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DEFECTIVE EIGENVALUES OF THE NON-BACKTRACKING MATRIX*

KRISTIN HEYSSET, KATE LORENZEN*, AND CAROLYN REINHARTS

Abstract. We consider graphs for which the non-backtracking matrix has defective eigenvalues or graphs for which the
matrix does not have a full set of eigenvectors. The existence of these values results in Jordan blocks of size greater than
one, which are called nontrivial. We develop a relationship between the eigenspaces of the non-backtracking matrix and the
eigenspaces of a smaller matrix, completely classifying their differences among graphs with at most one cycle. Finally, we
provide several constructions of infinite graph families that have nontrivial Jordan blocks for both this smaller matrix and the
non-backtracking matrix.
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1. Introduction. A non-backtracking walk in a graph is any traversal of the vertices of a graph such
that no edge is immediately repeated. The non-backtracking matrix encodes if two edges can be traversed in
succession in a non-backtracking walk. This matrix was originally introduced by Hashimoto in 1989 [8] and
has been used to study percolation [3], community detection [2], and non-recurrent epidemic spread [17].

Of particular interest is the eigen-information of the non-backtracking matrix. The largest eigenvalue
is related to the epidemic threshold of the SIR model [17], while the eigenvectors have been used to rank
importance of nodes in networks [14]. Non-backtracking walks are also a better tool for community detection
by spectral clustering in sparse networks. Developers of these spectral clustering algorithms commend the
spectrum of the non-backtracking matrix for its ability to maintain a large gap between bulk eigenvalues
and the eigenvalues related to community detection [12].

The non-backtracking matrix is not symmetric, making it one of the only well-studied graph matrices
where there may not be a full set of linearly independent eigenvectors. When the algebraic and geometric
multiplicity of an eigenvalue are not equal, the eigenvalue is called defective, and the matrix is not diagonal-
izable. Graphs that have a defective eigenvalue we will call defective graphs. We look to answer the question,
which graphs are defective for the non-backtracking matriz? If a graph has a vertex of degree one, then the
non-backtracking matrix of the graph will have a defective eigenvalue of A = 0. As such, the question can
be rephrased: which graphs of minimum degree two are defective for the non-backtracking matriz? It was
conjectured by Torres in [19] that the answer is never.

We show that this conjecture is false by providing a constructive method to build three infinite graph
families with a defective eigenvalue (see Section 4). In some cases, this defective eigenvalue is real. In
addition, we provide some numerical data regarding the number of graphs on ten or fewer vertices with
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defective eigenvalues and the eigenvalues for which they are defective. Our constructions use a previously
studied matrix, denoted K, which is defined in terms of the adjacency and degree diagonal matrices of a
graph and that shares eigenvalues with the non-backtracking matrix.

We solidify the relationship between the Jordan canonical forms of K and the non-backtracking matrix
by completely classifying when they are the same and describing what differences can occur (see Section
2). Further, we construct useful results regarding the structure of the generalized eigenvectors of the matrix
K for special graph structures in Section 3. These results are also applied to determine conditions on the
generalized eigenvectors of graphs containing twin vertices.

1.1. Preliminaries. A (simple) graph G consists of a set of vertices V(G) and a set of edges E(G)
such that each edge e € E(G) is a subset of two vertices. Define n = |V(G)| and m = |E(G)|. We will
only consider simple graphs without multiedges or loops. For ease of notation, ij will be used to denote
the edge {i,j}. We also use i ~ j to denote that ¢ and j share an edge. The set of all vertices j such that
ij € E(Q) is called the neighborhood of the vertex i. The degree of a vertex i, denoted deg(i), is the size of
its neighborhood. For a graph G and a set S C V(G), let G\S denote the graph G with the vertices in S
(and all their associated edges) removed. A walk is a traversal of the edges of a graph and a non-backtracking
walk is a walk in which the edges that are traversed cannot immediately be repeated. All graphs we consider
are connected, or have a walk between any two vertices. A graph is bipartite if there exists a partition
V(G) = AU B such that every edge ij € E(G) i € A and j € B. A graph is unicyclic if the graph contains
only one cycle as a subgraph. For more information regarding graph theory, see [20].

For a vector v, we will let v; denote the ith entry of the vector. The all ones vector of dimension n
will be denoted 1,, (or just 1 when the dimension is clear) and the identity matrix of dimension n will be
denoted I, (or just I when the dimension is clear). The ith standard basis vector will be denoted e;.

For a matrix M, an eigenvalue \ is defective if its geometric multiplicity is strictly less than its algebraic
multiplicity. A matrix has no defective eigenvalues if and only if it has n linearly independent eigenvectors.
Equivalently, a matrix has no defective eigenvalues if and only if it is diagonalizable. For matrices that are
not diagonalizable, it is useful to consider their Jordan Canonical Form instead.

The Jordan Canonical Form (JCF) of a matrix M has the form

J 0 0 0 A1l 0 0
0 J 0 0 0 A 1 0-- 0

JCF(M)=8"'MS=|: | where J; = ol
0 0 Jy1 0 0 0 A 1
0 0 0 Jp 0 0 0 A

and S is an invertible matrix. Each eigenvalue A of M corresponds to one or more Jordan blocks J; for
1 < i < p. Furthermore, the geometric multiplicity of A is the number of Jordan blocks corresponding to
A, and the algebraic multiplicity of A is the sum of the sizes of all Jordan blocks corresponding to A\. An
eigenvalue \ has a non-trivial Jordan block, i.e., a block of size at least 2 x 2, if and only if it is defective.
Note that this implies that JCF(M) is a diagonal matrix if and only if M does not have any defective
eigenvalues.

Let u™ be an eigenvector for matrix M corresponding to eigenvalue A. Further, let k be the largest
integer such that the system (M — )\I)u(j+1) = ul) has a solution for all j € {0,1,...k — 1}, where we
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define u(® to be the zero vector. It follows that k > 1, since u(!) is an eigenvector. This sequence of vectors
u® u® . u® is a Jordan chain of length k of M, and each vector ul?) for 2 < j < k is a generalized
eigenvector of M for eigenvalue . A full set of Jordan chains for the matrix M, when considered as columns
of a matrix, serves as the similarity transformation matrix S for computing JCF(M). The lengths of the
Jordan chains for a matrix M correspond to the sizes of its Jordan blocks. That is, M has a Jordan chain
of length k for eigenvalue A if and only if the Jordan canonical form of M contains a Jordan block of size
k. Thus, the existence of a Jordan chain of length k£ > 2 corresponding to eigenvalue A for M is sufficient
to show that A is a defective eigenvalue of M. For more information regarding the Jordan Canonical Form,
see [9].

1.2. The non-backtracking matrix. To define the non-backtracking matrix of an undirected graph,
it is useful to consider each edge ij in a graph as a pair of directed edges (¢, j) and (j,¢). This is due to the
nature of how non-backtracking walks are defined: traveling from ¢ to j along the edge ij will result in a
different set of viable next edges for the walk than traveling from j to i along ij. As such, the non-backtracking
matriz B(G) is indexed by the directed edges of the graph G and defined such that

1 ifj=kandi#/

0 otherwise.

B iy k0 (G) = {

In other words, if we can travel along ij and then immediately travel km in a non-backtracking walk, the
corresponding matrix entry is one. Otherwise, the matrix entry is zero. See Fig. 1 for an example.
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FIGURE 1. A graph on five vertices and its non-backtracking matrix.

The non-backtracking matrix has many eigenvalues and corresponding eigenspaces we understand well;
these are A = +1 (see [8, 7, 16, 10]). Therefore, the spectral interest of this matrix tends to be on the
remaining eigenvalues and corresponding eigenspaces. A useful tool for prioritizing these eigenvalues is
Thara’s theorem.

THEOREM 1.1 (Thara’s Theorem [11]). For a graph G with n vertices and m edges, let B be the non-
backtracking matriz of G. Let A be the adjacency matriz of G and D the degree diagonal matrixz. Then

det(I —uB) = (1 —u®)™ " det(u*(D — I) — uA + I).
Note that this does not directly give us the eigenvalues of B, since the eigenvalues are the solutions to

det(AI — B). Therefore, for the solutions to det(I — uB), it follows that v = 1/\. The matrix polynomial
defined by Thara’s Theorem
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H(t)=I—tA+t*(D—1),

is studied as the deformed graph Laplacian, such as in [7] and [15], or the Bethe-Hessian matrix, such as in
[18].

Because Thara’s theorem separates out the eigenvalues of +1, the deformed graph Laplacian contains
the eigenvalues of interest. To calculate these values, we can consider the following matrix K, a version of
which is considered in Note 3.5 of [1]. For a graph G with n vertices and m edges, the 2n x 2n matrix K(G)
is defined as

K:{A D—In}7

-I, 0

where A and D are as defined in Theorem 1.1. The matrix K is a linearization of the reversal of H(t) (see
[6]), and as such the all the eigenvalues of K (respecting algebraic multiplicity) are eigenvalues of B. This
matrix K has seen some interest for those working with the non-backtracking matrix because it is a smaller
matrix (2n x 2n versus 2m x 2m) with alike spectral properties.

2. Similarity of eigenspaces of B and K. In this section, we show that except for the cycle graph,
the defective eigenspaces K and B are isomorphic to each other. This result will allow us to consider a
smaller matrix when looking at defective eigenspaces of B.

Glover and Kempton in [5] showed that B could be decomposed into a block diagonal matrix M with
K as one of its blocks. For this decomposition, they consider the following vertex-directed edge incidence
matrices. Let S be a 2m x n matrix and U be an n x 2m matrix where

1 v=2 1 z=u
S((u,v),2) = and Uz, (u,0)) = .
0 otherwise 0 otherwise
For this decomposition, we also define R to be a 2m x 2(m — n) matrix, where the columns of R are linearly
independent eigenvectors of B for the eigenvalues 1 (shown to be in the null space of SU by Lubetzky and
Peres in [13]).
THEOREM 2.1 ([5]). Let G be a connected graph and B its non-backtracking matriz. Then

K 0 0
0 0 I

and X = [S’ T R].

Let M be the 2m x 2m matrix

K 0 0
(2.1) M=|0 In. 0
0 0 —Inpn

It is clear that M has the same algebraic spectrum as B. Glover and Kempton were able to find new
proof techniques for known results about H (t), rephrasing them in terms of K. Grindrod et al. in [7] showed
that the geometric multiplicity of A = 1 of H (t) is the number of connected components of G and the inverse
of the spectral radius of A lower bounds all the absolute values of the eigenvalues of H(t).
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Further, Glover and Kempton show in [5] that eigenvectors for K lift to eigenvectors of B, i.e., if v is
an eigenvector of K, then X[v,0,0]” is an eigenvector for B. We show that this result naturally extends to
generalized eigenvectors and Jordan chains.

PROPOSITION 2.2. Let G be a connected graph with n > 2 with matrices K and B. Let u™ ... u® bpe
a Jordan chain of K for the eigenvalue A and let v = [u®) 0 O}T. If Xv) £ 0, then XvD, ... Xv(k)
is a Jordan chain of B for eigenvalue \. If Xv() = ... = Xv(=D =0 and Xv(® #£ 0 for some 1 < i <k,
then Xv® ... Xv(®) is a Jordan chain of B for eigenvalue \.

Proof. Let u(Y) is an eigenvector of K for A, that is, Ku® = Au(»). Then

K 0 0 u® Kul® u®
BxvW=Xx10 I o0 0|l=X]| o |=x)\|0|=xxvih,
0 0 —I|l]|o 0 0

If Xv(M) #£ 0, then Xv(1 is an eigenvector of B for eigenvalue \.

Let u,...,u® be a Jordan chain of K for A. Therefore, Ku® = Au® + ul=1 for 1 < i < k.
Consider

K 0 0 ul® Ku® Au® 4 ul-1
BXv®WD=Xx10 I 0 0|=X| 0 |=X 0 = AXv® 4 xv-b,
0 0 —I]|o0 0 0

Further, BXv(®) —AXv(®) = Xv(=1_ If Xv(1) £ 0, then BXv(® —XXv(® £ 0. So Xv(? is not in the
eigenspace of \ nor the zero vector. Therefore, Xv(? is a generalized eigenvector of B for eigenvalue \.

For the sake of induction, assume Xv(i~1 £ 0, so BXv(® — AXv() £ 0. Therefore, Xv(® #£ 0, so
Xv( is a generalized eigenvector of B for eigenvalue A. Therefore, Xv(1), ..., Xv(®) is a Jordan chain of B
for the eigenvalue .

If Xvi) = ... = Xv(=1) =0 and Xv(® # 0 for some 1 < i < k, then BXv() = AXv(®_ Thus, Xv{®
is an eigenvector of B for \. By the same argument as in the previous case, Xv(©) £ 0 for all i +1 < ¢ < k.
Therefore, Xv(®, ... Xv*) is a Jordan chain of B for the eigenvalue . a

We now investigate the null space of [S U T}. This will allow us to connect the eigenspace properties
of K and B.

LEMMA 2.3. Let G be a connected graph on n > 2 wvertices. If G is not bipartite, null ([S UT]) =
span { [ln fln]T}. If G is a bipartite graph with partite sets A and B, then

il ([S 07)) =span {[L s L s [l ~Ls 14 -1}

Proof. Let G be a simple, connected, undirected graph on n > 2 vertices. We will use the linear algebra

T
fact that [S U”]v =0 if and only if ﬁ]} (S UT]v=o.

In [4], van Dooren and Fraikin show that SU = A, the adjacency matrix, and by matrix multiplication
STS = UUT = D, the degree diagonal matrix. For completeness, the results SU = A and S7S = UUT = D
where also shown in Zager and Verghese [21]. Therefore,
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s o= Yol =a o)

We will consider the null space of {Z A]. Let v = [x,y]”7 be in the null space of {Z A]. So

Dx + Ay = 0 and Ax + Dy = 0. Since G is a connected graph on at least two vertices, it follows D is
invertible. So
x=-D"'4y and y=-D'4x.

Therefore,
x = (D71 A)*x,

that is x is an eigenvector for the probability transition matrix (a stochastic matrix) of G for the eigenvalue
A = £1. For a simple, connected graph, we know the probability transition matrix always has an eigenvalue
A = 1 with multiplicity one and an eigenvalue A = —1 with multiplicity one if and only if the graph is
bipartite.

Further, when A = 1, then x = 1. Therefore,y = —1. When A = —1, then x = [1|A\7 —1|B‘]T. Therefore,
y = [Lj4), —1j5/]" as desired. O

We will now connect the null space of X to the eigenspace of K. This will allow us to specify when the
generalized eigenspace of K does not connect to the generalized eigenspace of B.

LEMMA 2.4. Let G be a connected graph with n > 2. Let u be an eigenvector of K for eigenvalue A and
let v= [u 0 O]T, If Xv =0, then A =1 if G is not bipartite and A = £1 if G is bipartite.
]T

Proof. For an eigenvector u of K, let v = [u 0 0 .If Xv=0,then ue€ null ([S UT}) .

If G is not bipartite, then null([S UT]) = span{[l —1]T} by Lemma 2.3. By computation,
[1 fl]T is an eigenvector for K for the eigenvalue A = 1.

If G is bipartite with parts A and B, then

nll ([$° UT]) =span {[1 s ~Ty ~Lm] o[l ~Lm 1 L]},

T
by Lemma 2.3. By computation, [1\A| 15 —14 —1‘B|] is an eigenvector for K for the eigenvalue

T
A =1and [1|A\ 15 14 —1|3‘] is an eigenvector for K for the eigenvalue A = —1. Since eigenspaces
are disjoint, there is no eigenvector of K that is a nontrivial linear combination of these two vectors. 0

The next two propositions are results about the algebraic and geometric multiplicity of the eigenvalues
+1 for the non-backtracking matrix.

PROPOSITION 2.5. [19] Let G have at least two cycles. Then A =1 is an eigenvalue for B with algebraic
and geometric multiplicity m —n + 1.

PROPOSITION 2.6. [19] Let G have at least two cycles. Then A\ = —1 is an eigenvalue for B, with
algebraic and geometric multiplicity m —n + 1 if G is bipartite and algebraic and geometric multiplicity
m —n if G is not bipartite.
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The deformed graph Laplacian, H(t), is known to have a defective eigenvalue of oo if a graph has a leaf
and no component is the complete graph on two vertices [7]. This corresponds to the eigenvalues A = 0
for matrix K. Further, the defectiveness of the eigenvalue A = 0 for the non-backtracking matrix has been
explicitly found by Torres (see [19]) for graphs with minimum degree one. Such graphs tend to be removed
from the discussion about graphs with defective eigenvalues for the non-backtracking matrix because the
defectiveness of A = 0 is already well understood. We include some of these graphs here for completion, but
still require at least one cycle, since M from (2.1) is only well defined when m > n. We are now able to
prove our main result.

THEOREM 2.7. Let G be a connected graph. If G has at least two cycles, then B and M have the same
Jordan form.

Proof. Let G be a graph. Let u®, ..., u® be a Jordan chain for K for the eigenvalue A and let
v =[u® o o]
the other block of M is a diagonal matrix (and thus eg,t1,...,€2,, which are linearly independent from
v(® | are are eigenvectors of M ), this is the only way to have a nontrivial Jordan chain for M. Also, since M
and B have the same spectrum by construction, we only need to show that the Jordan blocks are the same

. Then vV ..., v(® is a Jordan chain for M for the eigenvalue \. We note that since

size.

If Xv() £ 0, then by Proposition 2.2, Xv(1) ... Xv®) is a Jordan chain of B for X\. If Xv(1) = 0,
then by Lemma 2.4, A\ =1 if GG is not bipartite or A = £1 if G is bipartite.

First, let G be bipartite. By Propositions 2.5 and 2.6, we know the algebraic and geometric multiplicity
of A ==1 for Bis m —n+ 1. We claim that M also has a full set of eigenvectors for the eigenvalues +1. If
X = 1, then eigenvectors of M are v(1), €241, - - -y €ntm—1 Which form a set of m —n+1 linearly independent
vectors. If A = —1, then eigenvectors of M are v\ e, ., ..., €, which form a set of m —n + 1 linearly
independent vectors.

Now, let G not be bipartite. By Propositions 2.5 and 2.6, we know the algebraic and geometric multi-
plicity of A =1 for B is m — n 4+ 1 and the algebraic and geometric multiplicity of A = —1 for B is m — n.
We claim that M also has a full set of eigenvectors for the eigenvalues +1. If A = 1, then eigenvectors of
M are v, €2n+1s- - -y €ntm—1 Which form a set of m —n + 1 linearly independent vectors. If A = —1, then
eigenvectors of M are e,y ..., €2, which form a set of m — n linearly independent vectors.

Therefore, the length of every Jordan chain is the same for M and B for every eigenvalue of A meaning
they have the same dimension of the generalized eigenspaces for every eigenvalue of A and their Jordan forms
are the same. |

The remaining class of graphs for us to connect the eigenspace between M and B for is unicyclic graphs.
Grindrod, Higham, and Noferini in [7] completely classified the algebraic and geometric multiplicity for all
eigenvalues of the unicyclic graph for H(t). Since K is similar to the companion matrix of the reversal of
H(t), the eigenvalues including multiplicity are the same. Moreover, there exists a bijection between the
eigenspaces of K and those of the eigenspaces of H (t).

LEMMA 2.8. Let X\ be an eigenvalue of K. The vector [-Ax,x] is an eigenvector for K if and only if x
is an eigenvector of H(t) for eigenvalue p = % when A # 0 and p = oo when A = 0.

Proof. This can be verified algebraically. ]

This lemma allows us to utilize results about the deformed graph Laplacian.
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LEMMA 2.9. [7] Let H(t) be the deformed graph Laplacian of a connected unicyclic graph with cycle
length v. Then the finite eigenvalues of H(t) are the v*" roots of unity. Moreover, the algebraic multiplicity
is always 2 where its geometric multiplicity is 2 if X # £1 or [the geometric multiplicity] is 1 otherwise.

For the non-backtracking matrix, Torres gave the following result about cycle graphs.

PROPOSITION 2.10. [19] Let G be a cycle graph on n vertices. Then eigenvalues [of the non-backtracking
matriz of G] are the n*" roots of unity, and each has algebraic and geometric multiplicity two.

Combining this with known results about vertices contained in no cycles, the spectrum and eigenspaces
of unicycle graphs are completely understood for the non-backtracking matrix. Using these ideas, along with
Theorem 2.7, we are able to classify exactly when the non-backtracking matrix and M have different Jordan
forms.

THEOREM 2.11. Let G be a connected graph with at least one cycle. The Jordan forms of B and M
differ if and only if G is unicyclic and they only differ for the eigenvalue A\ = 1 when the cycle is odd and
for the eigenvalues A = £1 when the cycle is even.

Proof. In the proof of Theorem 2.7, we only used the fact that G has at least two cycles to determine
M and B had the same Jordan form for A\ = 1. Therefore, these two eigenvalues in unicyclic graphs are
the only places where the Jordan canonical form of B and M have the potential to differ. This result then
follows immediately from Lemma 2.9 and Proposition 2.10. O

With this result, we are able to look at a smaller matrix when investigating defective eigenvalues for the
non-backtracking matrix. Further, if restricting to at least two cycles, K and B are similar matrices making
them spectrally interchangeable. For the class of unicyclic graphs, we completely understand the eigenspace
differences between these two matrices. The only class of graphs not discussed in our results is trees, which
are spectrally categorized by Torres in [19]. We see this result as a major tool in future spectral study of
the non-backtracking matrix.

3. Eigenvectors structure for K. In this section, we establish useful structural results about the
eigenvectors and generalized eigenvectors for K. We see these results as being useful tools when showing
that a generalized eigenvector does or does not exist.

3.1. Eigenvector and generalized eigenvectors. The structure of K dictates a structure for its
eigenvectors, which we state in the following proposition. The relationship between the top half and the
bottom half of the vectors, v,,+; = —*, has been observed previously, such as in [5]. A similar result has also
been observed for the deformed graph Laplacian, such as in [15]. The following result can also be implied
from the fact that K is a linearization of the reversal of H(t). However, we include an alternative proof here
for completion.

PROPOSITION 3.1. Let v be a vector in C*™ and let X # 0. The vector v is an eigenvector of K for the
eigenvalue X if and only if

Viti = _TVZ and Zv]- = vz-% (deg(i) —14+ )\2) 7

g

foralll <i<n.
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Proof. First assume v is an eigenvector of K for the eigenvalue A\. Then for 1 <i <mn,

T T
(Kv)z = (A [Vl cee Vn] )z + ((D - I) [Vn+1 s V2n] )1
Av,; = Zvj + Vipi(deg(i) — 1).
jrvi
Since vy, i = —* (see [5]), we obtain the desired equation

Zv]—vl (deg(i) — 1+ A?).

jr~i
The other direction follows immediately from reversing the algebra. 0

We now extend the above result to a generalized eigenvector of K.
PROPOSITION 3.2. Let v be an eigenvector of K for the eigenvalue A # 0 and let u be a vector in C>".
The vector u is a generalized eigenvector of K such that Ku = Au+ v if and only if
—u;
Wy = —— 3 —1—— and Zuj —ul deg()—1+)\2)—vl

Jrvi

5 (deg(i) =1 =32,

foralll <i<n.

Proof. First, assume u be a generalized eigenvector of K such that Ku = Au+ v. Then for 1 <i < n,
we have the following equations:

(3.2) (Ku)i =Y u; + u,pi(deg(i) — 1) = Au; + vi,
jri
(3.3) (Ka)itn = =05 = My + Vg
Recalling that v,,4; = =", plugging this into Equation (3.3), and rearranging yields
—u; + Vi
Upts = —— N0
TN Y

Plugging this into Equation (3.2) and rearranging gives
1
> uy = uiy (deg(i) — 14+ 2%) — va2 (deg(i) — 1 — %),
i

as desired. The other direction follows immediately from reversing the algebra. |

These vectors can be the start of a Jordan Chain of K of any length.

COROLLARY 3.3. Let v and u be vectors in C?" and let A # 0. The vectors v and u satisfy the claimed
equations from Propositions 3.1 and 3.2 if and only if K has a Jordan chain u™,u® ... a® for X with
length k > 2 such that v =u") and u =u®.

We have shown the necessary and sufficient conditions two vectors must have in order to be the first two
vectors in a Jordan chain for K. In Section 4, we will apply these results to prove that the provided vectors
form the start of a Jordan chain for K. But first, we apply them to consider the special case of graphs with
twins.
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3.2. Twins. Now we will investigate the structure of the eigenvectors and generalized eigenvectors when
we have a special graph structure. Two vertices x and y in a graph G are called twins if their neighborhoods
in G\{z,y} are the same, i.e. for all v € V(G\{z,y}), v € E(G\{z,y}) if and only if vy € E(G\{z,y}).
If x and y are adjacent in G, they are called adjacent twins; otherwise, they are called non-adjacent twins.
Twins in graphs relate nicely to matrices because the two columns corresponding to the twins have identical
entries (except for the x,y principal submatrix).

We will start by showing that if a graph has twins, we have a known eigenvector entries and a known
eigenvalue.

PROPOSITION 3.4. Let G be a graph on n vertices containing a pair of twin vertices x and y such that
deg(z) = deg(y) = d, and let v be a vector in C*". Then the vector v with entries vy = 1, Vpyo = 5,
Vy = —1, Vpyy = %, and v = vy = 0 for all 1 < k < n such that k & {x,y} is an eigenvector of K.
The associated eigenvalue is X\ = ++/1 —d if x,y are nonadjacent and X\ = %‘/m if x,y are adjacent.
Furthermore, if v is an eigenvector of K for an eigenvalue X' & {),0}, then vy = v,.

Proof. First, let v, =1, v = =7,
that k & {z,y}. We will show that such a vector v is an eigenvector for K for the eigenvalue A by showing
—* for all 1 <4 < n. Since v, and v,
correspond to twins, for each vertex k in their neighborhood in G\{z,y},

Zijl—lzozvk.

Jr~k

vy = -1, vpyy = %, and v = v = 0 for all 1 < k < n such

the equations in Proposition 3.1 hold. It is obvious that v,4+; =

For vertices not in their neighborhood in G\{z,y}, there are no nonzero terms in the equations.

For the case where x,y are nonadjacent twins, consider the equations for v, and vy,

Zvj:ozli(deV) and Zvj:ozqi(dfuv).

Jw k~vy

Both of these equations hold when A = £+1/1 — d, so v is an eigenvector of K by Proposition 3.1.
For the case z,y are adjacent twins, consider the equations for v, and v,
Yovy=-1= = (d=14X°) and Y wvp=1= —11(d—1+A2).
/ A A

jrax k~y

Both of these equations hold when A\ = f% + 7v52_4d, so v is an eigenvector of K by Proposition 3.1.

Next, let v be an eigenvector of K for the eigenvalue X' # X. Applying Proposition 3.1, the equations
corresponding to the vertices x and y are

(3.4) Zvj :vx% (d— 1+(>\/)2)7
and
(3.5) ka :vy% (d—1+(X)?).

k~y
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If the vertices are nonadjacent twins, Z v = Z v and if the vertices are adjacent twins Z vj— Z Vi =
g Ky j~r key
vy — V. Subtracting Equations (3.4) and (3.5), in the nonadjacent twins case, we get

(3.6) vg% (d—1+(\)?) :vy% (d—1+(\)?).

Since X' # £+v/1 — d, we have d — 1 + (X')? # 0. Therefore, v, = v,.

The adjacent twins case follows similarly. 0

In the case that K has a defective eigenvalue \ with eigenvector v and generalized eigenvector u, we
can further determine the effect of the nonadjacent twin structure on the entries of v and u.

PROPOSITION 3.5. Let G be a graph containing a pair of (adjacent) twin vertices x and y such that
deg(x) = deg(y) = d and let K have a Jordan chain u™ u® ... u®) for X\ # 0 with length k > 2. Let
v=u® and u =u®. If \ = £/1 —d and x,y are nonadjacent, then v, = v, and if N' ¢ {\,0}, then
u, =u,. IfA\=-1+ @ and z,y are adjacent, then v, = v, and if X' & {\,0}, then u, = u,.

Proof. Let v,u be the first two vectors in a Jordan chain of length at least two for the matrix K for
eigenvalue A # 0. Applying Proposition 3.2, the equations corresponding to the vertices = and y are

1 1 1 1
> u, = up 1 (d—1 +22) —Vayg(d—1- A%) and Y uy = uy 1 (d—1 +2?) —Vyyg(d—1- A2).

Jova k~y

First, let =,y be nonadjacent twins. Therefore,
Su = Yu
Jjva k~y
and subtracting the two equations we get

(3.7) (uy — uy)(d_1+)‘) = (Vp — vy)(d%;/\).

If A = £v1—d, then w = 0. Note that in this case, (dfi;’@) = d_}jﬁd = —2 # 0, so it must be
that v, = vy. If X # £V/1 —d, M # 0 and by Proposition 3.4, v, = v,. Therefore, in this case, it

must be that u, = u,.

Finally, let x,y be adjacent twins. Therefore,
S Y,
j~a k~y

and subtracting the two equations we get

(d—14+ X+ N) (d—1-)2)
(uy — uy)f = (vy — VI)T.
If A= —% + ¥ 52_4d, then (d—1+}\>\2+/\) = 0. Note that in this case,
(d—1-X2) 1 /(d-1+X+)]) 1 1
A2 D) A 2 A 2 A 70

so it must be that v, = v,. If X # —% + V52_4d, then w # 0 and by Proposition 3.4, v, = vy,.

Therefore, in this case, it must be that u, = uy. 0
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These results help us better understand the composition of the eigenvectors and generalized eigenvectors
of K when the graph has twins. More generally, they begin a larger exploration of identifying features in
the graph and predicting their effect on the eigenvectors and generalized eigenvectors of the graph.

4. Defective graph families. In this section, we provide a constructive technique for producing
families of graphs with defective eigenvalues and give some examples of applying the construction. We
also provide computational results regarding the number of such graphs on ten or fewer vertices.

To construct infinite families with nontrivial Jordan blocks, we will define the idea of graph gluing.
Consider the graphs G and H with fixed labelings such that z € V(G) and y € V(H). We can construct a
new graph G0, H by identifying = and y together. Specifically, the vertex and edge sets are

V(Gpo, H) = V(G)UV(H) \{y}

E(Go,H)=E(G)UEH)U{vz:vy € E(H)}\ {vy € E(H)}.

If we would like to glue two graphs together at several vertices, we can define two lists of vertices
X = [z1,22,...2x) and Y = [y1, 92, ... yx] where z; € V(G) and y; € V(H) for all i. Then G yoy H is the
graph formed by gluing z; to y; for all i, ignoring any multiedges that might arise. See an example of this
gluing in Fig. 2.

Q @ @ O
®

O @ @ O
G H

Gyoy H

FIGURE 2. Two graphs G and H with indicated vertezr lists X = [z1,z2] and Y = [y1,y2], respectively. Their glued result
is on the right.

We now show that gluing any graph to a defective graph, under certain conditions, will result in a
defective graph.

THEOREM 4.1. Let G be a graph on n vertices with x € V(G) and let H be a graph with y € V(H). If
uM ... u® s a Jordan chain of K(G) for the eigenvalue X # 0 such that ugf) =0 foralll <i<k, then
G,o,H has a Jordan chain of length k for the eigenvalue X for the matriz K (G0, H).

Proof. Let G be a graph with z € V(G) and u™, ... u® be a Jordan chain of K(G) for the eigenvalue

A # 0 with ug) =0 for all 1 <i < k. Since ul¥ is an eigenvector and A # 0, ug}_x = 0 by Proposition 3.1.
Furthermore, since —ult = /\ugfj_ri) + ugf_)‘_w for all 1 < < k, it is clear by induction that u'”) =0 for all

n—+x
1<i<k.

Consider G0, H for a graph H with y € V(H) and let n’ = }V(GmoyH)|. We construct v for G, H
such that v§i) = u;-i) and vfj,)+j = uSJ)rj for j € V(G) and vj(.i) = VS,)H = 0 otherwise. That is, the new
vectors will match the old vectors on G and be zero on H.

For G0, H, consider the jth entry of K(Gg:oyH)v(i) which is (deg(j) — 1)VS,)+j + D ks V,(:), and the
(n' 4 j)th entry is —v;-i)
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To prove that {v(V} is a Jordan chain, we consider the vertices in two groups: vertices of G'\{x} and
vertices of H U {z}. First, we will first show that for j € V(G) and j # x,

e i—1
(4.8) (deg(y) ,ﬂ + Z v, p @ 4 vg ),
kej
and
i i (i—1
(4.9) - v§ ) = )\V'SL/)-l-j + vn,+j).

Then, we will also show for j € V(H) or j = z,

(4.10) (deg(j) — 1)v ’+J+ZV _)\v()+v(1 D _p,
kevj
and
i—1
(4.11) —v = vlih 2,

To prove Equations (4.8) and (4.9), let j € V(G) and j # x. Then, because the vectors u® form a
Jordan chain,

(deg(y) —l—ZV = (deg(j n+J+Zu

k~j k~j

_ )\u§i) +u§i71) _ /\v;i) +V§i71),

and

(@-1)

-V, = = )\usﬂ +u, ;= )\VS,)ﬂ» +vil

n'+j°
Now, to prove Equations (4.10) and (4.11), let j € V(H) or j = x. Then

(deg() — DV, + 3 v = (deg()) DO+ > v+ Y v

k~j k~j, keV(G) k~j, keV (H)
= ¥ Wl X o0
k~j, keV(G) k~j, k€EV(H)
=0

() (i-1)
f)\vj +v; ,

since 3y . kev(a) u,(f) = 0 by our assumption on the vectors {u(¥}. Further,

(Z) O] (i-1)
=0=Av,/ i+ V.
Therefore, we have constructed a Jordan chain of length & for A for the matrix K (G, o0, H). |

COROLLARY 4.2. Let G be a graph with X C V(G) and let H be a graph with Y C V(H) such that
IX| = |Y]. Ifu™,...u® form a Jordan chain of K(G) for the eigenvalue X # 0 such that for all x € X
and all 1 <i <k, ugj) =0, then Gyoy H has a Jordan chain of length k for the eigenvalue X for the matriz
K(Gxoy H).

This is verified in the same manner as Theorem 4.1.
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4.1. Bipartite base family. The following family is built on regular bipartite graphs, or biparite
graphs where all vertices have the same degree. An example of such a graph is the complete bipartite graph
K, ,, i.e., a bipartite graph with |A| = |B| = r where every vertex has degree r.

Let F,, be the family of graphs built through the following process:

1. Start with G a 4-regular bipartite graph on 2n vertices and let A = {a1,aq9,...,a,} and B =
{b1,ba,...,b,} be the partite sets.

2. Let H be a graph on ¢ > 1 vertices. Take the disjoint union G U H.

3. For all 1 <i < n, add an edge from a; € A to any single vertex in H and from b; € B to any single
vertex in H, such that each vertex in H is adjacent to the same number of vertices in A and B and
such that the resulting graph is connected.

An immediate example of this construction is K4 4 + K;: start with the complete bipartite graph Ky 4,
add a vertex K7, and add an edge between this new vertex and all other vertices. Another example is shown
in Fig. 3.

FIGURE 3. An graph in Fs constructed by (1) starting with K55 minus one matching (specifically a;b;), (2) allowing
H = K5 and (3) adding an edges between h1 and {a1,az2,as,b1,bs,ba} and he and {a4,as,ba,bs}.

PROPOSITION 4.3. For every graph F € F,, the eigenvalue X\ = —2 for K(F') is defective.
Proof. Let F be a graph in F,, with n’ vertices and let A = —2. Let the vectors v and u be defined as

follows:
1 jed -1/2 jeA -1/2 jeA 0 jeA
v =1 —1 jeB Vn/yj = 1/2 jeB u; = 1/2 jeB Uy y; =140 jeB ,
0 else 0 else 0 else 0 else

By applying Corollary 3.3, it can be verified that v, u are the first two vectors in a Jordan chain of K (F')
for A = —2. Therefore, the eigenvalue A = —2 is defective, as desired. a0

4.2. Crustacean family. Let G be one of the graphs shown in Fig. 4 and define gluing candidates for
either graph to be the vertices labeled *. Both of these graphs can serve as the graph G in Corollary 4.2, as
we see below. It is interesting to note that graph (a) can be constructed from graph (b) by gluing the top x*
vertex (adjacent to 1 and 2) to one of the other x vertices.
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FIGURE 4. Two different base graphs with candidate gluing set {*}.

PROPOSITION 4.4. Let G be either of the graphs in Fig. 4 with gluing set X C {*} and let H be a graph
with Y C V(H) such that |Y| = |X|. Then K(Gyoy H) has the defective eigenvalues A = ++/2i.

Proof. Let G be either of the graphs in Fig. 4 and let A = £1/2i. Let the vectors v and u be defined as
follows:

1 j=1 A2 j=1 A 7=1 -3/2 j=1
-1 j=2 —-N2 j=2 A j=2 3/2 j=2
V; = —/\/2 j=3 Vn/gj = 1/2 j=3 u; = —1/2 j:3 Up/45 = 0 j=3
A2 =4 —-1/2 j=4 172 =4 0 j=4
0 else 0 else 0 else 0 else.

By applying Corollary 3.3, it can be verified that v, u are the first two vectors in a Jordan chain of K(G)
for A = £+/2i. Furthermore, applying Corollary 4.2 extends the same result to K (G 0y H). Therefore, the
eigenvalues \ = +1/2i are defective for K(G yoy H), as desired. |

4.3. Restricted diamonds family. Our last family explains two of the three defective graphs on
seven vertices (the third being the cycle C7) and again makes use of Corollary 4.2.

FIGURE 5. Restricted diamonds base graph with gluing set {}.

PROPOSITION 4.5. Let G the graph in Fig. 5 with gluing set X and let H be a graph with' Y C V(H)
such that |Y| = |X|. Then K(Gxoy H) has the defective eigenvalues A = %‘ﬁl

Proof. Let G be either of the graphs in Fig. 5 with gluing set X and let A\ = %‘m Let the vectors v
and u be defined as follows:
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A j=1 -1 =1
2/X j=2 —2/)\2 j=2
o J=3 o 0 j=3
vﬂi 1 ]:4 Vn_;’_j— 7]_/)\ 3:4?
-1 j=5 1/x j=5
0 else 0 else
1 j=1 0 j=1
(bBA=3)/2 j=2 —(A+5)/2 j=2
W) B=N2 g=3 [ @r+5)4 =3
T TN+ 1)/2 =4 VTV 3(1-A)/2 j=4
AN+ 2 j=5 BA\—11)/4 j=5
0 else 0 else.

Using Corollary 3.3 and the fact that \ satisfies 22 + 2 + 2 = 0, it can be verified that v, u are the first two
vectors in a Jordan chain of K(G) for A = %‘ﬁ’ Furthermore, applying Corollary 4.2 extends the same

result to K (G yo, H). Therefore, the eigenvalues A = %\ﬁl are defective for K(Gyoy H), as desired. 0O

4.4. Computational results. We now provide some computational results for defective graphs for K
with minimum degree at least two. Table 1 shows that the existence of defective eigenvalues for these graphs
is relatively rare. Recall that the cycle is the only graph which is degenerate for K and not B, so the count
of defective graphs for B is one less than shown.

TABLE 1
The number of connected graphs with minimum degree two onn = 7,8,9, 10 vertices and the number of those graphs which
are defective for K

Number of vertices | 7 | 8 | 9 10
Defective 3 39 484 7280
Total 507 | 7442 | 197,772 | 9,808,209

Table 2 shows all values that manifest as defective eigenvalues for a graph on ten or fewer vertices, along
with the number of defective graphs. We also give partial data for graphs on ten vertices for those same
eigenvalues. This table omits 116 different graphs on ten vertices with other defective eigenvalues.

TABLE 2
The number of graphs on n vertices with A\ as a defective eigenvalue for K, where the minimum degree of the graph is at
least two. Note that some graphs have multiple defective eigenvalues and appear more than once

n —
LA 7 8 9 10
1 1|1 1 1
—1 1 1
(—1++/Ti)/2 || 2 | 16 | 156 | 1918
+1/2i 22 | 324 | 5063
+/3i 3] 183
-2 1 5
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It is interesting to note that of the graphs listed in Table 2, only one graph has a Jordan block of size
larger than two (see Fig. 6). Defective eigenvalues of +1 are the cycle graphs of that order, as explained by
Theorem 2.11. Six different graphs are counted in Table 2 twice: cycle graphs Cg and Cjg (eigenvalues +1)
and four graphs on 10 vertices (eigenvalues: ++/2i and (—1 4 v/74)/2).

Finally, with regard to the constructions discussed in this section, we note the following:

e Of the graphs with defective eigenvalue —2, the graph on nine vertices and four of the five graphs
on ten vertices are constructed from Bipartite Base Family.

e Of the graphs with defective eigenvalues ++/2i, 20 of the 22 graphs on eight vertices and 250 of
the 324 graphs on nine vertices (160 from Graph (a), 90 from Graph (b)) are constructed from the
Crustacean Family.

e Of the graphs with defective eigenvalues (—1+ VT i)/2, both graphs on seven vertices are constructed
by Restricted Diamonds Family, as well as two of the sixteen graphs on eight and ten of the 156
graphs on nine vertices.

SageMath code used to generate these results is available upon request.

5. Conclusion. In this paper, we showed that exploring the Jordan form of the non-backtracking
matrix is equivalent to exploring the Jordan form of the matrix K for graphs with at least two cycles.
Moreover, for other graphs, the differences between B and K can be easily qualified. As such, we can
reduce the often larger matrix B into a more tractable matrix K. We also have built algebraic techniques
to find Jordan chains and constructed three graph families which will have defective eigenvalues. Finally,
we disproved a conjecture of Torres by constructing infinite families of graphs with defective eigenvalues of
modulus greater than one.

(a) (b)

FIGURE 6. (a) The diamonds graph and (b) a graph on 10 vertices with A = %\ﬁl as a defective eigenvalue with Jordan

block size of 3. This is the only graph with such a block of order ten or less.

A future direction we propose is considering the diamonds graph shown in Fig. 6(a). This graph on seven
vertices appears as a subgraph in both defective graphs of order seven and fifteen of the sixteen defective
graphs on order eight. We also note that this subgraph appears in the only graph on ten or fewer vertices
with a Jordan block of size three or more (see Fig. 6(b)). It is interesting to note that the diamonds graph
is not itself defective, but does have (—1 £ +/74)/2 as eigenvalue (with algebraic and geometric multiplicity
two) and the eigenvector in Proposition 4.5 is in the eigenspace. We are interested in a more comprehensive
explanation of graphs with this diamonds subgraph, in particular graphs that include larger Jordan blocks.
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