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GLT SEQUENCES AND NORMAL MATRICES*

GIOVANNI BARBARINOT AND CARLO GARONI#

Abstract. The theory of generalized locally Toeplitz (GLT) sequences is an apparatus for computing the asymptotic
spectral distribution of matrices A, arising from numerical discretizations of differential equations. Indeed, when the mesh
fineness parameter n tends to infinity, these matrices A, give rise to a sequence {Ap}rn, which often turns out to be a GLT
sequence. In this paper, we extend the theory of GLT sequences in several directions: we show that every GLT sequence enjoys
a normal form, we identify the spectral symbol of every GLT sequence formed by normal matrices, and we prove that, for every
GLT sequence {An }rn formed by normal matrices and every continuous function f : C — C, the sequence {f(An)}r is again a
GLT sequence whose spectral symbol is f(k), where « is the spectral symbol of {Ay},. In addition, using the theory of GLT
sequences, we prove a spectral distribution result for perturbed normal matrices.

Key words. Generalized locally Toeplitz sequences, Spectral distribution, Normal form, Normal matrices and perturbed
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1. Introduction. When a linear differential equation (DE) is discretized by a linear numerical method,
the computation of the numerical solution reduces to solving a linear system A,u, = f,, whose size d,
increases with the mesh fineness parameter n. What is often observed in practice is that A, enjoys an
asymptotic spectral distribution in the limit of mesh refinement n — co. More precisely, it often turns out
that, for a large class of test functions F,

d
1 «— 1
lim — F(\ (A, :7/F x))dx,
Jm oS FO) = s [ R
where \;(A,),i=1,...,d,, are the eigenvalues of A,,, u is the Lebesgue measure in R¥, and f: D ¢ R¥ —

C. In this scenario, the function f is referred to as the spectral symbol of the sequence {A,, },, and we write
{A,}n ~x f. We refer the reader to Remark 2.1 for the informal meaning behind the spectral distribution
{A,}n ~x [ and to [19, Chapter 1] for a list of practical uses of the spectral symbol f.

The theory of generalized locally Toeplitz (GLT) sequences is an apparatus for computing the spectral
symbol f. Indeed, the sequence of discretization matrices {A,}, turns out to be a GLT sequence for many
DEs and numerical methods. Nowadays, the main references for the theory of GLT sequences and related
applications are the books [19, 20] and the papers [3, 6, 7, 8]. We, therefore, refer the reader to these works
for a comprehensive treatment of the topic. For a more concise introduction to the subject, we recommend
[14, 18].

In this paper, we extend the theory of GLT sequences in several directions. In particular,

e we show that every GLT sequence enjoys a normal form in a sense specified later on (see Theorem 3.1);
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o we identify the spectral symbol of every GLT sequence formed by normal matrices (see Theorem 3.3);

e we prove that, for every GLT sequence {A,}, formed by normal matrices and every continuous function
f : C — C, the sequence {f(4,)}n is again a GLT sequence whose spectral symbol is given by the
composite function f(k), where £ is the spectral symbol of {A,}, (see Theorem 3.4).

In addition, using the theory of GLT sequences, we prove a spectral distribution result for perturbed normal
matrices (see Theorem 3.2). In this regard, it is curious to note how a pure matrix analysis result apparently
unrelated to GLT sequences can be proved using GLT sequences. It is also worth pointing out that the proofs
of the main results (Theorems 3.1-3.4) require some auxiliary results that are of interest also in themselves.
We expressly refer to Theorems 4.1 and 4.4, which we have labeled as “theorems” in order to emphasize
their importance over the other auxiliary results.

The paper is organized as follows. In Section 2, we overview the basics of the theory of GLT sequences.
In Section 3, we state the main results. In Section 4, we prove the main results.

2. Overview of the theory of GLT sequences. In this section, we overview the basics of the theory
of GLT sequences.

2.1. Singular value and spectral distribution of a sequence of matrices. Let uj be the Lebesgue
measure in R¥, Throughout this paper, all terminology from measure theory (such as “measurable set”,
“measurable function”, and “a.e.”) always refers to the Lebesgue measure. Let C.(R) (resp., C.(C)) be
the space of continuous complex-valued functions with bounded support defined on R (resp., C). The
singular values and eigenvalues of a matrix A € C"*™ are denoted by ¢1(A),...,0n(A4) and A1 (A4), ..., A, (4),
respectively.

DEFINITION 2.1 (singular value and spectral distribution of a sequence of matrices). Let {A,}, be a
sequence of matrices with A, of size d,, — 00, and let f : D C R¥ — C be a measurable function defined on
a set D with 0 < pg(D) < 0.

o We say that {A,}n has a spectral (or eigenvalue) distribution described by f, and we write {Ap}n ~x f,
if

FOu(An) = —

(2.1) lim > D)

/DF(f(X))dx, VF e C.(C).

In this case, f is called the spectral (or eigenvalue) symbol of {Ap}n.
o We say that {A,}, has a singular value distribution described by f, and we write {Ap}n ~o f, if

. 1 & _ 1 < <
(2.2) HILH;OE;F(UZ»(A”))_ uk(D)/DF(|f( Ndx,  VF e C.(R).

In this case, f is called the singular value symbol of {An}n.

REMARK 2.1. The informal meaning behind the spectral distribution (2.1) is the following [19, p. 46]:
assuming that f is continuous a.e., the eigenvalues of A,,, except possibly for o(d,,) outliers, are approximately
equal to the samples of f over a uniform grid in the domain D (for n large enough). A completely analogous
meaning can be given for the singular value distribution (2.2). We refer the reader to [4, Theorems 2.1-2.2],
[10, Corollary 3.3], [11, Theorems 4.2 and 4.4], [12, Theorem 1.5] and [13, Theorem 1.3] for a mathematical
proof under certain assumptions of the informal meaning given here.
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2.2. Special matrix sequences. In what follows, a matrix sequence is a sequence of the form {4, },,
where A,, € C"*™ for every n. If A € C"*™ and 1 < p < oo, we denote by ||Al|, the Schatten p-norm of A,
i.e., the p-norm of the vector (o1(A),...,0,(A)) formed by the singular values of A. The Schatten 2-norm
|[A]l2 coincides with the Frobenius norm. The Schatten co-norm || Al coincides with the classical spectral
(Euclidean) norm and is preferably denoted by ||A||. For more on Schatten p-norms, see [9].

2.2.1. Zero-distributed sequences. A matrix sequence {Z,}, such that Z,, = R,, + N,, with

lim n~'rank(R,) = lim ||[N,| =0
n—o00 n—oo

is referred to as a zero-distributed sequence. It can be shown that a matrix sequence {Z,, },, is zero-distributed
if and only if {Z,},, ~s 0, i.e.,

1 n
lim — F(oi(Z,))=F F R);
o Zzzl (0i(Zy)) (0), VF € C(R);
see [19, Chapter 3].

2.2.2. Diagonal sampling sequences. If n € N and a : [0,1] — C, the nth diagonal sampling matrix
generated by a is the n x n diagonal matrix given by

D, (a) = diag a(1>.
i=1,...,n n
{Dy(a)}, is called the diagonal sampling sequence generated by a.

2.2.3. Toeplitz sequences. If n € Nand f : [-7, 7] — C is a function in L ([—7, 7)), the nth Toeplitz
matrix generated by f is the n x n matrix

T.(f) = [fi*j]?,jzlv

where the numbers f; are the Fourier coefficients of f:
1 [ .

(2.3) fe = 27/ f(@)e *dg, ke
™ —Tr

{T,(f)}n is called the Toeplitz sequence generated by f. For more details on Toeplitz matrices generated
by a function f, see [15] and [19, Chapter 6].

2.3. Approximating classes of sequences.

DEFINITION 2.2 (approximating class of sequences). Let {A,, },, be a matriz sequence and let {{ By m }n}m
be a sequence of matriz sequences. We say that {{By m}n}tm i an approzimating class of sequences (a.c.s.)
for {A, Y, and we write { By }n =225 {Ap}n, if the following condition is met: for every m there exists
Ny such that, for n > n.,,

An = Bn,m + Rn,m + Nn,'n’m rank(Rn,m) < C(m)n7 ||Nn,m|| < w(m),
where n,y,, c¢(m), w(m) depend only on m and
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Roughly speaking, {{ By, m }n }m is an a.c.s. for {4, },, if, for all sufficiently large m, the sequence { By, m }n
approximates {4, }, in the sense that A, is eventually equal to B, ,, plus a small-rank matrix (with respect
to the matrix size n) plus a small-norm matrix. It turns out that the notion of a.c.s. is a notion of convergence
in the space of matrix sequences

& = {{An}n : {An}n is a matrix sequence}.

More precisely, for every A € C"*" let

rank(R)
n

24)  p(A) :inf{ +|IN|: R,NecC™™™, R+N:A} — min (i+ai+1(A)),
1=0,....n \ N

where 01(A) > ... > o,(A) and 0,11(A) = 0 by convention. For the second equation in (2.4), see [19,
Section 5.2.2]. Set

pa.c.s.({An}n) = hrang)Solip p(An)v {An}n S £}7
da.c.s.({An}na {Bn}n) = pa.c.s.({An - Bn}n)a {An}n; {Bn}n €8&.

It is proved in [19, Chapter 5] that d,.s is a distance on & which turns & into a pseudometric space
(&, dacs.) where the statement “{{B,, ;s } } m converges to {A,},” is equivalent to “{{By, ;m }»}m is an a.c.s.
for {A,},”. In other words, we have

{Bn,m}n ﬂ) {An}n — lgn ddcs({Bn,m}na {An}n) =0.

We remark that the a.c.s. distance d, s is a pseudometric but not a metric because da.c.s.({An}tn, {Bn}n)
can be zero even if {A,}, is not equal to {B},. In fact, we have

(2.5) dacs.({An}n, {Bn}n) =0 << {4, — B,}, is zero-distributed;

see [19, Section 5.2.1]. Whenever one of the equivalent conditions in (2.5) is satisfied, we say that {4, }n
is a.c.s.-equivalent to {B},, and we write {4, }, =a.cs {Bn}n. We refer the reader to [19, Chapter 5] and
[1, 5] for deeper insights into the a.c.s. convergence.

2.4. GLT sequences.

DEFINITION 2.3 (GLT sequence). Let {A,}, be a matriz sequence and let x : [0,1] X [—-m, 7] — C be
measurable. We say that {An}, is a GLT sequence with symbol k, and we write {Ap}n ~crr K, if there
exist functions a;m, fim, t = 1,..., Ny, with a;n, : [0,1] — C continuous a.e. and f; , : [—m,7] = C in
LY([~=, 7)), such that

® Km(x,0) = Zfil a; () fi,m(0) = K(x,0) in measure over [0, 1] x [—m, 7],
N c.s.
L4 {An,m}n = {Zi:l Dn(az,m)Tn(fz,m)}n % {An}n
We report below the properties of GLT sequences that we need in this paper. The corresponding proofs can
be found in [19, Chapter 8].

GLT 1. If {A,}, ~cuLr & then {A,}, ~» k. If {A,}, ~crLr £ and the matrices A,, are Hermitian, then
{An}n ~\ K.
GLT 2. We have
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hd {Tn(f)}n ~arr K(x,0) = f(0) if f € Ll([_ﬂ—ﬂr])a
e {D,(a)}n ~crr K(2,0) = a(z) if a : [0,1] — C is continuous a.e.,
o {Z,}n ~crr £(x,0) =0 if and only if {Z,},, is zero-distributed.

GLT 3. If {An}n ~GLT KR and {Bn}n ~GLT 5, then
o {A}}n ~crT R,
o {aA, + BBn}n ~crr ak + B€ for all a, 8 € C,
o {A,By}n ~crr KE.

GLT 4. If {A,}, ~crr £ and the matrices A,, are Hermitian, then {f(A4,)}, ~crr f(k) for every continu-
ous function f: C — C.

GLT 5. {A4,}, ~cvr k if and only if there exist GLT sequences { By, i }n ~GLT £m such that {By m}n 2o,
{4, }» and K, — & in measure.

GLT 6. Suppose {A,}n ~crr £ and {By, m tn ~cuT Km. Then, {By m}n 282, {A, )}, if and only if K, — K
in measure.

3. Main results. We have now collected all the necessary ingredients to state our main results.
Throughout this paper, we denote by O, and I, the n X n zero matrix and the n x n identity matrix,
respectively. Moreover, we denote by

1 —2rijk/n1n—1 1 —27i(j—1)(k—1)/n]™
(3.6) F, = ﬁ[e ik/ L‘,kZO = ﬁ[e (G-D(k-1)/ ]j,k:l

the unitary discrete Fourier transform of size n. For every m,n € N with m < n, we define the normal
matrix

Fln/m)
Flnjm)
(37) Qn7m - . . )

Eln/m)
In mod m

where it is understood that the last identity block I, modm is not present if n is a multiple of m. Note that
the matrix @y, y, (with the last block I, mod m replaced by F, modm) was already considered in [23, p. 310] for
the construction of an efficient preconditioner for matrices belonging to a GLT sequence. A matrix sequence
formed by diagonal (resp., unitary, normal) matrices is referred to as a diagonal (resp., unitary, normal)
sequence. The first main result of this paper (Theorem 3.1) delivers a normal form for every GLT sequence.

THEOREM 3.1 (normal form for GLT sequences). There exists a unitary sequence {Qn}n with the
following property.

For every GLT sequence {A,}n ~crLr K there exists a diagonal sequence {Dy}y such that
{An}n Zacs {@nDnQ%Yn, {Dn}n ~x K, and D, is real for every n if k is real.

Moreover, if {m(n)}n is any sequence such that m(n) < n, m(n) — oo and m(n) = o(n) as n — oo, then

Qn can be chosen as Qn = Qp m(n)-

As we shall see, the matrices D,, are built in order to contain an ordered approximation of the samples
of the symbol & over [0,1] x [—7, 7r]. Note that a unitary transformation does not change the eigenvalues, so
{QnDnQ%}y ~x k. We refer to the sequence {Q, D, Q% }, as a normal form for the GLT sequence {A,},.
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The second main result of this paper (Theorem 3.2) provides the spectral distribution of matrix sequences
of the form {X,, + Y,},, where {X,}, is a normal sequence such that {X,}, ~x f and Y, is a “small”
perturbation of X,,. Throughout this paper, we use the natural convention 1/00 = 0.

THEOREM 3.2 (spectral distribution of perturbed normal sequences). Let {X,,}n be a normal sequence
such that {Xp}n ~x [ and let {Y,}, be a matriz sequence. Suppose that one of the following conditions is
met.

L. HYn”p = 0(1) for some 1 <p < 2.
2. IYallp = O(nwp*l) for some 2 < p < o0.
3. {Y,}n is zero-distributed and the matrices X,, +Y,, are normal.

Then {X,, + Y} ~a f.
The last two main results of this paper (Theorems 3.3 and 3.4) generalize properties GLT 1 and GLT 4
to the case where the matrices A,, are normal.

THEOREM 3.3 (spectral distribution of normal GLT sequences). If {A,}, ~gLT £ and the matrices A,
are normal, then {Ap}, ~x K.

THEOREM 3.4 (functions of normal GLT sequences). If{A,}, ~qLr Kk and the matrices A, are normal,

then {f(An)}n ~cLT f(K) for every continuous function f: C — C.

Note that f(A,,) is normal whenever A4,, is normal. Thus, under the hypotheses of Theorem 3.4, we have
{f(An)}n ~x f(k) for every continuous function f : C — C by Theorem 3.3.

4. Proofs of the main results.

4.1. Proof of Theorem 3.1. The proof of Theorem 3.1 requires several preliminary results. In partic-
ular, it requires Theorem 4.1, which is analogous to the main a.c.s. approximation results [19, Corollaries 5.1
and 5.2], and it is therefore of interest also in itself.

4.1.1. Diagonal sequences. If A = UXV is an SVD of A € C"*" (recall the the singular values
01(A) > ... > 0,(A) are arranged in decreasing order in ¥ by definition of SVD), then we set, for every
1=0,...,n,

A = sV = U diag(o1(A),...,04(A),0,...,0)V,
A = sV = U diag(0, . ..,0,0,41(A),...,0,(A4)) V.

For every A € C"*™ and every SVD A = UXV, the scalar quantity p(A) in (2.4) satisfies

. i . rank(A®) (9)
p) = pin (0 o)) = min (S A0]),
because the minimum in both sides of the last equality is reached for ¢ € {0,...,rank(A)}, since for i >

rank(A) we have [|AD|| = o;,1(A4) = 0.
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LEMMA 4.1. Let {An}n and {Bpm}n be matriz sequences, let Ay, — Bpom = Un.mEn,mVa,m be an SVD
of Ay, — By,m, define

(OR
, 1=0,...,n,

and let inm € {0,...,n} be the index such that

p(A, — Bp,m) =  min

1=0,...,n

(rank(R%)m) rank(Rﬁfﬁ;{" ))
n n

FINGLD) = NG5l

Then, {Bp.mtn =225 {A, Y, if and only if for every m there exists n,, such that, for n > nn,
rank(R{nm)) < e(myn,  [NSmm)| < w(m),
where Ny, c(m),w(m) depend only on m and

lim ¢(m) = lim w(m)=0.
m—ro0 m—o0

Proof. We have

{Bn,m}n % {An}n — h_r>n da.c.s.({An}n7 {Bn,m}n) =0

— lim limsupp(A, — Bnm) =0

m—00 n—oco

— lim limsup

m—00 n—oco

(in,m)
rank(Rp5"") .
(2 INGl) = 0

rank(Rg,%m) )

= lim limsup

=0 A lim limsup ||N{m=)|| = 0.
m—0 p_y00 n m—0 p_y00 ’

The last two conditions are satisfied if and only if for every m there exists n,, such that, for n > n,,,
rank(R{nm)) < e(myn, [N || < w(m),

where 1, ¢(m),w(m) depend only on m and lim,, . ¢(m) = lim,, 0, w(m) = 0. 0

COROLLARY 4.1. Let {A,}, and {By m}n be diagonal sequences, and suppose that {Bpm}n ——3
{A,}n. Then, for every m there exists n,, such that, for n > ny,,

An = Bn,m + Rn,m + Nn,m7 rank(Rn,m) S C(m)n7 ||Nn,m|| S w(m)a
where Ry, m, Np.m are diagonal matrices, Ny, c(m),w(m) depend only on m, and
Jim ) = Jim () =0

Proof. Since A,, — By, ., is diagonal, there exists an SVD A,, — B, », = Up mZn,mVa,m with Uy, ,,, and
Vi, m diagonal. By applying Lemma 4.1 with this SVD, we conclude that for every m there exists n,, such
that, for n > n,,,

Ap = By + Rm) + N - rank(RUn)) < e(m)n,  [INUmm)|| < w(m),

where ny,, ¢(m),w(m) depend only on m and limy,_,c c(m) = limy,_, w(m) = 0. Since R,(ffl;{") and N,gf’;,’{”)
are diagonal by definition (and by the fact that U, ., and V,, ,,, are diagonal), the result is proved. 0
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In what follows, the cardinality of a set E is denoted by #E.

THEOREM 4.1. Let {A,}n, {Bn,m}n be matriz sequences formed by diagonal matrices and let f, fr, :
D C R¥ — C be measurable functions defined on a set D with 0 < ui(D) < co. Suppose that

1. {Bnm}n ~x fm for every m,
2. {Bmm}n % {An}n;

3. fm — [ in measure.
Then {An}n ~a f.
Proof. Let F € C.(C). For all n,m we have

E;F(AJ( >)_Nk(D)/D f(x)dx| < E;F(AJ(An))_;;F(AJ@W»
+ %ZF(AJ( n,m))—ﬁ/DF(fm(x))dx
1 1
(4.8) +‘/MAF(fm(X))dX_‘uk(l))/DF(f(X))dx ]

The second term in the right-hand side of (4.8) tends to 0 as n — oo because {By, m }n ~x fm for every m
by hypothesis. The third term in the right-hand side of (4.8) tends to 0 as m — oo because f,, — f in
measure by hypothesis, which implies that [, F(fm(x))dx — [, F(f(x))dx; see, e.g., [19, Lemma 2.5]. We
show that

n n
1

(4.9) lim limsup 1 > F(A(An) = =D F(A(Bum))| =0,

Mm—00 npsoo |M “—

after which the thesis follows by passing first to the limsup,,_, ., and then to the lim,, ,~ in (4.8). To prove
a.c.s.

(4.9), recall that {By m}n — {An}n and A, B, ,, are diagonal. Hence, by Corollary 4.1, for every m
there exists n,, such that, for n > n,,,

An = Bn,m + Rn,m + Nn,m» rank(Rn’m) S c(m)n, ||N’ﬂ,m|| S w(m),

where Ry, i, Npm are diagonal and limy, o c¢(m) = lim,, o w(m) = 0. It follows that

#{5 € {1 in} 1 (An) = X (Bum)| > [ N} < rank(R,m):
Indeed, since
Aj (An) — Aj (Bn,m) - /\j(An - Bn,m) = (Rn,m + Nn,m) = (Rn,m) + /\j(Nn,m)y

if we have |A;j(An) — Aj(Bn,m)| > || Nn,ml|, then we also have \;(R, ) # 0, because |A;(Nypm)| < || Np,mll-
Thus, for every m and every n > n,,, if we denote by wr the modulus of continuity of F', we have
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1 « 1 « 1
ST PG (A) — 5 3 FO(Ba)| < > FOG(An) = F O (Bom)|
j=1 j=1 je{1,....,n}:
1Aj (An)=2; (Bn,m)I<|No,m|
1
je{l,...,n}:
|/\j(An)_>‘j(Bn,m)|>HNn,mH
rank (R, )
< (1N} + 20| Ffog -2

Swrp(w(m)) + 2[|Fllocc(m),

which tends to 0 as m — oo. O

4.1.2. Circulant sequences. If n € N and f : [-7, 7] — C is a function in L'([—m,7]), the nth
circulant matrix generated by f is the n x n matrix

n—1
Cu(f)= > hCF,
k=—(n—1)
where the numbers fj, are the Fourier coefficients of f defined in (2.3) and

0 1

1 0
C,, is called the generator of circulant matrices of size n, and {C,(f)}, is called the circulant sequence
generated by f. For the proof of the next theorem, see [19, Section 6.4]. For more details on circulant

matrices, see [17]. In what follows, if n € N and g : [0, 27] — C, we denote by A, (g) the diagonal sampling
matrix

-
An(g) = diag g(ﬂ)-
j=0,...,n—1 n
Moreover, if t € N and f € L'([—7,7]), we denote by f® the truncated Fourier series
t .
f(t) (9) _ Z fkelke'
k=—t

THEOREM 4.2. Letn € N and f € L'([—m,7]). Then,
Cn(f) = FnAn(f(nil))F:;:

where F,, is defined in (3.6). In particular, Cy,(f) is a normal matriz whose spectrum is given by

{f<"1>(22j) : j(),...,nl}.
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4.1.3. LT operator. If XY are matrices of any size, say X € C™*™2 and Y € C**%2 the tensor
(Kronecker) product of X and Y is the m1f; X mafs matrix defined by

J)HY e -Tlmzy
XY= [xin] i :

i=1,...,m1 = : : )
J

1,
1,...,m2

T, 1Y 0 Tgma Y

and the direct sum of X and Y is the (mj + ¢1) X (m2 + ¢2) matrix defined by
X

X @Y = diag(X,Y) = {O ﬂ .

DEFINITION 4.1 (locally Toeplitz operator). Let m,n € N with m < n, let a : [0,1] — C and let
f € LY([~=,7]). The locally Toeplitz (LT) operator is defined as the following n x n matriz:

i=1,....m
| a(D)T ) (f)

a(2)Tin/m) (f) |

On mod m

It is understood that the zero block Oy modm 1S not present when n is a multiple of m. Moreover, here and
in what follows, the tensor product operation ® is always applied before the direct sum &, exactly as in the
case of numbers, where multiplication is always applied before addition.

For our purposes, we are interested only in LT"(a, f) with m = m(n) such that m(n) — oo and
m(n) = o(n) as n — oco. In what follows, if 1 < p < co, we denote by | - |, both the p-norm of vectors and
the associated induced norm for matrices. The 2-norm |- |2 is the classical spectral (Euclidean) norm and is
preferably denoted by || -||. An important inequality involving the p-norms with p = 1,2, oo is the following:

(4.10) IX] < VIXE|X]w, X eC™™;

see, e.g., [21, Corollary 2.3.2].

LEMMA 4.2. Let a: [0,1] = C be continuous and let f be a trigonometric polynomial. Then,

{LTén(n)(a» in Zacs ADn(@)To(f) }n

for every m(n) — oo such that m(n) = o(n).

Proof. Throughout this proof, m = m(n) and m(n) has the properties specified in the statement. We
have to show that {Z,},, is zero-distributed, where

Zn = LTTT(CL? f) - Dn(a)Tn(f)-

The matrix Z,, is banded with bandwidth 2r + 1, where r is the degree of f. Let R, be the matrix whose
nonzero entries are the nonzero entries of Z,, lying outside the diagonal blocks of LT (a, f) or in its last
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zero block of size nmodm. The matrix R, has at most 2rm + nmodm = o(n) nonzero rows. Hence,
rank(R,,) = o(n). Now, let N,, = Z,, — R,,. The only nonzero entries of N,, lie inside the diagonal blocks of
LT (a, f) (excluding the last zero block). Each nonzero entry of N, is of the form (a(z) — a(y))7, where
z,y € [0,1] and 7 is a coeflicient of T,,(f). Moreover, the following properties hold.

e The distance between x and y is small. Indeed, if we are in the ith block with 1 <4 < m, then

Since
) i|n
La412)
m  nlm
we have
) i—1|n ) i—1/n 1 i —1 1 m
Y L N S L S .4
m n Lm m n \m m n m n

It follows that |a(z) — a(y)| < wa(|z — y|) < wa(1/m + m/n).
o |7| < M, where M = maxj——, ., |fil-

Since N,, is banded with bandwidth 2r + 1, we infer from (4.10) that

1 m
INull < VNl Naloe < @7+ Dwa (= + 2 ) M = o(1).

In conclusion, Z,, = R, + N,, with rank(R,) = o(n) and ||N,]| = o(1), which means that {Z,}, is zero-
distributed. d

4.1.4. LC operator. The matrix LT (a, f) is not normal in general, but if we replace in its definition
the Toeplitz matrix 7|, /) (f) with the circulant matrix C|,,/m|(f), then we obtain a normal matrix.

DEFINITION 4.2 (locally circulant operator). Let m,n € N with m < n, let a : [0,1] = C and let
f € LY([—n,7]). The locally circulant (LC) operator is defined as the following n x n normal matriz:

chl(avf) = Dm(a) ® CLn/mJ (f) ® Onmodm = ] diag |:a<;1>cl_n/mj (f):| ® Onmodm

On mod m

Note that, by Theorem 4.2,

(4.11) LCIMa, f) = QnnAnm(a, f™NQr .
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where Q) is defined in (3.7) and A, ., (a, f) is the diagonal matrix given by
An,m(a‘v f)
[aG)A gy (S0

a(Z)A ) (fT™D) ]

On modm

For our purposes, we are interested only in LC™(a, f) with m = m(n) such that m(n) — oo and m(n) = o(n)
as m — 0o.

LEMMA 4.3. Let a: [0,1] = C and let f be a trigonometric polynomial. Then,
{LC;n(n)(a, [)in =acs. {LTTTLn(n) (a, f)}n
for every m(n) — oo such that m(n) = o(n).

Proof. Throughout this proof, m = m(n) and m(n) has the properties specified in the statement. Let r
be the degree of f. By writing explicitly Tx(f) and Ci(f), we see that the difference Tr(f) — Cr(f) has at
most 2r nonzero rows. This implies that rank(7T%(f) — Cx(f)) < 2r for all k € N. Hence, for every n,

rank(LC)"(a, f) — LT} (a, f)) < mrank(C|p/m|(f) = Tinjm) (f)) < 2rm = o(n).
It follows that {LC(a, f) — LT (a, f)}n is zero-distributed, and the result is proved. 0

Given m,n € N with m <n and ¢ : [0,1] x [0,27] — C, we denote by A,, ,,,({) the diagonal matrix

(4.12) Apm(C) = '

On modm

LEMMA 4.4. Let ¢ : [0,1] x [0,27] — C be continuous and let m(n) — oo such that m(n) = o(n) as
n — 00. Then, {2, mm)(¢)}n ~a ¢

Proof. Throughout this proof, m = m(n) and m(n) has the properties specified in the statement. The
lemma is proved by direct computation. The eigenvalues of the diagonal matrix A,, ,,(¢) are just the diagonal
entries and so they are given by

c(é%) i=1,...,m, j=1,...,|n/m],

plus further n mod m zero eigenvalues. Thus, for every F' € C.(C),

5 P Q) = ZmIEO) L Lgn SR (L 27y

k=1 i=1 j=1

1
n

nzeo, L F(¢(x,0))dzds,
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where the last limit follows from the assumptions on m and the fact that W Dy thz/lmJ F(C(L, Liﬁn 7))
is a Riemann sum for the continuous (and hence Riemann-integrable) function F(¢(z,6)).

4.1.5. Finalization of the proof. The last results we need to prove Theorem 3.1 are the following
two technical lemmas.

LEMMA 4.5. Let £ : [0,1] X [-m, 7] — C be measurable. Then, there exists functions a; ¢, fie, i =
1,..., N, with a; e € C([0,1]) and f; ¢ trigonometric polynomial, such that

Ny
Zai,é(x)fi,é(e) — k(x,0) a.e. in [0,1] x [—7,7].

Moreover, if k is real, then a; ¢, fi ¢ can be chosen to be real for alli=1,...,N; and all €.
Proof. See [19, Lemma 2.8]. d

LEMMA 4.6. Let {A,}n be a matriz sequence and let {Byn mn 2e8, {A,}n. Then, there exists a
sequence {m(n)}, such that m(n) — co and {An}n Za.cs. {Bnm(n)In-

Proof. Since {By, m }In 2o8, {A, }n, for every m there exists n,, such that, for n > n,,,
Ap =By + Rum + Ny, rank(Ry, ) < ¢(m)n, | Npm || < w(m),

where lim;, 00 ¢(m) = limy, 00 w(m) = 0. Without loss of generality, we can assume that the integers n,,
have been chosen so that the sequence {n,, }, is strictly increasing. Define

1, ifn <no,

2, if ng <mn< ns,

m(n) =
() 3, ifnz <n < ng,

It is clear that m(n) — co. Moreover, for every n > ny, we have n > n,,(,) and so

Ap = Bn,m(n) + Rn,m(n) + Nn,m(n), rank(Rn,m(n)) < C(m(n))na ”Nn,m(n) ” < w(m(n))

Since ¢(m(n)) — 0 and w(m(n)) — 0 (because m(n) — co), the matrix sequence {R,, ;;,(n) + Ny m(n)}n i8
zero-distributed and we conclude that {A,}n =a.c.s. {Bnmmn)}n- 0

Proof of Theorem 3.1. Let {A,}n ~crLr K, let {m(n)}, be a sequence such that m(n) < n, m(n) = co
and m(n) = o(n) as n — oo, and let Q,, = Qp m(n), Where Q,, ., is defined in (3.7). By Lemma 4.5, there
exist functions a; ¢, fie, @ = 1,..., Ng, with a; 0, € C*°([0,1]) and f; ¢ trigonometric polynomial, such that
ai e, fie are real for all 4, ¢ if  is real and

N
Zai7g($)fi7g(9) — k(z,0) ae.
i=1

By GLT 2-GLT 3, we have

Ny Ny
{Z Dn(ai,f)Tn(fi,E)} ~GLT Z a; () fie(0).
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By GLT 6, we obtain

Ne
{Z Dn(az,Z)Tn(fz,l)} % {An}n

By Lemmas 4.2 and 4.3, for every i, £, we have
{Dn(ai,ﬁ)Tn(fi,Z)}n =a.c.s. {LT:ZL(n) (ai,lv fi,@)}n =a.c.s. {LC;n(n) (ai,fv fi,Z)}n'
Thus,

Ny Ny
{Z Dn(ai,Z)Tn(fi,Z)} =a.c.s. {Z LCZL(n) (ai,fafi,l)} )
=1 n n

i=1
and, consequently,

N,
{Z LCZL(n) (ai,€7 fi,l)} % {An}n
=1

n

By Lemma 4.6, there exists a sequence {¢(n)}, such that {(n) — oo and

Nyn)

{An}n =a.c.s. Z Lcm(n A5 ¢(n fl é(n))

n
Hence,
N, Ne(ny
(4.13) {Z LOI™ (a; fi,[)} L Z LOT™ (a; 0y, fivn) ¢ Zacs. {Antn.
=1 n =1 .
By (4.11),
N, N, N,
(4.14) S LT aie, fin) =D Qnum(ny) (@i 1.0)Qh = Qn | Arniny (@i, fie) | Q-
=1 =1 =1

The matrix inside the square brackets is diagonal and we denote it by D, . We also set D), = D, (). By
(4.13)—(4.14),

{QnDnQZ}n =a.c.s. {An}n-
Note that {Q,}, is a unitary sequence that does not depend on {A,},, so it only remains to prove that

{Dp}n ~x k. By definition, the a.c.s. convergence is not affected by a unitary base change. Hence, from
(4.13)—(4.14), we obtain

Ny
(4.15) {Z An,m(n)(ai,éafi,f)} === {Dn},, -
=1 n

Note that ZZV:’ZI Ap (n) (@i, fie) = B m(n)(€), where ((x,0) = Zl 1 @i () fi,0(0) is continuous on [0, 1] x
R. Thus, Lemma 4.4 yields

Ny
(416) {ZAn,m(n) (ai,fa.fz } ~A Zazf flé
i=1

Note that, according to Lemma 4.4, (4.16) holds if we consider for the function ZZ 1 Gie(x) fie(0) the
domain [0, 1] x [0, 27], but actually (4.16) holds even if we replace [0, 1] x [0, 27] with [0, 1] x [—7, 7] because

fV:’fl a; ¢(z) f; ¢(6) is 2m-periodic in the variable 6. The thesis {D,,}, ~x k now follows from Theorem 4.1,
whose hypotheses are satisfied in view of (4.15)—(4.16) and the fact that ZZ 1 @ie(2) fie(0) = K(z,0) ae.O
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4.2. Proof of Theorem 3.2. The proof of Theorem 3.2 requires two preliminary results. The first
one is Theorem 4.3, which was proved in [2]. The second one is Theorem 4.4, which is proved below and is
of interest also in itself.

4.2.1. GLT sequences and diagonal sequences enjoying a spectral distribution. The next
theorem is the main result of [2]. It plays a central role in the proof of Theorem 3.2.

THEOREM 4.3. Let g : [0,1] — C be measurable and let {D,}, be a diagonal sequence such that
{D,}n ~x g. Then, there exists a sequence of permutation matrices {Py,}, such that {P,D,PT}, ~qrr
k(z,0) = g(x).

Proof. See [2, Theorem 2. O

4.2.2. Normal sequences: from singular value distribution to spectral distribution. In what
follows, a radial function G : C — C is a function of the form G(z) = H(|z — 29|) with H : R — C and
zo € C. It was proved in [16] that any F' € C.(C) can be arbitrarily approximated in co-norm by linear
combinations of Gaussian functions, which are special cases of radial functions. It follows that the vector
space generated by the set of radial functions

Z ={H(|z — 2]) : He€ C.(R), 20 € C}
is dense in C.(C) with respect to the co-norm. In other words, if F' € C.(C) and € > 0, then there exists a

linear combination L of radial functions belonging to the set Z such that ||F — L]« < €.

THEOREM 4.4. Let {A,}n be a normal sequence such that {A, — clp}n ~o f — ¢ for all c € C and for
some measurable f : D C R¥ — C with 0 < pp(D) < co. Then {An}n ~a f-

Proof. 1t is enough to prove that

g _ 1
i 5 300 = /D G(f(x))dx

for all radial functions G belonging to the set Z. Let G(z) = H(|z — 29|) be a radial function belonging to
the set Z. The matrices A,, — 201, are normal by assumption, and so 0;(A4, — z0l,) = |\i(A, — 201,)]| for
all i =1,...,n. Using the hypothesis {A4,, — 2oL, }n ~o f — 20, We obtain

23 GA) = S HA(AD) = 20 = D HA(AW — 20T
n—oo 1 o 1 x x
2225 s [ H(760 - six = s [ 6(760)ax
and the theorem is proved. ]

4.2.3. Finalization of the proof. We have now collected all the necessary ingredients to prove The-
orem 3.2.

Proof of Theorem 3.2. In the case where Y,, satisfies the first or the second condition in the statement
of the theorem, the thesis {X,, + Y, }, ~x f is a direct consequence of [9, Problem VI.8.2]. We prove the
thesis in the case where Y,, satisfies the third condition. Let A,, = X,, +Y,, and let g be a rearranged version
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of f on [0,1], i.e., a measurable function ¢ : [0, 1] — C such that

1 1
/ Flg)de = | F(f(x)dx, VF e Cu(C).
0 0
We remark that such a function g exists by [2, Lemma 6]. We also note that {X,}, ~x f is equivalent to
{Xn}n ~x g. Since {X,}, is a normal sequence with {X,,},, ~» g, there exists a unitary sequence {U,},
such that X,, = U, D, U}, where {D,}, is a diagonal sequence with {D,},, ~x g. In view of Theorem 4.3,
by replacing D,, with P, D, PI for a suitable permutation matrix P, (if necessary), we can assume that
{Dn}n ~GLT g(.i?) Thus7
UyA U, =U XU, +UY, U, = D, + Zp,

where {Z,}, = {U;Y,Up}n is zero-distributed like {Y,},, and so {UfA,U,}n ~agrr g(x) by GLT 2—
GLT 3. It follows from GLT 2-GLT 3 and the relation {I,}, = {T.(1)}n ~qrr 1 that {U}A, U, —
cly}n ~crr g(x) — ¢ for all ¢ € C. We conclude that {UfA, U, —cl,}, ~» g—cfor all ce C (by GLT 1)
and {U*A,U,}n ~x g (by Theorem 4.4). The latter is equivalent to {A,}, ~» g by definition of spectral
distribution. This means that {A,}, ~x f because g is just a rearranged version of f. a0

4.3. Proof of Theorem 3.3. Theorem 3.3 is a direct consequence of Theorems 3.1 and 3.2.

Proof of Theorem 3.3. Let {A,}n ~crT # and assume that the matrices A, are normal. By Theorem 3.1,
there exist a unitary sequence {Q,}, and a zero-distributed sequence {Z,, },, such that A, = Q, D, Q% + Z,,
where {D,, },, is a diagonal sequence and {D,, },, ~x k. The thesis {A, }, ~x k now follows from Theorem 3.2
applied with X,, = @, D,Q;, and Y,, = Z,,. O

4.4. Proof of Theorem 3.4. The proof of Theorem 3.4 requires some preliminary results on matrix
functions and matrix polynomials as well as on the so-called sparsely unbounded matrix sequences.

4.4.1. Matrix functions and matrix polynomials. We first recall the notion of matrix functions
in the case of a diagonalizable matrix. For more details on matrix functions, see [22].

DEFINITION 4.3 (function of a diagonalizable matrix). Let A € C**™ be a diagonalizable matriz and let
f: A(A) — C be a function defined on the spectrum of A, denoted by A(A). We define f(A) as the unique
matriz in C™*™ such that f(A)u = f(A)u whenever Au = Au.

By Definition 4.3, if
A=XDX!, D = diag(A1, ..., \n),

is a spectral decomposition of the diagonalizable matrix A, then a spectral decomposition of f(A) is given
by
f(A)=XfD)X7Y,  f(D)=diag(f(\),- .-, [(An))-

DEFINITION 4.4 (complex bivariate polynomial). A complex bivariate polynomial is a function p(x,y) :

C — C of the form
p(z,y) = alz,y) +ib(z,y),

where a(x,y),b(x,y) : R2 — R are real bivariate polynomials. Note that we write p(x,y) instead of p(z) for
convenience (¢ and y are the real part and the imaginary part of z, respectively). Note also that a complex

bivariate polynomial p(x,y) should not be confused with a polynomial q(z) of the variable z, i.e., a (analytic)
function of the form q(z) = ao + a1z + a2z + ... + @y 2™.



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society I I
Volume 41, pp. 1-20, January 2025.

17 GLT sequences and normal matrices

DEFINITION 4.5 (complex bivariate polynomial of commuting matrices). If p(z,y) : C — C is a complex
bivariate polynomial and A, B are commuting matrices in C"*™  then we define p(A, B) as the matriz in
C™*"™ obtained by replacing x with A and y with B in the expression p(x,y) (with the usual convention that
a constant a independent of x and y in the expression of p(x,y) must be interpreted as ax’y® and replaced
with I, ). Note that this definition is well-posed because A, B commute and so the resulting matriz p(A, B)
does not depend on the way in which we write the expression p(z,y).

For example, if p(z,y) = 2 + yx + 2y + i(22y + y2®) and A, B are commuting matrices in C"*", then
p(A, B) = 21, + BA+ AB? +i(2AB + BA3?). If we write p(z,y) = 2+ zy + zy? +i(2zy + 23y), the resulting
matrix p(A4, B) = 2I,, + AB+ AB? +i(2AB + A3B) is the same because A and B commute. In what follows,
whenever f(z,y) : C — C is a complex function written as f(z,y) instead of f(z), it is understood that a
writing such as f(z¢), with a unique argument 2, must be interpreted as the complex number obtained by
replacing x with Re zp and y with Im zj in the expression f(z,y).

LEMMA 4.7. Let A € C™*™ be a normal matriz and let p(x,y) : C — C be a complex bivariate polynomial.
Then, p(A) as given by Definition 4.3 coincides with p(Re A,Im A), where

ReA=A+A, ImAZA_.A
2 21

are commuting matrices (because A is normal).

Proof. Since p(z,y) can be written as a linear combination of monic monomials in the variables x,y, it
is enough to prove the result for such monomials. Let g(z,y) = 2"y*® be a monic monomial in the variables
x,y. Consider a spectral decomposition of A,

A=QDQ", D = diag(A1, ..., \n), Q unitary.
Note that

Re A = Q(ReD)Q", Re D = diag(Re A1,...,Re \,),
Im A = Q(Im D)Q*, Im D = diag(Im Ay, ..., Im A,).

By Definition 4.3, we have

q(A) = Qq(D)Q"
= Qdiag(q(A1), -, q(An))Q"
— Qdiag((Re A1) (Im A%, ..., (Re An)" (Im A, )*)Q*
= (Qdiag(Re A1, ..., Re ) Q") (Q diag(Im Ay, ..., Im \,,)Q")*
= (ReA)"(Im A)*®
=¢g(Re A,Im A). d

4.4.2. Sparsely unbounded matrix sequences. We report in this section the notion of sparsely
unbounded matrix sequences and some related results that are necessary for the proof of Theorem 3.4.

DEFINITION 4.6 (sparsely unbounded matrix sequence). A matriz sequence { Ay}, is said to be sparsely
unbounded (s.u.) if for every M > 0 there exists npr such that, for n > nyy,

#ie{ln}: oid) > M} _

(M),

where limps_,00 (M) = 0.
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Any matrix sequence enjoying a singular value distribution as per Definition 2.1 is s.u.

LEMMA 4.8. If {A,}n is a matriz sequence such that {A,}n ~o [ for some function f, then {A,}n is
..

Proof. See [19, Proposition 5.4]. O

LEMMA 4.9. Let {A,}n be an s.u. normal sequence. Then, the following property holds: for every M > 0
there exists nyy such that, for n > nyy,
(4.17) A, = An,M + /Nln,M, rank(An’M) < r(M)n, ||/~1nM|| < M,
where limp;_oo (M) = 0, the matrices An,M and fln,M are normal, and for all functions g : C — C
satisfying g(0) = 0 we have
g(An,JW + An,M) = g(An,M) + g(An,M)

Proof. Since the matrices A,, are normal, the singular values 0;(A,), i = 1,...,n, coincide with the
moduli of the eigenvalues |\;(Ay)|, ¢ = 1,...,n. Since {4, }, is s.u., for every M > 0 there exists nys such
that, for n > njy,

#ie {1 on) s (A > M) _
n

(M),

where limy;,0o (M) = 0. Let A,, = U,A, U} be a spectral decomposition of A,. Let An,M be the matrix
obtained from A,, by setting to 0 all the eigenvalues of A,, whose modulus is less than or equal to M, and let
An, M =A,— An M be the matrix obtained from A,, by setting to 0 all the eigenvalues of A,, whose modulus
is greater than M. Then, for M > 0 and n > nyy,

An = UnAnU;: = UnAn,MU: + Un[\n,MU;: = An,M + An,Ma

where AH,M = Unf\nyMU;{ and An,M = Un[\n,MU;. The matrices fln,M, flnyM constructed in this way are
normal, satisfy the properties (4.17) and, moreover, for all functions g : C — C satisfying g(0) = 0 we have

Q(An,M + An,M) = g(An,M) + g(én,M)- 0

4.4.3. Finalization of the proof. We have now collected all the necessary ingredients to prove The-
orem 3.4.

Proof of Theorem 3.4. Let {A,}n ~crr K with A, normal for every n, and let f(x,y) : C — C be
continuous. For each M > 0, let p,,, am(2z,y) : C — C be a sequence of complex bivariate polynomials that
converges uniformly to f(z,y) over [—M, M]?:

i || f = pm,as [l oo, a,00p2 = 0.
— 00

Note that such a sequence exists by the Stone—Weierstrass theorem; see, e.g., [24, Theorem 7.33]. By
replacing pp, pr with pp s + f(0) — pm.ar(0) if necessary, we can assume, without loss of generality, that
Pm.a(0) = f(0). Since any GLT sequence is s.u. (by GLT 1 and Lemma 4.8), the sequence {4,}, is s.u.
Hence, by Lemma 4.9, for all M > 0 there exists ny; such that, for n > ny,
(4.18) Ay =Apar+ A, rank(A, ) <r(M)n,  ||Anu] <M,
where r(M) — 0 as M — oo, the matrices /Aln,M and flnyM are normal, and for all functions g : C —» C
satisfying g(0) = 0 we have

9(An,m + An i) = g(An ) + 9(An,m).
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Taking into account that (f — pm, ar)(0) = 0, for every M > 0, every m and every n > npr, we can write

f(An) = pm,M(An) + f(An) - pm,M(An)

=DM (An) + (f = Pm,m) (A i) + (f — Pyt ) (A ar)
(419) = pm,M(An) + Rnﬁm,M + Nn,m,M»

where, in view of (4.18), the matrices Ry, m,m = (f —pm,M)(AmM) and Ny, v = (f —p,,L,M)(AmM) satisfy

rank(Ry, m, ) < rank(A, ar) < r(M)n,

[N m,arll <\ F =P, lloo, - a1,0172-
Choose a sequence {M,, },, such that

(420) Mm — 00, Hf _pvamHOOv[_meMm]Z — 0.

Then, for every m and every n > nyy,, ,

f(An) = Pm,M,, (An) + Rn,m,Mm + Nn,m,Mm7
rank(Ry m m,, ) < 7(Mp)n,

[Nnm s, || < L = Pt Moo =1, 0,002

which implies that
{Pm,a,, (An)}n = {f(An) }n

Moreover, by Lemma 4.7, we have pp, u,, (An) = P, (Re Ay, Im A,), where {Re A, },, ~cLr Rers and
{Im A}, ~crr Imk by GLT 3. Hence, again by GLT 3,

{pm,Mm (An)}n = {pm,]V[m (Re Ana Im An)}n ~GLT Pm,M,, (Re R, Im 5) = Pm,M,, (K)

Finally, by (4.20),
Dm M, (k) = f(k) a.e.

We conclude that {f(A4,)}n ~crr f(k) by GLT 5. |
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