Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society I I
Volume 40, pp. 774-787, October 2024.

DIAMETER VS. LAPLACIAN EIGENVALUE DISTRIBUTION*

LEYOU XU AND BO ZHOU'

Abstract. Let G be a simple graph of order n. It is known that any Laplacian eigenvalue of G belongs to the interval [0, n].
For an interval I C [0, n], denote by mgI the number of Laplacian eigenvalues of G in I, counted with multiplicities. Let d be
the diameter of G. If 2 < d < n—4, we show that mg[n—d,n] < n—d+2, and it may be improved into mgn—d,n] <n—d+1
when d = 2,3,4. We also show that mg[n —2d+4,n] <n—-2ifd=2, L";‘SJ, and mg[n—2d+4,n] <n—-3if3<d< L"THJ
The diameter constraint provides an insightful approach to understand how the Laplacian eigenvalues are distributed.
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1. Introducion. We consider simple graphs [3]. Let G be a graph with vertex set {v1,...,v,}. The
adjacency matrix A(G) of G is the n x n matrix where the (7, j)-entry is equal to 1 if v; and v; are adjacent,
and is otherwise equal to 0. Moreover, if D(G) is the n x n diagonal matrix whose (4,%)-entry is the degree
of vertex v; for i = 1,...,n, then L(G) = D(G) — A(G) is called the Laplacian matrix of G. This is a
symmetric positive semidefinite matrix and hence has n real nonnegative eigenvalues, which are said to be
the Laplacian eigenvalues of G and can be arranged as

(1 (G) < -+ < i (G),

counted with multiplicities. One can see that p,(G) =0, and p;(G) is the jth (largest) Laplacian eigenvalue
of Gforj=1,...,n.

For a graph G of order n, any Laplacian eigenvalue of G lies in the interval [0,n] [19, 20, 21], and the
multiplicity of the Laplacian eigenvalue 0 is equal to the number of the (connected) components of G [8].
The distribution of Laplacian eigenvalues of graphs is relevant to the many applications related to Laplacian
matrices [9, 19, 21]. There are results on the Laplacian eigenvalues of n-vertex graphs in subintervals of
[0,n]. For example, the number of Laplacian eigenvalues in certain intervals is related to classical graph
parameters, notably the independence number [1, 6, 7], the matching number [11], the edge covering number
[12], the domination number [5, 13], the chromatic number [1], and the diameter [1, 10, 26, 27], and for
the cases of trees, see [4, 15, 23, 28]. However, it is not well understood how the Laplacian eigenvalues are
distributed in [0, n], see [15].

The diameter of a connected graph G is defined as the maximum distance over all pairs of vertices in
G. Recently, progress is made on the connections between the distribution of the Laplacian eienvalues and
the diameter. For an interval I C [0, n], denote by mgI the number of Laplacian eigenvalues of a graph G
of order n in I, counted with multiplicities. In particular, if I is degenerate, say I = {a}, then m¢gI is the
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multiplicity of a as a Laplacian eigenvalue of G. Let G be a connected graph of order n with diameter d.
For d > 4, Ahanjideh et al. [1] showed that mg(n —d+3,n] <n—d—1. For 2 < d <n— 2, Xu and Zhou
showed that mg[n —d+2,n] < n —d in [26], which was conjectured in [1] and mg[n —d+1,n] <n—d+1
in [27]. In this paper, we give further upper bounds for mg[n — d,n].

THEOREM 1.1. Let G be a connected graph of order n with diameter d, where 2 < d <n —4. Then

n—d+1 ifd=2,34,

mgln —d,n| <
6l ] {n—d+2 ifd> 5.

We remark that the diameter condition in Theorem 1.1 is tight. It is known [2] that p;(P,) =

4 sin? ("575)” for j =1,...,n. Thus, we have:
(i) If d = n — 1, then G is a path P,, and ;(P,) > 1 ifand only if j = 1,...,|2n], so mg[l,n] = [Zn].

(i) If d = n — 2, then P,_; is a subgraph of G, and y;(P,—1) > 2 ifand only if j = 1,..., | (n — 1)],
so we have by Lemma 2.3 that 11, 1)(G) = 1 (n—1)) (Pn—1) = 2, implying me(2,n] > [i(n—1)].

(iii) If d = n — 3, then P,_s is a subgraph of G, and y;(P,—2) > 3 if and only if j = 1,...,|[3(n — 2)],
so we have by Lemma 2.3 that mg[3,n] > [1(n —2)].

Next, we give the second result.

THEOREM 1.2. Let G be a connected graph of order n with diameter d. Then

n—2 ifd=2,[23]
n—3 if3<d< [

_ -

mgln —2d+4,n] < {

Note that the case d = 3 in Theorem 1.2 has been given in [27]. Also, the diameter condition is tight in
Theorem 1.2, see Section 4.

Suppose that G is a connected graph of order n with diameter d > 2. Motivated by the aforementioned
results in [26, 27] and Theorems 1.1 and 1.2, we propose the following conjecture.

CONJECTURE 1.1. Let G be a connected graph of order n with diameter d > 2. If c=0,...,d — 2 with
max{2,¢} <d<n-—2-—¢, then mgin—d+2—c¢,n] <n—d+c.

Note that in Conjecture 1.1, as the interval [max{2,c},n — 2 — ¢] becomes smaller, the bound for the
number of Laplacian eigenvalues in [n — d 4+ 2 — ¢,n] becomes larger. For the general ¢, it seems that
some different technique is needed. Anyway, it is helpful to understand how the Laplacian eigenvalues are
distributed and how this distribution is related to the diameter.

2. Preliminaries. Let G be a graph of order n with vertex set V(G) and edge set E(G). For a vertex
v of G, the neighborhood of v, denoted by N¢(v), is the set of vertices that are adjacent to v in G, and the
degree of v, denoted by dg(v), is the number of vertices that are adjacent to v in G, i.e., dg(v) = |Ng(v)|.
The degree sequence of G is the sequence (§1(G), ..., 0,(G)) of the degrees of the vertices in nonincreasing
order. For S C V (@), denote by G[S] the subgraph of G induced by S if S # 0 and G—S denotes G[V (G)\ 5],
that is, the subgraph obtained from G by deleting the vertices of S if S # V(G). In particular, if S = {v},
then we write G — v for G — {v}. For F C E(G), denote by G — F the subgraph of G obtained from G by
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deleting all edges in F. In particular, if F' = {e}, then we write G — e for G — {e}. Now suppose that G is
connected. The distance between vertices v, w, denoted by dg (v, w), is the length of a shortest path between
v and w in G. The diameter of G is max{dg(v,w) : v,w € V(G)}. A path of G that joins a pair of vertices
whose distance is equal to the diameter is called a diametral path. For vertex disjoint graphs G and H,
denote by G U H the disjoint union of them. The disjoint union of k copies of G is denoted by kG. Denote
by P, the path of order n and K, the complete graph of order n. For undefined notation and terminology,
we refer to [3].

For an n x n Hermitian matrix M, p;(M) denotes its ith largest eigenvalue of M. We need Weyl’s
inequalities [17, 25] with a characterization of the equality cases [24, Theorem 1.3].

LEMMA 2.1. [24, Theorem 1.3] Let A and B be Hermitian matrices of order n. For 1 < i,5 < n with
i+7—1<n,

pi+j—1(A+ B) < pi(A) + p;(B),
with equality if and only if there exists a nonzero vector x such that pi4;—1(A+B)x = (A+B)x, p;(A)x = Ax
and pj(B)x = Bx.
We also need two types of interlacing theorem or inclusion principle.

LEMMA 2.2. [14, Theorem 4.3.28] If M is a Hermitian matriz of order n and B is its principal submatriz
of order p, then pp—pii(M) < pi(B) < p;y(M) fori=1,...,p.

LEMMA 2.3. [20, Theorem 3.2] If G is a graph on n vertices with e € E(QG), then

11(G) = (G =€) > i3(G) > -+ = a1 (G = €) > 1(G) = (G — €) = 0.

For integers n, d, and ¢t with 2 < d <n—2and 2 <t <d, let Pyy1 :=uy...ugy1, V = V(Kp—gq-1)
and let G,, 4+ be the graph obtained from the disjoint union of P;y; and K,_q_; by adding all edges in
{uw:i=t-1t,t+1,weV}

LEMMA 2.4. [26, Lemma 2.6] For integers n, d and t with2 <d<n—2 and 2 <t <d, pn—q(Gn,a) =
n—d+2.

For integers n, p, and ¢ with 2 < p < ¢ < n — 3, let H,, 4 be the graph obtained from G, _1 -3,
(with a diametral path u; ... u,_2 and an additional vertex u outside) by adding a vertex v and three edges

connecting v and uq_1,uq and ug4q if ¢ > p + 2 and four edges connecting v and ug_1,uq, ug+1 and u if
q=p,p+1, see Figs. 1 and 2.

Ul Up—1 Up Up+1 Ug—1 Ugq Ug+1 Up—2

FIGURE 1. The graph Hy p g with ¢ > p+ 2.
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uy Up—1 Up Upt1l Up42 Up—2 UL Up—1 Up Uptl Un—2

FIGURE 2. The graph Hpn p.q with g =p+1 (left) and ¢ = p (right).

For integers n, d, r,and a with3 <d <n—-2,2<r<d—1l,and 1 <a <n—d—2,let Pji1 :=u1...uqs41
and V(K,—q—1) = V1 UV, with |Vi| = a, and let G, 4., be the graph obtained from the disjoint union of
Pyi1 and K, 41 by adding all edges in {uv:i=r—1,r,r+1,ve Vi}U{ujw:j=rr+1,r+2,w e Va}.

LEMMA 2.5. The following statements are true.

(i) pa(Pn) < 4.

(ii) ps(Hpp,q) < 4.

(iii) p15(Gr301) < 4.

Proof. Part (i) follows from the fact that juy(P,) = 4sin? W given in [2, p. 145].

Part (ii) follows from the proof of [26, Theorem 4].

Part (iii) follows from a direct calculation that us(Gr3.21) = 3.6601 < 4. O

T

Given a graph G with V(G) = {v1,...,v,}, a vector x = (z1,...,2,) can be viewed as a function

defined on V(G) mapping v; to z,, i.e., x(v;) =z, = x; fori=1,...,n.

A pendant path us ... u, of G at u,, is an induced path of G with dg(u1) =1, dg(up,) > 3, and dg(u;) =2
fort=2,...,p—1ifp>3.

LEMMA 2.6. Let P := vy...vp be a pendant path of a graph G at vy. If there is a vector x such that
L(G)x = 4x, then fori=1,...,¢, x; = (—1)""1(2i — 1)1, where x; = x,,.

Proof. We prove the statement by induction on 7. It is trivial for ¢ = 1. From L(G)x = 4x at vy, we
have 1 — x9 = 4z, i.e., o = —3x1, so the statement is true for ¢ = 2. Suppose that 2 < i < ¢ —1 and
z; = (—1)771(2j — 1)z for each j <i. From L(G)x = 4x at v;, we have

2x; — ;i1 — Tip1 = 4y,

SO
Tit1 = _21'1' —Ti—1 = (—1)1(22 + 1).’[1,

proving the lemma. O

Denote by G the complement of G.

LEMMA 2.7. [20, Theorem 3.6] Let G be a graph of order n. Then pi(G) + pn—i(G) = n for i =
1,....,n—1.
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The following lemma comes from [9, Corollary 3.2] and subsequent remark there.

LEMMA 2.8. Let G be a graph of order n with at least one edge. Then pu1(G) > 61(G) + 1 with equality
when G is connected if and only if §1(G) =n — 1.

LEMMA 2.9. [18, Theorem 4], [22, Theorems 2.5 and 2.6]. Let G be a connected graph of order n with
n > 3. Then pa(G) > 02(G) with equality only if, under reordering the vertices so that dg(v;) = 0;(G) for
i=1,...,n, G satisfies one of the following conditions:

(i) viv2 ¢ E(G) and Ng(v1) = Ng(va),
(ii) G is not a star, vivy € E(G), 61(G) = 62(G) = § and Ng(v1) N Ng(v2) = 0.

From Lemmas 2.7 and 2.9, we have

COROLLARY 2.10. Let G be a connected graph of order n such that G is connected. Then p,_o(G) <
0n—1(G) + 1 with equality only if, under reordering the vertices so that ég(v;) = 6;(G) fori =1,...,n, G
satisfies one of the following conditions:

(1) vp—1v, € E(G) and Ng(vn-1) \ {vn} = Ng(vn) \ {vn-1},
(ii) vp_1v, € E(Q), 6,-1(G) = 6,(G) = "T_Q and Ng(vp—1) N Ng(vy,) = 0.

Let G be a graph of order n. Denote by k(G) the connectivity of G. By the well-known Whitney’s
inequality, kK(G) < §,(G). For two vertex disjoint graphs G; and Gs, their join is the graph G; UG5 + {uv :
u € V(Gl),’U S V(Gg)}

LEMMA 2.11. [8, Result 4.1], [16, Theorem 2.1] Let G be a connected graph of order n that is not complete.
Then pn—1(G) < k(G) with equality if and only if G is a join of two graphs Gy and Gs, where G is a
disconnected graph of order n — k(G) and Gy is a graph of order k(G) with . qy—1(G2) > 26(G) —n.

Let G be a connected graph and P be a diametral path of G. For vertex z of G outside P, we denote
by ', p(%) the set of neighbors of z on P, that is, I'q p(2) = Ng(z) NV (P).

We say two matrices A and B are permutational similar if A = QBQ" for some permutation matrix Q.

3. Proof of Theorem 1.1. Theorem 1.1 follows from Theorems 3.1 and 3.2.

THEOREM 3.1. Let G be a connected graph of order n with diameter d, where d < n—4. Ifd =2,3,4,
then mg[n —d,n] <n—d+ 1.

Proof. The result for d = 2 is trivial as p,(G) = 0.

Suppose that d = 3. Let P := v; ...v4 be a diametral path of G. Then vyvs,v1v4 € E(G), so 61(G) > 2.

By Lemma 2.8, u1(G) > 6:(G) +1 > 3. So by Lemma 2.7, p,—1(G) = n — p1(G) < n — 3. Thus,
maln —3,n] <n—2.

Now suppose that d = 4. It suffices to show that p1,,_o(G) < n — 4, or pa(G) > 4 by Lemma 2.7.

Let P := vjvav3v4vs be a diametral path of G. Then, G[{vy,va,v3,v4,v5}] is Hp in Fig. 3.

As n > 8, there are at least three vertices outside P in G. Let u, v and w be three such vertices.
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U3

(%1 Vs

V4 V2

FIGURE 3. The graph Hg.

Suppose first that u, v, and w are all adjacent to v1 in G. As P is a diametral path of G, none of u, v, and
w is adjacent to vy or vs in G, so all of them are adjacent to both v4 and vs in G. Thus, §;(G) > dg(vs) > 6

and 02(G) > 6g(vs) > 5. By Lemma 2.9, p2(G) > 62(G) > 5 > 4.

Suppose next that exactly two of u, v, and w, say v and v, are adjacent to v; in G. Then wvs,vvs ¢ E(G),

so uvs, vvs,wv; € E(G), implying that d5(vs) > 5 and 5(v1) > 4. Thus, §;(G) > 5 and 62(G) > 4. By
Lemma 2.9, 112(G) > 62(G) > 4. Suppose that pi2(G) = 4. Then d5(vs) = 61(G) > 5 and §5(v1) = 62(G) = 4.
Note that v; and vs are adjacent in G with a common neighbor vs. By Lemma 2.9, this is impossible. It

thus follows that us(G) > 4.

Now, suppose that exactly one of w, v and w, say u, is adjacent to v; in G. Then uvs ¢ FE(G), so
uvs, vor, w1 € E(G). Thus, §1(G) > d5(v1) > 5 and 62(G) > 65(vs) > 4. As vy and vs are adjacent in G

and with a common neighbor vz, one gets p2(G) > d2(G) > 4 by Lemma 2.9.

Finally, suppose that none of u, v, and w is adjacent to v; in G. If two of them, say uw and v, are

adjacent to ve in G, then wwvs,vvs € E(G), implying that d5(G) > 5, so we have by Lemma 2.9 that

12(G) > 4. If at most one of u, v, and w is adjacent to ve in G, then we may assume that uvs, vve € E(G),

ie., uvg,vve € E(G), so d2(G) > 4 and we have us(G) > 4 by Lemma 2.9. a

It is evident that mg, —.[n,n] = n— 2. Note that Gy, 3.2 (G, 4,3, respectively) is an n-vertex graph with
diameter 3 (4, respectively). As K,,_1 —e is a subgraph of G,, 3 2, we have pi,—2(Gp 3,2) > pin—2(Kyn—1—€) =
n — 3, so by Theorem 3.1, mg,, ,,[n — 3,n] =n — 2. From [27, Proposition 1], pi,3(Gp.4,3) > n — 3, so by
Theorem 3.1 again, mg,, , ,[n — 4,n] = n — 3. Thus, the bound in Theorem 3.1 is tight.

THEOREM 3.2. Let G be a connected graph of order n with diameter d, where 5 < d < n — 4. Then
mgln—d,n] <n—d+2.

Proof. Let P := vy...v441 be a diametral path of G. As d < n — 4, there are at least three vertices
lying outside P. Assume that u, v, and w are three such vertices. Let G’ be the subgraph of G induced
by V(P) U {u,v,w} and B the principal submatrix of L(G) corresponding to vertices of G’. Denote by M

the diagonal matrix whose diagonal entry corresponding to vertex z is dg(z) — dg(2) for z € V(G'). Then
B =L(G")+ M. By Lemma 2.2,

tin—d+3(G) = pn—(d+4)+7(L(G)) < pr(B).

By Lemma 2.1,
p7(B) < pz(G") + pr(M).
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Thus, pn—a+3(G) < ur(G') + p1(M). Obviously, p1(M) < n — |[V(G)] =n—d—4. If uz(G') < 4, then
tn—d+3(G) <n—d, so mg[n —d,n] <n —d+ 2. Thus, it suffices to show that p7(G’) < 4.

As P is a diametral path of G, any vertex outside P has at most three consecutive neighbors on P. For
z = u,v,w, let n, = g p(z)]. If n, < 3 for some z = u,v,w, then there exist 3 — n, vertices on P so
that P remains to be a diametral path of the graph obtained by adding edges between z and the 3 — n,
vertices. By Lemma 2.3, we can assume that g p(u) = {vp_1,0p,Vp11}, Ta.p(v) = {v4-1,v4,v4+1} and
Tap(w) = {vr—1,vp, 041}, where 2 < p,q,r < d. Assume that p < ¢ < r. If ¢—p > r — ¢, then we
relabel the vertices of G by setting v} = vg4o—; fori=1,...,d+ 1, v’ = u, v = v, and w’ = w, so we have
p<¢<randq —p <r'—¢,wherep’ =d+2—r,¢ =d+2—¢q,and v =d+ 2 — p. So, we assume
furthermore that g — p <r —gq.

Case 1. r > q+ 2.

Note that vw,vw ¢ E(G). It is easy to see that G' — {v,_10,, wr11} = Hiyapq OF Hyga pq—uv, where
u and v are the two vertices outside the diametral path P. By Lemmas 2.3 and 2.5, one gets

pr(G') < ps(Hagap,q) < 4,
as desired.
Case 2. r=q+ 1.
By assumption, we have p < ¢ <p—+ 1.
Case 2.1. g=p+1.

It is possible that v is adjacent to u or w. Assume that uv,vw € E(G) by Lemma 2.3. Let u; = v; for
i=1,...,p—1, up =u, Uip1 =v; for i =p,p+1, Upp3 =W, Uy = v; fori =p+2,...,d+1 and ug4qs = v.
Under this new labeling,

!
G’ — {up—1Up 1, UpUpt2, Upi2Upta, Upt3Upt5, Upldd, UptaUd+4 )

is a copy of Ggy4,d42,p+2. SO
L(G") = L(Gara,ar2.p+2) + R,

where R = (rij)(d+4)><(d+4) with

ifi=je{p—1,p+1,p+3,p+5},
2 ifi=je{pp+2,p+4,d+4},

rij=q -1 if{i,j} e {{p—1,p+1},{p,p+ 2}, {p,d+4}},
-1 if{i,j}e{{p+2,p+4},{p+3,p+5},{p+4,d+4}},
0 otherwise.

As R is permutational similar to L(2P, UC4 U (d — 4) K1), we have pg(R) = 0. So by Lemmas 2.1 and 2.4,
we have

p7(G") < pa(Gata,ateprz) + ps(R) = 4.

Suppose that u7(G’) = 4. By Lemma 2.1, there exists a nonzero vector x such that Rx = 0 and
L(Ggta,d+2,pt2)x = 4x. Let x; =, fori=1,...,d+ 4.
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From Rx = 0, we have L(C’4)(xp7mp+2,xp+4,xd+4)—r =0, 50 Tp = Tpp2 = Tpya = Tgt4.
From Rx = 0 at u,_1 and u,43, respectively, we have x,_1 = zpy1 and 2py3 = Tpys.
From L(Ggt4,d+2,p+2)X = 4% at u,, we have
2Ty — Tp_1 — Tpp1 = 4Ty,
SO Tp—1 = —Tp.
As uy ... upq1 is a pendant path of Gyi4.a42,p+2 at upy1, we have by Lemma 2.6 that
x;=(=1)" 2 —Day fori=1,...,p+1.

From L(Ggta,d+2,p+2)X = 4% at upt1, we have 3xp11 — Tp — Tpro — Tapa = 4Tpt1, S0 Tpp1 = —3xp. It hence
follows that
(=DP@2p+ Va1 = zpy1 = =3z, = =3(=1)P7H(2p — D),

ie.,
(2p+ 1)x; = 3(2p — 1)y,

equivalently, 1 = 0. Soxz; =0for i =1,...,p+2,p+4,d+ 4. From L(Ggt4,d+2,p+2)X = 4% at ugrq, we
have

3Tara — Tpy1 — Tpt2 — Tpt3 = 4Tda.

AS Tgia = Tpy1 = Tppo = Tpya = 0, one gets zpy3 = 0. S0 pi5 = Tpr3 = 0. It follows that ; = 0 for
i=1,...,p+5. Now from L(Ggta,q+2pt2)x =4x at u; for i =p+5,...,d+ 2, we have z;11 = 0. Thus, x
is a zero vector, a contradiction. Therefore, u7(G’) < 4.

Case 2.2. ¢ =p.
By Lemma 2.3, we assume that v, vw,uw € E(G").

If3<p<d-—2,then G' — {vp_2vp_1,Vpt2vpys} = Gr321 U P,_oUPy_,_1, so we have by Lemmas 2.3
and 2.5 that

17(G") < ps(G" — {vp—20p—1,Vp42vpy3}) < max{us(Gr3,2,1), 1 (Pp—2), 1 (Pa—p-1)} < 4.
If p =2, then G’ — vpt2Up13 = Gr,32,1 U Pg_p_1, so we have by Lemmas 2.3 and 2.5 that
p7(G') < p16(G" = vpyavpis) < max{us(Gra2.1), 1 (Pa—p-1)} < 4.
Ifp=d—1, then G' — vp,_2vy,_1 = Gr 321U P,_2 and so by Lemmas 2.3 and 2.5,

pr(G') < pe(G — vp—ovp—1) < max{us(Gr321), 1 (Pi—p-_1)} < 4.

Case 3. r =q.
In this case, p = ¢ = r. By Lemma 2.3, we assume that wv,vw,uw € E(G'). Let u; = v; for
i=1,...,p—1, up =u, Upp1 = Vp, Upp2 = U, Ujy2 = V; for i =p+1,...,d+ 1 and ug+4 = w. Under this

new labeling,

!
G — {Up—1Up+1, Up—1Up+2, Uplpt2, Uplpt3, Up+1Upt3, Up+2Ud+a, Up+3Udta
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is a copy of Gyya,d+2,p. SO
L(G") = L(Ga+a,a12,) + R,

where R = (Tij)(d+4)><(d+4) with

ifi=je{p+2,p+3},

rijg={ -1 if{i,jte{{p-Lp+1},{p—1Lp+2}{p,p+2},{p,p+3}},
-1 if{i,j} e {{p+1,p+3}, {p+2,d+4},{p+3,d+4}},
0 otherwise.

As R is permutational similar to L(H U (d — 2)K;) where H is a graph on 6 vertices consisting of a cycle
Up—1Up4+1Up43UpUp12Up—1 and additional two edges upiougra and upi3ugra, we have pg(R) = 0. So by
Lemmas 2.1 and 2.4, we have

p7(G') < p2(Gayaarap) + ps(R) = 4.

Suppose that u7(G’) = 4. By Lemma 2.1, there exists a nonzero vector x such that Rx = 0 and
L(Gyt4,d+2,p)x = 4x. As earlier, let z; =z, for i =1,...,d + 4. From Rx = 0, we have

L(H)(xp—h Tp41,Tp42,Tp, Tp43, xd+4)T =0,

SO0 Tp—1 = " = Tp4+3 = Td+4-

Suppose first that p > 3. From L(Ggt4,4+2,p)X = 4x at u,_1, we have
3Tp_1 — Tp—2 — Tp — Tgqa = 4Tp_1,
SO Tp—2 = —3Tp_1. As uy...up_1 is a pendant path of G’ at u,_1, we have by Lemma 2.6 that
;= (=1)"12i—Day fori=1,...,p—1.
Then
zpo=(—1)P?2(p—2) - Doy = =3- (-1’ ?(2(p — 1) — V),
ie.,
(2p = 5)z1 = 3(2p — 3)21,
equivalently, z1 =0,s0 x; =0for i =1,...,p+ 3,d + 4. If p = 2, this follows from L(Ggt4,4+2,)x = 4x at

Up-

Now from L(Ggya,d+2p)%x = 4x at u; with ¢ = p+3,...,d + 2, we have ;31 = 0. Thus x =0, a
contradiction. Therefore, u7(G') < 4. ad

The bound in Theorem 1.1 can be improved under certain conditions.

PROPOSITION 3.3. Let G be an n-vertex connected graph with diametral path P = vy ...v441, where
5 < d < mn—4. If there exist three vertices u,v,w outside P such that |U'c p(u)| + |T'q,p(©)|+ |T'q,pr(w)| <5,
then mg[n —d,n] <n —d+1.
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Proof. Let H = G[V(P) U {u,v,w}] and E’ be the set of edges between vertices on P and u,v,w. As
Tapw)|+|Tapr)|+ Tap(w)| <5, |[E'| <5 Note that H — E' = Py11 UG[{u,v,w}]. We have by
Lemmas 2.3 and 2.5 that

pe(H) < pa(H — B') = max{p1 (Pay1), pa (Gl{u, v, w}])} < 4.

Let B be the principal submatrix of L(G) corresponding to vertices of H and M be the diagonal matrix
whose diagonal entry corresponding to vertex z is dg(z) — dg(z) for z € V(H). Then, by Lemmas 2.2 and
2.1,

fin-d+2(G) = pn—(aray+6(L(G)) < pe(B) < pe(H) + p1(M) <n —d,

as desired. 0

4. Proof of Theorem 1.2. Theorem 1.2 follows from Theorems 4.1 and 4.2.

THEOREM 4.1. Let G be a connected graph of order n with diameter d. If2 < d < |%£2|, then mg[n —
2d+4,n] <n-—2.

Proof. Tt suffices to show that p,—1(G) < n—2d+4. If d = 2, then G is a spanning subgraph of K,, —e
for some e € E(K,), so we have by Lemma 2.3 that p,—1(G) <n—2 < n =mn—2d+4, as desired. Suppose
that d > 3 and P := vy ...v441 is a diametral path of G. For ¢ = 2,...,d — 1, let V; be the set of vertices
of G such that the distance to vy is ¢ — 1. Let V; be the set of vertices of G such that the distance to vy is
d — 1 and the neighbors of vg441. Evidently, v; € V; and V; is a cut set of G for each i =2,...,d. As P is a
diametral path, V;NV; = (0 if i # j and there is no edge between V; and Vj if |j —i| > 2. If K(G) > n—2d+5,
then

d
2+ (n—2d+5)(d—2) < [{vi,vas1 }| + Y Vi <,
i=2
ie,2d*> = (n+9)d+3n+8>0,s0d<3ord> "2 acontradiction. So k(G) <n—2d+4. Asd >3, G
is not a join, so we have by Lemma 2.11 that p,—1(G) < k(G) < n —2d + 4. 0

We give examples for which the bound in Theorem 4.1 is attained. If G = K,, — e, then d = 2 and
mg, —e[n,n] = n —2. Let Ry (Ra2, respectively) be the graph on 8 vertices (7 vertices, respectively) with
diameter 5 in Fig. 4. By a direct calculation, we have pg(R;) = 2 and ps(R2) = 1. By Theorem 4.1,
mg,[2,8] = 6 and mp,[1,7] = 5, agreeing the bound in Theorem 4.1 for d = 242 = 5 and d = =2 = 5,

respectively.

FIGURE 4. The graph R1 (left) and Ra (right).

If 3<d < [2], Theorem 4.1 may be improved as follows.

THEOREM 4.2. Let G be a connected graph of order n with diameter d. If 3 < d < L%j, then mg[n —
2d+4,n] <n-—3.

Proof. The case for d = 3 is known from [27, Theorem 6], and the case for d = 4 follows from Theorem
1.1. Suppose in the following that d > 5. It suffices to show that p,—2(G) < n — 2d + 4.
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Let P := vy ...v441 be a diametral path of G. For i = 1,...,d — 1, let V; be the set of vertices of G
such that the distance to vy is i — 1. Let Vy be the set of vertices of G except vg41 such that the distance
towvy is d—1 or d. Let Vyi1 = {vg+1}. By Lemma 2.3, we assume that G[V; U V;41] is complete for each
i=2,...,d. Note that V; is a cut set of G for each i = 2,..., d and that v is a cut vertex of GG if and only if
v=wv; and |V;| =1 for some i = 2,...,d. Let s be the number of sets V3, ...,V with cardinality 1.

We divide the proof into two cases.
Case 1. 6,,_1(G) > n—2d + 4.

Note that max{|Va|,|Va|} = max{dg(v1),dc(vat+1)} > 6n-1(G) > n — 2d + 4. Assume that V3| >

n—2d+4>2and |V;] =min{|V;| :i=3,...,d}. Then |V;}| >2fori=3,...,dif s =0, and |V;| > 2 for
1=3,...,d with i # j if s = 1. Thus, if s =0, 1, then

d
n+1=2+1+(n—2d+4)+2(d—3) < [{vr,vap1 } + [V + [Va| + D [Vi <,

B
a contradiction. So s > 2. Assume that |V;| = 1. Then v, is one cut vertex of G. Suppose that there
is a component Gg of G — vy such that Gy has a cut vertex. Then k(Go) = 1 and by Lemma 2.11,
v (ao)-1(Go) < k(Go) = 1. Let B be the principal submatrix of L(G) by deleting the row and column
corresponding to vertex ve. By Lemma 2.1, p,_3(B) < pin—3(G —vg) +p1(B— L(G—v¢)) = pin—3(G—v¢) + 1.
Then, by Lemma 2.2, we have

tn—2(G) < pr—3(B) < pn—3(G —ve) + 1 < v (ay)-1(Go) +1 <2 <n —2d + 4,

as desired. Suppose that there is no cut vertices of any component of G — vy. Then s = 2 and either
[Ve—1| =1 or [Vig1]| =1, say [Veg1]| = 1. As

d

n=d4n—2d+4+2d-4) < [{or,vaen, v vl + Vol + Y Vil <,
i#iej?:rl
we have [Vo| =n—2d+4 and |V} =2fori=3,...,d withi # ¢, {+1, where3<(<d—1. If{=d—1,
then dg(vg+1) =1 and dg(vp—1) =2, s0 n —2d + 4 < 6,_1(G) < 2, which is a contradiction. So £ < d — 2
and |Vy| = 2. Let B’ be the principal submatrix of L(G) by deleting the rows and columns corresponding to
vertices in V. Let G = G — Vg — vgy1. By Lemma 2.1, p,,_4(B’) < pin—a(G —Vg) + p1 (B’ — L(G — Vy)) =
tn—4(G1) + 2. Note that G; is not a join with a cut vertex vy. By Lemma 2.11, u,—4(G1) < &(Gy1) = 1.
Therefore, by Lemma 2.2,

pn—2(G) < pn74(B/) < pn—a(G1) +2 < K(G1) +2=3<n—2d+4,
as desired.
Case 2. 0,-1(G) <n—2d+ 3.

By Corollary 2.10, pt,—2(G) < 6,-1(G) +1 < n — 2d + 4. Suppose by contradiction that pu, o(G) =
n—2d+4. Then p,—2(G) = 6,-1(G) +1 and §,—1(G) = n—2d + 3. Let u; and us be two vertices of degree
5,(G) and §,,_1(G) in G, respectively. By the diameter condition, G is connected. By Corollary 2.10 and
the fact that p,—2(G) = 0,—1(G) + 1, we have the following two cases.
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Case 2.1. ujuz ¢ E(G), 6,-1(G) = 6,(G) = %52 and Ng(u1) N Ne(uz) = 0.

Note that V(G) = {u1,u2} U Ng(u1) U Ng(uz). Let U; = Ng(u;) for i = 1,2. As G is connected, there
is a vertex w; € U; with ¢ = 1,2 such that wywy € E(G). The distance between any vertex pair of vertices in
{u1,u2} UU; with ¢ = 1,2 is at most three. Let z; € Uy \ {w1}. If zyw; € E(G), then the distance between
z1 and any vertex in Us is at most three. If zyw; ¢ E(G), then as d¢(z1) > 6,(G) = 252 = |Uy|, we have
2122 € E(G) for some z5 € Us, so the distance between z; and any vertex in Us is at most three. This shows

that d < 3, a contradiction.
Case 2.2. ujug € E(G) and Ng(u1) \ {u2} = Ng(uz2) \ {u1}.

Note that 6, (G) = dg(u1) = dg(u2) = 6,—1(G) =n —2d + 3. Then |V5|,|V4| > 6,(G) =n —2d+3 > 2.
Let |V;| =min{|Vi| : i =3,...,d —1}. If |[V}| > 2, then
d—1
24 (n—2d+3)-2+2(d—3) < [{on,vars} + [Vl + Vil + S Vil <,
i=3
ie,, n < 2d — 2, which is a contradiction. So |V;| = 1 for some ¢ with 3 < ¢ < d — 1. Denote by B the
principal submatrix of L(G) by deleting the row and column corresponding to vertex vy.

Suppose that there is a component Go of G — v, such that k(Go) = 1. It then follows from Lemmas 2.2,
2.1 and 2.11 that

pn—2(G) < pn—3(B) < pin—3(G —ve) + 1 < prjy(ay)-1(Go) + 1 < k(Go) +1 =2 <n —2d + 4,

a contradiction. So there is no cut vertices of any component of G — vy, s = 1,2, and if s = 2, then one of
vg—1 and vpy1, say vet1, is a cut vertex of G. Thus, G — vy consists of two components, say H and F, with
V1y...,0—1 € V(H) and and vg11,...,v441 € V(F).

If H and F' are both complete, then d < 4, which is a contradiction to the assumption that d > 5.
Assume that H is not complete. Let p = |V (H)].

If F is not complete, then as one of u; and wus liesin G—vy = HUF and dg(u1) = 0g(uz) =n—2d+3,
we have min{d,(H), 6,,—p(F)} < n—2d+ 3, so we assume that 6,(H) < n—2d+3 (if 0,—p(F) < n—2d+3,
then we exchange the roles of H and F'). If F is complete, then 6,(H) < n — 2d + 3, as otherwise, we have
[Val >2,s=1,£=d—1, and so

d
3+ (n—2d+4)+2(d—4)+ (n—2d+ 3) < [{v1,v441,v4-1} + Z V| <m,
i=2
i.e., n <2d— 2, which is a contradiction. It then follows that xk(H) < ¢,(H) <n —2d + 3. By Lemma 2.11,
tp—1(H) < k(H) <n—2d+ 3. Now, by Lemmas 2.2 and 2.1, we have

n—2d+4= U7L—2(G) < pn—3(B) < Un—3(G_U) +1< Hp—l(H) +1<n—2d+4,

s0 pp—1(H) =n—2d+3 =k(H) =6,(H). By Lemma 2.11, H is a join, say H = Hy V H», and one of H;
and Hy, say Hy, is disconnected and the other Hy has order n — 2d + 3, so {v1} U V3 C V(Hy) and ¢ = 4.

Suppose that s = 1. Then we have

d
34 (n—2d+3) +2(d —4) + (n — 24+ 3) < [{vr, var1, 04} + 3 Vil <,

i=2
i#4
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ie,n<2d—1,son=2d—1and |V;| =2fori=2,...,d with ¢ # 4. This is impossible because there are
no vertices u; and wug such that ujus € E(G) and dg(u1) = dg(uz) = 2.

Suppose that s = 2. Then 4 = ¢ < d — 2. Then H' = G[V(H) U {v4}] is a component of G — v5 and it
is not a join. Note that 0,41 (H') < §,(H) <n—2d+3. So k(H') <n—2d+ 3. By Lemmas 2.2, 2.1, and
2.11, we have

n—2d+4=p,—2(G) < pp_3(B) < pn—3(G—v5)+1 < p,(H)+1<w(H)+1<n-2d+4,

a contradiction. 0
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