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SPECTRAL EXTREMA ON GRAPHS WITH GIVEN SIZE FORBIDDING SMALL FANS*

BO LIUT, MINGQING ZHAI¥, AND XIANYA GENGT

Abstract. The k-fan Hj, is the graph obtained by taking the join of a vertex with a path order k. Brualdi-Hoffman—Turin
problem asks what is the maximal spectral radius of an H-free graph G on m edges? Clearly, Hs is a triangle, and H3 is a book.
Brualdi-Hoffman problems on triangles and books were solved by Nosal and Nikiforov. Recently, Yu, Li, and Peng showed that
if G is an Hy-free graph of size m > 8, then p(G) < p(S%’Q), with equality if and only if m is odd and G 2 S%Hz. In this

note, by pure spectral techniques, we show that if m > 14 and p(G) > %(1 ++/4m — 5), then G contains a copy of Hy unless
G €{Smt3 5, S mia 2}. Our result not only determines the spectral extremal value of H4 for both even and odd m but also
PR A=

implies a result on 5-cycle-free graphs by Min, Lou, and Huang.
Key words. Fan, Friendship graph, Spectral radius, Extremal graph.
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1. Introduction. We shall assume that all graphs considered here have no isolated vertices. The join
of G and H, denoted by G V H, is the graph obtained from G and H by joining each vertex of G to each
vertex of H. Let A(G) be the adjacency matrix of G. Since A(G) is real and symmetric, its eigenvalues
are all real numbers, the largest of which is called the spectral radius of G and denoted by p(G). The
study on the extremal value of p(G) is a very important topic in spectral graph theory. A classic problem,
proposed by Brualdi and Hoffman [1], asks what is the maximal spectral radius of a graph on m edges? In
1988, Rowlinson [16] solved this problem. A graph is said to be H-free, if it does not contain a subgraph
isomorphic to H. A variation of Brualdi-Hoffman problem asks what is the maximal spectral radius of an
H-free graph on m edges? In 1970, Nosal [15] proved that p(G) < /m for every triangle-free graph G on
m edges. Nikiforov [11, 12] extended Nosal’s result by showing that p(G) < y/2m(1 — 1/r) for K, -free
graphs, where the equality was also characterized.

In this paper, we focus on a new extension of Nosal’s result on triangles. Let F} be the friendship graph
of order 2k + 1 , and let Hj, denote the k-fan, which is isomorphic to K7 V Py. Brualdi-Hoffman problem on
triangles and books was solved by Nosal and Nikiforov. Recently, Yu, Li and Peng [19], and independently,
Zhang and Wang [23], obtained the following result.

THEOREM 1.1. Let G be an Hy-free graph of size m > 8 and Sp = Ky V (n — k)K1. Then p(G) <
%(1 + V4m — 3), with equality if and only if G = SmTJr:sg.

Theorem 1.1 implies some previous results, such as 5-cycle-free [20], Fa-free [6], and chorded 5-cycle-free
graphs [17]. For additional results on the Brualdi-Hoffman—Turdn problem, we refer to [3, 4, 5, 7, 8, 9, 13,
14, 18, 21, 22]. Since the extremal graph in Theorem 1.1 has odd size, one may be interested in the case
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that m is even. Let S} be the graph obtained from S, ; by deleting an edge-subset Ey, where Ey consists

m+r k41
k + 2

and every nonnegative integer r. Particularly, we denote S;Z by S, when r = 1. Min, Lou, and Huang
obtained the following result.

of edges from a dominating vertex to r vertices of degree k. Clearly, S, ;. has m edges for n =

THEOREM 1.2. (Gao-Lou-Huang [10]) Let G be a Cs-free graph of even size m > 14. Then p(G) <

P(Smia 2), with equality if and only if G = 5,14 ,.
2 3

In this paper, we investigate graphs of size m with spectral radius p > %(1 + v/4m — 5). The main result is
as follows.

THEOREM 1.3. Let G be a graph of size m > 14. If p(G) > %(1 +v4m —5), then G contains a copy of
Hy unless G € {SmTwQ,S@ o)

As a corollary, we get that p(G) < p(Smzs ,) for every Hy-free graph G of odd size and p(G) < p(Soia ,)
2 5
for every Hy-free graph G of even size. Since C is a subgraph of Hy, our result also extends Theorem 1.2.

2. Preliminaries. In this section, we first introduce the definitions of equitable partition and quotient
matrix. A vertex partition II: V3 U Vo U... UV, of a graph G is said to be equitable if, for each u € V;,
|[V; N N(u)| = b;; is a constant depending only on ¢, j (1 < i,j < k). The matrix By = (b;;) is called the
quotient matrixz of G with respect to II.

LEMMA 2.1. (Cvetkovié-Rowlinson-Simic¢ [2]) Let I1: V1 U ... U Vj be an equitable partition of G with
quotient matriz Br. Then det(xI — Br) | det(xI — A(G)). Furthermore, the largest eigenvalue of Bry is just
the spectral radius of G.

LEMMA 2.2. p(S,. 5 15 2) is the mazximum root of the following polynomial:
mirdd,

1
x4—mx2—(m—r—l)m+§r(m—r—l).
Proof. Note that S, 45
mips,
respectively. Let V3 be the set of vertices of degree one and Vj be the set of other vertices. Then |V3| = r.
Moreover, |Vi| = 3(m —r — 1) and every vertex in Vj is of degree two. It is easy to see that Smirss 5 has
an equitable partition IT : {v;} U {va} U V3 U V4. The quotient matrix is given by

contains an edge v1v2, where vy, vy are of degrees £ (m+r+1) and 3(m—r+1),

1
1

m—r—
2
m—r—

2
0
0

—_ == O
_ o O =
o O O 3

Straightforward calculation gives that
4 2 1
det(xI — Bry) = 2* — mx —(m—r—l)x—i—ér(m—r—l).
By Lemma 2.1, p(S,.} 15 ,) is the maximum root of det(z] — Bn). d
mAEs,

Assume now that m > 14. Let G* be an Hy-free graph on m edges with p(G*) > 1(1 + v/4m —5).
By Perron—Frobenius theorem, there exists a nonnegative unit eigenvector X with respect to p(G*). Let
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X = (z1,29,... ,x|G*|)T and choose a vertex u* € V(G*) such that x,- = max,cy(g+)Zy. Denote A =
Ng«(u*) and B = V(G*) \ (AU {u*}). Furthermore, we partition A into two subsets Ay and A;, where
Ag={ve A:dy(v) =0} and Ay = A\ Ap. Denote p = p(G*) for simplicity. Then we have

(2'1) PLyx = Z Ty + Z Ty,

vEAQ vEAL

(2.2) PQJCu* = |A|zy + Z da(v)x, + Z da(W)Ty-
vEA, weB

In addition, we shall notice that

(2.3) m = |A| + e(41) + e(A, B) + e(B),

Notice that (14+/4m — 5) is the maximum root of the polynomial 2> —z—(m—2). Since p > 1(1++/4m —5),
we can see that

(2.4) P pzm
In view of (2.1), (2.2) and (2.4), we obtain
3 2
(2.5) (m — i)xu* < (p° = p)xur = |Alxy + ; (da(v) — Dz, + ZE;BdA(w)xw - ; Ty

Since G* is Hy-free, it is clear that G*[A] is Py-free. Hence, every connected component in G*[A;] is
isomorphic to a triangle or a star. Assume that G*[A;] contains s stars and ¢ triangles. Then e(4;) = |41]—s
and thus

(2.6) D (da(v) = 1) =2e(Ay) — [A1] = e(A;) — 5.

vEA;

CLAM 1. e(B) 4+ s < % =D vea, To-

Proof. Obviously, > da(w)zy < e(A, B)zy,~. Combining (2.5), we can see that

weB

3
(2.7) (m — i)xu* < (|4 + e(A,B))zus + Y (da(v) = Dy — > a0
vEA; vEAo
In view of (2.3) and (2.7), we obtain that
3
(2.8) (e(A1) +e(B) — §)J;u* < Z (da(v) = 1)z, — Z Ty
vEA; vEAg
Combining (2.6) and (2.8), we further have that e(B) +s < 3 — D ve, To- |

Note that X is a nonnegative eigenvector. By Claim 1, we can see that e(B) + s < %, which implies
that e(B) + s < 1. If e(B) + s = 1, we will get some more properties.
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CrAamm 2. Ife(B) +s=1, then > ., @y < 1y and Y cp da(W)(Tyr — 2y) < STy

show Y o5 da(w)(zys — ) < $2+. Combining (2.5) and (2.6), we get that

Proof. 1f e(B) + s = 1, then by Claim 1, we obtain }, , @, < 1z, immediately. In the following, we

(m— ;)xu < [Alzy- + (e(Ar) = s)zu + Y da(w)z,.
weB

Note that e(A, B)ay = da(w)xy~. In view of (2.3), we can further see that

weB

(e(B) +e(A,B) + s — g)xu < Z dA(wW)Ty,

weB
which yields that >, 5 da(w)(zus — ) < §Tye. |
CLAM 3. If e(B) 4+ s =1, then |A1| > p— 1.

Proof. By Claim 2, we know that Y o, @y < §@y-. Thus, pzy- = Y ca, To + Y pea, T < (|A1] +
1)@+, which implies that [4;| > p — 3. d

Now denote by A} the set of vertices in triangle components of G*[A44].

Cramvm 4. If e(B) +s =1, then 3 4 2o 2 (|4 = 2wy

Proof. Observe that da(v) = 2 for each v € A]. Then ZveA/l (da(v) — Dz, = EveA; Xy If ZveA’l Ty <
(|AL - %)zu, then ZveA’l (da(v) — Da, < ZveA’l (dA(v) — l)zu* — %mu and

> (da) ~ Do < 3 (da(v) ~ e — e

vEA; vEA;

Combining (2.6), we have that 3 4 (da(v)—1)zy < (e(A1) —s— 3)zy=. In view of (2.8), we further obtain

that (e(41) 4+ e(B) — 3)xy < (e(A1) — s — 3)zy-, which contradicts the assumption that e(B) +s=1. 0O
3. Proof of Theorem 1.3. In this section, we give the proof of Theorem 1.3. Recall that G*[A;]
contains s stars and ¢ triangles. By Claim 1, e(B) + s < 1. Now we prove three key lemmas.

LEMMA 3.1. If e(B) = 1, then the unique edge within B is an isolated edge of G*.

Proof. Let E(G*[B]) = {wywz}. Then s = 0, and hence G*[A;] consists of ¢ triangles. Now suppose
to the contrary that wiws is not an isolated edge. Then da(w1) + da(we) > 1. Assume without loss of
generality that x,, > Z,,. Since G* is Hy-free, w; has at most one neighbor in every connected component
of G*[A4]. Hence, da, (wy) < t.

Now we shall show that d4, (w1) > 2. By Claim 2, 3, 4 @y < 12,+, and hence,

1
PLyy; < Loy, + Z Ty + Z Ty < Topy + dA1 (wl)xu* + i‘ru*7
vENaA; (w1) vEA

1
which yields that x,,, < %xu*. Recall that m > 14 and p > 1+vidm=5 Vém_s. It is easy to see that p > 4.

If da, (w1) =1, then x,,, < ﬁxu* < 1y and da(wr)(zus — Tw,) > da, (W1)(Tur — Ty ) > 324+, Which
contradicts Claim 2. If d4, (w1) = 0, then x,,, < ﬁxu* < %xu and thus z,, < 2y, < %xu Recall that
da(wi) + da(wz) = 1. Then we have 3, 1y oy da(wi)(@ur — Tw,) > 2a,+, which also contradicts Claim 2.
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Now denote AY = A1 \ N4, (w1). Then A} C Ng-(u*) \ Ng+(w1) and we € Ng=(w1) \ Ng=(u*). Hence,
(T — Ty ) > ZUGA,{ Ty — Tapy > ZUGA/{ Xy — Ty, - Recall that A} denotes the set of vertices in triangle-
components of G*[A;]. Since s = 0, we have A; = A} and thus }_ ., 7, > (|A1| - 1)+ by Claim 4. This
implies that ZweA’l' zy > (|AY] = $)zys. Tt follows that p(zy — zw,) > (JAY| — 3) @y — 24, , which yields
that
polAl+L  _jAl-3

1 wr = Tyr P
Recall that [A;| = 3t and |AY| = |A1| — da, (w1) = 3t — da, (w1). By Claim 3, we have p < |4;|+ % and so
p—1<3t—1. According to (3.9), we get that

(3.9) Ty <

AT =5 o day(w)(3t = da, (w1) = 5)

dA('LUl)(Iu* - xw1) Z dA1 (U]l) p— 1 u* = 3 _ % Lyy* -
Since 2 < da,(w1) < t, we have da, (w1)(3t — da, (w1) — 2) > 2(3t — I). Thus, da(w1)(Tur — Tw,) >
2;?:1%):10“* > %xu*, contradicting Claim 2. Hence, w;ws is an isolated edge. O
2

Recall that G*[A;] contains s stars and t triangles. Moreover, by Lemma 3.1, we have that either
e(B) = 0 or G*[B] contains exactly one edge, which is an isolated edge of G*. In the following, we show
that G*[A;] contains no triangle components.

LemMA 3.2. £ =0.

Proof. Suppose to the contrary that ¢ > 1. Then we can find three vertices vy, v9,v3 € Ay such that
{v1,v2,v3} induces a triangle. Let B; = Np(v;) for ¢ € {1,2,3}. Since G* is Hy-free, B, Ba, and Bs are
pairwise disjoint. It is easy to check that Z?:l PLy, = 3Ty + Z?:l 2y, + Y B, Tw- Recall that p > 4.
Then

3
weli_,

3
Zi:1|Bi|aj .

< 5 +
-
2

3 3Ty + D peus B T
(3.10) S w = “ €Yy B T
i=1

p—2
Moreover, S2°_ (da(v;) — 1) (24, — Ty+) = 3o, (24, — Ty-). Combining (3.10), we have

3 .
Y ([da(@) = Day < Y (da() = Dage + (S + 2Py ) 30,
(3.11) veA, vEA

3 .
= (e(A) —s—+ ==y,

where the last equality follows from (2.6).

In the following, we have to prove three claims. First, we claim that U} ;B; # (. Suppose that
U?_;B; = 0. Then combining (2.8) and (3.11) gives that (e(A1) + e(B) — 3)zy+ < (e(41) — s — 2)aye. If
follows that e(B) + s < 0, a contradiction. Hence, U3_; B; # 0.

Now assume without loss of generality that x,, > x,, > ,,. Since U}_, B; # (), we will see that By # 0
(otherwise, we may assume that By # 0, then px,, = Ty + Ty, + Ty, +Zw632 Ty a0d Py, = Tyx + Ty, + Ty,
thus we have (p + 1)(2v, — Zv,) = Y ,cp, Tw > 0, which contradicts the assumption that z,, > x,,). Let
Ty, + Loy = Qy~. Second, we claim that o > 1. Indeed,

(3.12) Z(dA(v) - 1)z, < Z(dA(v) 1D ays — (2= @)y = (e(A1) — 5 — 2+ )Ty

veEA, veEA
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Choose a vertex wy € By. By Lemma 3.1, dg(w;) = 0 and so pzy, < da(wy)zy-. If da(wi) < 5, then
Ty, < %xu*. It follows that

(3.13) > da(w)zy < e(A, B)wy: — %xu*.
weB

Combining (3.12) and (3.13) with (2.5), we obtain that
3 5
(m— i)xu < (|A] +e(Ar) + e(A,B) — s — 5 + ) @y
Note that m = |A| + e(A41) + e(A, B) + e(B). Hence, a > e(B)+s+1> 1.

Now we consider the case da(wi) > 4. Since vp,v3 € Ng-(u*) \ Ng-(w1), we have p(zy« — Ty,) >

Ty, + Ty, = Ty In fact, we can similarly obtain that p(z,« — z,) > awm, for every w € U_,B; as

Ty, > Tyy > Tyy. From da(wi) > £, we can see that da(w1)(Zur — T, ) > 3p(Tur — Ty ) > Say+. Thus,
«

3.14 d w < (A, B)u — e

(3.14) X da(whra < 4. By — G

Combining (3.12) and (3.14) with (2.5), we obtain that

(m — g)xu < (|A| +e(A)+e(A,B)—s—2+ %)xu*,

which also gives a > 2e(B) 4+ 2s + 1 > 1.

Third, we claim that da(w)(z, — z,) > 25 for every vertex w € U_, B;. Indeed, if da(w) <

p—2
%, then px,, < da(w)xy and so x, < gmu*. It follows that da(w)(xys — Tw) > Tyr — Ty > 21*2
for each w € U?_; B;. On the other hand, recall that p(z,« — Ty) > @y > z,+ for every w € U3_ B;. If

da(w) > %, then da(w)(zy — xw) > Z%g’mu*. Since p > 4, we also have da(w)(zy — ) 2 245

Now by the third claim, we can see that

3
> 1B,
(3.15) Z da(w)zy < e(A, B)xy — Z;)_i|2|a:u
weB
Combining (3.11) and (3.15) with (2.5), we obtain that
3 3
(m— §)xu < (JA] +e(Ar) +e(A,B)— s — i)xu*
Recall that m = |A| +e(A41) + e(A, B) + ¢(B). Hence, e(B) + s < 0, a contradiction. Therefore, t = 0. This
completes the proof. ]

By Lemma 3.2, we have t = 0. Combining Lemma 3.1, we can see that if s = 0, then G* is bipartite and
so p(G*) < y/m, which contradicts the fact that p(G*) > Hivg‘m*‘r’. Hence, s > 1. Recall that e(B) +s <1
by Claim 1. Thus, we immediately conclude that s = 1 and e(B) = 0. Now assume that H is the unique
component in G*[A;]. Then H is a star of order [4;|. By Claim 3, |A;| > p — 1. Recall that p > 4. Thus
|Aq] > 4.

LEMMA 3.3. |B|=0.
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Proof. Suppose to the contrary that |B| > 1. Choose a vertex w* € B and denote by v* the central
vertex of H. Since e(B) = 0, we have da(w*) > 1.

First, we claim that w*v* ¢ E(G*). If w*v* € E(G*), then w* has exactly one neighbor v* in A; as
da(v*) = |A1] — 1 > 3 and G* is Hy-free. Thus, pryx < Tpx + D, z,. Moreover, > 4, < 12,
by Claim 2. Tt follows that pz,- < %xu*, which gives that z,+ < ;’—pxu* < %xu as p > 4. Thus,
da(w*)(@y — Ty+) > 22y, contradicting Claim 2. Therefore, w*v* ¢ E(G*).

vEAg

Second, we claim that ds(w*) > 5. If dA( *) = 1, then z,» < %xu* < %xu* as p > 4. Hence,
da(W*) (@ys — Tyr) > %xu* If 2 < da(w*) < &, then pry < da(w*)rys < Bayx, and 50 2y < %zu*.
Thus, da(w*)(Tyr — Tor) > Ty > %xu*, In either case, we get a contradiction with Claim 2. Therefore,
dA(U)*) > g

Now let 2y« = Bay+. Then f < 1. Since w*v* ¢ E(G*), we have p(Ty+ — Tyx) > Ty = L2y+. Since
da(w*) > £, we further get that da(w*)(zys — Tw+) > gxu*. Thus,

(3.16) S da(w)zy < e(A, Byr,: — gxu*.
weB

On the other hand, since d4(v*) = e(A1) and da(v) =1 for v € Ay \ {v*}, we have

(3.17) > (da@) = 1)zy = (da(v*) = 1)zye = (e(A1) — 1) Baye.

vEA;
Combining (3.16) and (3.17) with (2.5), we obtain that

(= )zar < (1414 €(4,B) = + (e(41) = 1))

Recall that m = |A| + e(A;) + (A, B) and |A;| > 4. Hence, (e(A1) — 2)zy < (e(A1) — 3)Bzy-. It follows
that 8 > 1, a contradiction. Therefore, |B| = 0. 0

By Lemmas 3.1, 3.2, and 3.3, we can see that V(G*) = AU {u*} and G*[A] is the union of a star and
|Ao| isolated vertices. Therefore, G* = S‘ Jﬁoll - Now we are ready to complete the proof of Theorem 1.3.

Proof. Set |Ag| = r. Since m = |A|+e(A;y) and e(A4;) = |A1|—1 = |A|—r—1, we have |[A| = J(m+r+1)
and G* = S" ., 5 By Lemma 2.2, p(S,.". .5 2) is the maximum root of the following polynomlal.
2 ’ 2 )

h() 5:334_7”5'32_(m—r—l)ﬂH—%r(m—r—l).

Set g(x) := (2 + 2 — 3)(22 — 2 — m+ 2). One can check that

m-—r—3

h(z) =g(z)+ (r—1)(z 5

Note that 1(1 + v/4m —5) is the maximum root of z? — z — (m — 2). Clearly, g(z) > 0 provide that
1(1+V4Am =5). Recall that |[A1] > 4. Then m = |Ao| +2]|A1] — 1 > |Ao| +3 =7+ 3.

On the one hand, if 7 > 2 and & > (1 + v/4m — 5), then h(x) > g(z) > 0. Therefore, p(Su% s ,) <
2 )
1(1+ v/4m —5) for each r > 2.
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On the other hand, if r € {0,1} and # = £(14+/4m — 5), then h(z) < g(x) = 0, and hence p(Sf,LZQ,,,M)Q) >
1(1++/4m —5). Therefore, G* = Srn,T-%—S,Q for r =
Theorem 1.3. |

Oand G* =S, ) for r = 1. This completes the proof of
S

Acknowledgment. The authors would like to show great gratitude to anonymous referees for their
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