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DERIVATIONS ON RANK K TRIANGULAR MATRICES*

WAI LEONG CHOOI' AND JINTING LAUT

Abstract. Let n > 2 be an integer and let T,,(R) be the algebra of n X n upper triangular matrices over a unital ring
R. In this paper, we characterize derivations v : T, (R) — Tn(R) on strictly upper triangular matrices, i.e., additive maps
¢ satisfying ¢(AB) = AY(B) + ¥ (A)B for all strictly upper triangular matrices A, B € T,,(R). We then deduce this result a
complete structural characterization of derivations ¢ : Tp,(R) — T»(R) on rank k upper triangular matrices, where 1 < k < n
is a fixed integer and R is a division ring.
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1. Introduction. Let R be a ring and let S be a nonempty subset of R. An additive map ¢ : R - R
is called a derivation on S if Y(AB) = AY(B) + ¢(A)B for all A,B € S, or simply a derivation when
S =TR. Let n > 2 be an integer. We denote by T, (R) the algebra of n x n upper triangular matrices over
R. The study of derivations of rings, as well as its relation to the structure of rings, has been an active
and continuing subject for a long history due to the initial works by Herstein [12] and Posner [19] date back
to 1957. The first structural characterization of derivations on upper triangular matrix rings was obtained
in 1987 by Jgndrup [14]. He studied derivations v : T,,(R) — T,,(R), with R being a simple algebra finite
dimensional over its center and showed that every derivation %) is inner, i.e., ¥ = adx for some X € T,,(R),
where adx is given in (1.2). Subsequently, Coelho and Miles [10] generalized this result to arbitrary unital
rings R and showed that all derivations ¢ : T,,(R) — T,,(R) are precisely maps of the form

(1.1) Y =adx +d,

for some derivation d : R — R and X € T,(R), where d : T,,(R) — T,,(R) is the derivation induced by
d as given in (1.3). Later, an alternative proof of this result via induction was given in Ref. [15]. Since
then, derivations on numerous rings and algebras of upper triangular matrices have intensively studied and
generalized in various directions, see, for example [1, 3, 6, 7, 13, 17, 20, 21, 22, 24].

Motivated by these works, as well as by the studies of functional identities on upper triangular matrices
[2, 4, 5], linear preserver problems on subsets of matrices [16, 18], and commuting maps on rank k matrices [8,
9, 11, 23], it is natural to address a question of what is the structural form of derivations ¢ : T,,(R) — T,,(R)
on subsets of upper triangular matrices, in particular, on rank k upper triangular matrices. Surprisingly,
the structure of ¢ is extremely simple which is of the form (1.1) when R is a division ring with at least three
elements (see Lemma 4.1). Nevertheless, when |R| = 2 and k = n, the problem is more involved, and it is
related to the study of derivations on strictly upper triangular matrices (see Lemma 4.2). In this regard,
we first study derivations ¢ : T,,(R) — T, (R) on strictly upper triangular matrices over a unital ring R
in Theorem 3.2. Our main strategy in Theorem 3.2 is to reduce derivations ¢|y, (r) : Nn(R) — Tp(R) to
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derivations ¢ : N, (R) — N,(R) via X, (see (1.5) and Example 1.4), where N,,(R) denotes the subset of
T,,(R) consisting of strictly upper triangular matrices. Then Theorem 3.2 follows from the characterization of
derivations ¢ : N,,(R) — N,(R) (see Lemma 3.1). We notice that a similar attempt in linear Lie derivations
of N,(R) over commutative rings R has been considered by Ou et al.in Ref. [17]. However, our approach
and result are different from Ou et al. Using Theorem 3.2, we deduce a complete structural characterization
of derivations ¢ : T,,(R) — T,,(R) on rank 1 < k < n upper triangular matrices over a division ring R in
Theorem 4.3. We remark, in Theorem 4.3, that such additive maps ¢ are of the form (1.1), but the structure
of ¢ is much more complex and fertile when |R| =2 and k = n.

We begin our discussion with an overview of some examples of derivations on certain subsets of upper
triangular matrices, which play a fundamental role in describing the structural results of derivations in
Theorems 3.2 and 4.3. Throughout these examples, unless stated otherwise, R denotes a unital ring and
n > 2 is an integer. Let N,,(R) and D,,(R) denote the subsets of T, (R) consisting of strictly upper triangular
matrices and diagonal matrices, respectively. Notice that T,,(R) = D,(R) @ N,(R) is the direct sum of
D, (R) and N,(R). We denote by nn : T,(R) = Tn(R) and 7p : T,,(R) — T,,(R) the projections onto
N,(R) and D, (R), respectively, which are the additive maps such that 7y(A) = A for all A € N,(R),
kermy = Dp(R), and np + 7y = I, where I : T,,(R) — T, (R) is the identity map. We adopt R = Fs, the
Galois field of two elements, when |R| = 2 and denote [A, B] = AB — BA for A, B € T,,(R).

EXAMPLE 1.1. Let X € T,,(R) and let adx : T,(R) — T,,(R) be the additive map defined by
(1.2) adx (4) = [4, X],
for all A € T,,(R). One usually calls adx an inner derivation of T,,(R).

EXAMPLE 1.2. Let d: R — R be a derivation. Let d : T},(R) — T,(R) be the additive map defined by
(1.3) d(A) = A?,
for all A € T,,(R), where A% = (d(a;;)) is the matrix obtained from A = (a;;) by applying d entrywise. Since
(AB)! = AB? + A’B for all A,B € T,,(R), d is a derivation induced by d.

For each pair of integers 1 < 4,7 < n, we denote by E;; the n x n matrix unit over R whose (4, j)th
entry is one and zero elsewhere.

EXAMPLE 1.3. Let f : T,,(R) — R be an additive map. Let puy : T,,(R) — T,,(R) be the additive map
defined by

(1.4) ni(A) = f(A) By,

for all A € T,(R). Then py is a derivation on N,(R) if and only if aF;; € ker f for all @ € R and integers
1<i<j—1<n—1. To see this, the sufficiency follows from Lemma 2.1 (ii). Consider the necessity. Let
A,B € N,(R). Then Af(B)E4,, =0 = f(A)E1, B implies that f(AB) = 0. It follows that f(aE;;) = 0 for
alla € R and integers 1 <i<j—1<n—1.

ExamMPLE 1.4. Let aq,...,a,_1 € R. We denote
n—1
(1.5) Xo = Ein+ Z @iEit1i,
i=1
where a = (a1, ..., a,—1). Note that

[aEsth] = aatflEs,tfl - asaEs+17t S Tn(R>7
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for all @ € R and integers 1 < s < t < n. We thus have [4,X,] € T,(R) for all A € N,(R). Let
Nx, : Tn(R) = T,,(R) be the additive map defined by

(1.6) nx,(A) = [y (4), Xal,

for all A € T,,(R). Then nx, is a derivation on N, (R).
EXAMPLE 1.5. Let Xq,..., X, € T,(R) and let ®x : T,,(R) — T,(R) be the additive map defined by

(1.7) Ox(A) = aiXi,

for all A = (ai;) € To(R), where X = {X;,..., X, }. Clearly, ®x is a left R-linear map. Since N,(R) C
ker &x and AB € ker &x for all A, B € N,(R), it follows from Lemma 2.1 (i) that ®x is a derivation on
N, (R). Moreover, when R = FF5 is the Galois field of two elements and X1+ - -4+ X,, = 0, we have &x(A) =0
for invertible matrices A € T, (F3). Then ®x is a derivation on invertible upper triangular matrices.

2. Preliminaries.

LEMMA 2.1. Let R be a ring and let S be a subset of R. If ¢ : R — R is an additive map satisfying
one of the following conditions:

(i) S Ckerv and AB € kerv) for all A,B € S,
(ii) SY(S) =1 (S)S = {0} and AB € keryp for all A,B € S,

then 1 is a derivation on S.

Proof. The lemma follows immediately from the observation that ¢(AB) = ¢(A)B = Ay(B) = 0 for all
A BeS.

LEMMA 2.2. Let R be a unital ring and let ¢ : T,,(R) = T,,(R) be an additive map such that N,(R) C
kertp. Then v is a derivation on N,,(R). Moreover, if ¢ is a left R-linear map, then there exist X1,...,X,, €
T,.(R) such that

O

V(A) = Z a;i X5,
i=1

for all A = (ai;) € Th(R).

Proof. Since N,,(R) is closed under multiplication, it follows from Lemma 2.1 (i) that ¢ is a derivation
on N,(R). Suppose that v is left R-linear. We set X; = (E;;) € T,(R) for i = 1,...,n. By the left
linearity of v, we have

Y(A) = aih(Bi) =Y auX,
i=1 i=1

for all A = (a;;) € T,(R) as required. ad

LEMMA 2.3. Let D be a division ring. Let n > 2 and 1 < k < n be integers such that k # n when
|D| = 2. Then T,(D) is spanned by rank k matrices.

Proof. The result is trivial when k = 1. Consider 1 < k < n. We now claim that each Fg, 1 < s <t < n,
can be expressed as a sum of rank k matrices. We argue in two cases.
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Case I: 1 <k <n. Let 1 < s <t<n beintegers. We see that

(2.8) By = Z(Eu + Eiiv1) = | Esst1+ Z (Eii + Eiiv1) | 5
ieJ ieT\{s}
Eq=)Y B+ (Est -y E“) :
ieJ i€J
are represented as a sum of two rank k triangular matrices, where J is a subset of {1,...,n — 1} such that

|J| =k and s € J. Next, we have

k—1 k—1
=1 i=1

is a sum of rank k triangular matrices, because each F;;, i = 1,...,k — 1, can be expressed as a sum of rank
k matrices as given in (2.8).

Case II: k =n. Then [D| > 3. Let a € D\{0, 1}. For each integer 1 < s < n, we see that
Eys = (In — aFss) + ((a + 1) Egs — 1),
and for each pair of integers 1 < s <t < n,
Ey = (Egt — 1) + I,

are represented as a sum of two invertible triangular matrices. a0
3. Derivations on strictly upper triangular matrices. Let n > 2 be an integer. We write A,, =
{(#,7) | 1 <i < j < n} throughout this section.
LEMMA 3.1. Let n > 2 be an integer and let R be a unital ring. Then ¢ : Np(R) — Nn(R) is an
additive map satisfying
(3.9) V(AB) = AY(B) + ¢ (A)B,
for all A, B € N,(R) if and only if

(a) when n = 2, ¥ is any additive map.
(b) when n > 3, there exists a derivation d : R — R, a matric X € T,(R) and an additive map
fiNu(R) = R, with aE;; € ker f for all a € R and integers 1 <i < j—1<n—1, such that

W(A) = [A, X] + A+ f(A)Brn,

for all A € N,(R).

Proof. The result is obvious when n = 2. Consider n > 3. Examples 1.1-1.3 prove the sufficiency. We
turn to the necessity. The proof is by induction on n. First suppose n = 3. For each (i,j) € A3, there are
additive maps fij7gija hi]’ 1 N3 (R) — N3 (R) such that

(3.10) Y(aEi;) = fij(a)Eis + gij(a) Eas 4 hij(a) Es,
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for all a € R. Let a € R. Setting A = Eq5 and B = aF12 in (3.9), we have 0 = E129(aF12) + ¥(E12)aF12,
and hence gi2(a)E13 = 0 by (3.10). Then g2 = 0. Likewise, setting A = aFs3 and B = FEa3 in (3.9), we
obtain fa3 = 0, and taking A = aE13 and B = Fi3 in (3.9), we get fi3 = g13 = 0. Let ¢ : N3(R) — N3(R)
be the additive map defined by

(3.11) $(A) = ¢(A) — f(A)Ers,
for all A € N3(R), where f: N3(R) — R is the additive map defined by
f(A) = hiz2(a12) + has(azs),

for all A = (a;;) € N3(R). Clearly, aEqs € ker f for all a € R. Then ¢(AB) = A¢(B) + ¢(A)B for all
A,B € N3(R) and

P(aBij) = kij(a)Eij,
for all @ € R and (i,j) € Az, where k1o = fia, ko = go3 and ki3 = hyz. Since ¢((aF12)FEa3) =
¢(aE13) = ¢(E12(aFEs3)), it follows that aEq2(kes(1)Eas) + (k12(a)E12) Eag = ki3(a)Evs = E1a(kas(a)Eaz) +
(k12(1)E12)aFss for all a € R. We thus obtain

(312) klg(a) + ak23(1) = ]{513(&) = k12(1)a + kzg(a),
for all a € R. Let X = —k12(1)E11 + k23(1)Es3 € T3(R) and let d : R — R be the additive map defined by
(3.13) d(a) = k12(a) — k12(1)a,

for all a € R. Then ¢(aFE12) — [aE12, X] = ki2(a)E12 — k12(1)aE12 = d(a)E1s for all @ € R. By (3.12)
and (3.13), we have d(a) = kos(a) — akas(1) for all a € R. Then ¢(aFEa3) — [aF23, X]| = d(a)E23 for all
a € R. Moreover, by (3.12) and (3.13), we see that d(a) = kiz(a) — akasz(1) — k12(1)a for a € R. So
¢(aFEr3) — [aEr3, X] = d(a)Ey3 for all a € R. By the additivity of ¢ and [ - , X],

(3.14) ¢(A) — [A, X] = d(a12) 1z + d(azs) Ea3 + d(a13) Bz = AY,
for all A = (a;j) € N3(R). We now show that d is a derivation. Let a,b € R. By (3.14),

d(ab)E13 = ¢(CLE12(bE23)) — [aElg(bEgg), X]

= CLElg((b(bEQg) - [bEQg,XD + (¢(aE12 — [aElg, X])bEgg
aElg(d(b)Egg) + (d(a)Elg)bE23
= (ad(b) + d(a)b)Eys.

Hence, d is a derivation. Together with (3.11) and (3.14), this establishes the base case n = 3.

Assuming the result holds for n > 3, we prove it for n + 1. Let us first claim that there exist additive
maps @1 : Np(R) = My 1(R) and ¢ : My, 1(R) = M, 1(R), a derivation d : R — R, a matrix H € T,,(R)
and an additive map g : N,(R) = R, with aF;; € kerg for all a € R and integers 1 < i< j—1<n—1,
such that

d

for all A € N,(R) and B € M, 1(R), where M, 1(R) is the additive group of n x 1 matrices over R. Let
B1,By € M, 1(R). For each i = 1,2, we write
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0, B\ (Y Z;
w( 0 0 ) B (0 0 ) ’

for some Y; € N,,(R) and Z; € M, 1(R), where 0,, is the n X n zero matrix. By (3.9),

B 0, Bi\[0, B,

o= (G )6 D)

(0, B1\(Ys Z n Yi Z1\(0, B

—\o o0/\o o© 0 0/)\0 0

(0, YiB,

—\o 0o )’
Hence, Y1 By = 0 for all By € M, 1(R), and so Y7 = 0. Then there exists an additive map ¢ : M, 1(R) —

M,,.1(R) such that 0, B\ (0, o(B)
w(o 0)‘(0 0 )

for all B € M,,1(R). By the additivity of ¢, we thus deduce that
A B\ (A0 On BY _ (C(A) ¢1(A)+¢(B)
@1 oo 0)=o(o o) re(s §)=(0" 707),

for all A € N,(R) and B € M, 1(R), where ¢ : N,(R) — N,(R) and o1 : N, (R) = M,,1(R) are additive
maps. Let A1, A2 € N,(R). By (3.9) and (3.16), we see that

<C(A(1)A2) 801(1%1A2)> _ 1/)<A10Az g)

- (5 o) o)
gc(ﬁ))(i(ﬁj ):l(OAj) +<A<j;§1) QOI(OAl)) @2 8>
1 2 1)A2 1P1(A2
0 0 '

Then
(3.17) C(A1A42) = A1((A2) + C(A1)A2  and  ¢1(A1A2) = A1p1(Ag),

for all A;,As € N,(R). The induction assumption deduces that there is a derivation d : R — R and
H € T,(R) such that

(3.18) C(A) = [A, H] + A 4 g(4) By,
for all A € N,(R), where ¢g: N,(R) — R is an additive map satisfying
(3.19) albjj €kerg forallae Rand 1<i<j—-1<n—1

It follows from (3.16) and (3.18) that (3.15) is claimed. Let K1 = H®1 € T,,41(R) and let ¢1 : Npy1(R) —
Nyp11(R) be the additive map defined by

(3.20) $1(X) = ¥(X) — [X, K1] - X7,
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for all X € N,,11(R). Then ¢1(XY) = X1 (Y)+ 1 (X)Y for all X,Y € N,y1(R), and by (3.15), we obtain

(3.21) b <81 ?) _ (g(Ag)Em wl(A)Jgfﬁz(B))

for all A € N,(R) and B € M, 1(R), where @3 : Mp1(R) = M,1(R) is the additive map given by
$2(B) = p(B) — (B — HB + BY) for all B € M,,1(R). We claim that for each (i,5) € A,,

ag(E12)  when (i,5) = (1,2),
(3.22) g(aEij) = § g(Epn—1n)a when (i,5) = (n — 1,n),

0 otherwise

for all @ € R. By (3.19), we have g(aE;;) = 0 for all a € R and integers 1 < i < j—1 < n—1. Let
1<i<n—1andlet a € R. Since i+ 1 # n, it follows from (3.21) that

0= 0¢1((aFiit1)Fnnt1) = aFjip101(Fnnt1) + 01(aFiiv1) Fang1 = 9(aB; ip1) F1 g1

Here, F;; denotes the (n + 1) x (n + 1) matrix unit over R whose (¢, 7)th entry is one and zero elsewhere.
Hence, g(aFE; ;1) = 0 for all a € R and ¢ = 2,...,n — 2. Next, in view of (3.21), we write ¢1(Fy nt1) =
a1Fi 1+ -+ anFp py for some o, ..., a, € R. By (3.21), we have

0= ¢1((aF12)Frnt1) = aF1201(Fpng1) + ¢1(aF12)Fy 1 = (ace + g(aFE12))Fi -

So g(aFE12) = ag(E42) for all a € R. Let a € R. Write ¢1(aF,, n+1) = B1F1nt1 + -+ - + BnFnnt1 for some
ﬁl; ey BTL €R. Considering ¢1((aFn_17n)F,L7n+1) = (bl (Fn_17n(aF,L7n+1)), we get

aanFn—l,n—i-l + g(aEn—l,n)Fl,n+l = BnFn—l,n—Q—l + g(En—l,n)aFl,n+1~
Hence, g(aEn—1n) = 9(En—1,n)a for all a € R, which completes the proof of (3.22).

Let Ko = —g(En—1,n)F1,n—1+ g(E12)Fop, € Nyy1(R). By the additivity of g and (3.22), there exists an
additive map @3 : My, 1(R) — M, 1(R) such that

XEy — X = (g(Ag)Eln <p3(()B)> for all X — (81 ?) € Npi1(R),

with A € N,,(R). Let ¢2 : Npy1(R) = Npt1(R) be the additive map defined by
(3.23) $2(X) = ¢1(X) — [X, K],

for all X € N,1(R). Clearly, ¢p2(XY) = X¢2(Y) 4+ ¢2(X)Y for all X,Y € N,41(R), and by (3.21), we
obtain

(3.24) b9 <§ 1—03) _ <0§ wl(A)J(;soz(B)> ’

for all A € N,(R) and B € M, 1(R), where p2(B) = @2(B) — ¢3(B) for all B € M, 1(R). We continue to
show that

(3.25) ©2(AB) = Apy(B),
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for all A € N,(R) and B € M, 1(R). To see this, by (3.24), we have

(5 47) - o 36 2)
GGG
0 0 ’

for all A € N,,(R) and B € M, 1(R), which establishes (3.25).

Our next claim is that there exists an additive map p1 : N (R) = R and ¢s, ..., ¢, € R such that

(3.26) 1(A) = p1(Aer + Z a;5C5€q,

2<i<j<n

for all A = (a;;) € No(R). Here, e; € M, 1(R) denotes the column matrix whose ith entry is one and
zero elsewhere. Since ¢, is additive, there are additive maps p; : Npo(R) = R, ¢ = 1,...,n, such that
©1(A) = p1(A)er + -+ + pn(Ae, for all A € N, (R). Let a € R and (4,j) € A,,. By (3.17), we see that

By p1(aEij) = p1(Ew(akiy)) =0,
for all 2 < ¢ < n with £ # i. It follows that

,ul(aElj)el forl=1<
p1(akij) = ,
wi(aE;j)er + pi(aE;)e; for 2 <i<

for all @ € R. Set p1(Ey;) =c¢;j € Rfor j=3,...,n. Let 2<i < j <n. By (3.17), we have
ni(aEij)er = Evip1(abij) = ¢1((aBh) Eij) = aFh p1(Eiy) = ap1(Eyy) = acjer,
and, in consequence, p;(aE;;) = ac; for all @ € R. Then for any 2 < i < j < n,
p1(akij) = pa(akij)er + acje;,

for all @ € R. By the additivity of ¢y and pq, we prove (3.26). Write K5 = Y7 . ¢;F; ny1 € Npt1(R). One
sees immediately that

(X, Ks) = wiiciFios+ Y @ij¢iFinga,
=3

2<i<j<n

for all X = (2;5) € Npt1(R). Let ¢3 : N1 (R) = Npg1(R) be the additive map defined by
(3.27) ¢3(X) = ¢2(X) — [X, K],

for all X € N,,+1(R). Then ¢3(XY) = Xop3(Y) + ¢3(X)Y for all X, Y € N,11(R). By (3.24), (3.26), and
(3.27),

(3.28) a(y o) = (7 77)+ rin,
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for all A € Np(R) and B € M, 1(R), where p : No(R) — R is the additive map given by u(A)
p1(A) = D% s aic for all A = (a;;) € Ny(R).

We now continue to show that there exists an additive map ny : M,, 1(R) — R and ¢ € R such that
(3.29) w2(B) = n1(B)e1 + Be,

for all B € M, 1(R). By the additivity of o, there exist additive maps n;, : M,,1(R) = R, i =1,...,n,
such that po(B) = m(B)er + - -+ nn(B)ey, for all B € M, 1(R). Let a € R and let 1 < ¢ < n. By (3.25),

Evpa(ae;) = pa(Ere(ae;)) =0,

for all 2 < ¢ < n with £ # 4. Then

7 (aeq)er fori=1,
p2(ae;) = . )
1 (ae;)er + ni(ae;)e; for2<i<n

for all @ € R. Set n1(e1) = ¢ € R. For each integer 2 < i < n, we see from (3.25) that
ni(ae;)er = En; pa(ae;) = pa((akii)e;)) = akh; pa(e;) = apa(Erie;) = apz(er) = acer,
and thus, 7;(ae;) = ac for all a € R. Then for each 2 < i < n,
pa(ae;) = m1(ae;)er + ae;c,

for all @ € R, which completes the proof of (3.29). It follows from (3.28) and (3.29) that

(s o) = (5 )@ mmm.
) Kgl 5) F+] + (u(A) + m(B) Frn

for all A € N,(R) and B € M, 1(R). Write Ky = cFpy1n+1 € Tnt1(R). Let f: Npp1(R) — R and let
¢4 : Npt1(R) — Npy1(R) be the additive maps defined by

(5 §)=utarsmm),
for all A € N, (R) and B € M,, 1(R), and
(3.30) $4(X) = ¢3(X) — [X, K4,

for all X € N,,11(R). It is clear that ¢4(XY) = X¢4(YV) + ¢a(X)Y for all X, Y € N, 11(R) and ¢4(X)
F(X)Fy pyq for all X € Npi1(R). It follows from Example 1.3 that aF;; € ker f for all @ € R and integers
1 <i<j—1<n. Consequently, in view of (3.20), (3.23), (3.27), and (3.30), we thus obtain

V(X)) = [X, K]+ X+ f(X) P11,
for all X € T),41(R), where K = Z?:l K; € T,,+1(R). This completes the proof.

We are now ready for the main result of this section.
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THEOREM 3.2. Let n > 2 be an integer and let R be a unital ring. Then ¢ : T,(R) — T,(R) is a
derivation on N, (R) if and only if there exists an additive map ® : T,,(R) — T,,(R) with N, (R) C ker ®, a
derivation d : R — R, a matrix X € T,,(R), scalars ay,...,an_1 € R, and an additive map f : T,(R) — R,
with all;; € ker f for alla € R and 1 <i < j—1<n—1, such that

Y=>®+adx +d+nx, + uy,

where adx : Tn(R) — Tn(R) is the inner derivation as given in (1.2), d : T,(R) — T,(R) is the derivation
induced by d as gwen in (1.3), py : T,(R) — T,,(R) is the derivation as given in (1.4), and nx, : T,(R) —
T.(R) is the derivation as given in (1.6) with X, = E1, + Z?;ll ;B and o= (a1,...,00-1).

Proof. The sufficiency follows easily from Lemma 2.2 and Examples 1.2-1.4. Consider now the necessity.
Let 91,9 : T,,(R) — T,,(R) be the composite of additive maps defined by

P1="vorny and Y =1%omp,

where my and wp are projections onto N, (R) and D,,(R), respectively. Clearly, ¥ = 11 + 12 and 11 is a
derivation on N, (R) with D, (R) C ker ;. Moreover, since N,,(R) C ker 1o, we have 1 is a derivation on
N,(R) by Lemma 2.2. We first claim that there exist aq,...,a,—1 € R such that

(3'31) ¢1 (A) - [A’ Xa] S Nn(R)a

for all A € N,(R), where X, = Ey1,, + Z 1 ;B with a = (a1,...,a,-1). Since ¥, is additive, there
are additive maps f;; : N,(R) = R, 1 < i < j < n, such that

(3.32) Y1(A) = Z fij(A)Eij,
1<i<j<n
for all A € N,(R). Let (p,q),(s,t) € Ay, and a € R. As ¢ is a derivation on N,(R), we have

q),
V1((aBpg)Est) = aBpgh1(Est) + ¥1(alpg)Es and ¥1(Epg(aFEs)) = Epghi(als) + ¢1(Epg)aEs. Using
(3.32), we obtain

(3.33) U1 ((aEpq)Est) = Z afei(Est)Epj + Z fis(aEpq) Eit,
Jj=q i=1

(334) 7;[}1( pq aEst qu] aEst pJ + Zfis(EPq)aEit;
j=q i=1

for any (p, q), (s,t) € Ap,anda € R. Let 1 < s+1 < t < nbeintegersand a € R. Since aEs; = aEs s11Fs41.1,
it follows from (3.32) and (3.33) that

n s+1
Z fij(aEs)Eij = Z afsi1,;(Foy1,e)Esj + Zfi,s+1(aEs,s+1)Eit-
1<i<i<n j=s+1 i=1

We thus deduce that for each (s,t) € A, with s+ 1 < ¢,
(335) fii(aEst) = O7 1= 1, ey Ny
for all a € R. Let 1 < s <t <n be integers. Note that

(3.36) {(s+1)]i=1,....s}N{(t.g) |j=t+1,....,n}=0.
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Since Y1((aBt1+1)Ess+1) = 0 = 1(E¢141(aFs s41)) for all a € R, it follows from (3.33), (3.34), and (3.36)
that fit1,41(aFss41) = 0= fss(aEy41) for all a € R and 1 < s < ¢t < n. Consequently, for each integer
1 < s < n, we have

(3.37) fii(aEss41) =0, i=1,...,n, withi#s,s+1,

for all @ € R. Next, let 1 < s < n be an integer and a € R. Since ¥1((aFEss41)Ess41) = 0 =
1(Es s+1(aEs s+1)), it follows from (3.33) and (3.34) that

0 = Z?:s+1afs+l,j(Es,s+l)ESj + Z?:l Jis(aEs s11) B 11
= Z;L:s+1fs+l,j (aE&S-&-l)ESj + Z?:l fis(Es,s+1)aE¢,s+1.

This leads to
(338) fSS(aES,S+1) + afs+1,8+1(ES,S+1) =0 and fs+1,s+l(aEs,s+l) + fss(Es,s—i-l)a = 07

foralla € R and s =1,...,n—1. Hence, fss(Es s+1) = —fs+1,5+1(Es,s+1) for s=1,...,n—1. This result,
together with (3.38), gives

(339) fss(aEs,s—i-l) = _a'fs+1,s+1 (Es,s-‘rl) = afss(Es,s+1);

(340) fs+1,s+1(aEs,s+1) = _fss (Es,s+1)a = fs+1,s+1(Es,s+1)@a

foralla e Rand s =1,...,n—1. Let a; = fi;(E;i41) € Rfori=1,...,n— 1. By (3.39) and (3.40), we
deduce that

[aEs,erh Xa] = aEs,s+1 (Eln + Z?;ll aiEiJrl,i) - (Eln + Z?;ll OéiEi+1,i)aEs,s+1
= aasEss — asaEs-i-l,s—i-l

afss (Es,s+1)Ess - fss(Es,s+1)aEs+1,s+1

fss(aEs,s+1)Ess + fs+1,s+1(aEs,s+1)Es+1,s+1

for a € R and s = 1,...,n — 1. This observation, together with (3.32), (3.35), (3.37), (3.39), and (3.40),
deduces that 1 (A) — [4, X,] € N,(R) for all A € N,(R). Hence, (3.31) is proved.

Let ¢ : T,(R) = T,(R) be the additive map defined by
(3.41) $(A) = ¢1(A) — [rn(A4), Xal,

for all A € T,,(R). One sees immediately that D, (R) C ker¢. It follows from (3.31) that ¢ maps from
N, (R) into N, (R) satisfying ¢(AB) = Ap(B) + ¢(A)B for all A, B € N,(R). By Lemma 3.1, there exists
a derivation d : R — R, a matrix X € T,,(R) and an additive map g : N,,(R) = R, with aF;; € ker g for all
a€Rand 1 <i<j—1<n—1,such that

(3.42) $(A) = [4, X] + A% + g(A) By,
for all A€ N,(R). Let ® : T,,(R) — T,,(R) be the additive map defined by

(3.43) @(A) = ¥2(A) — 1p(A)? — [7p(4), X] — f(7p(A)) Ein,
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for all A € T,,(R), where f : T,(R) — R is an additive map such that f(A) = g(A) for all A € N,(R).
Thus, aF;; € ker f for alla € R and 1 < i< j—1<n—1. Since N,(R) C ker @, it follows from Lemma
2.2 that ® is a derivation on N, (R). In view of (3.41)—(3.43), we obtain

V(A) = Yi(A) +12(4)
= ¢(A) + [rn(A), Xo] + @(A) + 7p(A) + [1p(A), X] + f(7p(A)) B
= ®(A)+[A X]+ A+ nx (A) + f(A)EL,
for all A € T,,(R), and hence 1) = ® +d + adx + nx,, + ps. This completes the proof. d

4. Derivations on rank k upper triangular matrices. This section is devoted to characterize
derivations ¢ : T,,(D) — T,,(D) on rank k upper triangular matrices over division rings D.

LEMMA 4.1. Letn > 2 and 1 < k < n be integers such that k # n when |D| = 2. Then the following are
equivalent :

(i) ¥ : Tp(D) = T,,(D) is a derivation on rank k matrices.
(ii) Y :T,(D) = T,,(D) is a derivation.
(iii)  There exists a derivation d : D — D and X € T,,(D) such that

¢ = ady +d,

where d : Ty, (D) — T,,(D) is the derivation induced by d as defined in (1.3) and adx : T,,(D) — T,,(D)
is the inner induced by X as defined in (1.2)

Proof. (iii) = (i) By Examples 1.2 and 1.1.

(if) = (iii) By [10] and [15, Theorem 2].

(i) = (i) Let A, B € T,,(D). By Lemma 2.3, we have A = 7 | A; and B = }_?_, B;, where p,q are
positive integers and matrices A;, B; € T,,(D) are of rank k. Then

Hence, 9 is a derivation. This completes the proof. 0

When D = Fy is the Galois field of two elements, we have the following result.

LEMMA 4.2. Letn > 2 be an integer and let ¢ : T, (Fa) — T,,(F2) be an additive map. Then the following
hold.

(i) If ¢ is a derivation on invertible matrices, then v is a derivation on N, (Fs).
Gi) If¢(I,) =0 and ¢ is a derivation on N, (F3), then ¢ is a derivation on invertible matrices.

Proof. We first claim that if ¢ (I,,) = 0, then

(4.44) ¢ is a derivation on invertible matrices < ¢ is a derivation on N, (Fs).
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To show this, we note easily that A, B € N,,(F2) if and only if I,, + A and I,, + B are invertible matrices in
T, (F3). By the additivity of ¢ and ¢(I,) = 0, one sees immediately that

P((In + A)(In + B)) = $(A) + ¢(B) + »(AB),

(In =+ A)w(ln + B) + w(ln + A)(In + B) = d)(B) + A¢(B) + ﬂ}(A) + w(A)B
Consequently, (4.44) is proved.

(i) Tt suffices to show that ¢(I,,) = 0. To see this, ¥(I,) = (I, I,) = L,W(L,) + ¥ (I,) 1, = 2¢(I,), and
so ¥(I,) = 0. The result follows from (4.44).

(ii) The result follows immediately from (4.44). d

We now establish our main theorem of this section.

THEOREM 4.3. Let n > 2 and 1 < k < n be integers and let D be a division ring. Then ¢ : T, (D) —
T,.(D) is a derivation on rank k matrices if and only if

() when 1 < k < n with k # n if D =Ty, there exists a derivation d: D — D and X € T,(D) such that
P =adyx + E,

where ady : Ty, (D) — T,,(D) is the inner derivation as given in (1.2) and d : T,,(D) — T, (D) is the

derivation induced by d as given in (1.3).
(b) when k = n and D = Fq, there exist scalars aq,...,an—1 € Fa, matrices X, X1,..., X, € T,(F3)

satisfying X1 + --- + X, = 0, and an additive map f : T,,(F2) — Fo with I, E;; € ker f for all
1<i<j—1<n—1, such that

1/J:adx+77xa+,uf+q)x,

where adx : T, (F2) — T,,(F2) is the inner derivation as given in (1.2), py : Tp(F2) — Tn(F2) is
the derivation as given in (1.4), nx, : Th(Fe) — T,(F2) is the derivation as given in (1.6) with
Xo =Eu+ Yo, 1 a; B, and o = (a1,...,an-1), and ®x : T,,(F2) — T,,(F2) is the derivation
as given in (1.7) with X = {X1,..., Xn}.

Proof. Since nx,, ptf, and ®x are derivations on N, (F2) such that nx, (I,) = ps(ln) = ®x(I,) =0,
the sufficiency follows immediately Examples 1.2—1.5 and Lemma 4.2 (ii).

For the necessity, we note that the result follows immediately from Lemma 4.1 if 1 <k < n with k #n
when D = Fy. Consider now k¥ = n and D = Fy. By Lemma 4.2 (i), ¢ is a derivation on N, (IF3). It follows
from Theorem 3.2 that there exists an additive map ¥ : T,,(Fz) — T,,(F2) with N,,(Fz) C ker ¥, a derivation
d:Fy — Fo, a matrix X € T,(Fy), scalars a1,...,a,-1 € Fa, and an additive map g : T,,(F2) — Fq, with
Eij ckergforall 1 <i<j—1<n—1,such that

(4.45) Y=V +adyx +d+nx, + Hg,

where X, = Ey,, + ZZ 1 @i Eip1; with @ = (aq, ..., 0,-1). We note that VU is linear, and it is a derivation
on N, (F3) by Lemma 2.2. Then there exist Y7,...,Y,, € T,,(F2) such that

(4) = Zn: aii Y3,
=1
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for all A = (a;;) € T,,(F2). In view of 4.45, together with ¢(I,,) = d(I,) = adx(I,) = nx.(I,) = 0, we
deduce that U(I,) + g(I,)E1, = 0. We set X; =Y; + g(E;)Erp fori=1,...,n. Let &x : T,,(Fa) — T,,(F2)
be the derivation as defined in (1.7) with X = {X;,...,X,} and X5 +--- + X,, = 0. Let py : T,,(F2) —
T, (F2) be the derivation as defined in (1.4) with f(A) = g(A4) — Y., a;ig(Ey;) and I,,, E;; € ker f for all
1<i<j—1<n—1. Since g is linear, we deduce that ®x + puy = ¥ + py. Since d : F — F is a linear
derivation and d(1r) = 0, we deduce that d = 0. Hence, we can write (4.45) as

v =®x +adx +nx, + Ly

This completes our proof. 0
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