8
X, =V 3N+ 9X2 — 10\ +6 SN2+ 120 —2 —5A2 — 12\ +8 VT =
—5\% — 7TA? 4+ 14X — 8 —5)\2 — 120 +8 | s

—32X\2 — 36\ + 42 +4s —16A2 — 18\ +22+ 25 2)\
—16A% — 18\ + 22 + 25 —8\2 —8A+ 10+ s 0 1,
2 0 4

is a general symmetric solution of equation AX = B.
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