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GENERALIZED PASCAL K-ELIMINATED FUNCTIONAL
MATRIX WITH 2N VARIABLES*

MORTEZA BAYATT

Abstract. In this paper, we introduce the Pascal k-eliminated functional matrix and the Pascal
symmetric functional matrix with 2n variables. Some algebraic properties of these matrices are
presented and proved. In addition, we demonstrate a direct application of these properties for LU
decompositions of some well-known matrices (such as symmetric Pascal matrices).
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1. Introduction. In [1], the Pascal matrix P,[z] is defined by

Nl P>
1.1 P,lz)).. = (e~ iz . i=0,1,....n).
(1.1 Py =4 ¢ 2T (=01
Call and Velleman [1] discussed the inverse and exponential property of P,[z], i.e.,
P, [z + y] = P,[z]P,[y] for all z,y, and a few basic properties of this matrix. In [2],

the symmetric Pascal matrix @),, is defined by

(1.2) (@Qn)y; = <Z?]> (i =0,1,....n),

and it has been shown that @, can be expressed as the product of a lower triangular
Pascal matrix, P,[1], and an upper triangular Pascal matrix, PZ[1].

In [3], the extended generalized lower triangular Pascal matrix for two variables
@, [z, y] is defined by

(O'=y, i

(1.3) (q)n[x7y])ij = 0 i< j

and the extended generalized rectangular Pascal matrix ¥, [z, y] is defined by

(1.4) (Wnlz,y]);; = 2" Iy <Z ;J) (i,j=0,1,...,n).
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In [3], the authors also demonstrated that ¥, [z, y] has the LU decomposition ¥, [z, y]
= ®,[z,y]PT [£]. The Pascal functional matrix was introduced in [4], by

(;)m(i*j)lk’ i>j

i i=0,1,....n),
0, i< (i, )

(1'5) (Pn,/\[‘r])ij = {

n|A

where z™* is the generalized upper factorial, which is defined as follows:

n|>\{x(:c—|—/\)(as—|—2)\)-~-(x—|—(n—1))\), n>1
T o, n=0

In [5], the notion of Pascal functional matrix was extended to a more general
Pascal functional matrix, G, [x], defined by

(3)gij(x), i>j

i,j=0,1,...,n),
0 oy (] )

(1.6) (Gula])i; = {

where {g,(z)} is an arbitrary sequence of binomial-type polynomials, i.e., for all n,
gn(x+1y) = Dk_o (1) gr(2)gn—k(y) for any = and y.

In [6], the Pascal k—eliminated functional matrix with two variables, is defined
by
(Grne ™yl >

i =0.1,....n, ke NU{0}).
0, i<y (B n {o})

(L.7) (Paklz,yl)i; = {

Another variant of Pascal functional matrix was introduced in [8], defined by

(), iz

1,7 =0,1,...,n),
0, i< (3,7 )

(1.8)  (Pulf(t,2)])i; = {

where f(¥)(t,x) is kth order derivative of f with respect to . In [8], it was shown
that all well-known variants of Pascal matrices in [4,5] are special cases of this gen-
eralization of Pascal functional matrix. In [3-8], the authors proved some algebraic
properties of such matrices and derived combinatorial identities from these properties.

2. The Pascal k-eliminated functional matrix with 2n variables.

DEFINITION 2.1. Using the sequence ty = 1,t1,ts,..., we define the sequence
0 = 1,¢1 121 by the relation

t[n] — tnt[n—l] )
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Notation. For convenience, we accept the following notation:

] . — gl angq -0 .= ﬂ

1]
DEFINITION 2.2. Let x1,...,%5,¥%1,...,Yyn be any 2n variables. The Pascal k-
eliminated functional matrix with 2n variables ®,, g[z1,...,2Zn;Y1,...,Yn) for k €

N U {0} is defined by
i+ k
Jj+k

<’,>—0 it >
j

It can be shown that all well-known variants of Pascal matrices in [1,3,4,6,7] are
special cases of this new generalization of Pascal functional matrix with 2n variables.
At first we study a special case of this matrix where z; = -+ =z, =, y; = ---
=y, =yand k e NU{0}:

(2'1) ((I)n,k[xla--wxn;yla--wyn])ij = ( )m[i][j]y[i]Jr[j] (i,j:O,l,-.-,n),

where it is assumed that

q)’mk[xvy} = ®n,k[xa"'7x;y7""y]7

called the Pascal k-eliminated functional matrix with two variables [4]. It is easily
seen that for k = 0, @, o[z,y] is the Pascal matrix ®,[z,y] in [3], and for kK = 0
and y = 1, &, o[z,1] is the Pascal matrix P,[z] in [1]. Also taking z; = z, 22 =
x4+ zp=z+m—-DNyi=y,p2=y+\ ..., yp=y+n—1DAand k=0
in (2.1), it yields (1.5).

THEOREM 2.3. For any four real numbers x1,x2,xs,x4 and k € NU{0}, we have
(1) nklr1;91]-Pn klr2392] = P [’;—; + xzyl;y1y2}.
Also for any two real numbers x and y, we have
(1) P p=2;y] = P i[z; —yl,
(iii) O lwiy] = Pug |23 L] = Bup [0, -1] (£ 0),
(Z'U) H;ll (I)n,k[xi§yi] =®u 1 [(xl + Zf:g xz‘yl(y2 e 'yi71)2yi> H;nzg y%7 szl Yi| -
Proof. Let (fbn,k[zl;yl].fbmk[@;y2])1.j = a;;. Then

N (TR e i (PR g 14y
aZJ_Z(t+k)x1 hn ]+k Lo "Yo

t=0
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- Z+k> (Z_j) i—t z+t t 7. t+7
= . hn Ya
= <] +kJ\t—3J
ik o i—t o
- (j 1) o Z (t— ) ()

_(itk i+ (ﬂ )i_j
= (] Jrk) (y192) " + X211

D, 1 [ +w2y1,y1y2D .
Y2 ij

Now, using (i) and ®,, 4[0;1] = I,+1, considering y1y2 = 1 and Z—; + w917 = 0, we

have zo = —x1 and y» y% For the proof of (iv), we apply induction on m. This

completes the proof. O
COROLLARY 2.4. It holds that

zk[xéy] =P,k {xy_(m_l)(l +y 4yt 4+ yZ(m—l));ym

g, [0
n, 1 _ y2 )
ExAMPLE 2.5.
O3 o[z y]. P32 [ T; ]
= $35[2;y]. P32 [507 ——]
1 0 0 0 1 0 0 0
32y v’ 0 0 _3? y% 0 0 =1
622y dzy? y? 0 % 7;% y% 0 '
101‘3 3 10372 4 537;1/5 yﬁ _12%03 12§z _% y%

The matrices @, o[x;y] and @, o[x; 1] are the same as @, [z;y] and P,[z], respec-

tively, which are defined in [1,3]. We also consider the (n + 1) x (n + 1) matrices
4i=d) =G40 >

M} . — ( k y ) [ j

( n,k[xlv"'7x7l7y17"'7yn])z'j_{ 07 Z<]

and

Unklz1, -y Tns Y1, - 73/?1})2']' =

’

m [i]—1[4] . .
(-1) (k:ll)z[i]ﬂ;], i=j+mm=0,1,...,k+1
0, otherwise

where 4,5 =0,1,...,n
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THEOREM 2.6. For k € NU{0}, we have

(7/) q)n,k:[_wla"w_xn;ylw" 7yn] = q)n,k[l‘l;-'wxn;_ylw"7_yn}7
. —1 . _ .1 1
(“) (Pn’k[xla--'7xnay1a"'7yn]_q)n,k _'Tla"'v_'rn7y717"'ay7
_ . 1 1
- ‘bn,k |:$17"'7:En7_y71a"'7_ﬁj|7

(4ii) W;i[ml,...,xn;yl,...,yn] =Unil1,- s Tn; Y1y -+ Yn-
Proof. Here we prove (iii). Let
(Wn,k[xlw"7$7l;y17"'7yn] Un,k[xla'"7‘Tn;yla"'ayn])ij :az_j
Obviously, a;; =1 (1 =0,1,...,n) and a;; =0 (i < j). When i > j we have

e (Rt e gy (B 1) 270
azj_§< k )SL’ Yy (_1) t—j y[t]+[j]

e k4i—t\ (k+1
LR MO
o Zt:j( ) ( k ><t—j)

i—j .
= 1=y l-11 §° (—1)* (k +1i . J s) (k: + 1) o0 o
S
s=0

EXAMPLE 2.7.

Ws1[w1, 22, 735 y1, Y2, y3]Us 1 [71, T2, T35 Y1, Y2, Y3]

1 0 0 0
_ 2z1y1 y3 0 0
3x1T2Y1Y2 2T2y1Y2 yiy3 0
Ar1Tom3y1yoys  3TaT3YTy2ys 2T3YTY3Ys  YIYY3
1 0 0 0
_ 2z L 0 0
X 1152 _ lea:g 1 0 =1
Y1y2 y3y2 viy3
0 ToTy __2z3 1
yiy2ys yiydys  yIy3y3

Again, we need the matrices P,[x1,...,%p], Snlz1,...,2n], Pm[z1,...,2m] and

Grlry, ...,z

Pulx1, ... mn] = Ppolz1, .-, 20 1,00, 1],

Splx1, ..oy Tn) = Wholr1, ... 203 1,00, 1],
P [(El - ] _ 1 OT c R(m+2)><(7n+2) (m > 0)
" T O Pm[.'l/'17 7xm - ’
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- oT
N — n+1)x(n+1 _
Gmlz1,. . ] = e RO 4y — 0,1, n— 1),
0] Sm[xl,...,xm]

Gz, ..., xn] = Splr1, ..., 2p].

LEMMA 2.8. For m € N and k € NU {0}, we have

T2 X
Wm,k[xlw"axm;yla"'aym]me |: =

P :|_Pm,k[l'lw"axm;yla"'aym]‘
Y2 Ym

Proof. Let

=

(Wm,k[m17~" sy Tmi Y1y .- aym]

Z2 Tm
m—1 "5y = Qyj-
Y2 Ym 1/ 45

,m) and a;; =0 (i < j). When ¢ > j we have

ay =2 ( ko)t Y1)
t=0

j—l

IR _ .
= li=lilylil+15) Z (k +1i t) (t - 1)
t=j J
i—1
P 1
— x[i]*[ﬂ]y[z]ﬂj] Z (k +1 5) (j )
i—1

S=)—

_ =l i +1] ’+k>. 0
+k

Obviously, ay; = (y!)? (i =0,1,...

<.

EXAMPLE 2.9.

Wi (21, T2, T35 Y1, Y2, y3) P2 |:£L'2,(E3:|
Y2 Y3
r 1 0 0 0 T 1 0 0 O
B 2111 y3 0 0 0 1 0 0
Tl Bzizayiye 220yt yivs 0 0 5% 10
L deimawsyiyoys  3raxayiyays 2r3yivays yiysys || 0 Bl Ao
i 1 0 0 0 T
_ 2x1y1 yi 0 0
B 3T1T2Y1Y2 3T2yT Yo Y3 0
| 4z120m3y1y0ys  6ramsyiyays  4T3yivsys  Yiysys

= Py 1[z1, 2, 35 Y1, Y2, Y3]-

By Lemma 2.8 and the definition of G, [z1,. .., %m], we get the following result:
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THEOREM 2.10. The extended generalized Pascal matriz @, g[T1,...,Tn; Y1, - -,

yn] can be factorized by Wy k[T1,. .., Tn;Y1,---,Yn] and Gplx1,..., 2] (m = 0,1,
co,n—1):

(I)n,k[xla"'axn;yla'"ayn]

x X X x X
= n,k[mlw"axn;yla"'ayn]anl |:27"'7n:| Gn72 |:33"'7n:| Gl |:71:| .
Y2 Yn Y3 Yn

EXAMPLE 2.11.

@3 1[z1, T2, T35 Y1, Y2, Y3)

1 0 0 0 1 0 0 O
_ 2111 y3 0 0 0 1 0 0
3T1T2Y1Y2 327 ya yiys 0 0 % 1.0
2 2,2 2,2, 2 wozz  2m3
dx1row3y1yays  62T3YyiY2ys  AT3YTY2Y3  YiY2Y3 0 Vi 1
1 0 0 0
01 0 O Ty X T
100 1 0l= W3 1[z1, T2, 235 Y1, Y2, y3] G2 {y;’yﬂ G1 {yﬂ :
0 0 372 1
Ifwetakex; = =z, =2,y1 = =y, =yand k=0 (orz; = -+ =z, = z,
Y1 = +- =y, = 1) in Theorem 2.10, then we get the following results [3,4]:
COROLLARY 2.12. It holds that
x x x
(I)n[xay] = Wn,k[xay] anl |::| Gn72 |::| T Gl |::| 9
Y Y Y

where

O, [z;y] = Poolz,....x5y,...,y] and Wylzyyl = Wyolz,...,z5y,...,yl.

COROLLARY 2.13. It holds that
Pn,k[x] = (Gn[x])k anl[x] Gn72[x] T G1[$]7

where
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For the inverse of the extended generalized Pascal matrix @, x[z1,...,2n; Y1, - -,

Yn), applying Theorems 2.6 and 2.10 yields the following.

THEOREM 2.14. It holds that

A TN T 7
[ 1
=&, xl,...,xn;,...,]
1 Yn
[ 1 1
:(I’n,k $1,...,xn;——,...,——]
L Y1 Yn
- [z — In—-1 Tn 1 T2 T _1
— Gt —"}G 1{71 7_]...G {_,...7_}14/ L1y T Yl e e
! LYn 2 Yn—1 Yn nt Y2 Yn n,k[ k4 yn]
z Tp-1 X T2 x
:F1 |:n:| F2|: n 7n:|.-~Fn1 |:7...,n:| Un,k[xh~~'a$n;y17~~'7yn]7
Yn Yn—1 Yn Y2 Yn
where

Tn—m+1 T —1 Tn—m—+1 Tn
F, [7,...,_}:0 To-ml T

Yn—m+1 Yn n Yn—m+1 ’ ’ Yn

I, oT
0 Dl ] ]

Yn—m+1" ? Yn

form=1,....,n—1, and Dy[z1,...,2s) = Uno[z1,...,Tn;1,...,1].
In particular,

P;i[zl,...,:cn;yl,...,yn] = JnlY1s - YUn] PuklT1, -5 Tns Y1y - s Yn] InfY1, - -« Ynl,

where

11 1
Jalyt, ... yn] = diag (1,—, ,...,(—1)”).
" " v?' yiys Y y2

3. The symmetric Pascal matrix with 2n variables. In this section, we
define the extended generalized symmetric Pascal matrix ¥, [x1,...,Tn; Y1, ..., Yn)
by

T
(Wl s ni 1, ]y = ( i3>xm ol iU
where 7,5 =0,1,...,n.

THEOREM 3.1. It holds that
T T Yn Yn—1 Yn Y2 Yn
xUn,O[x17"'7xn;y17"'7yn] an[xla"'axn;ylﬁ"'vynL
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Ln

Tp—1 Tn T T
PRI 1 P E RPN O

Yn—1 ’ Yn
X Un,0[17' . '71;y17 e ayn] \I]n[xlw .

n

Y2 Yn

427

7mn;y17"'7yn]a

and the Cholesky factorization of Up[x1,...,Zn; Y1, .., Yn] i given by

(3.1) Uylz1,. . T Y1,y Yn) = P,LT’O[I,...,1;x1y1,...,xnyn]

1 1
x PT — ., —
n,0 |:y17 yYns x17 ,xn:| )
U Y
(3.2) \Iln[xl,...,:vn;yl,...,yn]:P,LT’O[xl,...,xn;yl,...,yn]PnT [—,...,—n]
Ty Tn

Proof. Let (Pgo[l,...71;m1y17‘..,xnyn]Pg’O [yl,...,yn;i,...

Then

Sho () @)eti-vyltol, i<

which by using the Vandermonde identities

> ()0 -Z () -(7)
>(0-x(L)0-(7)

implies (3.1). Similarly we get (3.2). O

o { S 12

and

EXAMPLE 3.2.

— T2 I3
Wy i[z1, 22, 235 Y1, Y2, y3] P2 [—»—}
Y2 Y3
i 1 0 0 0 T 1
B 22111 Y3 0 0 0
B 3T1T2Y1Y2 2x0y} 1y3 0 0
1Y2 Y1Yya
| dai@oz3y1yoys  3wazsyivoys 2x3yiviys yivsys 1| O
i 1 0 0 0 T
_ 2z191 y3 0 0
3T129Y1Yo 31292 yo yiys 0 ’
| Az @oxsyiyoys  6roxsyiyoys Axsyiysys  yivsys |

= P3,1[$1,-T2,$3;y1,y27y3]-

0 0
1 0
o2
Y2
o3 2123
Y2Y3 Y3

= o O O
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By using Theorems 2.6 and 3.1, we have:

COROLLARY 3.3. It holds that

- Y1 Y 1 1
\I/nl[xl,...,xn;yl,...,yn] = Pg {——,...,——n} Poo [x17...,xn;——,...7——]
Ty Tn 'A% Yn
T 1 1
:Pn70[y1,...,yn;f‘Tl,...,*.Tn]Pn’Q 1,...,1;7 yeesy— .
ZT1Y1 TnYn

Applying Theorems 2.14 and 3.1, we get the following.

COROLLARY 3.4. It holds that

\Ijgl[xlv7xnay177yn}:Jn[1771]Pg |:y137yn:| Jn[laal]
T In

X Jn[y17"'7yn] Pm()[fﬁl,...71‘n,;y1,...7yn] Jn[y17~-~,yn]

1 1 1 1 1 1
:Jn |:—,...,—:| P’rz:O |:y1,...,yn;x—,...,—:| Jn |:—7...,—:|

x1 Tn 1 Tn Z1 T

X Jn[ylvayn] PZO[L'"71;x1y17"'7mnyn] Jn[yh?yn]

For the previous two kinds of extended generalized Pascal matrices, we can get:

COROLLARY 3.5. It holds that

det @y ilas, .., 251,y yn) = 420 2,
det & (w1, o, syt ) = 47 Py )y,
det W1,y i Y1y yn) = 425" T g2,
det W [, ooy T Yty e e s Yn] = yl_2"y272(n71) R T
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