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NEW SUFFICIENT CONDITIONS FOR SUBDIRECT SUMS OF NEKRASOV
MATRICES*

JIAO XUE', CHAOQIAN LIf, AND YAOTANG LIt

Abstract. Some new sufficient conditions ensuring that the k-subdirect sum of strictly diagonally dominant matrices and
Nekrasov matrices is in the class of Nekrasov matrices are given. These sufficient conditions are different from those in [Electron.
J. Linear Algebra, 38:339-346, 2022] and [Linear Multilinear Algebra, 64:208-218, 2016; 72:1044-1055, 2023]. In addition, some
examples are given to illustrate the conditions presented.

Key words. Subdirect sums, Nekrasov matrices, Strictly diagonally dominant matrices.

AMS subject classifications. 15A06; 15A12.

1. Introduction. As a generalization of the usual sum of matrices [3], the concept of k-subdirect
sums of square matrices was introduced by Fallat and Johnson [8]. Its definition is listed as below, see
Definition 1.1. Since the subdirect sum could be applied in a variety of practical applications, such as in
matrix completion problems, overlapping subdomains in domain decomposition methods, and global stiffness
matrices in finite elements (for details, see [2, 8, 9, 22]), many interesting and important results on its closure
property appeared now and then. For example, Fallat and Johnson in [8] showed that the k-subdirect sum
of positive definite matrices, or symmetric M-matrices, is a positive definite matrix or a symmetric M-
matrix, respectively. Bru et al. in [2] gave sufficient conditions ensuring that the k-subdirect sum of two
nonsingular M-matrices is a nonsingular M-matrix. We refer to [3, 4, 5, 10, 12, 15, 16, 18, 24, 25, 26] for the
closure property on the subdirect sum of other classes of matrices like doubly diagonally dominant matrices
[25], S-strictly diagonally dominant matrices [3], X-strictly diagonally dominant matrices [4], Nekrasov
matrices [15, 23], QN-matrices [10], c; and as-matrices [5], weakly chained diagonally dominant matrices
[16], {P1, P2 }-Nekrasov Matrices[12], SDD(p) matrices [18], and H-matrices[26].

DEFINITION 1.1. /8, 15] Let A and B be two square matrices of order ny and na, respectively, and let k
be an integer such that 1 < k < min{ny,na}. Let A and B be partitioned into 2 X 2 blocks as follows,

A11 A12> (Bll B12>
1.1 A= ) B = )
( ) <A21 A22 BQl B22

where Ass and By are square matrices of order k. We call the square matriz of order ni + ne — k given by

An Az 0
(1.2) C=1 A | Aw+Bu | Bz |,
0 By Bss

the k-subdirect sum of A and B, denoted by C = A®B. Furthermore, if we let C = A®,B = (¢i;), A = (aij;)
and B = (b;;), then
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A5, iESl, jESlLJSQ,
0, i1 €Sy, jESs,
A5, '6.6527 jesh
Cij =\ @ij +bi—tj—t, 1€ S2, JE O,
bi—t,j—t, 1€ 82, j€ESs,
0, 1€ Sg, j e Sl,
bift,jftv (NS 537 J € S2 U 537
where
(13) Sl = {1,2,...,7’1/1—]6}, SQ :{n1 —k:—l—l,...,nl}, 53 = {77,14—1,...,77,}

andt=mn1; —k, S1US2USs =N :={1,2,--- ,n}.

Nekrasov matrices including strictly diagonally dominant (SDD) matrices, as one important subclass of
H-matrices, appear now and then in various fields, for details, see [6, 11]. In order to solve problems arising
in different fields, it needs various properties for Nekrasov matrices, which leads to various problems related
to Nekrasov matrices, such as Schur complement problem for Nekrasov matrices [19], estimating the infinity
norm for the inverse of Nekrasov matrices [6, 21], error bound for linear complementarity problems [11, 17],
etc.

DEFINITION 1.2. [1, 7, 13] A matriz A = (a;;) € C™*" is called o strictly diagonally dominant (SDD)
matriz if
\aii\ > Ti(A), xS N,
where r;(A) = > |agl.
JEN, j#i

DEFINITION 1.3. [6, 14] A matriz A = (a;j) € C**™ is called a Nekrasov matriz if

lai1] > r1(A4) = Z|a1j|a |aii| > hi(A), i=2,3,...,n,
=2

) n .
where hi(A) = 3 a7 + 22 lagl, 1=2,3,...,n.
j=1 7 j=i+1
As for the subdirect sum of Nekrasov matrices, Li et al. in [15] first presented some sufficient conditions

such that
C=A®, B

is a Nekrasov matrix, where A is a Nekrasov matrix and B is an SDD matrix. Subsequently, some new
sufficient conditions for the closure property for Nekrasov matrices case were given in [15, 20, 23]. However,
these sufficient conditions are established for the case that A is a Nekrasov matrix, and B is an SDD matrix,
for example, see Theorem 1.4 (Theorem 2.8 in [15]) and Theorem 1.5 (Theorem 2.1 in [23]). As stated in
[15], for a Nekrasov matrix A and an SDD matrix B, B @} A may not be a Nekrasov matrix although A®; B
is a Nekrasov matrix, for details see Example 2.9 and Remark 2 in [15]. Hence, this motivates us to find
some conditions such that the closure property of the k-subdirect sum A &, B holds for the case that A is
an SDD matrix, and B is a Nekrasov matrix.
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THEOREM 1.4. [15, Theorem 2.8] Let A = (a;;) and B = (b;j) be square matrices of order ny > 2 and
ng > 2 partitioned as in (1.1), respectively, and k be an integer such that 1 < k < min{ny,ns} which defines
the sets S1, So, S3 as in (2). We assume that A is a Nekrasov matriz and B is an SDD matriz. If all
diagonal entries of Asg and By are positive(or all negative), and for any i € Sa,

aij:07 i>j,j652,

then the k-subdirect sum C = A @y B for k > 2 is a Nekrasov matriz.

THEOREM 1.5. [23, Theorem 2.1] Let A be a Nekrasov matriz of order ny > 2, B be an SDD matriz of
order ng > 2, k, S1, Sa2, S3, and t be the same as Definition 1.1, where n = ny + ne — k. If all diagonal
entries of Ass and Byy are positive(or all negative), and

m—1
@t ttm| + [bmm| = Begm(A) = rm(B) > D mpng, m=2,--- k, Vie S\ {t+1},
j=1

then the k-subdirect sum C = A @ B is a Nekrasov matriz, where

Hyiij(A, B)

|attj,t+5] + [bj5]

hiy;(A)
— |@trmivil T = bml

Mg = |@tsm,tts + bmjl R
J,tT]

and

m—1
Hyim(A, B) := hypm(A) +rim(B) + Z M-
j=1

The outline of the paper is as follows. In Section 2, we provide some sufficient conditions such that the
k-subdirect sum A @y B is also a Nekrasov matrix if A is an SDD matrix and B is a Nekrasov matrix. In
particular, it is shown that A @; B is a Nekrasov matrix under some conditions. In Section 3, we end the
paper by some concluding remarks.

2. The k-subdirect sum of SDD matrices and Nekrasov matrices. We in this section consider
the k-subdirect sum of an SDD matrix A and a Nekrasow matrix B. First, we give a sufficient condition for
the closure property of the 1-subdirect sum A $1 B.

THEOREM 2.1. Let A = (a;j) and B = (b;j) be square matrices of order ny and ny partitioned as in
(1.1), respectively. And let k =1, S; = {1,2,...,n1 — 1}, So = {n1}, S3 ={n1 +1,...,n} and t be the
same as Definition 1.1, where n = ny + ng — 1. Assume that A is SDD, and B is a Nekrasov matriz. If all
diagonal entries of Aaa and B11 are positive(or all negative), and

By (A) _ ha(B)

|an1n1| h |b11| ’

(2.4)

then the 1-subdirect sum C = A &, B is a Nekrasov matriz.

Proof. Since A is SDD and B is a Nekrasov matrix, we have that for each i € {1,2,...,n1}, |ay| >
r;(A), and
‘b11| > Tl(B) = hl(B), |b“| > hl(B), = 2,3, cee,Na.
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Case 1 For any i € S7, we have

i—1

|cii| = |aii| > ri (A Z| zj‘_Z|

Jj=1 Jj=i+1 j=i+1

Case 2 For i = ny € Sy, we have

| + [b11] > 7, (A) + ha(B)

+Z‘b1u|
+Z|blj|

ny—1
Z [ + Z |Cny i
j=ni+1

= hnl (C) = hnl (A) + hl( )

|Cn1m/1| - | n1,n

n11

Z |an1,]

n11

Z | Any,j

\ng

Furthermore, the above inequality yields

hn, (A) + b1 (B) hny (C)

1> =
|+ [b11 ] |+ [bui|

n1”1 | niny

In addition, by (2.4) we have

has(4) _ In(B)
|@nyn | h |b11]
& [b11|hn, (A) < [an,n, [h1(B)
< |b11|(hn, (A) + h1(B)) < (|anyn, + b111)h1(B) (anyn,, bi1 are positive (or all negative))
s (4) + (B) _ a(B)
|@nyn, + b11 bi1]

and
ha(4) _ ha(B)
|@nyn, | h D14
& [b11|hn, (A) < |an,n, [h1(B)
S hp, (A)(|011] + |anyng|) < |angng |[(R1(B) 4+ hny (A)) (anyn,, b1 are positive (or all negative))
hn, (A) o by (A) + h1(B)
|@nyn, | h |Gy, +b11]

Therefore,

i (A) o i (C) _ hni(A) + I(B)  a(B)

|anyny | bl a0l T bl

(2.5)

[y
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Case 3 For i = n; + 1 € S3, we have

+Z|b23|

ni (A) + hqi(B
bl *Z‘b%' (o (220

|Cny+1,n1+1] = |baz| > ha(B) = |b21|

WV

ni—1
(A) | o hon(A) + (B
— _— b
| ‘ 1| | n1n1+b1 | Z' 2]|

ny— 1 C)
= Z |C7’L1+1;J ) ‘ + Z |Cn1+1j|

| n11n1| j=ni+2
= h’”l-‘rl(C)a

and hence
ha(B)  hni41(C) _ Py 41(C)

1> = .
|b2a] - |baa| ‘Cn1+1,n1+1‘

Next we prove that
hi—«(B) S hi(C)  hi(C)

2.6 1> =
( ) |bi7t,i7t| - |bi7t,i7t| \Cn\

holds for ¢ =nj +2,n1 + 3,...,n1 + u by mathematical induction, where t = n; — 1, u is a positive integer
and u < ng — 1. Suppose that (2.6) holds for ¢ = ny +2,n1 +3,...,n1 +u — 1, note that (2.6) is equivalent
to

(2.7) |ciil = [bi—t,i—t| > hi—e(B) = hi(C),
we have

|Cn1+u,n1+u| = |b1+u,1+U‘ > hl-i-u(B)

Z| 14wu,7

Z |b1+u,J

j=u+2
t
A A)+ hi(B
Z |C’ﬂ1+UJ ‘ |) + |b1+u 1| |()+b()
j=1 ]J nl,m 11|

- hiyj(C -
+ |b1+1L,j|LO+ Z |b1+u,j (by (25))

2 bl 2,
t ni+u—1

O 1 BO) |
Z n1tu,j + |enitu, n1| + Z |c n1+uu| Z |Cny +u,j
2 Teal o > ol T2

= hnﬁ-u(c)a
and hence (2.6) holds for ¢ = ny + u. Therefore, |¢;;| > h;(C) for all i € Ss.

From Cases 1, 2, and 3, |c¢;;| > hi(C) holds for any ¢ € S;JS2J Ss. This implies that C = A®; Bisa
Nekrasov matrix. The conclusion follows. |

Next, we give an example to show that the C' = A @, B is a Nekrasov matrix by Theorem 2.1.
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EXAMPLE 2.2. Consider the following matrices:

31 1 3 1 1
A=|131]|,B=|6 -7 2 |,
2 2 5 7 3 -10

where A is an SDD matriz and B is a Nekrasov matriz. By computation, we have

ha(A) _ 22 _2 _ I(B)

|a33| _E 3_ ‘bll| '

Hence, C = A &1 B is a Nekrasow matrixz by Theorem 2.1. In fact, the 1-subdirect sum of A and B is

3 1 1 0 0
1 3 1 0 0
C=A@B=|2228 1 1 |,
0 0 6 -7 2
0o 0 7 3 -10
and

hl(C):2<3:|011|,
)

hQ(C) = g <3= |622|,
40

hg(C) = 3 < 8= |C33|,
16

h4(C) = E <7= |C44|,
389

h5(0) = ﬁ <10 = |C55‘ .

Hence, by Definition 1.3 C is indeed a Nekrasov matriz. On the other hand, the 1-subdirect sum of B and
A s

3 1 1 0 O
6 -7 0 O
C=Be&A=|7 3 -7 11|,
0 O 1 3 1
0 O 2 4
and hence C is not a Nekrasov matriz because hg(a) = 12%4 > 7 = |6’33|. Therefore, the 1-subdirect sum

B ®1 A of a Nekrasov matrix B and an SDD matriz A is not a Nekrasov matriz in general although A &, B
is a Nekrasov matriz. Furthermore, the 2-subdirect sum of A and B is

31 1 0
~ 16 2 1
C=A@&:bB=1, ¢ 5

07 3 -10

However, C is not a Nekrasov matriz because hs(C) = %> 2 = [¢33]. Therefore, the 2-subdirect sum of A
and B is not a Nekrasov matrix in general.

Example 2.2 motivates us to find some conditions such that C = A @ B for k > 2 is a Nekrasov matrix
when A is an SDD matrix and B is a Nekrasov matrix.
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THEOREM 2.3. Let A = (a;;) and B = (b;j) be square matrices of order mi and no partitioned as

in (1.1), respectively. And let k be an integer such that 1 < k < min{ny,na}, S1 = {1,2,...,n1 — k},

Sy={n1—k+1,...,n}, Ss={n1+1,...,n} and t = ny — k be the same as Definition 1.1, where n =

ny +ng —k. Assume that A is an SDD matriz, and B is a Nekrasov matriz. If the diagonal element as4 1+ ;

of matriz Aze and the diagonal element bj; of matriz By is either positive or negalive at the same time,

e., sign(asyji4j)= sign(bj;) for j =1,2,--- [k, bj; =0 fori e {2,3,--- k}, j <i, j€{1,2,--- ,k—1},
and

revi(A) hj(B)’

(2.8) <
latrjevsl — |bjsl

= 17 27 T k7
then the k-subdirect sum C = A @, B is a Nekrasov matriz.

Proof. Since A is SDD and B is a Nekrasov matrix with b;; = 0 for j <4, i = 1,2,...,k, we have
that for each ¢ € {1,2,...,n1}, |ay| > ri(A), and

bis| > hi(B) =1i(B), i =1,2,....k, |bii| > hi(B), i=k+1k+2,...,m0

Case 1. For any i € S7, we have

ni

lcis| = |asi| > 74 (

Zlul +Z|w|—h (©).

Jj=i+1 Jj=i+1

Case 2 For any i =t+m € S3,1 < m < k, we have

|Ct+m,t+m‘ = ’at+m t+m| + ‘bmml > Tter(A) + hm(B)

t+m—1 ny k n2
—Zlat+m,] + Y amgl+ Y asmgl+ Y g+ D (bl
Jj=t+1 Jj=t+m+1 j=m+1 j=k+1
(A) t+m—1
Z|at+m,J ‘ | + Z ‘ t+m,3| + Z |at+mt+J+bmJ‘+ Z ,j|
jj j=t+1 j=m+1 j=k+1
t+m—1 ( ) ni n
:Z|Ct+m,g + Z |Ctpm,j| = s Z |ct4m,j] + Z |Cttm,j]
j=t+1 j=t+m+1 j=ni1+1
_t+m 1 (C) |
= Z |Ct+mj|| | + Z |Ctrm,j
j=1 € j=t+m+1
:ht+m(0)

Furthermore, the above inequality yields

Tt+m (A) + hm(B) S ht+m(c)

= .
|a't+'m,,t+'m,| + |bmm| |at+m,t+m| + |bmm‘

In addition, by (2.8) we have

Tt+m(A) < him (B)
|at+m,t+m| |bmm‘
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<~ |bmm|rt+m(A) < |at+m’t+m|hm(3)
& b |(rt+m (A) + hm(B)) < (|at+m,t+m‘ + [bmm |) b (B)
T't+m (A) + hnL(B) < hm (B)

|at+m,,t+m,| + |bmm| = |bmm| .

Therefore,

hm(B) S 7't+m(A) "’hm(B) > ht+m(c)

(2.9) 1> > .
+ |bmm‘ |at+m,,t+m,| + ‘bmm|

=
|bmm| |at+mﬂt+m,

Case 3 For i = ny + 1 € S3, we have

lCny+1,n14+1] = |bk+1 k1| > hk+1(B)

_Z|bl~c+1,g| + Z |bk+1,
|b

j=k+2

T2

h
Z|Cn1+1,J| +Z|bk+1,J| t+j( ) + Z |bk+17j| (by (29))

|t je+5 + bl k2

"' Z |n1+11| "‘ Z leni+1,5

|JJ‘ =t J Rt

= Z |Cn1+1,J|
= hn1+1(0),
and hence

1> hk-i—l(B) > hn1+1(C) _ hn1+1(0) )
bkt k41|~ Pkt kr1] Cnatimgt1]

Next we prove that (2.6) holds for ¢ = ny +2,n;+3,...,n1 +u by mathematical induction, where t = ny —k,
u is a positive integer and u < ng — k. Suppose that (2.6) holds for i =n; +2,n1 +3,...,n1 + u — 1, note
that (2.6) is equivalent to (2.7), we have

Cny+ung+ul = |bk+u ketu| > hk+u(B)

k+u—1
= Z |bk+u

t

h
>z|cm+w| +z|bk+w| SLCICH

|at+J t+5 T bJJ|

‘bk-i-ud

|b | + Z |bk+u,]
77

|b
j=k+u+1

j=k+1

j=1

k+u—1

h

FY s Tg;ﬂ D30 vl Oy 29)

j=k+1 33 j=k+u+tl

t ni+tu—1 ( ) n

= Z Cn1+u,j| | | + Z | n1+u,j| + Z | n1+u,j| ‘ | Z |Cn1+u,j

j=1 Cjj j=t+1 j=ni1+1 j=nitut+l

= hn1+u(c)»

and hence Inequality (2.6) holds for i = ny + u. Therefore, |¢;;| > h;(C) for all i € Ss.
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From Cases 1, 2, and 3, |¢;;| > h;(C) holds for any i € Sy |JS2J S3. This implies that C = A@, Bis a
Nekrasov matrix. The conclusion follows. |

ExXaMPLE 2.4. Consider the following matrices:

4 1 111 0
41 1 0 0 -6 21 1

A= | 1o 1 ,B=]10 0 8|4 2 ,
Lz -8 1 4 6 4]12 -1
212 110 4 6 4]12 —22

O O =

By computation,

T‘Q(A) _ 7”3(14) _ 7”4(A) _ 1 < g _ hQ(B) < § _ hl(B) . hg(B)
laga|  lass|  faaa| 2 73 [bo| 4 [bu] |b33]
By Theorem 2.3, C' = A &3 B is a Nekrasov matriz. In fact,
h1(0)22<4:|611|, h4(0):8.1429< 18 = ‘C44|,
ho(C) = 3.5 < 10 = |eaa], hs(C) = 6.867 < 12 = |es5],
hg(C) =62<14 = |633|, hG(C) =12.7346 < 22 = |C66|7

and hence by Definition 1.3 C is indeed a Nekrasov matriz.

THEOREM 2.5. Let A = (a;;) and B = (b;j) be square matrices of order ni and no partitioned as
in (1.1), respectively. And let k be an integer such that 1 < k < min{ni,n2}, S1 = {1,2,...,n1 — k},
Sy ={nmi—k+1,...,nm}, S3 ={n1+1,...,n} and t = ny — k be the same as Definition 1.1, where
n =mny + ngs — k. Assume that A is an SDD matriz, and B is a Nekrasov matriz. If the diagonal element
Qttj.t4+5 of matriz Ags and the diagonal element bj; of matriz Byy is either positive or negative at the same
time, i.e., sign(aiyj ;)= sign(bj;) for j=1,2,--- |k, and

hivj(A,B) _ hi(B)

7j: 1727"' 7k7
|@etjerg +bigl — [byl

(2.10)

then the k-subdirect sum C' = A @y, B is a Nekrasov matriz, where hyyj(A, B) = hyy;(A &5 B).

Proof. Since A is SDD and B is a Nekrasov matrix, we have that for each i € {1,2,...,n1}, |ay| >
r;(A), and
b11] > 71(B) = h1(B), [bii| > hi(B), i =2,3,...,n2.
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Case 1. For any 7 € S, we have

|Cii|:|aii|>rz Z| Qi Z' Cij

Jj=i+1 j=i+1

(©).

Case 2. Fori=ny — k+ 1 € S5, we have

Cn,l—k+1m,1—k+1| = |an1 k1, nl—k+1| + |b11‘ > rnl*kJrl(A) + hl(B)

ny— k} ni
= Z @y —k41,5] +Z |b1,5] + Z @y — k41,51
j=ni—k+2
ny— k k na
> ) D+ D byl
j=1 j:2 j=k+1
ny— k k na
> Z |, — k+1j| +Z|b1,j + Gy —k+1,m1 k4| + Z |b1,51
3 j=2 j=k+1
ny—k (C) n
= Jen kil P lem k1l Y len—ktl
j=1 j=ni—k+2 j=ni+1
ny—k n
( ) 4
= | Z |Cn1—k+1,j|
J j=ni1—k+2
= hnrk+1(0)'

Furthermore, for any ¢ =t +m € Sy, 2 < m < k, we have

Cotm,ttm| = ‘at+nL,t+nL + |bmm‘ > rt+m(‘4) + hm(B)
t t+m—1 ny
= avrmil+ D armil+ D lariml
j=1 j=t+1 j=t+m+1
m—1 ) k no
+ > [bm, S sl + D lbmy
j=1 j=m+1 j=k+1

t

m—1 (B)
/Z|at+mu| B +Z |Gt sm it + o] = 1] )
ajj = 33
k na
+ Z (lattm,t+i] + [bm 1) + Z b
j=m+1 j=k+1
t m—1
(4) hi+;(A, B)
|aes | + D latpmats +bmjl T— 7 —
32::1 ™ |u| Z I a1
k no
+ Y armerg Fomgl+ Y [bml (by (2.10))
j=m—+1 j=k+1
t+m—1 ( ) ni n

)4 D leriml = D T ) N

e “' j=t+1 e ”' j=t+m+1 j=ni+1

t
Z Ct+m,j |
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t+m—1 n
h;(C)
= Z |ctm,jl 0] + _ Z |ct-rm,j
j=1 77 j=t+m+1
= ht+m(C)
Case 3. For i =ny + 1 € S3, we have

(B) , ¥

|eni+1,mi4+1] = |bk+1 k1| > hit1(B)
+ > Ibrrl

= Z |bk+1,5
j=k+2

-y |bk+1g|+2|bkm| el By (2.10))

Ibl

j=kt2 t+7,t+7 +b]]‘
hiii(A, B)
- Z ‘Cn1+171| ‘|’ Z |bk+171| [ + bj5] * Z |bk+173|
Attj,t+j Ji =k+2
—Z‘Cn1+1u| + Z |n1+1,j| + Z |Cny+1,]
j=t+1 j=ni1+2
- h’n1+1(C)'

Similarly to Case 3 in the proof of Theorem 2.3, it is easy to obtain
‘Cu“ > hl(C)J =m+2,n+3,....,n+u
by mathematical induction. Therefore, |¢;;| > h;(C) for all i € Ss.

From Cases 1, 2, and 3, |¢;;| > h;(C) holds for any i € Sy |J.S2J S3. This implies that C = A@y Bis a
Nekrasov matrix. The conclusion follows. |

Remark here that hy (A, B) = hy4;(A & B) in (2.10) could be only determined by the entries of A
and B. In fact, note that

ny— k
hj(A)
his1(A,B) = > an, k14175 0] +Z|bu+an1—k+1n1 ki + Z b1,
= ajj j=k+1

is completely determined by the entries of A and B. Furthermore,

(4) hi+1(A, B)
hi12(A, B) a + |a + by | ——MMM——— + a + bo | + b
t+2 Z| t+2y| | ”‘ | t+2,t4+1 21\ |at+1t+1‘+|b11| Z| t+2,t+j 23| j;1| 2j|
and hence hy12(A, B) involves A, B and h;11(A, B). This implies h;12(A, B) can be also completely deter-
mined by the entries of A and B. Similarly, h.y;(A, B), j =3,--- , k are only completely determined by the
entries of A and B because h;y;(A, B) involves hy1;_1(A, B). Therefore, inequalities (2.10) is not difficult
to be determined in general.

EXAMPLE 2.6. Consider the following matrices:
3 1 1 -3 1 1
A= 1 -3 1 |, B= 6 7 2 )
2 2 5 7 3 10
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where A is SDD and B is a Nekrasov matriz. Obviously, the 2-subdirect sum of A and B is

31 1 0
1 -6 2 1
¢ ©2 2 8 12 2
0 7 3 10

Therefore, the 2-subdirect sum of A and B is a Nekrasov matriz by Theorem 2.5. In fact,

hi(A)

ho(A,B) _ o2l +lbie Foesl+bis] 5 11 2 (B
|aga + b11] |azz + b11] |-3-3] 18 "3 |bin]
hi(A ha(A,B
hs(A,B) _ las1] ‘;ju‘) + [b21 +a32|% + |bas| _ 2X2+[2+6]x 15 +2 _ T _ 37T _6_ha(B)
|a33+b22| |a33 +b22| |5+7‘ 12 54 7 |b22|

In addition,

hi(C)=2<3= e,

he(C) = 13—1 < 6 = |ca2],
ha(C) = %4 <12 = |egy)
ha(C) = %9 <10 = |eas],

and hence by Definition 1.3 C is indeed a Nekrasov matriz. From this example it is also shown that Inequal-
ities (2.10) in Theorem 2.5 depends only on the elements of matrices A and B.

3. Conclusions. In this paper, we give some sufficient conditions such that the k-subdirect sum A&, B
of an SDD matrix A and a Nekrasov matrix B is in the class of Nekrasov matrices. These conditions are
different from those in [10, 15, 20, 23] in which the sufficient conditions for the closure property are given
for the k-subdirect sum B @y A. In the future, we will search for conditions such that A &, B is a Nekrasov
matrix for the case that A and B are all Nekrasov matrices.
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