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SCHUR STABILITY OF MATRIX SEGMENT VIA BIALTERNATE PRODUCT*

SERIFE YILMAZT

Abstract. In this study, the problem of robust Schur stability of n X n dimensional matrix segments by using the bialternate
product of matrices is considered. It is shown that the problem can be reduced to the existence of negative eigenvalues of two
of three specially constructed matrices and the existence of eigenvalues belonging to the interval [1,00) of the third matrix. A
necessary and sufficient condition is given for the convex combinations of two stable matrices with rank one difference to be
robust Schur stable. It is shown that the robust stability of the convex hull of a finite number of matrices, where the difference
between any two matrices has a rank of 1, is equivalent to the robust stability of the segments formed by these matrices.
Examples of applying the obtained results are given.
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1. Introduction. A real n x n matrix A € R™*" is said to be Schur stable if all eigenvalues of A are
contained in the open unit disk in the complex plane. This property is essential in the stability theory for
discrete-time dynamical systems (see [2, 3]). From now the term stable will mean Schur stable.

The robust stability analysis of uncertain systems, which can be modeled using matrix segments or
matrix polytopes, has attracted significant attention in recent years due to its wide range of applications
in control theory. A polytope of matrices, which is the convex hulls of a finite number of matrices, are
established as one of the standard representations of uncertainties involved in state-space models of control
systems [2, 3, 5, 13]. When a polytope of matrices formulates the system matrices of uncertain systems, a
stability problem of the polytope naturally arises. The problem checking whether all convex combinations of
finite matrices are stable is NP-hard (see [10]). One generally cannot expect extreme point or edge results on
the stability of polytope of matrices. Polytopes of matrices appear in stability problems of linear switched
systems as well.

Some more general problems covering this topic concern parameter-dependent matrices. In Ref. [4],
necessary and sufficient conditions are formulated for the eigenvalues of a parameter-dependent matrix to
belong to a certain region D of the complex plane. The stability problem of a matrix polytope revolves
around identifying the robust stability conditions for its extreme matrices. While the existence of a common
quadratic Lyapunov function (CQLF) serves as a sufficient condition for stability [1], robust stability for
discrete-time switched systems with polytopic uncertainties often depends on additional conditions involving
the convex hull of subsystem matrices and their interactions [16]. For two discrete-time systems, Ref. [12]
explores the conditions for the existence or nonexistence of a CQLF and establishes corresponding theorems
for stable matrices.
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In Ref. [7], using the notion of a block P-matrix, the condition for stability of a matrix polytope is given.
In Ref. [13], for the stability of a matrix polytope, an affine Lyapunov function with a common additional
variable is constructed. This condition is expressed as a set of linear matrix inequalities.

In Ref. [14], the stability problem of a matrix segment is considered by using the Kronecker product
of matrices. In Ref. [15] for stable companion matrices, the box coefficients are defined, and using these
coeflicients, an inner approximation of the stability region by polytopes is given. Due to the Kronecker

2 x n? dimensional matrices arise in this approach. In this paper, we consider the stability

product, n
problem of a polytope by using the bialternate product of matrices. In Section 2, we give a necessary and
sufficient condition for the stability of a matrix segment in terms of the bialternate product. In comparison
with Ref. [14], we use d x d matrices, where d = n(n — 1)/2. A sufficient condition for 2 x 2 Metzler matrix
segment is given at the end of the section. In Section 3, a matrix polytope with extreme matrices whose
differences are of rank 1 is considered. It is shown that for this polytope, the Edge Theorem is true, and by

using the results of Section 3, a necessary and sufficient condition for stability is given.

Let A;, As € R™ "™ be stable matrices. If each matrix from the segment
[AhAQ] = {C(O[) = oA + (1 — OZ)AQ NS [O, 1]},
is stable, the segment [A;, As] is called (robust) stable segment.

2. Stability of all convex combinations of two matrices. In this section, we give necessary and
sufficient condition for robust stability of a matrix segment in terms of the bialternate product of matrices.

For A € R™*™ if X is an eigenvalue of A, then A + « is an eigenvalue of A + al, where « is scalar and I
is the identity matrix. If A is stable matrix, then (I — A) and (I + A) are nonsingular.

The boundary of the stability region is the unit circle 0D = {z € C: |z| = 1}. If there is an unstable
matrix on a matrix segment with stable endpoints, then according to continuous root dependence [2, p. 52]
there exists a matrix in this segment with an eigenvalue on the unit circle. For this reason, we will express the
following three lemmas regarding the absence of an eigenvalue on the unit circle. The first two of these are
related to whether there are matrices from the segment with an eigenvalue of +1. The third lemma is about
the existence of matrices from the segment with complex eigenvalues on © = {z € C: |z| =1, z # +1}.

LEMMA 2.1. Assume that Ay, As € R™ "™ and Az is stable. For all o € [0,1],
(—=1)"det[C(a) — I] > 0 if and only if (I — A1)(I — A3)™! has no negative real eigenvalue.
Proof. (<) : Assume that (I — A;)(I — A3)~! has no negative real eigenvalue and « € (0,1], then

Cla)]
det[] — (aA; + (1 — a) Ay)]

(=)™ det[C(a) = I] = det[I —
[

det[al + (1 — a)] — ad; — (1 — a)As]
[
[«

= detla(I — A1)+ (1 —a)(I — A3)]
det[a (I — Ay)(I — Az) ™' + 1=20) (1 — Ay)]
« .det[I Az]det[(f — Al)(l — AQ)_l + 1?TOZI].

Here det[I — As] # 0 because the matrix Ay is stable. Since (I — A;)(I — A)~! has no negative eigenvalue,
det[(1 — Ay)(1 — Ag)™' + 1=21] £ 0 for each a € (0,1] ((1 — @)/ € (0,00) < a € (0,1]). As a result,

(2.1) (—1)*det(C(a) — I) # 0 for all « € (0,1].



Electronic Journal of Linear Algebra, ISSN 1081-3810

A publication of the International Linear Algebra Society I I
Volume 41, pp. 74-85, January 2025.

S. Yilmaz 76

Since As is stable, the matrix Ay — I is Hurwitz stable (all eigenvalues lie in the open left half of the complex
plane). The Routh-Hurwitz stability criteria lead to the positivity of the coefficients of the characteristic
polynomial of Ay — I [2, p. 51]. Here det[C(0) — I] = det[A3 — I].

The constant term of the characteristic polynomial of Ay — I is (—1)™ det[As — I]. Then
(2.2) (=)™ det[C(0) — I] = (=1)"det[A3 — I] > 0.

By (2.1), (2.2) the function o — f(a) = (—1)" det[C(«) — I] satisfies f(0) > 0, f(e) # 0 for all & € (0,1).
By continuity f(a) > 0 for all « € [0,1].

(=) : Assume that (—1)" det[C'(«) — I] > 0. Take arbitrary o € (0,1]. Then

0 < (1) det[C(a) — 1] det[I — C(a)]

= a"det[] — Ao]det[(I — Ay)(I — Ay)~' — BI],

(2.3)

where 8 = —(1 — «)/a. Since the mapping —(1 — )/ : (0,1] — (—00,0) is onto, from (2.3) it follows that
for all B <0

det{(T — A)(T — Az)™' — BI] £0.
Therefore, (I — A;)(I — A3)~! has no negative eigenvalue. d

COROLLARY 2.2. Assume that Ay, As € R™ ™ and Ay is stable. C(a) has no eigenvalue A = 1 &
(I — Ay)(I — A3)~! has no negative real eigenvalue.

Proof. (=) : If (I — A;)(I — A2)~! has no negative real eigenvalue, then by Lemma 2.1 (—1)" det[C(«) —
I] > 0, consequently, det[C'(«) — I] # 0 and A =1 is not eigenvalue of C'(«) for all « € [0, 1].

(=) : If C(«) has no eigenvalue A = 1 then det[C(a) —I] # 0 and by the proof of Lemma 2.1 (see the part
of Lemma 2.1 starting from formula (2.1)) (—1)"det[C(a) — I] > 0 and by Lemma 2.1 (I — A;)(I — Ag)~?
has no negative real eigenvalue. ]

LEMMA 2.3. Assume that A1, Ay € R™*" and As is stable. For all o € [0,1], det[C(«) + I] > 0 if and
only if (I + Ay)(I + A2)™! has no negative real eigenvalue.

Proof. Define By = —A;1, B, = — A5 and in view of A is stable <& — A is stable by Lemma 2.1 we have
(I — By)(I — By)~! has no negative real eigenvalue if and only if

(71)” det[aB1 + (1 - O[)BQ — I] > 0,

or

(I + A;)(I + A3)™! has no negative real eigenvalue if and only if

(—1)*" det[aA; + (1 — a) Ay + I] = det[C(a) + 1] > 0. 0

COROLLARY 2.4. Assume that Aj, Ay € R"™™™ and As is stable. C(a) has no eigenvalue A = —1 &
(I + A1)(I+ A2)~! has no negative real eigenvalue.

In the following, we obtain condition on nonexistence of eigenvalue of C(«) in the set © = {z € C :
|z| =1, z # £1}. This condition is given in terms of the bialternate product of matrices.
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DEFINITION 2.5. [6] The bialternate product of matrices A = [a;;], B = [bij] € R™"*™ is defined to be the
matric F = A - B where the entries of F' are given by

1
Fon =3 (
where (i), (k,1) € Q2.0 = {(p,q) : P <aq}.

The dimension of A - B is d X d, where d = n(n — 1) /2. If the eigenvalues of A are A1, A\a, ..., Ay, then
the eigenvalues of A - A are written A\;\;, where it =1,2,...,n—1land j =i+ 1,9+ 2,...,n (see [6, & 9]).
For example, if a matrix A € R3*3 has three eigenvalues A;, A2, A3, then the eigenvalues of A - A are A; )y,
A1A3, A2As.

LEMMA 2.6. A matris A € R™*"™ has an eigenvalue in O if and only if v(A) :=det[I — A- A] = 0.

Proof. If A € © is an eigenvalue of A, then A # )\ and X is an eigenvalue of A as well and \- X = [A\|? = 1
is an eigenvalue of A - A. Therefore, v(A4) = 0. O

bir, by

ajk ajl

Qi Q41

bjk  bji

We have
I-C(a) - Cla) = TIT—(aA1+(1—a)As)- (ad;+ (1 —a)Asy)
= I—AQ-A2—2Q(A1-A2—A2-A2)
—OtQ(Al . Al +A2 . A2 - 2A2 . Al)

(We have used (A+B)-(C+D)=A-C+A-D+B-C+B-Dand A-B=B-A). Denote

Fy = I—-Ay Ay,
(2.4) i = —2(A;1- Ay — Ay Ay),
Fy = 7(A1‘A1+A2'A272A2'A1).

Then
I - C(Oé) . C(Oé) = FO + aF1 + OzQFQ.

LEMMA 2.7. Assume that Ay, A2 € R™*™ and Ay is stable. C(a) has no eigenvalue in © for all o € [0, 1]
if and only if the (2d x 2d) dimensional matriz

0 1

M =
~Fy'm —FMRYC

has no real eigenvalue in [1,00). Here I is d x d identity matriz.

Proof. Assume that C(«) has no eigenvalue in © for all « € [0, 1]. We write

v(C(a)) = det[I —C(a)- C(a)]
= det[Fo +OZF1 +042F2]
= det[F; Y. det[I + aF; ' Fy + o?Fy ' Fy).

Therefore, v(C(a)) # 0 for all a € (0,1] if and only if det[I + aF, 'Fy + a?F; ' Fy] # 0 for all o € (0,1].

We rewrite the above second determinant as follows

det[I + aFy 'Fy + o®Fy ' Fy) = o*@ det[1/a®T + 1/aFy 'Fy + Fy ' Fy).
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Take p := 1/, then

det[I + aFy 'F + o*Fy ' Fy) = p 24 det[p®] + pFy ' Fy + Fy ' F).

On the other hand, the characteristic polynomial of the matrix Z = [ P v

0 ! } is det[A\] — Z] =
det[A2] + \Y + X] (see [2, p. 309]). Therefore,

det[ul — M| = det[pT + puFy ' Fy + Fy ' Fy).

Thus, det[l + aFy ' Fy + o?F; ' Fy] # 0 for all o € (0,1] if and only if det[;] — M] # 0 for all u € [1,00)
(recall that =1/ and o € (0,1] < p € [1,00)). This means that the matrix M has no real eigenvalue in
[1,0). O

Using the above lemmas, we derive the following result.

THEOREM 2.8. Assume that Ay, A2 € R™*™ and As is stable. C(«) is stable for all o € [0,1] if and
only if

(i) (I —Ay)(I — Az)~t and (I + Ay)(I + Az)~! have no negative real eigenvalue,
(i) M has no real eigenvalue in [1,00).

Proof. (=) : Assume that C(«) is stable for all a € [0, 1]. Therefore, the matrix C'(«) has no eigenvalue
in ® U{-1,1}. Then by Corollary 2.2, 2.4 and Lemma 2.7, (i) and (i) are satisfied.

(<) : By the theorem of continuity eigenvalues on a parameter (see [2, p. 52]), there exists continuous
functions A; : [0,1] = C (i = 1,2,...,n) such that Aj(«), Az2(@), ..., An(a) are eigenvalues of C(«). Here
[A:(0)] <1 (i =1,2,...,n), since the matrix C(0) is stable. Suppose that C(a.) is not stable for some
a, € (0,1). Therefore, there exists an index i € {1,2,...,n} such that [A\;,(a.)| > 1. In view of the
continuity of A;,(«) with respect to «, there must exists & € (0, 1) such that |A;,(&)| = 1. The matrix C'(&)
has an eigenvalue which lies on the unit circle. If the real eigenvalue is 1, this contradicts Corollary 2.2 and
(7). If the real eigenvalue is —1, this contradicts Corollary 2.4 and (¢). If the eigenvalue is complex, this
contradicts (¢4). These contradictions show that C'(«) is stable for all « € [0, 1]. d

EXAMPLE 2.9. Consider the matriz segment [A1, As] with stable matrices

01 -02 04 0.3 0.5 0.2
A;=1-02 03 06| and Ay=| 0.6 0.1 0.6
-03 02 0.1 -03 -0.2 04

The eigenvalues of the matrices (I — A1)(I — A2)™1 and (I + A1)(I + A2)~! are 13.4, 0.2, 1.2 and 2.5, 0.8,
0.4, respectively. From (2.4), we have

1.27 0.3 0.32 —-0.86 —-0.52 —-0.96 0.6 0.08 0.88
Fo=1-009 082 —-024|, Fi=10.05 0.11 047 |, Fo = 10.08 —0.06 —-0.13
0.09 -0.06 1.08 —-0.46 0.14 —-0.53 032 —-0.24 0.54
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The eigenvalues of matriz

0 0 0 1 0 0

0 0 0 0 1 0

o 0 I | o 0 0 0 0 1
| -F 'Ry —Fy'Ry 0 |-035 —0.15 —0.56 0.55 048  0.74
—-0.21 0.12 —0.03 0.11 -0.13 —0.37
|—0.27 024 —045 0.38 —0.17 0.40 |

are —0.81, 0.33, 0.54 +0.75j5, 0.10 £0.395. Hence, M has no real eigenvalue in [1,00). By Theorem 2.8, the
segment [Ay, As] is robust stable.

EXAMPLE 2.10. For the stable matrices

—42.912 -57.078 —53.082 —0.342 -1.638 —4.212
Ay = | 25.164 33.516 31.104 | and Ay = 2.7 4.5 4.5 ,
5.616 7.254 7.326 —4.158 —5.562 —2.088

we consider the matriz segment [A1, As]. The eigenvalues of the matriz (I — A1)(I — Az)~! are calculated as
—10.3584, —0.4883 and 7.6502. Since the matriz has at least one negative eigenvalue, C(a) has eigenvalue
A =1 for some o € (0,1) by Corollary 2.2. Similarly, the eigenvalues of matriz (I + Ay)(I + Ax)~! are
—4.5996, —0.01153, 0.4870 and C(«) has eigenvalue A = —1 for some a € (0,1) by Corollary 2.4 (see Fig.
1(a)). As a result, there is an unstable matriz in the segment [Aq, As] by Theorem 2.8 (see Fig. 1(b)).

< <
o o008 °

Figure 1: (a) Eigenvalues of the C(«) (« € [0,1]) for Example 2.10 and (b) The set of coefficient vectors of
third-order monic stable polynomials and the curve corresponding to the coefficient vectors of the charac-
teristic polynomials of C'(«) for « € [0, 1].

Let A be a Metzler matrix that is all off-diagonal elements of A are nonnegative. Then there exists
a € R and a nonnegative matrix P such that A = P — «l. By Perron’s theorem, the spectral radius p(P) is
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an eigenvalue of P; therefore, p(P) — « is an eigenvalue of A. Consequently, if A or —A is Metzler matrix,
then it has a real eigenvalue.

If X\ is a complex eigenvalue of A, then the complex conjugate \ is also an eigenvalue. Consequently, if
A or —A is 2 x 2 Metzler matrix, then it has no complex eigenvalues. Additionally, if A; and Ay are 2 x 2
Metzler, then C(«) are Metzler for all a € [0, 1].

Summarizing above we have

THEOREM 2.11. Let Ay and As are 2 x 2 Metzler stable (or —A; and —As are 2 x 2 Metzler stable)
matrices. The convex combination C(«) is stable for all o € [0,1] if and only if (I — A1)(I — As)™! and
(I + A1)(I+ Ay)~! have no negative real eigenvalue.

Proof. By the above, condition (i7) in Theorem 2.8 is redundant. O

Theorem 2.11 is not true for the case n > 3. Consider the following

ExXAMPLE 2.12. Consider 3 x 3 Metzler stable matrices

-0.9 0.1 0 0.2 0.8 0.1
Ai=109 —-05 09|, Ay=|-08 —-05 09
1.6 0.1 -03 0.7 0 —-0.4

Here, the eigenvalues of the matrices (I — A1)(I — A3)™1 and (I + A1)(I + A2)~! are given as follows:
(I —A))(I — Ay)™ ! has eigenvalues  0.954, 0.803 + 1.0475,

(I+ AN+ Ay)7! has eigenvalues  0.120, 0.592, 1.234.

Both matrices have no negative real eigenvalues, the matric %A1 + %Ag is not stable (see Fig. 2) with
eigenvalues

A1 =0.433, Ao3=-0.816+0.6235, |A23|=1.027 > 1.

Figure 2: Eigenvalues of C(a) (o € [0, 1]) for Example 2.12.
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Consider the stability region D = {(x,y) € R?: (z —§)? + y*> < r?}, where § > 0, r > 0. Denote

Fo = IT—Ay-Ay+20Ay-1—6%T-1,
(2.5) Fi = —2(A; Ay — Ay~ Ax) +20(A; -1 — Ay - 1),
F2 = —(A1 . A1 —|—A2 . Ag - 2A2 . Al)

THEOREM 2.13. Assume that Ay, Ay € R"™™ and As is D-stable (all eigenvalues lie in D). C(a) is
D-stable for all a € [0,1] if and only if

(i) [(6+7) — A1) [(6 +7)] — A3] ™" and [(6 — r)] + A1][(6 — 7)] + A3]™" have no negative real eigen-
value,

(i) M= -0 !

BB —F 'R has no real eigenvalue in [1,00).

The proof is immediate.

3. Robust stability of a one matrix polytope. In this section using results of Section 2, we obtain
condition for robust stability of a matrix polytope with rank one uncertainty, namely consider a polytope

(3.6) A=co{Ay,As,...,An}, A;=Bo+B;, (i=12,...,N),
where By € R™*", rank(B;) = 1. For A € R"*" | it is well known that

rank(A) =1 <« A= bel for some nonzero column vectors b, c € R".
Therefore, we will assume that

B; = bcl or B; = bic” (i=1,2,...,N).

LEMMA 3.1. For A € R"*" jfrank(A) =1 then the eigenvalues of A are zero with multiplicity (n — 1)
and trace(A) with multiplicity 1.

Proof. Assume that A = uv” for nonzero u,v € R™. The equation v”z = 0 has (n—1) linear independent
solutions zt,2%,..., 2"t € R". Then Az’ = 0.2' (i =1,2,...,n—1)and \y = dg = --- = \,,_; = 0. On
the other hand from the well-known equality

A1+ Ao+ -+ A, = trace(A),

it follows that \,, = trace(A). O
LEMMA 3.2. If A=w? (u,v € R"), then A- A= 0.
Proof.
Ul uivy Uvz - UIUp
U UV, UV e U2Up
A= [vl Vo Un] =

Unp, UpV1  Upv2 e UpUn
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The entries of the matrix A - A are
f 1 [|uvr  uiy n UiVE  U;V; UVE U Vg
‘0 2 \Jujur  ujy UV UV UjVE UV
Vg Y
= Uiy =0.
Ve U
Therefore, A- A = 0. ]

LEMMA 3.3. Let a segment [A1, As] be given, where Ay and Ay are stable, rank(Ay — Ag) = 1 with
Ay = Ag +ba”, Ay = Ag +bcT. Then [Ay, As] is robustly stable if and only if

(i) the matrices (I — Ay)(I — Ag)™! and (I + A1)(I + A2)~! have no real negative eigenvalue,
(i) —Fy ' Fy has no real eigenvalue in [1,00), where Fy and Fy are defined in (2.4).
Proof.

Ap- Ay = Ag-Ag+ 240 - (ba”) + (ba™) - (ba™),
Ag . A2 = AO . Ao + 2A0 . (bCT) + (bCT) . (bCT),
A1 . A2 = AO . AQ + Ao . (bCT) + AO . (b(lT) + (baT) . (bCT).
From (2.4),
—-F, = Al-A1+A2-A2—2A2-A1

(ba™) - (ba™) — 2(ba™) - (beT) + (beT) - (beT)
= (ba” —bcT) - (baT — beT)
= [b(a” —cT)] - [b(a” — ")) =0,

by Lemma 3.2. Therefore, the matrix M in Lemma 2.7 becomes

0 I
M = :
[0 —Fo_lFJ

The eigenvalues of M consist of 0 and the eigenvalues of the matrix —Fj LFy. Then the necessary and
sufficient condition for stability of A follows from Theorem 2.8. ]

LeEmMA 3.4. If A =wT (u,v € R") then

trace(4) =1 — det(I — A).

Proof. The eigenvalues of A are Ay = --- = A\,_1 = 0, A\, = trace(A) (Lemma 3.1). The eigenvalues of
I—Aare = =pp_1 =1, p, =1 —trace(A). The determinant of any matrix equals to the product of
the eigenvalues, therefore det(I — A) = 1 — trace(A). O

LEMMA 3.5. Consider the polytope A defined by (3.6) and let A be any matriz from A:

N
A=a1A1+ - +anyAn, Z()éi =1, a; > 0.
i=1
Then
pa(s) = ca1pa, (s) + azpa,(s) + -+ anpay(s),

where pa(s) is the characteristic polynomial of A.
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Proof. A= By+ (a1B1 + a2Bs+ -+ + anyBn),

pa(s) = det[s] — By — (a1 By + aaBs + - - - + anBy)]
= det |(s] — Bo)(I — (sI — Bo) ) (XN, abeT)

= det[s] — Bo]det[I — b(&)T], <z§ — (s — By)~'b, ¢ = (ZL aici)T> .

Using Lemma 3.4

pa(s) = det[(sI — Bo)(1 - tJJfVaCeE(é)T)]
= det[(sI — By)(1 — ;aitrace bé; 1))
= det[(s] — Bo)(1 — iai(l — det[I — be])))]
= det[(sI — By)(1 — ;+ f: o det[I — bel))
- ZN: o det[sT — By] det[ZI (sI — By)~tbel]
_ ia det [(sT — Bo)(I — (s — Bp)~"bel)]
- i_v:a det[sI — By — bel

N
= Z QiPA,; (5)
=1

Now we arrive at the main result of this section.

THEOREM 3.6. Let the family (3.6) be given with stable generators A;. This family is robustly stable if
and only if

(i) (I —A;)(I—A;)"" and (I + A;)(I+ A;)~' have no negative real eigenvalues (i,j = 1,2,...,N;
i<j),
N1 iy g
(ii) —(F8]> F}? have no real eigenvalue in [1,00) (i,j = 1,2,...,N; i < j), where Fy’ and F}’ are
defined by (2.4) with replacing Ay by A; and Ay by Aj, respectively.
Proof. By Lemma 3.5, the family of the characteristic polynomials of the matrix family A (3.6) is the
polynomial polytope
P =co{pa,(8),...,pax(9)},

and A is robustly stable if and only if P is robustly stable. By the Edge Theorem ([2, p. 153]), the polytope
‘P is robustly stable if and only if all the edges

[Pai(s);pa;(s)] = {apai(s) + (1= a)pa,(s): a€[0,1]}
= co{pa;(s),pa;(s)} (6,7 =1,2,...,N; i <j),

are stable. The polynomial segment [pa,(s),pa,(s)] is the set of the characteristic polynomials of the matrix
segment [A;, A;]. By Lemma 3.3, the segment [A;, A;] is stable if and only if (i) and (i7) are satisfied.
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Summarizing, A is stable < P is stable < All edges [pa,(s),pa,(s)] are stable < All matrix segment
[A;, A;] are stable < (i) and (i%) are satisfied. 0

EXAMPLE 3.7. For the vectors b = (1,—1,1)T, ¢; = (0.5,0.5,—-0.5)T, ¢y = (-0.25,0.5,0.5)7, c3 =
(0.1,-0.1,-0.1)T and matriz
-03 03 -0.3
By=1|-01 01 -=0.1],
02 -0.2 0.2

consider the polytope A = co{A1, Aa, A3} where

r02 08 —08
A =By+bcl =|-06 —04 04|,
| 07 03 -03

[—0.55 0.8 0.2
Ay =By+bck =015 —04 —06],
|-0.05 0.3 0.7

[—0.2 0.2 —04
A3 =By+bcl={-02 02 0 |,
| 03 —-0.3 0.1

are stable matrices. The matrices (I —A;)(I—A;)~" and (I+A;)(I+A;)~" have no negative real eigenvalue
(i,7 =1,2,3,i < j). We calculate

[ 09  —03 04 [ —03 0.7 —04
Fl2=10125 1375 —05|, F2=1037 —0875 05|,

|—0.025 —0.075 1.1 |—0.075 0175  —0.1

1 0.08 —0.08] —0.4 032 0.08
F*=10 09 01 |, F3=|05 —04 —0.1],

0 0.02 0.98 —0.1 0.08 0.02

1 0.08 —0.08] [ —0.1 —0.38 0.48
F2=10 09 01 |, F2=10125 0475 —06

0 0.02 0.98 |—0.025 —0.095 0.12

The eigenvalues off(Féj)*lFfj are not in [1,00) (i,j =1,2,3, i < j). By Theorem 3.6, all matrices in the
family A are stable.

4. Conclusion. In this study, we have investigated the robust Schur stability of n x n dimensional
matrix segments using the bialternate product of matrices. We have shown that the problem can be reduced
to checking the existence of negative eigenvalues in two out of three specially constructed matrices and the
presence of eigenvalues in the interval [1, 00) for the third matrix.

We have provided a necessary and sufficient condition for the convex combinations of two stable matrices
with rank one difference to be robustly Schur stable. Furthermore, we have demonstrated that the robust
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stability of the convex hull of a finite number of matrices, whose pairwise differences are of rank 1, is
equivalent to the robust stability of the segments formed by these matrices.

The obtained results have been illustrated through examples, showcasing their applicability in analyzing
the stability of matrix polytopes with rank one uncertainty. These findings can be particularly useful in the
stability analysis of linear systems subject to polytopic uncertainties, which are commonly encountered in
control systems.
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