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AFFINE SUBSPACES OF MATRICES WITH RANK IN A RANGE*

ELENA RUBEIf

Abstract. The problem of finding the maximal dimension of linear or affine subspaces of matrices whose rank is constant,
or bounded below, or bounded above, has attracted many mathematicians from the sixties to the present day. The problem has
caught also the attention of algebraic geometers, since vector spaces of matrices of constant rank r give rise to vector bundle
maps whose images are vector bundles of rank r. Moreover, there is a link with the so-called “rank metric codes,” since a
constant rank r subspace of K™*X™ can be viewed as a constant weight r rank metric code; it can be interesting to study also
the maximal dimension of the subspaces of K™*™ whose elements have rank in a range [s, 7], since such subspaces obviously
give rank metric codes with weights in [s,r]. In this paper, with the main purpose to get an organic result including the ones
on spaces of matrices with constant rank, the ones on spaces of matrices with rank bounded below and the ones on spaces of
matrices with rank bounded above and to generalize a previous result on real matrices with constant rank to matrices on a
more general field, we study the maximal dimension of affine subspaces of matrices whose rank is between two numbers under
mild assumptions on the field. We get also a result on antisymmetric matrices and on matrices in row echelon form.
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1. Introduction. For every m,n € N and every field K, let K™*™ be the vector space of the (m X n)-
matrices over K, let K7*" be the vector space of the symmetric (n x n)-matrices over K and, finally, let
K™ be the vector space of the antisymmetric (n x n)-matrices over K.

We say that an affine subspace S of K™*™ has constant rank r if every matrix of S has rank r, and we
say that a linear subspace S of K™*™ has constant rank r if every nonzero matrix of S has rank r.

The problem of finding the maximal dimension of linear or affine subspaces of matrices whose rank is
constant or bounded below or bounded above has been studied from the sixties to the present day. It has
some interest in algebraic geometry, since a (I + 1)-vector space of (m x m)-matrices of constant rank r
gives rise to a vector bundle map (’){,},(—1) — Op} whose image is a vector bundle of rank r; furthermore,
there is a connection with dual varieties; the reader interested in the link between spaces of matrices with
constant rank and algebraic geometry can read for instance the paper [10]. Moreover, there is a link with
the so-called “rank metric codes,” introduced by Delsarte in [5], which are subsets of K™*" together with
the weight function given by the metric d defined by d(A4, B) := rk(A — B) for any A, B € K™*"; a constant
rank r subspace of K™*™ can be viewed as a constant weight r rank metric code, and it can be interesting to
study also the maximal dimension of a subspace of K™*™ whose elements have rank in a range [s, 7], since
they obviously give rank metric codes with weights in [s, 7].
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To quote some of the main results on the maximal dimension of affine or linear subspaces of matrices
with constant or bounded rank, we need some notation. Define

AX(m x n;r) = {S | S affine subspace of K™*" of constant rank r}

Agjm (n;r) = {S | S affine subspace of K7*" of constant rank r}
AE (n;r) = {S | S affine subspace of K?*" of constant rank r}

ant
S| S affine subspace of K™*™ such that }

AR (m x n;s,r) = { s = min{rk(A)| A € S}, r = max{rk(A)| A € S}

K S| S affine subspace of K"*™ such that
A (s s,r) = a
ant o s = min{rk(A4)| A € S}, r = max{rk(A)| A € S}

S| S affine subspace of K™*™ such that
AE, (m x nys,r) = A is in row echelon form VA € S,
s =min{rk(A)| A € S}, r = max{rk(4)| A € S}
L5 (m x n;r) = {S | S linear subspace of K" of constant rank r}
ﬁK

sym (1;7) = {S'| S linear subspace of K*" of constant rank r},

where rk denotes obviously the rank. Let

a () = max{dim S | S € A:(;;))},
and

() =max{dim S | S € Li(:;-))},
for example,

ak .(n;r) = max{dim S | S € AX .(n,7)}.

From the wide literature on the maximal dimension of linear subspaces of matrices with constant rank,
we quote in particular the following theorems :

THEOREM 1 (Westwick, [14]). For 2 <r < m < n, we have
n—r—i—lglc(mxn;r) <m+n-—2r+1.

THEOREM 2 (Ilic-Landsberg, [10]). If r is even and greater than or equal to 2, then

l(C

sym

(nsr)=n—r+1

In case r odd, the following result holds, see [10], [7], [8]:

THEOREM 3. If r is odd, then

C . _
lsym(n,r) =1.

We mention also that, in 1962, Flanders proved the following result:

THEOREM 4 (Flanders, [6]). If r < min{m,n}, a linear subspace of C™*™ such that every of its
elements has rank less than or equal to r has dimension less than or equal to r max{m,n}.



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society

Volume 40, pp. 621-635, September 2024. I L

623 Affine subspaces of matrices with rank in a range

We quote also Atkinson’s work on the classification of linear space with bounded above rank using
primitive spaces of matrices, see [1]. Flanders’ theorem was generalized by de Seguins Pazzis in 2010:

THEOREM 5 (de Seguins Pazzis, [4]). Let K be a field. If r < min{m,n}, an affine subspace of
K™*"™ gsuch that every of its elements has rank less than or equal to r has dimension less than or equal to
rmax{m,n}.

In [11] we proved the following theorems:

THEOREM 6 (Rubei). Let n,r € N with r <mn. Then

R ) r T
i) < 5] (- 3])-
THEOREM 7 (Rubei). Let m,n,r € N withr < m <mn. Then

r(r—&—l).

R( 5

a~(mxn;r)=rn—

We proved also a statement on the maximal dimension of affine subspaces with constant signature in
R?*™ and one on the maximal dimension of affine subspaces of constant rank in the space on R of the
hermitian matrices.

In [12], we studied the case of antisymmetric matrices and we proved:

THEOREM 8 (Rubei). Forn > 2r+2:

a]fnt(n; 2r)=(n—r—1)r.

Forn=2r
a]}fnt(n; 2r)y =r(r—1).

Forn=2r+1
aﬂfm(n; 2r)y =r(r+1).

The result was generalized in [3] by de Seguins Pazzis for fields K such that |K| > max{2r — 1, + 2}.

Moreover, de Seguins Pazzis proved the following theorems on subspaces of matrices with rank bounded
below (see Theorem 8 in [2] and Theorem 4 in [3], respectively):

THEOREM 9 (de Seguins Pazzis, [2]). Let s,m,n € N with s < min{m,n} and let K be a field. The
mazimal dimension of an affine subspace S in K™*™ such that rk(A) > s for any A € S is mn — (8‘51).

THEOREM 10 (de Seguins Pazzis, [3]). Let s,n € N with s even and s < n and let K be a field such

that |K| > n —1 if n is even and |K| > n — 2 if n is odd. The maximal dimension of an affine subspace S
in K™ such that rk(A) > s for any A € S is

nin—1) s
2 4°

Obviously, we can ask which are the maximal dimension of affine or linear subspaces with other charac-
teristics, which are not a specified rank: in [13], we proved that the maximal dimension of an affine subspace
in the set of the nilpotent n x n matrices over a field K is w and, if the characteristic of the field is
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zero, an affine not linear subspace in such a set has dimension less than or equal to @ — 1. Moreover,
we proved that the maximal dimension of an affine subspace in the set of the normal n x n matrices is n, the
maximal dimension of a linear subspace in the set of the (n x n)-matrices over R which are diagonalizable

n(n+1)
2

over R is , while the maximal dimension of an affine not linear subspace the set of the (n x n)-matrices

over R which are diagonalizable over R is % —1.

In this paper, we try to answer to the natural question “which is the maximal dimension of affine
subspaces of matrices whose rank is bounded both below and above?” and we prove the following results.

THEOREM 11. Let r,s,m,n € N with s < r < min{m,n} and let K be a field with cardinality greater
than or equal to r + 2 and characteristic different form 2; then

1
a® (m x n;s,r) = rmax{m,n} — (8—; >

Observe that the theorem above generalizes Theorem 7 in two directions: both because the field we
consider is not only R and because the rank is not constant but in a range. Moreover, observe that, if we
take r = min{m,n} in the theorem above, we get Theorem 9, while, if we take s = 0, we get Theorem 5
with more strict assumptions on the field.

THEOREM 12. Let r,s,n € N with r,s even and s < r < n and let K be a field with cardinality greater
than or equal to r + 2 and characteristic different form 2; then

2
r s
dgne(n;s,7) < (n—1)5 — —.

4

[\

Observe that if we take r = n in the theorem above, we get the bound of Theorem 10.

THEOREM 13. Let s,r,m,n € N with s <r <min{m,n} and let K be a field with |K| > r + 1; then

r(r+1)
2

ak, (m xnys,r)=rn— if s=m,

sn—@—i—n—sgaﬁ(ch(mxn;s,r)Srn—w—&—l if s<r.

Finally, we point out that, as to the techniques we use in this paper, both because of the generalization
from R to a more general field and because of the generalization from constant rank to rank in a range, we
had to use more advanced techniques with respect to the ones used in the previous papers (for instance, in
the paper [10], we used that the eigenvalues of real symmetric matrices are real and the nonnegativity of a
sum of squares of real numbers). Moreover, we emphasize that we cannot deduce the results of this paper
from the previous ones, since the bound we get on the maximal dimension of affine subspaces of matrices with
rank in a range is not the minimum of the bound on the maximal dimension of affine subspaces of matrices
with rank bounded below and of the bound on the maximal dimension of affine subspaces of matrices with
rank bounded above.

2. Proof of the theorems.
NOTATION 14. Let m,n € N —{0} and K be a field.

K

- Moreover,

We denote the n x n identity matriz over K by IX and the m xn null matriz over K by 0
we denote EZ"]K the n x n matriz over K such that

(Eij e _{ 0 otherwise '
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We omit the superscripts when it is clear from the context.
We write diag(dy, . ..,d,) for the diagonal matriz whose diagonal entries are dy, ..., dy,.

For any A € K™*" | the submatriz of A given by the rows iy,,...,1; and the columns ji,...,js will be

denoted by AULTs)
0 1
_1 0 ’

(i1,8k)
and we denote by Ja, the (2n x 2n) block diagonal matriz whose diagonal blocks are equal to J. We omit
the subscript when it is clear from the context.

We define J to be the (2 x 2)-matriz

Let A and B be two subsets of N; we write A < B ifa <b for anya € A and b € B.

We recall a lemma from [12]; in [12] it was stated only for K = R, but it can be proved on any field with
the same proofs.

LEMMA 15. Let ny,...,nk,q1,.--,qk, m,7 € N and let K be a field. Let h=3m+ny + ...+ ng.
Let my : KM — K?™ be the projection onto the first 2m coordinates.

Let my : KM — K?™ be the projection onto the coordinates m + 1,...,3m.

Let w3 : K" — K2™ be the projection onto the coordinates 1,...,m,2m +1,...3m.

Finally, let py : K" — K™ be the projection onto the coordinates 3m+1,...,3m~+ny, let po : K" — K™
be the projection onto the coordinates 3Im +nqy + 1,...,3m + nqy + no and so on.

Let V be a vector subspace of K" such that dim(m;(V)) < 2r for i = 1,2,3 and dim(p;(V)) < g; for
i=1,...,k; then
dim(V) < Z qj + 3r.
J=1,..k

Finally, we recall Schur’s Lemma:

LEMMA 16 (Schur’s Lemma). Let K be a field and m,n € N — {0}. Let A € K"*", D € K™*™,
Ce Km*n Be K" ™. if A is invertible, then

A B _ 1 .
det(C D)—det(A)det(D—CA B);

if D is invertible, then

A B\ »
det (C’ D) = det(D)det(A — BD™C).

Proof of Theorem 11. Let us suppose m < n. To prove the inequality

1
a®(m xn;s,7)>rn— <8J2r ),

consider the following affine subspace:

S:{CGK’”X”| C;;=0fori,je{l,...,s} withi>j }

Cig=1fori=1,...,s, C;;=0fori>r
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We can see easily that s is the minimum of {rk(C)| C € S} and r is the maximum and that the dimension
of Sis rn — (sgl).

Now let us prove the other inequality. Let S € A% (m x n;s,r); we prove that dim(S) < rn — (5;1).

We can write S = G + V, where rk(G) = r and V is a linear subspace of K™*™. We can suppose

— IT 0 mxn
G—(O 0>6K . Let

P={CeK™"|C;; =0ifi>randj>r}

First let us prove that
(1) VCP
LetveV.Letie{r+1,...,m}and j € {r+1,...,n}. We have that
det (G +t)37)).
is a polynomial in ¢ with coefficient of the term of degree 1 equal to v; ; and degree at most r + 1; since
|K| > 7+ 2, we must have v; ; = 0 (otherwise there would exist ¢ such that det ((G + tv)ﬁm)) £ 0,

RN )

which is contrary to our assumption on S). Hence, we have proved (1).

Let
Q={CeP|C;;=0if i <randj<r}

Obviously dim(Q) = r(m —r) +r(n —r). Let

m:P—Q,

ABX}_}OBX
c 0 0 cC 0 0)°

where A is r x r and B is r X (m —r).

be the map

For any 4,5 € {1,...,m —r}, let
5 - P —>K2T,

(&0 %)= (ew)

be the map

where Aisr xrand Bisr x (m—r).

Finally, if n > m, let
p: P — KrX(mm)

A B X
(C 0 0)»—>X,

where, again, A is r x r and B is r x (m — r).

be the map
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I, +tA tBU)

A B X
Since, for any € V, we have that det
tC(i) 0

c oo oo ) is a polynomial in ¢ with coefficient

. . (4)
of the term of degree 2 equal to fC(i)B(J) (in fact the term of degree 2 is equal to det <tCI’7 tBO )) and
()

degree at most r + 1 and since |K| > r + 2, we must have that, for any ¢ = 1,...,m — r and for any
j=1,...,m—r, every element of the subspace m; ;(V) = 7, ;(7(V)) must be isotropic with respect to the
nondegenerate quadratic form on K*" defined by Y, @iz, hence dim(m; ;(7(V))) <.

Since
7(V)Cma(w(V) + ... + T m—r (w(V)) + p(w(V)),

we get
dim(7(V))<r+...4+r+(n—m)r=(m—r)r+ (n—m)r=(n—r)r

Hence, there exists a (m — r)r-dimensional subspace Z in @ such that

(V)N Z = {0}.

Let
(2) W={CeK™" C;;=0if i>r+1orj>r-+1},
and let W be a subspace of W such that

W=WnV)eW;

hence V NW = {0}. We state that

(3) VNn(ZeWw)={0}. 0
A 0 0 ~ 0 B X A B X A B X
Let (0 0 0>€Wand<c 0 O)EZsuchthat <C 0 O)EV,SO<C 0 O)EVD(ZEB

W); therefore,

¢ 2 2)(i 2 Demorzem,

A 0O

B=0,X= =0; h
o) 0, 0, C' = 0; hence, (0 0 0

>€VOW:{O},SOA:0.

From (1) and (3), we get
dim(V) < dim(P) — dim(Z) — dim(W) =
=dim(P) — dim(Z) — dim(W) + dim(W NV) =
=mn—(m-r)(n—r)—r(m-—7r)—r2+dim(WnNV) <
m—r)(n—r

%mn _((+1) ) y—r(m—r)—r2 42— (1Y) =

where the inequality (x) holds by what follows:
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let

U{AGK’"”| (‘3 8) eWﬂV}

dim(W N V) = dim(U) = dim(I, + U) < 72 — (S ‘ZL 1>7

where the inequality holds by Theorem 9.

ant

Proof of Theorem 12. Let S € AL ,(n;s,r); we prove that dim(S) < (n—1)% — %.
We can write S as M +V where M € K*™, rk(M) = r and V is a linear subspace of K'*™. Let H be
an invertible matrix such that {HM H is a matrix G of the kind

diag(d17d1,d2,d2,...,dg,dg,l,...,l)(O O),

with d; € K — {0} for every 4. Define v = diag(dy,dy,d2,ds, . .. ,d%,dg)jT.

Let
V' ='HVH,

and
S'=tHSH=G+V".

Obviously, S € AK ,(n; s, r); moreover, dim(S’) = dim(S), so, to prove that dim(S) < (n—1)5 — -, it is

ant

sufficient to prove that dim(S") < (n —1)5 — %. We rename S’ by S and V' by V.

Let
P={CeK})" C;;=0ifi>rand j>r}

First let us prove that
(4) V CP.
LetveV.Letie{r+1,...,n} and j € {r+1,...,n}. We have that
(1,eesm9)
det ((G + o)) |
is a polynomial in ¢ with coefficient of the term of degree 1 equal to d% - dzg v; ; and degree at most r + 1;

since | K| > r 42 we must have v; ; = 0 (otherwise, there would exist ¢ such that det ((G + tv)g’:”’r’j)) #0,

yeeThE)
which is contrary to our assumption on S). Hence, we have proved (4).

Let
Q={CeP|Ci;=0if i<randj<r}.
Let
m:P—Q,
be the map

AB'_>OB
—'B 0 —'B 0)’
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where A isr x 7.

For any 4,75 € {1,...,n — 1}, let
Wi,jIP—>K2T,

A B B
—tB 0 — B

) must be 0 for any (—fB ?) € V and for any h € K; moreover

be the map

where A isr x 7.
y+hA  hBU
—h(tB)(i) 0
A BW)
det ( v+ h h

Obviously, det (

) is a polynomial in h of degree less than or equal to r+ 1 and term of degree 2 equal

—h(*B) @) 0
to
1
(5) ds. ..d% Z d*(bzl—17ib2l,j — bay—1,5b21,4),
1=1,...,r !
v hB)
(in fact the term of degree 2 is equal to det h(*B) 0 , which can be calculated by Schur’s Lemma,
- (1)
see Lemma 16). Therefore, since |K| > r + 2, we must have that, for any 4,j € {1,...,n—r}, every element

of the subspace m; ;(V) = m; ;(7(V)) in K*" must be isotropic with respect to the nondegenerate quadratic
form given by (5). Hence,

(6) dim(r; ;(x(V))) < r.
If n — r is even, consider the projections 71 2,734,...,Tn—r—1,n—r. If n — 7 is odd, consider the projections
T1,2,T1,3, 72,3, 4,55« -+ s Tn—r—1,n—r-

By Lemma 15 and from (6), we get that

dim(7(V)) < =(n—r).

N3

Hence, there exists a §(n — r)-dimensional vector subspace Z in @ such that
(7) (V)N Z = {0}.
Let
W={CeK>|C;;=0if i >r+1orj>r+1},

and let W be a subspace of W such that

W=WnV)aeW.

We state that

(8) VNn(ZaeWw)=/{0}. 0
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A 0 ~ 0 B A B A B -
In f 1 Z such th Z ;
n fact, let (O 0) € W and (—tB 0 ) € Z such that (—tB O) eV, so (—tB 0) evn(Zew);

therefore,
0 B A B
(—tB O>:7T<—tB 0>EW(V)HZ:{O},

0) eVNWNW ={0},s0 A=0.

A
B=0;h
SO ; hence, (0 0

From (4) and (8), we get

dim(V) < dim(P) — dim(Z) — dim(W) =

dim(P) — dim(Z) — dim(W) + dim(W N V)

n(n2—1) o (n—r)(;z—r—l) . r(n2—r) . r(r2—1) +d1m(Wﬁ V) <

nn—1)  (n—r)(n—r—=1) r(n—r) r(r—=1) + r(r—1) 2
2 2 2 2 -

T

A+l

2

where the inequality (x) holds by what follows: let

UZ{AEK;XT| (13 8) eWﬂV}

dim(W N V) = dim(U) = dim(y + U) < T(TT_” - %7

where the inequality holds by Theorem 10.
To prove Theorem 13, we need the following proposition.
PROPOSITION 17. Let m,n € N— {0} and K be a field. Let S be an affine subspace in K™*™ such that
A is in row echelon form for every A € S. Let
Z(S,i)={je{l,...,n}| Aij #0for some Ae S} Vi=1,...,n,
P:={ie{l,...,m} Z(S,i) # 0},

and
ji =min Z(S,i) Vie P.
Let r = max{rk(A)| A € S}. Then P ={1,...,r}. Moreover, if |K| > r + 1, there exists A € S such that
A; . # 0 for every i € P.
Proof. We can suppose that S contains a nonzero matrix. Obviously, P is a set of the kind {1,...,{}
for some I € {1,...,m}. Since in S there exists a matrix of rank r, necessarily [ > r. Moreover, there exists

a matrix A in S such that Ay # 0, but A is in row echelon form, so if [ were greater than 7, we would have
rk(A) > 1 > r, which is absurd; hence, | = r. Then P = {1,...,r}.

We prove by induction on k that there exists A € S such that A4; ;, #0fori=1,...,k for Kk <r. For
k =1, the statement is obvious.

Let us us prove the induction step k = k+ 1. Let A € S such that A;;, # 0 for i =1,... k. If
Apt1,jus, # 0, there is nothing to prove. Suppose Ag41,5,,, = 0; let A" € S be such that A;C+17jk+1 #0. We
search for A € K such that, fori=1,... k+ 1,

A+ (1= NA)ij #0,
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that is
Ay, — A;g) # _A;,ji;

observe that

o fori=1,...,k if A;; = A}, then the inequality is verified for any A\ because A; ; = A; j, # 0,
while if A4; ;, # A} ., then the inequality is obviously equivalent to

VIR
’

7 Ay, - AL

e for i = k + 1 the inequality is obviously equivalent to A # 1.
Since |K| > r + 1, we can find A as requested.

The matrix AA + (1 — X\) A’ satisfies the conditions we wanted. |

Now we are ready to prove Theorem 13.
Proof of Theorem 13. First consider the case r = s.

K

r(r+1)
ech 2

To prove the inequality a., (m X n;r,r) > rn — , consider the affine subspace:

Ai7i:1f0ri:17"'7r’
Ae Kmxn| A j=0fori=r+1,....m, j=1,...,n
A;j=0fori>j
It is in AKX

r(r+1)
ec —a -

n(m x n;r,r) and its dimension is rn —

Now let us prove the other inequality. Let S € AKX, (m x n;r,r). Let V be the direction of S. Let

P:={ie{l,...,n}| Z(S,i) # 0}, P ={ie{l,...,n} Z(S,i) =0},

where we use the same notation as in Proposition 17. By Proposition 17, we have that P = {1,...,r} and
there exists H € S such that H; ;, # 0 for every i € P.

By simultaneous elementary column operations on every element of S, precisely by operations of the
kind “to add a multiple of a column to a following column,” we can suppose that the only nonzero entries
of H are the pivots. Observe that a matrix in row echelon form remains in row echelon form if we add a
multiple of a column to a following column, so the elements of S are still in row echelon form.

Let
L= {(Zaj) € {17"'7m} X {1’7n}| Hi-,j 7£ O} = {(1aj1)a~~~a(rajr)}'
Let
A, =0 ifi=r+1,....m
W: A Kmxn ,] 9 9 .
{ < | Aid‘:o ifi:l,...,randj<ji}
Obviously,
. r(r—1)
dim(W) <rn — -
Let

D = {A S K'm><n| Ai,j = OV(’L,j) ¢ L}
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We have that
vV nD={0},

otherwise, there would exist in S an element of rank less than r.

So by Grassmann’s formula, we get
0 =dim(V N D) = dim(V) + dim(D) — dim(V + D),

hence,
dim(V) = —dim(D) 4+ dim(V + D) =
= —r+dim(V + D) < —r +dim(W) < rn — @ —r=rn-— w

Consider now the case s < r.

To prove the inequality a, (m x n;s,7) > sn — % 4+ n — s, consider the affine subspace

Aig=1fori=1,...,s,
Ajj=0fori=r+1,....m,5=1,...,n

Ae K™ o
‘ Aiyj :OfOI"L>]
Ast1,j = Astit1,j41 = .. = Ast14r—sjer—s for j=s+1,...,n—1
It is in AE, (m x n;s,r) and its dimension is sn — @ +n—s.

Now let us prove the inequality afch(m xn;s,r) <rn— T(TTH) + 1.

Let S € AK, (m x n;s,7), let V be the direction of S, P, P’ and W be defined as in the case r = s. By
Proposition 17, we have that P = {1,...,r} and there exists H € S such that H; ;, # 0 for every i € P. As
in the case r = s, we can suppose that the only nonzero entries of H are the pivots.

Define
U= <E1,j1a B ET’*Ljr—1>'

Obviously, dim(U) =r — 1 and V NU = {0}, in fact: if there existed A1,..., \.—1 not all zero, for instance
such that A; # 0, such that

/\1E1,j1 + ...+ )\r—lEr—l.jT,l eV,

then

HE jr
H = == (MEyj + -+ A1 Brong, ),
would be an element of S not in row echelon form.

So by Grassmann’s formula, we get
0=dim(VNU) =dim(V) + dim(U) — dim(V + U),

hence,
dim(V) = — dim(U) + dim(V + U) = —r + 1+ dim(V + U) <
< —r+14+dim(W) <rn-— er_l) —r+l=rn— LT;U + 1.
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REMARK 18. Let r,s,m,n € N with s <r <m < n and let K be a field. It is natural to wonder what
we can say about aK(m x n;s,r) if we have not the assumptions on K, we have in Theorem 11.

It is easy to see that, without the assumptions on the field, the statement of Theorem 11 does not hold
any more: consider for instance K =7/3, m =n =3, r = s = 2 and the affine subspace

a b c
S = 0 a+1 d | a,b,e,d €Z/3 p;
0 0 a+2

every element of S has rank 2, the dimension of S is 4, while rn — (3'2"1) =3.

Obviously, if the cardinality of K is less than r + 2 and p(x) is a polynomial on K of degree r + 1,
we cannot say that in K there is an element which is not a root of p and it seems difficult to bypass this
argument we use in the proof of the theorems of this paper. Anyway, we can easily prove that

1
a®(m x n;s,7) < mn— <S—; ),

and, if the characteristic of K is different from 2, we can prove also that
K

a’*(mxmn;s,r) <mn—(m—r)r.

The proof is the following.

0

Let S € AX(m x n;s,7). We can suppose S = G + V, where G = (‘g 0

) € K™*™ and V is a vector
subspace of K™*™. Let

(9) W={CeK™" C;;=0if i>r+1orj>r-+1}

and let W be a subspace of W such that

W=WnV)e W,

hence V N = {0}. So,

- 1
dim(V) < mn — dim(W) = mn — dim(W) + dim(V N W) < mn — r% 412 — <S ; ),

where the last inequality holds by Theorem 9 as in the proof of Theorem 11.

Moreover, let
(10) U={CeK™" C;,;=0if i,j<rori,j>r+1},
and let U be a subspace of W such that
U=UnV)aU,
hence, VNU = {0}. For any 4,5 € {1,...,m —r}, let

Ti,j - U— KQT,
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be the map
<0TXT ) ( . )
cC 0 “Cuw))’

p: U— er(n—m),

and, if n > m, let

be the map

OT‘XT‘ B ( +1 )
Brtl...n)

(4)
Orgr ﬁ) € VNU and for any i, j € {1,...,m—r}, we have that det (C{(:) BO ) =0,

every element of the subspace 7; ;(V N U) must be isotropic with respect to the nondegenerate quadratic
form on K?" defined by D i1, r TiTryi, hence dim(m; ;(V N U)) <.

Since for every (

Since
VAU Cma(VNU)+ ...+ Tmerm—r(VNU) +p(VNU),
we get
dim(VNU) < — = - — =(n—r)r.
im( )<r+...4r+(n—m)r=(m—-r)r+(n—m)r=(n-—r)r
Hence,

dim(V) < mn — dim(U) = mn — dim(U) + dim(V N U) < mn — (m —r)r.

Note. In the paper, C. De Seguins Pazzis “On affine spaces of rectangular matrices with constant rank”
arXiv:2405.02689 appeared on arXiv in the same period as this paper, the author obtains a result analogous
to Theorem 11 in the case r = s; the two results have been obtained independently.
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