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ACCURATE COMPUTATION OF ALL EIGENVALUES OF A TOTALLY
NONNEGATIVE MATRIX BY THE CAUCHON ALGORITHM*

FATIMA RASHEED', MOHAMMAD ADMT, AND JURGEN GARLOFF1§

Abstract. Totally nonnegative matrices are considered, i.e., matrices having all their minors nonnegative. Any n x n
nonsingular totally nonnegative matrix can be represented as the product of 2n — 1 entry-wise nonnegative bidiagonal matrices.
The n? nontrivial entries of this factorization parameterize the set of the nonsingular totally nonnegative matrices. This
bidiagonal factorization has been used by Plamen Koev in SIAM J. Matriz Anal. Appl. 27, pp. 1-23, 2005, to design an
algorithm for the computation of all the eigenvalues of nonsingular totally nonnegative matrices with high relative accuracy.
In this paper, a different approach is employed: A matrix is used, which could be obtained by running the Cauchon algorithm,
but for the sake of high relative accuracy this matrix is computed from the bidiagonal factorization. The effect of elementary
operations applied to reduce this matrix to tridiagonal form is determined. It is shown that the computations can be performed
without any subtraction of numbers of equal sign. This provides the basis for an algorithm needing O(n3) arithmetic operations
for the computation of all the eigenvalues of a nonsingular totally nonnegative matrix with guaranteed high relative accuracy,
independently of the condition number of the given problem.

Key words. Totally positive matrix, Totally nonnegative matrix, High relative accuracy, Bidiagonal factorization, Cauchon
algorithm, Restoration algorithm, Eigenvalue.

AMS subject classifications. 15B48, 65F15.

1. Introduction. The development of algorithms for computing eigenvalues, eigenvectors, singular
values, the inverse matrix, and related quantities with high relative accuracy has found increasing interest,
see the survey article [24]. Here, it is meant by that an algorithm can be performed with high relative
accuracy (or accurately for short in this paper) that the relative distance of the computed solution from
the exact solution is bounded by a constant times the unit roundoff, provided that initial data are exact.
The main source of the loss of relative accuracy is the cancellation of significant digits when floating point
numbers of equal signs and approximate magnitude are subtracted. In contrast, the addition of numbers of
equal signs, the multiplication, division, and taking the square root are not critical. Therefore, to achieve the
goal to perform an algorithm accurately, any subtraction has to be avoided throughout the computations.
Obviously, this can be accomplished in a direct way only in simplest cases. Therefore, we cannot expect to
accurately compute, e.g., all the eigenvalues of a matrix, by only using its entries. Fortunately, for some
classes of matrices, more suitable parametrizations can be employed in which the computations can be
performed subtraction-free and hence accurately.

Such classes are formed by the totally positive and the nonsingular totally nonnegative matrices. A
matrix is called totally positive (abbreviated T'P henceforth) and totally nonnegative (T'N) if all its minors
are positive and nonnegative, respectively. These matrices arise in a remarkable variety of ways within
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mathematics and in many areas of its applications. These include differential and integral equations,
probability, algebraic and enumerative combinatorics, approximation theory, Lie theory, computer-aided
geometric design, and mechanics. For applications and for properties of the TN matrices, see the mono-
graphs [8, 10, 15, 22, 26]. We mention only the sequel relevant property that all eigenvalues of a TN matrix
A are real and nonnegative. If A is furthermore nonsingular and irreducible (it is then termed oscillatory),
in particular, when A is TP, then they are in addition distinct.

A nonsingular TN matrix A can be represented as a product of entry-wise nonnegative bidiagonal
matrices [11],

(1.1) A=rW . =Y. p.gt-b gl

where D is a diagonal matrix and L) and U*®) are lower and upper unit bidiagonal matrices, k = 1,...,n—1,
see Subsection 3.2 below. The n? entries in the bidiagonal factorization (1.1), which are the only ones
which can be nonzero, parameterize the set of the nonsingular TN matrices. Koev [16], [17] developed a
procedure based on (1.1) requiring O(n?) arithmetic operations to accurately compute all the eigenvalues
and the singular values of a nonsingular TN matrix. In contrast, by traditional algorithms only the largest
eigenvalues and largest singular values of an ill-conditioned T'N matrix can be computed with guaranteed
relative accuracy, whereas the smallest eigenvalues and singular values may be computed with no relative
accuracy at all, see [16, Section 1]. Often they are the only quantities of practical interest, e.g., in some
applications in computer aided geometric design it is important to know the smallest eigenvalue of a row
stochastic TN matrix [23].

An algorithm, very appropriate for working with TN matrices is the Cauchon algorithm (originally called
deleting derivations algorithm) and the restoration algorithm [13]. In our paper, we are using condensed
forms of both algorithms [3], [27, Section 2.1] which reduces the number of required arithmetic operations
from O(n*) of the original algorithms to O(n?®). We consider the following operations on a matrix A,

(i) multiplication of a row of A by a positive scalar,
(ii) multiplication of the ith row of A by the positive scalar x and addition of the resulting row to the
next row multiplied by y, followed by the multiplication of row i by 1/y.

We explicitly describe the effect of the operations (i) and (ii) under the performance of the Cauchon algorithm
with a TP and nonsingular TN matrix. Although this algorithm itself is not subtraction-free, we prove that
the computations can be performed subtraction-free. Therefore, we are able to proceed similarly as in [16]
to compute accurately with O(n?) arithmetic operations all the eigenvalues of a nonsingular TN matrix,
independently of the condition number of the problem.

The organization of our paper is as follows. In the next section, we introduce our notation. In Section 3,
we recall the condensed form of the Cauchon and restoration algorithms and show how the matrix obtained
by running the Cauchon algorithm can be computed from the bidiagonal factorization (1.1). In Section 4,
we study the effect of the elementary operations (i) and (ii) when this algorithm is applied to a TP matrix
and to a nonsingular TN matrix. The accurate computation of the eigenvalues of nonsingular T'N matrices
is the theme of Section 5, and in Section 6, we present a perturbation and error analysis of our approach.
In Section 7, we draw some conclusions. Lengthy technical parts are delegated to Appendices A (proof of
Theorem 4.2) and B (function AddToNextRow).
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2. Notation. Let a = (a1, a2,...,a,) and 5 = (81, B2, - .., Bq) be strictly increasing index sequences

in {1,2,...,n} and {1,2,...,m}, respectively. For A = [a;;] € R"*™, the submatrix of A lying in the rows
indexed by « and the columns indexed by 8 will be denoted by A[«|f] = A [al,ag, e 0pl B, By 5q] .
If o = 3, we write Ala]. The converse matriz A% of A is defined as

A#* .= P, AP,,,
where P, is the permutation matrix of order n defined by
(Pn)i,njtlfi = 1, for i = 1, ..ny

and similarly P,. Then, the entries of A% are given by (A%);; = apy1—imi1—j, i =1,...,n, 5 =1,...,m.
The symbol T denotes transposition. A > 0 (> 0) means that all entries of A are nonnegative (positive).

A matrix is called totally nonnegative [abbreviated by T'N| (respectively, totally positive [T P]) if all its
minors are nonnegative (positive). If A € R"*™ is TN, then so are A# and (A#)7 [8, Theorem 1.4.1].

3. The Cauchon algorithm. In this section, we recall the condensed form of the Cauchon algorithm
originally developed by Gérard Cauchon in [6]. This algorithm provides an efficient method for checking
a given matrix for total nonnegativity or total positivity [4, 19]. Further applications include to find the
bidiagonal factorization of a given nonsingular TN matrix [4] and to determine the rank of matrices that
are connected with Cauchon diagrams [2].

3.1. Condensed form of the Cauchon algorithm and the restoration algorithm. In this sub-
section, we recall the condensed form of the Cauchon algorithm [3] and introduce its inverse algorithm, the
condensed form of the restoration algorithm. Both algorithms reduce the number of arithmetic operations
from O(n*) of the original versions to O(n?). Examples for the performance of both algorithms can be found
in [27, Section 2.1].

DEFINITION 3.1. (Cauchon matriz) A matrizc A = [a;;] € R"™™ is called o Cauchon matrix if for all
ie{l,...,n},je{l,...,m}, aj; =0 implies that a; =0, k=1,...,i—1, oray=0,1=1,...,j— 1L

ALGORITHM 3.1. (Condensed form of the Cauchon algorithm) Let A = [a;;] € R™>*™.

(i) Set A™ = A.

(ii) Fork=mn—1,...,1, define A®) = [az(f)] € R™™ qas follows:
Forj=1,...,m—1,

set w; = min {h e{j+1,...,m}| agfll,)l # O} (we set uj 1= oo, if this set is empty);
fori=1,...k,
(k+1) (k1)
k+1 Apy1,5% u .
w _ ) eyt = i uy < oo,
Qi = Dot 1,

agfﬂ) , if  uj = oo.
Fori=k+1,....,n,5=1,....m, andi=1,... k,j=m,

(k+1)
a;; -

(k) _
a;;

(iii) Put A= AW,
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We note that the entries in the last column and row of A remain unchanged through the run of the
algorithm.

THEOREM 3.1. [2, 19] Assume that A € R"™ ™. Then, A is TP (T'N) if and only if A >0 (A >0 and
a Cauchon matriz). In addition, if n = m, A is nonsingular if and only if a;; > 0,i=1,...,n.

In [18, Proposition 3.5], an algorithm called restoration algorithm is introduced, which can be considered
as the inverse algorithm of the Cauchon algorithm. In the following, we present the condensed form of this
algorithm.

ALGORITHM 3.2. (The condensed form of the restoration algorithm) Let A = [a;;] € R™*™.

(i) Set A1) = A.
(ii) Fork=2,...,n, define A¥) = [agf)] € R™ ™ qas follows:
Fori=1,....k—1,7=m—1,...,1,

ifj=m-—1,
(k—1) (k—1)
(k—1) g m—1%,7 .
(k) A; m-1 + m(kfl) = ) Zf Ak.m 7é 07
a.: = ’ ay m
,m—1 s
(h—1) . .
A m-1 ) Zf Qm = 0,

else, forj=m—2,...,1,
set w; = min {h ef{j+1,...,m—1}] a,(ck,jl) =+ 0} (we set uj 1= oo, if this set is empty);

(k—1) (k)

(k=1) | %%, %iuy .
(k) aij + (k—1) . ) Zf u] < 00,
Y Gk,
' (k—1) : _
a;; , if u; = oo.

Fori=k,....n,j=1,....m,andi=1,...;k—1,7 =m,

(k) _ (k=1)
a;; =a;; .

(i4i) Put A =AM,
We can represent each entry of the matrix A, which is obtained by the application of Algorithm 3.1 to
a given nonsingular T'IN matrix A as a ratio of two minors formed from consecutive rows and columns.

LEMMA 3.1. [3, Proposition 2.10] Let A € R"*" be nonsingular TN . Then the entries ax; of the matriz
A can be represented as

_ detA[k,...,k+w\j7...,j+w]
CdetA[k+ 1, k4w, 4 w]

(3.1) Qg L ki=1,....n,

where w = min{n — k,n — j}.

We denote the right-hand side of (3.1) by A <k, okt wlg g+ w> and employ the similar notation

. . det Ak, k+2,....k+w|j+1,...,5+w]
Ak, k+2,...,k 1,... = .
ok t2,oktwljtl. . j+w) det A[k +2,....k+wl|j+2,...,7+w]
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In Section 5, we will consider the computation of all eigenvalues of a nonsingular T'N matrix. In passing,
we deduce from (3.1) the following eigenvalue bound. Let A be an oscillatory matrix, see the Introduction.

By (3.1), the representation
det A

MGt A2, .0
follows. By using the strict interlacing of the eigenvalues of A and A[2,...,n], see, e.g., [8, Theorem 5.5.2],
we conclude that a1, provides a strict lower bound for the largest eigenvalue and a strict upper bound for the
smallest eigenvalue of A. By taking ratios of consecutive principal minors, we see that these strict bounds
hold also for the other diagonal entries of A. Since nonsingular TN matrices may be approximated by TP
matrices, see Remark 3.1 below, we obtain by continuity analogous non-strict bounds if we assume only that
A is nonsingular T'N.

3.2. Bidiagonal factorization of totally nonnegative matrices. Investigating when a class of
matrices admits a particular type of factorization is an important study. Often any intrinsic properties
about a particular class of matrices can be deduced from certain factorization results. A factorization that is
especially suited for the class of nonsingular TN matrices is elementary bidiagonal factorization. This allows
one to obtain algorithms with high relative accuracy for the computation of singular values, eigenvalues, and
inverses of totally nonnegative matrices [16, 17].

DEFINITION 3.2. (Elementary bidiagonal matrices) Let I, denote the n-by-n identity matriz, and for
i,j=1,...,n, let E;; denote the n-by-n matriz whose only nonzero entry is a 1 that occurs in position (3, j).
For any real numbers s,t, define

Li(s):=1I,+sE;;—1 and U;(t) =1, +tE;_1,, i,j=2,...,n.
Such matrices are called elementary bidiagonal matrices.
According to [11], any nonsingular TN (T'P) matrix A € R™*" can be written as
(3.2) A=W =Y. p.yh-b gl
with D = diag(dy,da, ... ,dy,), and
L =L it (SN Ly in (57 L (19, 7 =1, n— 1,

0

n-r+1 — ZY) 1

and

U = Un(ugr))Un,l(ug)) U (M), r=1,...,n -1,
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where d; > 0,i=1,...,n, and ly),uy) >0(>0),j=1,...,r.

If A is TP, then these numbers can be determined by application of Algorithm 3.1 to G = (4%)T
similarly as in [1, Section 3.4].
ALGORITHM 3.3. (Computation of the bidiagonal factorization from é) Let A be a TP matrixz. We find

the d;’s, ly) s, and ug»r) s given in (3.2) as follows:

(i) Run Algorithm 5.1 on G = (AT, i
(ii) IY) — _Gnr (") _ Gnoiemn ST) N

Jn,rt1’ 2 gn—1,r 7 777 Jn—rt+1,2” =1
dis = Jni1—imi1—i 8= 1,...,M;
(r) _ Gin—ry1 (r) _ G2.n—ry2 (r) _  Grn _
Uy = G Uy = e U = e = 1,....,n—1.

If in the upper triangular part of G one entry is zero, then the entry above it is zero, and if one entry is
zero in the lower triangular part, then the entry to the left of it is zero. Therefore, in accordance with [11],
the respective values in (ii) are set as zero, see [4, Section 4.3].

Conversely, we can employ the given bidiagonal factorization of A to get G. This can be accomplished
by Algorithm 3.4 below as follows: Since the diagonal entries of D are supposed to be given, we know the
diagonal entries of G. The entries in the lower triangular part of G can be calculated as follows. In each row

i,1=1,...,n—1, we compute recursively, starting for £ = 1 from the entry on the subdiagonal, the entries
to the left of it in row 7. In the upper triangular part, we proceed similarly by starting in each column 4,
i=1,...,n—1, with the entry on the superdiagonal and calculate recursively the entries above it in column

7.

ALGORITHM 3.4. (Computation of G from the bidiagonal factorization) Let A be a TP matriz and
(r)

assume that the bidiagonal factorization (3.2) with the parameters d;;, lj , ug-r) ’s is given. Then, we find

the entries g;; of G as follows:

Gii = Apt1—i, n1—is 1=1,...,m;

b

. ) -
Gnti—i,r1—i = Gnir—ior2—is | p =1, . p—1

- (r) ~ 1=1,...,7.
i, n—rt+i = U Git1, n—r+tis L

Algorithm 3.4 requires n? — n arithmetic operations and is subtraction-free.

To extend Algorithms 3.3 and 3.4 to the nonsingular T'N case, we approximate the nonsingular TN
matrix G by the T'P matrix G. as follows: By the application of Algorithm 3.1, we get G. Then by Theorem
3.1, G is a nonnegative Cauchon matrix with positive diagonal entries. For a zero entry in the upper
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triangular part of G, all entries in the same column above it are zero, and for a zero entry in the lower
triangular part, all entries in the same row to the left of it are zero, too. We replace the zero entries in each
column of the upper triangular part from bottom to top and in each row of the lower triangular part from
right to left by increasing integer powers of a positive number e. We call the resulting matrix G.. We apply
Algorlthm 3.2 to G, and obtain by Theorem 3.1 the TP matrix G because all entries in G. are positive.
Since G. tends to G as € tends to 0, G tends to G. So we can approximate the nonsingular TN matrix G
arbitrarily closely by the TP matrix Ge.

REMARK 3.1. As a by-product, we have just proven that the set of the TP matrices is dense in the set
of the nonsingular TN matrices. More generally, the set of the TP matrices is dense in the set of the TN
matrices [28].

After cancellation of common powers of €, the denominators of the entries of G, do not contain €. By
letting € tend to 0, the extension of Algorithms 3.3 and 3.4 to the nonsingular TN case follows.

4. Elementary operations and the Cauchon algorithm.

4.1. Elementary operations under performance of the Cauchon algorithm. In this section,
we perform the following elementary operations on a matrix A:

1. multiplying a row by a positive scalar,
2. adding a positive multiple of a row to the next row.

Each of these elementary operations preserves the total nonnegativity and total positivity, see [26, Proposition
1.5]. In the following, we show how the entries of A will be changed when performing the above elementary
operations on a TP matrix A. After that, we will consider the case of a nonsingular TN matrix.

4.1.1. Case of a totally positive matrix. Multiplying a row by a positive scalar.

THEOREM 4.1. Let A = [a;] € R"*™ be a TP matriz, let A be the matriz obtained from A by running
Algorithm 3.1 on A, and let B = [by;| be the matriz obtained from A by multiplying row i by a positive scalar
x. When we apply Algorithm 3.1 on B, we get the matriz B with entries given as follows:

T agj, for k=1,

brj =
! &kja fOT’ k;él,

k,jg=1,2,...,n. The matriz B can be computed from A with ezactly n multiplications without performing
any subtractions.

Proof. Since the matrix B is T'P, its entries can be represented as, see Lemma 3.1,

g detBlk... ktwlj....jtu]
M detBlk+1,... k+twlj+1,...,5+uwl

=B(k,....k+wlj,...,j+w), w=min{n — k,n — j}.

To find the entries of B in terms of the entries of A, we distinguish two cases:

Case 1: k # 4. Since row ¢ is involved both in the denominator and numerator of Ekj, or is not involved in
both, we obtain
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bej = B{k,....k+w|j,....j+w)
=Ak,....k+wl|j,....j +w)
= ;.
Case 2: k =i. Since row ¢ is only involved in the numerator of l;kj, we get
bej = B{k,....k+w|j,....j+w)
=z Ak,... . k+wlj,....j+w)

=T Qfj- 0

Adding a positive multiple of a row to the next row.
Similarly as in [16], we consider the following operations. For A = [ay;] € R"*", we define the matrix
B = [by;] as follows:

% akj, for k=1,
(4.1) bij =< Tag—1;+yar;, for k=i+1,
akj, for k#iand k#i+1,

j=1,2,...,n,and x,y > 0. That is, B is obtained by the multiplication of the ith row of A by the positive
scalar x and addition of the resulting row to the next row multiplied by y, followed by the multiplication of
the row ¢ by 1/y. We want to find the entries of the matrix B in terms of the entries of the matrix A.

THEOREM 4.2. Let A € R™ " be TP, z,y > 0, let A be the matriz obtained by running Algorithm 5.1
on A, and let B be defined as in (4.1). When we apply Algorithm 3.1 on B, we get the matriz B with entries
as follows:

Qg . .
p— T for k=1i,1<j<n,
YT 2 m=j+1 Aht1,m

1 ~ .o

= Qkj, for k=1i,j=n,

Y

~ ~ ~ Ak—1,m . -
Bkj _J) yartz (ak—l,j + ak; Efn:jﬂ %) , for k=i+1,1<j<n,

T Ak—1,; +Y Gy, for k=i+1,j=n,

Qkj, for k#1i and
k#£i+1,1<j<n.

We delegate the lengthy proof to Appendix A.

In the following theorem, we rewrite the entries of the matrix B that have been obtained in Theorem
4.2 so that we reduce the number of required arithmetic operations. For an example, for the recursive
computation of the entries of B see Example 4.1 below.
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THEOREM 4.3. The entries of the matrix B in Theorem 4.2 can be represented as follows:

g B kit g =4 1,1< ) <n,

T Ak—1,5 n i1

T Ak—1,; + Y Gk, for k=i+1,j=n,

b = Gkjlk41,5+1 —i1<i
J brr1 g for k=1,1<j<n,
%akj7 for k=1i,j=n,
akj, for k#iandk#i+1,1<j<n.

Therefore, the matriz B can be computed from A with at most 5n—1 arithmetic operations without performing
any subtractions.

Proof. Concerning the number of arithmetic operations, it should be noted that for j < n, the factors
of ay; are reciprocal for k = i and k = 7 + 1. By Theorem 4.2, the relations for £k < ior k > i+ 1 and
1<j7<naswell as for k =4,i+ 1 and j = n hold.

In the following, we investigate the cases k =i+ 1 and k = 1.
Casel: k=i+1land 1< 5 <n.

From (A.5), we get
bi-i—l,n—'y — ydi—i-l,n—’y
" .

(4.2) A, i+2,...i+l1+w|n—79,...,n—y+w) =

If n—~>i+1, then for j =n—~ —1, we are in the upper triangular part or on the diagonal of the matrix
B. From (A.7), we obtain

(4.3) bisim 1 =Ylirin1 FTAG T2, i 24w n—y—1,...,n—y+w).
Also, from (A.10), we get

A, i+2,..,i+2+w|n—y—1,....,n—y+w)

Ait1,n—y—1 A

=0ip1+—"—A,i+2,. i+l +w|n—",...,n—y+w)
Ait1,n—y
~ o lN) o wa -
(4.4) = Aipn—ny-1+ Gittmoy—t Mitlnoy — YBitlny ,from (4.2)

Aj4-1,n— x

Substitution of (4.4) into (4.3) results in

= ~ . Git1n—~—1big1n—y = YQit1,n—vy
bitin——1 =Y bit1n—~-1F+T| Gip-y-1+ —=

Aj41,n— x
diJrl,nf'yle

=T di,nf'yfl +
Ait1,n—v

i+1,n—y-

If n —~ <i+1, then for j =n —~ — 1, we are in the lower triangular part of B, and by (A.12), we obtain

(4.5) bitin—r—1=Y0it1n—-1+T A i+2,.. Ji+l1+w|n—y—1,...,n—y—1+w).
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From (A.13), we get

A i+2,.. i+ 1+w|n—v—1,....,n—y—14w)

Aig1,m—ny—1 A

=0ip-n1+—""T—A0,i+2,...i+1+w|n—7,...,n—y+w)
Ajt+-1,n—
@it 11 bit1ny — Y @it
(4.6) = Gy oyl Dy YLy (g 9),
Ait-1,n—y X

Hence, by substituting (4.6) into (4.5), we conclude that

(4.7) Qit1,j Dit L+l

bi+1,j:x&ij+ 1§j<’ﬂ,
Q41,541

The expression in (4.7) involves no subtractions and requires 4n — 4 arithmetic operations such that together
with the three arithmetic operations for the computation of b;11 5, the total number of arithmetic operations
to find all the entries in the row i + 1 is 4n — 1.

Case 2: k=iand 1 <j <n.

For n —~ > i, (A.15) reads

b _ CN’/i,nffyfl
Ln=y-1 Alii+2,. i+1+w|n—r7,...,n—y+w)
y+x

&i+1,n—'y
and by substituting (4.2) into (A.15), we obtain

5 _ &im—'y—l a'i-ﬁ-l,n—'y
i,n—y—1 — ~ .

bi+1,n7'y
For n — v <4, we proceed similarly as in the case n — v > i and get
- G i s
(4.8) by = LUt 1 <<,
bit+1,j+1

The expression in (4.8) involves no subtractions and requires 2n — 2 arithmetic operations, which reduces to
n — —1 because the factors of a;; are reciprocal for k¥ = ¢ and k = i 4 1. Together with the one arithmetic
operation for j = n, the total number of arithmetic operations to find all the entries in the row i is n.
Therefore, the total number of arithmetic operations for the computation of Bis 4n —14+n=5n—1. O

ExaMpPLE 4.1. We consider the following Pascal matrix

11 1 1

1 2 3 4
A =

13 6 10

1 4 10 20
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Application of Algorithm 3.1 yields

1/4 1/6 1/4 1
1/6 2/10 6/10 4
1/4 6/10 1 10
1 4 10 20

A=

We multiply the third row of A by 2 and add to it the second row multiplied by 10. Then, we scale the
second row by 1/2. The resulting matrix is

1 1 1 1
1/2 1 3/2 2
12 26 42 60
1 4 10 20

B =

With z = 10 and y = 2, we compute recursively the entries of B from the entries of A. The entries in the
first and last row of A do not change. First, we calculate the entries in the third row of B and start with

2)34 = T ag4 + Yy azq = 60.

The other entries are

- dss b

b33 = 1’&23 + 013? 34 = 12,
a34

- 5 dso by 46

by = T gy + —o—2 = —,
ass 5

- . s b 11
by = 2 gy + ——2
asz2 2

The entries in the second row of B are calculated as follows:

boy = — gy = 2,
Yy

. — O23031 1
23 634 107
By — 20033 1
bss 60’
~ a21a 1
by, = O210s2 1

b32 92’
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Therefore, the matrix B is

1/4 1/6 1/4 1

1/92 1/60 1/10 2

11/2 46/5 12 60
1 4 10 20

é:

4.1.2. Case of a nonsingular totally nonnegative matrix. In this section, we extend Theorem 4.2
to the case of a nonsingular totally nonnegative matrix A. We proceed as in Section 3.2 and arrive at the
following formulae for the entries of B.

Ghj , for k=14,i<j <n,
y+x<2ﬁ,:j+1 akiﬁ)
Gk for k=1i,1<j<i

- b
Ytz :Lnf‘ M) ~
Y (E =i+l Byt and Gp41,5+1 # 0,

g a’““'j“k o =0, for k=i,1<j<i
~ . n Ok+1,5 “km
Y ak+1"7+m< ML Gt ) and ag41,j41 =0,
l&kj, for k=14,j =n,

Y

Jfor k=i+1,1<j<i

yan; + (akl,j +ang (eyin )) for k=it 1,i<j<n,
) and ak7j+1 7é 0,

- ~ ~ n Ak—1,m
y agj +a (ak—l,j + ay; (Zm:j+1 . )
~ ~ n &k- ak, R
Y apj + (akl,j + (Zm:jJrl R m))

=T ak—1,j, for k=i+1,1<j<i
and &MH :0,

T Ap—1,j + Y akj, for k=i+1,j=n,
Qkj, for k#£iand k#£1i+1,
1<j<n.

In the following algorithm, we extend Theorem 4.3 to the nonsingular TN case.

ALGORITHM 4.1. For a given nonsingular TN matriz A € R™ " and given z,y > 0, and row index 1,
the following algorithm implements the extension of the calculation according to Theorem 4.3 and computes
B from A with at most bn — 1 arithmetic operations.

(i) byj = ans, for k#d,i+1,j=1,...,n;
(11) bi+1,n = &zn —+ Yy &i+1,n and bin = alﬁ.
(iii) For j=n—1,...,1 put:
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(a) If ai+1¢j+1 7& 0, then

- o A brgyr .
; T g5+ =g if k=i+1,
ki = i
AkjAk+1,j+1 : I
57‘], if k=i.
k1,541

(b) If ai+1}j+1 =0 and aiJr]’j = 0, then

- (ECNL]C,L]', if k:’é-l-].,
brj =
0, it k=i

(C) If 5,7;+1_’j+1 =0 and CNLL'JrLj 7& O, then
set u; :=min{h € {j +2,...,n}|@it1,n # 0} (we set u; := oo, if the set is empty).
If u; # oo, then

~ anj biyu, . .
N T g1+ — - i k=i+1,
]
bkj - AkjAlk41,u;
Beslhriey it k=i
k1,
If u; = oo, then
- xdk,17j+ydkj, if k=i+1,
bkj = o
=3 i k=i

A MATLAB [21] function called AddToNextRow for the implementation of Algorithm 4.1 is given in
Appendix B.

ExAMPLE 4.2. Let A be the following tridiagonal matrix

320 0 0
1 4 4 0 0
A=]10 1 3 1 0
0 0 6 10 2
0 0 0 20 10
Application of Algorithm 3.1 yields
2 2 0 0 O
1 2 4 0 0
A=]012 1 0
006 6 2
0 0 0 20 10
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We multiply the fourth row of A by 3 and add it to the third row multiplied by 4. After scaling the third
row by 1/3, we obtain

3.2 0 0 0
1 4 4 0 0
B=|0 1/3 1 1/3 0
0 4 30 34 6
0 0 0 20 10

Application of (4.9) with z = 4 and y = 3, yields

2 2 0 0 0
1 2 4 0 0
B=1|0 1/5 6/11 1/3 0
0 4 30 22 6
0 0 0 2 10

4.2. Elementary operations and bidiagonal factorization. In [16], it was studied how the bidi-
agonal factorization of a nonsingular TV matrix A changes when we multiply its ith column by a positive
scalar x/y and add it to the column ¢ — 1, and scale column ¢ and the resulting column ¢ — 1 by 1/y and
y > 0, respectively. In matrix language, this is equivalent to form the product A’ := AJ;(x,y), where J;(z,y)
is the lower bidiagonal matrix having the entries from y, x, and 1/y in the positions (i — 1,7 — 1), (i,7 — 1),
and (4,1), respectively.

As an alternative to the procedure in [16], we form* B := (A’#)T and apply Theorem 4.3 or Algorithm 4.1
to compute B. Finally, we obtain by Algorithm 3.3, the bidiagonal factorization of B. The worked example
in [27, Section 3.2] illustrates the procedures in [16] as well as our approach.

5. Accurate computation of the eigenvalues of totally nonnegative matrices. In this section,
we present an algorithm for computing the eigenvalues of a nonsingular TN matrix A, given G, where
G = (A#)T, with high relative accuracy. The computation of G by the Cauchon algorithm is inadequate,
because this algorithm is not subtraction-free. Instead, we calculate G from the bidiagonal factorization
of A; this can be done accurately by Algorithm 3.4. For many kinds of structured matrices, a bidiagonal
factorizations can be found, for a large list see [20]. Koev [16, Section 3] presents a necessary and sufficient
condition for a TP matrix to allow an accurate computation of its bidiagonal factorization. This is possible,
e.g., for Vandermonde and Cauchy matrices. We assume here that G is accurately computed.

Let A = [a;;] € R™*™ be a nonsingular TN matrix. To reduce A to a tridiagonal matrix T', we proceed
similarly as the BR algorithm [12]. We start by introducing a zero in the (n,1) entry by subtracting a

*Note that by this transformation elementary operations applied to columns change to elementary operations on rows.
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multiple of the second column from the first. Then, we add the same multiple of the first row to the second
to complete the similarity transformation. In the next step, we subtract a multiple of the second row from
the first to create a zero in position (1,n); then again, we complete the similarity transformation by adding
the same multiple of the first column to the second. The zero in position (n, 1) is not disturbed by the last
operation. Next, we introduce zeros in positions (n,2) and (2,n) in a similar manner, which does not disturb
the zeros already created in positions (n,1) and (1,n). We continue the same process until all but the last
two entries of the last row and column are zero. Then, we apply the same process to the principal submatrix
A[l,...,n—1] and so on until the matrix is reduced to the tridiagonal matrix 7T

This process uses the following elementary operations:

1. subtracting of a positive multiple of a row (column) from the previous one;
2. adding of a positive multiple of a row (column) to the next one.

To preserve the accuracy, instead of performing these elementary operations on A, we perform the
elementary operations on G in such a way that subtractions are not required. For simplicity, we explain the
procedure in the case that A is T'P. Then, if n = 4, G is given by

Q44 Q34 G24 A14
G- (A#>T _ | %43 asz a3 a13
Q42 Q32 Q22 A12
aq1 az1 G221 G11

and G can be represented as, see Lemma 3.1,

det A [1,2,3,4} det A [1,2,3|2,3,4} det A [1,2\3,4}

det A {1,2,3] det A {1,2|2,3] as o
det A [2,3,4\1, 2,3} det A {1,2,3} det A [1,2\2,3}
(5.1) G=| detA [2,3\1,2} det A [1,2} a1y e
det A [3,4\1,2} det A [2,3|1,2] det A [1,2} .
a3 a21 a11
41 asi a21 a1

We start with G as input. Since the value of a determinant of a matrix does not alter when one adds
a multiple of one of its rows (or columns) to another row (or column), creating a zero in position (4,1) in
A does not change the remaining entries in the first column of G (note that with the exception of az; and
a41, all minors in the first column of G in (5.1) contain the second column of A). In the resulting matrix,
we perform the addition of the multiple of its first row to the second according to Theorem 4.3. Similarly,
creating a zero in position (1,4) does not alter the remaining entries in the first row.

In the extension to nonsingular TN matrices, note that by Theorem 3.1 G is a nonnegative Cauchon
matrix with positive diagonal entries. As a consequence, making a nonzero entry zero is always possible
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because the entry to the right of it in the same row in the lower triangular part or below it in the same
column in the upper triangular part is nonzero.

Continuing in this way, see lines 3 to 16 in Algorithm 5.1 below, we obtain the matrix H with H = (T#)T
where T is the desired tridiagonal matrix.

By Algorithm 3.3, we obtain from the matrix H the bidiagonal factorization of the tridiagonal matrix
T, which has only three nontrivial factors, see (3.2),

T=rr"D.p.yr-1,

The matrix 7' may not be symmetric, so we form as in [16] the symmetric tridiagonal matrix T := L=1.
D - U™V where
I T V4 Sk LT I B SRR I B

The matrices T and T have the same eigenvalues since they have the same characteristic polynomial. We
compute the eigenvalues of T accurately as the squares of the singular values of its Cholesky factor C' =
DY2U (=1 determined in lines 17 to 22 in Algorithm 5.1. Here, we use the function bidsvd [25], see line 23,
which is based on the LAPACK [5] routine dbdsqr and requires O(n?) arithmetic operations. The eigenvalues
of A are the same as the eigenvalues of T

ALGORITHM 5.1. Let B = G be given, which is the matriz obtained from the bidiagonal factorization of
A by Algorithm 3.4. The following algorithm computes the eigenvalues of A accurately.

function TNEigenvalues(B)
n = size(B,1)
for i = n:-1:3
for k = 1:1-2
if B(i,k+1) "= 0
x = B(i,k)/B(i,k+1);

B(i,k) = O;
B = AddToNextRow(B,x,1,k);
end

if B(k+1,i) "= 0
x = B(k,1)/B(k+1,1);

B(k,i) = 0;
B = (AddToNextRow((B)T,x,1,k))”;
end
end

end
for i = 1:n
D(i) = sqrt(B(n-i+1l,n-i+1));
end
for i = 1:n-1
C(i) = sqrt(B(n-i,n-i+1)*B(n-i+1,n-i)/B(n-i+1,n-i+1));
end
TNEigenvalues = (bidsvd(D,C))?;
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The computation of H from G requires at most

3 -2

23 N (i-1) = ?n?’ + O(n?),

i=n k=1

arithmetic operations, see Theorem 4.3 and Algorithm 4.1, respectively, and Algorithm 5.1. Additional
O(n?) operations are needed for the calculation of G from the bidiagonal factorization of A, see Algorithm
3.4, and for the final computation of the eigenvalues of the tridiagonal matrix 7" by using the function bidsvd.
In contrast, Koev’s approach requires at most 1—36713 + O(n?) operations [16].

We have run Algorithm 5.1 for Vandermonde matrices up to order 12, which are TP and are known to
be badly ill conditioned. Their bidiagonal factorization is known, see, e.g., [16]. The results confirm that all
the eigenvalues have been accurately computed.

6. Perturbation and error analysis. In this section, we will show that small perturbations in the
parameters of the bidiagonal factorization (1.1) of a nonsingular TN matrix A, and thus in the matrix G,
cause only small relative perturbations in the eigenvalues of A.

We use the standard model of floating point arithmetic [14, Section 2.2]:
Az oy) = (zoy)(1+8)”, where |§] <e,pe{-1,1} and ® € {+,—, x,/}.
Relative perturbations are accumulated as follows [14, Lemmata 3.1 and 3.3]:
If p; e {-1,1}, |0;| < 6,i=1,...,k, and kd < 1, then
k

N\Pi __ <
[[a+6)—1] < -

=1

and
if |’)/1‘ < kld/(l — klé), |’}/2‘ < kg(S/(l — k25), and (kl + k2)§ < 17 then

(14 m) (4 7e) 1] < T

We follow the arguments in [16, Section 7]. In Theorem 7.2 therein, it is shown that small relative
perturbations in the entries of the bidiagonal factorization of a T'N matrix cause small relative perturbations
in the eigenvalues of this matrix. Specifically, let A € R™*™ be a nonsingular TN matrix, and B € R"*"
be obtained from A by replacing a single parameter z in the right-hand side of (1.1) by z(1 + ¢,), where
|0:] < e. Denote the eigenvalues of A and B by Ay > Ay > ... > A\, and g > po > ... > up, respectively.
Then, for all: =1,...,n,

2
(6.1) i = M| <

i
—1-2""

In the reduction of the eigenvalue problem to the singular value problem of a bidiagonal matrix by
Theorem 4.3 for a TP (or by Algorithm 4.1 for a nonsingular TN) matrix and Algorithm 5.1, the only source
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of error is in the computation of the entries of the intermediate matrices. All arithmetic is subtraction-free;
thus, every single floating point operation causes at most € relative perturbation in an entry of an intermediate
matrix. Taking the relative perturbation of any eigenvalue of A according to (6.1) into account, after at
most

10 4

gn + O(nz),

such arithmetic operations, accumulation of the errors as described above results in a relative perturbation
in each entry of H, which does not exceed the bound
(2n® +0(n?)) e
1—(2n?+0(n?)e

The computation of the Cholesky factor C' from the tridiagonal matrix T requires 2n — 2 multiplications
and 2n — 1 square roots and can therefore be performed accurately. Finally, the function bidsvd computes
accurately each singular value of a bidiagonal matrix because it uses the LAPACK [5] routine dbdsqr which
does this task [7, 9]. Thus, we can conclude that the relative error in each eigenvalue of A, as computed by
Algorithm 5.1, does not exceed

(@n?’ + O(n2))6.
3

7. Conclusions. In this paper, we have shown that certain arithmetic operations can be performed
with the Cauchon algorithm (Algorithm 3.1) with high relative accuracy. By the use of these operations, we
are able to accurately compute all eigenvalues of a nonsingular TN matrix independently of its condition
number. Naming the Cauchon algorithm in the title of the paper is justified because the matrix G we are
using as input for Algorithm 5.1 is indeed the matrix, which is obtained by the application of the Cauchon
algorithm to G = (A#)T. However, this computation is not subtraction-free. For the sake of high relative
accuracy, we have chosen the calculation of G from the bidiagonal factorization of A. The reduction of the
matrix G to the tridiagonal form T is based on the elementary operations considered in Section 4.1 under
the performance of the Cauchon algorithm. In addition, the extension of Algorithms 3.3 and 3.4 from the
TP to the nonsingular TN case requires the use of the Cauchon algorithm as well as its inverse algorithm,
the restoration algorithm (Algorithm 3.2). The use of the matrix G instead of the use of the bidiagonal
factorization employed in [16] is the main contribution of this paper. For a large order of the given TN
matrix, our approach requires fewer arithmetic operations than the approach in [16].

In our future work, we will extend the approach to the accurate computation of the singular values,
eigenvectors, and the inverse matrix of nonsingular TN matrices as well as to the solution of systems of
linear equations with such matrices as coefficient matrices.

A. Proof of Theorem 4.2. In the proof of Theorem 4.2, we are making extensive use of the following
special form of Sylvester’s Determinant Identity.

LEMMA A.1. Partition A € R"*™ n > 3, as follows:

C A12 d
A= Ay Ay A |,
e Az f
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where Agy € R"=2%(=2) gnd ¢ d, e, f are scalars. Define the submatrices
e dn ) (32 )
pe (M ) (G %)

detCdet F —det Ddet &
det A22 '

Then, if det Ags # 0, we have

det A =

Proof of Theorem 4.27. The TP matrix B can be written as follows:

ai a2 .- a1,n—1 A1n
a21 a22 cee a2 n—1 a2n
B = l/y a1 1/y @32 1/y Qi n—1 1/y Qin
Yai+1,1 + 201 Yaiy12 T TAi2 .. YGipln—1 T TAin-1 YAitln + TGin
Gn—1,1 An—1,2 v An—1,n—1 An—1,n
Gn1 an2 s Gn,n—1 Gnn

To find the entries of B in terms of the entries of A, we distinguish the following three cases:

Case 1: k<iork>i+1.
Since B is TP, we have by Lemma 3.1

bej = B{k,....k+w|j,....j+w)
:A<k7...,k—|—w|j,...7j—|—w>
= akj.
The second equality follows in the cases k > i+ 1 and k + w < i, since
B [k,...,k+w|j,...,j+w} :A[k:,...,k+w|j,...,j+w].
Otherwise, k < i < k+w holds. If i+ 1 < k + w, then by determinantal properties, the second equality also

follows. If i +1 > k + w, then ¢ = k + w holds. Hence, by determinantal properties, the second equality
follows.

Case 2: k=171+1.

Since Gi11,n = Qit1,n, Gin = Qin, and Bz’+1,n = bj41,n, it follows from the definition of B that

bivin = Qin + Y Qiy1n-

TA more detailed proof can be found in [27, Section 3.1].
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In the following, we will explain how the other entries in row i+ 1 of B are changed. In the sequel, we assume
that n is sufficiently large compared to ¢ 4+ 1 such that sufficiently many rows of B below the (i + 1)th row
are available. If this assumption is not fulfilled, the statement can be proven similarly. By Lemma 3.1 and
determinantal properties, we obtain

bitin1 =B {i+1,i+2n—1,n)
=z A(i,i+2n—1,n)+y A(i+1,i+2ln—1,n)
(A.1) =z Ai,i+2n—1,n) +y @Giy1,n-1

To find the value of the second term in (A.1) in terms of the entries of A, we add and subtract the following
quantity to it:

. . Qjn, ~ &l’n
A<z+1,z+2|n71,n> = Qit1,n-1 = .
ai+1,n ai+1,n
Hence,
A(ii+2n—1,n)=Ai,i+2n—1,n)
. . Qijn
:I:A<z—|—1,z—|—2|n—1,n>
Ait1,n
_ Qin—10i42n — GinQi4+2 n—1
ai+2,n
Ait1,n—10in Qin
+ — - (ai+2,nai+1,n71 - ai+1,nai+27nfl)
Ai4+1,n Ai42 nAit1n
_ %in1Gitin ~ Ginlitin-1 Qi 1,n—10in
it1,n it1,n
.. Ait1n—10;
=A(i,i+1n—1,n)+ —AlnzlTm
ai+1,n
~ ~ dln
(A.2) =Qin-11Ait1,n-1% .
Git1,n
By substituting (A.2) into (A.1), we get
A3 ; —ya a 3
(A.3) itln—1 =Y Git1n—11TT | Gin—-1+ Git1n—1% .
Ait1,n
To prove the relation for the remaining entries in row i + 1 of B, we use decreasing induction on the column
index k=n—2,...,1, i.e., we will show
. a
> ~ ~ ~ im
(A.4) bistn—ny =Y Gisinny + T |Gipoy +aitrinny Y, =

a;
m=n—y+1 it+1,m
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We assume that (A.4) is true. Then, by Lemma 3.1
Bz‘+1,n_7:B<z’+1,...,i+1+w|n—7,...,n—7+w>
(A.5) :yELH_L,L_,Y—|—xA<i,i—|—2,...,i+1+w\n—’y,...,n—'y—|—w>.

From (A.4) and (A.5), we obtain

n

.. . ~ ~ dzm
(A.6) A<z,2+2,...,z+1+w|n77,...,n7'y+w>:ai,n,«,JraiH,n,W Z —_—
S ——] Ai4+1,m

Now, we want to prove that (A.4) holds for j =~v+ 1. If n —~v > i+ 1, then for j =n — v — 1, we are in
the upper triangular part or on the main diagonal of the matrix B.

BHl’n,V,l:B<i+1,...,i+2+w|n—’y—1,...,n—7+w>
(A.7) :ydi+17n_7_1+xA<i,i+2,...,i+2+w|n—7—1,...,n—7—|—w>.

To find the value of the second term in (A.7), we apply Sylvester’s Determinant Identity on its numerator
and add and subtract the term

A<i+1,...,i+2—|—w|n—’y—1,...,n—'y+w>
A(iyi+2,...i+1+wn—7v,...,n—7+w)
A<z’+17...,2'+1+w|n—7,...,n—7+w> '

Then, we obtain
Alii+2,. . i+2+wn—y—1,...,n—y+w)y=A(,i+2,..,i+14+wn—vy—1,...,n—y—14w)

det Afi, i +2,...,i+14+wn—7v,...,n—v+w] det Ai +2,...;i+24+wn—v—1,...,n—v— 1+ w]
det Ali +2,...,i+1+wn—7,....n—v—14w] det A[i +2,...,i+2+wn—7,...,n—v+w|

A<i,i+2,...,i+1+w\n7'y,...,n7'y+w>

—AG L it 2wl -y =L n =yt w) AG+1,. . itltwn—r,. .., n—~+w)

1
(A.8) Fait1n—y—1 A+ 2, i+ 1l4twn—7,...,n—y+w).
Qitl,n—~

Again by Sylvester’s Determinant Identity, we conclude

A<i+1,...,i+2+w|n7’yf1,...,nf'y+w>:A<i+1,...,i+1+w|n7’yf1,...,n7’yfl+w>

det Ali+1,...,i+14+wn—7,....n—v+w]det A[i +2,...,i+2+wn—~v—1,...,n—v— 1+ w)
det A[i +2,...,i+2+wn—7,....n—y+w] det A[i +2,...,i+1+wn—",....n—y—1+w
(A.9)

By substituting (A.9) into (A.8) and after simplifications, we get

A<i,i+2,...,i+2+w|n—'y—1,...,n—’y—|—w>
:A<i,i+2,...,i+1—|—w|n—’y—1,...,n—'y—1—|—w>
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—Al+1,.. i+tl+wn—y-1,...,n—vy—1+w)
det Ali,i+2,...,i+14+wn—"7,...,n— v+ w|
det Ali+1,...,i+14+wn—7v,...,n—v+w)

+MA@}H-?,M,H-I—|—w|n—’y,...,n—7+w>
Ai41,n—~

:A<i,...,i+1+w|n—'y—1,...,n—'y—|—w>

(A.10) F ANl p G 2, i L wn =, n =y 4 w)
Ai4+1,n—v

n

= i tnoy—L ((Mm7 taitinny D dim ) ,by (A.6)

a; - a;
i+1,n—vy m=n—ny+1 i+1,m

n

- - a;
(A.11) = Aijn—n—1F Ait1,n—~—1 Z —

Qit1,m

Hence by substituting (A.11) into (A.7), we conclude that (A.4) is true when j = v + 1 in the upper
triangular part and on the main diagonal of B.

If n—~ <i+1, then for j = n—- —1, we are in the lower triangular part of B, and we obtain similarly
asin (A.7)

bl-+17n,,y,1:B<i+1,...,i+1+w\n—7—1,...,n—'y—1—|—w>
(A].Q) = xa—i—y diJrl,nf'yfla

where a := A<i,i+2,...,i+ l+wn—vy—1,....,n—~v— 1+w>. In (A.12), we rewrite a by using
Sylvester’s Determinant Identity and add and subtract the following quantity

A<i,...,i+1+w|n—'y—1,...,n—’y—|—w>.

a:a+A<i,...,i+w+1|n—’y—17...,n—’y+w>
det Ali,i+2,...,i+14+wn—v—-1,...,n—v— 14w
B det Ali+1,...;i+14wn—",...,n—v+ w] .
det Ali+1,...,i+14+wn—",...,n—v+w]
det Ali+2,...,i+14+wn—",....,n—v—1+w)
det Ali,i+2,...,i+14+wn—"7,....,n—v+ w|
det Ali+1,....i+14+wn—",...,n—v+w]
Afi+1,..i+l4+wn—y—1,....n—y—14w)
=A(i,...;i+1+wn—y-1,...,n—v+w)
det Afi,i4+2,...,i+14+wn—"7,...,n— v+ w]
det Ali+1,...,i+14+wn—",...,n—v+ w]
Ali4+1,.. itl+wn—y—1,...,n—7—1+4w)
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det A[7,i42,...,i+14+w|n—>,....n—y+w]
o~ ~ det Ali+2,...,i+14+w|n—y+1,...,n—y+w]
= Gin—y-1 + Fit1,n—y—1 det A[i+1,...,i+14w|n—7y,...,n—y+w]

det A[i+2,...,i+1+w|n—y+1,...,n—y+w]

(A.13) = iyt T A G2 i L wln =, — W)
Aj4-1,n—ry

Similarly as from (A.10), we conclude by (A.6) that (A.4) is true when j = v+ 1 in the lower triangular
part of the matrix B.

C 3: k=1.
B;:S;use all che entries in the last column of B do not change when we apply Algorithm 3.1 on B, the relation
Bon = = dan.
holds. To prove
Proof.
S in—j
(A.14) bin—j = Tt Z:Ln:nfj%»l aaﬁ@m )
for j=1,...,n — 1, we use mathematical induction on j. For j =1,

bin_1 = B {(i,i+1n—1,n)
_ det Afi, i + 1jn — 1, n]
~ ydet Afi + 1|n] + = det A[i|n]

B det Afi, i+ 1jn — 1,n]/ det A[i + 1|n]
 (ydet A[i + 1|n] + z det A[i|n]) / det A[i + 1|n]

_ Qi n—1
ain
y+x Qit1,n

Assume that (A.14) is true when j = v > 0. We want to prove that (A.14) is true when j = v+ 1 and
consider the case n — v > 7 first.

bi7n_7_1:B<i,.“,i+1+w|n7'yf1,...,n7'y+w>

_ det Afi,...,i+14+wn—vy—1,...,n — v+ w]
- ydetAfi+1,...,i+1+wn—7,...,n—v+wl+xdet Afi,i +2,...,i+1+wn—-,...,n—v+w|

_ det Afé,...,i+14+wn—vy—1,...,n—v+w]/det Ali +1,...,i+1+wn—~,...,n — v+ w]
- y+axdetAf,i+2,...,i+1+wn—7,...,n—v+w]/detAli+1,...,i+1+wn—7,...,n—v+w]

&i,nf'yfl
det Afi,i +2,...,i+1+wn—",...,n—v+w]/det Ali +2,...,i+1+wn—~v+1,...,n—v+w]
detAli+1,...,i+1+wn—7,...,n—v+w]/det A[i +2,...,i+1+wn—~v+1,...,n—v+w]

ai,n—'y—l
Ali,i+2,.. i+ 1l+wn—7,...,n—y+w)
x

Git1,n—y

Y+

(A.15)
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By using (A.6), we obtain

Ajm—y—1
bi n— = it

QAim

- - n
Qg m—ry + Qi+1,n— Zm:n—'y—i—l Ait1,m

y+x p
Aj41,n—r

Qi n—y—1

- n Qim °
y + z Zm:n—’y ai+1,7n

Hence, (A.14) is true when j = v+ 1. When n — v < 4, we proceed similarly. O

B. The function AddToNextRow. The following function implements Algorithm 4.1, that is, given the
matrix A, matrix B is computed, where B is obtained from A by multiplication of its ith row by the positive
scalar x and adding it to the next row multiplied by . Finally, the ¢th row is multiplied by %

function TildeB = AddToNextRow(TildeA,x,y,i)
n = size(TildeA,1);
TildeB = TildeA;

% The entries in the row i and i+1
TildeB(i+1,n) = x*TildeA(i,n)+y*TildeA(i+1,n);
TildeB(i,n) = TildeA(i,n)/y;

for j = n-1:-1:1

if TildeA(i+1,j+1) =0
z = TildeB(i+1,j+1)/TildeA(i+1,j+1);
TildeB(i+1,j) = x*TildeA(i,j) + TildeA(i+1,j)*z;
TildeB(i,j) = TildeA(i,j)/z;
else
if TildeA(i+1,j) ==
TildeB(i+1,j) = x*TildeA(di,j);
TildeB(i,j) = 0;

else
h = j+1;
while TildeA(i+1,h) == 0 & h < n
h = ht+1;
end

if h == n && TildeA(i+1,h) == 0
TildeB(i+1,j) = x*TildeA(i,j)+y*TildeA(i+1,j);
TildeB(i,j) = TildeA(i,j)/y;

else
z = TildeB(i+1,h)/TildeA(i+1,h);
TildeB(i+1,j) = x*TildeA(i,j)+TildeA(i+1,j)*z;
TildeB(i,j) = TildeA(i,j)/z;

end

end
end
end
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