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DIAMETER VS. LAPLACIAN EIGENVALUE DISTRIBUTION∗

LEYOU XU† AND BO ZHOU†

Abstract. Let G be a simple graph of order n. It is known that any Laplacian eigenvalue of G belongs to the interval [0, n].

For an interval I ⊆ [0, n], denote by mGI the number of Laplacian eigenvalues of G in I, counted with multiplicities. Let d be

the diameter of G. If 2 ≤ d ≤ n−4, we show that mG[n−d, n] ≤ n−d+2, and it may be improved into mG[n−d, n] ≤ n−d+1

when d = 2, 3, 4. We also show that mG[n− 2d+ 4, n] ≤ n− 2 if d = 2, bn+3
2
c, and mG[n− 2d+ 4, n] ≤ n− 3 if 3 ≤ d ≤ bn+1

2
c.

The diameter constraint provides an insightful approach to understand how the Laplacian eigenvalues are distributed.
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1. Introducion. We consider simple graphs [3]. Let G be a graph with vertex set {v1, . . . , vn}. The

adjacency matrix A(G) of G is the n×n matrix where the (i, j)-entry is equal to 1 if vi and vj are adjacent,

and is otherwise equal to 0. Moreover, if D(G) is the n× n diagonal matrix whose (i, i)-entry is the degree

of vertex vi for i = 1, . . . , n, then L(G) = D(G) − A(G) is called the Laplacian matrix of G. This is a

symmetric positive semidefinite matrix and hence has n real nonnegative eigenvalues, which are said to be

the Laplacian eigenvalues of G and can be arranged as

µn(G) ≤ · · · ≤ µ1(G),

counted with multiplicities. One can see that µn(G) = 0, and µj(G) is the jth (largest) Laplacian eigenvalue

of G for j = 1, . . . , n.

For a graph G of order n, any Laplacian eigenvalue of G lies in the interval [0, n] [19, 20, 21], and the

multiplicity of the Laplacian eigenvalue 0 is equal to the number of the (connected) components of G [8].

The distribution of Laplacian eigenvalues of graphs is relevant to the many applications related to Laplacian

matrices [9, 19, 21]. There are results on the Laplacian eigenvalues of n-vertex graphs in subintervals of

[0, n]. For example, the number of Laplacian eigenvalues in certain intervals is related to classical graph

parameters, notably the independence number [1, 6, 7], the matching number [11], the edge covering number

[12], the domination number [5, 13], the chromatic number [1], and the diameter [1, 10, 26, 27], and for

the cases of trees, see [4, 15, 23, 28]. However, it is not well understood how the Laplacian eigenvalues are

distributed in [0, n], see [15].

The diameter of a connected graph G is defined as the maximum distance over all pairs of vertices in

G. Recently, progress is made on the connections between the distribution of the Laplacian eienvalues and

the diameter. For an interval I ⊆ [0, n], denote by mGI the number of Laplacian eigenvalues of a graph G

of order n in I, counted with multiplicities. In particular, if I is degenerate, say I = {a}, then mGI is the
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multiplicity of a as a Laplacian eigenvalue of G. Let G be a connected graph of order n with diameter d.

For d ≥ 4, Ahanjideh et al. [1] showed that mG(n− d+ 3, n] ≤ n− d− 1. For 2 ≤ d ≤ n− 2, Xu and Zhou

showed that mG[n− d+ 2, n] ≤ n− d in [26], which was conjectured in [1] and mG[n− d+ 1, n] ≤ n− d+ 1

in [27]. In this paper, we give further upper bounds for mG[n− d, n].

Theorem 1.1. Let G be a connected graph of order n with diameter d, where 2 ≤ d ≤ n− 4. Then

mG[n− d, n] ≤

{
n− d+ 1 if d = 2, 3, 4,

n− d+ 2 if d ≥ 5.

We remark that the diameter condition in Theorem 1.1 is tight. It is known [2] that µj(Pn) =

4 sin2 (n−j)π
2n for j = 1, . . . , n. Thus, we have:

(i) If d = n− 1, then G is a path Pn, and µj(Pn) ≥ 1 if and only if j = 1, . . . , b 23nc, so mG[1, n] = b 23nc.

(ii) If d = n − 2, then Pn−1 is a subgraph of G, and µj(Pn−1) ≥ 2 if and only if j = 1, . . . , b 12 (n − 1)c,
so we have by Lemma 2.3 that µb 12 (n−1)c(G) ≥ µb 12 (n−1)c(Pn−1) ≥ 2, implying mG[2, n] ≥ b 12 (n− 1)c.

(iii) If d = n− 3, then Pn−2 is a subgraph of G, and µj(Pn−2) ≥ 3 if and only if j = 1, . . . , b 13 (n− 2)c,
so we have by Lemma 2.3 that mG[3, n] ≥ b 13 (n− 2)c.

Next, we give the second result.

Theorem 1.2. Let G be a connected graph of order n with diameter d. Then

mG[n− 2d+ 4, n] ≤

{
n− 2 if d = 2, bn+3

2 c,
n− 3 if 3 ≤ d ≤ bn+1

2 c.

Note that the case d = 3 in Theorem 1.2 has been given in [27]. Also, the diameter condition is tight in

Theorem 1.2, see Section 4.

Suppose that G is a connected graph of order n with diameter d ≥ 2. Motivated by the aforementioned

results in [26, 27] and Theorems 1.1 and 1.2, we propose the following conjecture.

Conjecture 1.1. Let G be a connected graph of order n with diameter d ≥ 2. If c = 0, . . . , d− 2 with

max{2, c} ≤ d ≤ n− 2− c, then mG[n− d+ 2− c, n] ≤ n− d+ c.

Note that in Conjecture 1.1, as the interval [max{2, c}, n − 2 − c] becomes smaller, the bound for the

number of Laplacian eigenvalues in [n − d + 2 − c, n] becomes larger. For the general c, it seems that

some different technique is needed. Anyway, it is helpful to understand how the Laplacian eigenvalues are

distributed and how this distribution is related to the diameter.

2. Preliminaries. Let G be a graph of order n with vertex set V (G) and edge set E(G). For a vertex

v of G, the neighborhood of v, denoted by NG(v), is the set of vertices that are adjacent to v in G, and the

degree of v, denoted by δG(v), is the number of vertices that are adjacent to v in G, i.e., δG(v) = |NG(v)|.
The degree sequence of G is the sequence (δ1(G), . . . , δn(G)) of the degrees of the vertices in nonincreasing

order. For S ⊆ V (G), denote by G[S] the subgraph of G induced by S if S 6= ∅ and G−S denotes G[V (G)\S],

that is, the subgraph obtained from G by deleting the vertices of S if S 6= V (G). In particular, if S = {v},
then we write G− v for G− {v}. For F ⊆ E(G), denote by G− F the subgraph of G obtained from G by



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 40, pp. 774-787, October 2024.

L. Xu and B. Zhou 776

deleting all edges in F . In particular, if F = {e}, then we write G− e for G− {e}. Now suppose that G is

connected. The distance between vertices v, w, denoted by dG(v, w), is the length of a shortest path between

v and w in G. The diameter of G is max{dG(v, w) : v, w ∈ V (G)}. A path of G that joins a pair of vertices

whose distance is equal to the diameter is called a diametral path. For vertex disjoint graphs G and H,

denote by G ∪H the disjoint union of them. The disjoint union of k copies of G is denoted by kG. Denote

by Pn the path of order n and Kn the complete graph of order n. For undefined notation and terminology,

we refer to [3].

For an n × n Hermitian matrix M , ρi(M) denotes its ith largest eigenvalue of M . We need Weyl’s

inequalities [17, 25] with a characterization of the equality cases [24, Theorem 1.3].

Lemma 2.1. [24, Theorem 1.3] Let A and B be Hermitian matrices of order n. For 1 ≤ i, j ≤ n with

i+ j − 1 ≤ n,

ρi+j−1(A+B) ≤ ρi(A) + ρj(B),

with equality if and only if there exists a nonzero vector x such that ρi+j−1(A+B)x = (A+B)x, ρi(A)x = Ax

and ρj(B)x = Bx.

We also need two types of interlacing theorem or inclusion principle.

Lemma 2.2. [14, Theorem 4.3.28] If M is a Hermitian matrix of order n and B is its principal submatrix

of order p, then ρn−p+i(M) ≤ ρi(B) ≤ ρi(M) for i = 1, . . . , p.

Lemma 2.3. [20, Theorem 3.2] If G is a graph on n vertices with e ∈ E(G), then

µ1(G) ≥ µ1(G− e) ≥ µ2(G) ≥ · · · ≥ µn−1(G− e) ≥ µn(G) = µn(G− e) = 0.

For integers n, d, and t with 2 ≤ d ≤ n − 2 and 2 ≤ t ≤ d, let Pd+1 := u1 . . . ud+1, V = V (Kn−d−1)

and let Gn,d,t be the graph obtained from the disjoint union of Pd+1 and Kn−d−1 by adding all edges in

{uiw : i = t− 1, t, t+ 1, w ∈ V }.

Lemma 2.4. [26, Lemma 2.6] For integers n, d and t with 2 ≤ d ≤ n− 2 and 2 ≤ t ≤ d, µn−d(Gn,d,t) =

n− d+ 2.

For integers n, p, and q with 2 ≤ p ≤ q ≤ n − 3, let Hn,p,q be the graph obtained from Gn−1,n−3,p
(with a diametral path u1 . . . un−2 and an additional vertex u outside) by adding a vertex v and three edges

connecting v and uq−1, uq and uq+1 if q ≥ p + 2 and four edges connecting v and uq−1, uq, uq+1 and u if

q = p, p+ 1, see Figs. 1 and 2.

u1 up−1 up up+1 uq−1 uq uq+1 un−2

u v

Figure 1. The graph Hn,p,q with q ≥ p+ 2.
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u1 up−1 up up+1 up+2 un−2

u v

u1 up−1 up up+1 un−2

u v

Figure 2. The graph Hn,p,q with q = p+ 1 (left) and q = p (right).

For integers n, d, r, and a with 3 ≤ d ≤ n−2, 2 ≤ r ≤ d−1, and 1 ≤ a ≤ n−d−2, let Pd+1 := u1 . . . ud+1

and V (Kn−d−1) = V1 ∪ V2 with |V1| = a, and let Gn,d,r,a be the graph obtained from the disjoint union of

Pd+1 and Kn−d−1 by adding all edges in {uiv : i = r− 1, r, r+ 1, v ∈ V1}∪{ujw : j = r, r+ 1, r+ 2, w ∈ V2}.

Lemma 2.5. The following statements are true.

(i) µ1(Pn) < 4.

(ii) µ5(Hn,p,q) < 4.

(iii) µ5(G7,3,2,1) < 4.

Proof. Part (i) follows from the fact that µ1(Pn) = 4 sin2 (n−1)π
2n given in [2, p. 145].

Part (ii) follows from the proof of [26, Theorem 4].

Part (iii) follows from a direct calculation that µ5(G7,3,2,1) = 3.6601 < 4.

Given a graph G with V (G) = {v1, . . . , vn}, a vector x = (x1, . . . , xn)> can be viewed as a function

defined on V (G) mapping vi to xvi i.e., x(vi) = xvi = xi for i = 1, . . . , n.

A pendant path u1 . . . up of G at up is an induced path of G with δG(u1) = 1, δG(up) ≥ 3, and δG(ui) = 2

for i = 2, . . . , p− 1 if p ≥ 3.

Lemma 2.6. Let P := v1 . . . v` be a pendant path of a graph G at v`. If there is a vector x such that

L(G)x = 4x, then for i = 1, . . . , `, xi = (−1)i−1(2i− 1)x1, where xi = xvi .

Proof. We prove the statement by induction on i. It is trivial for i = 1. From L(G)x = 4x at v1, we

have x1 − x2 = 4x1, i.e., x2 = −3x1, so the statement is true for i = 2. Suppose that 2 ≤ i ≤ ` − 1 and

xj = (−1)j−1(2j − 1)x1 for each j ≤ i. From L(G)x = 4x at vi, we have

2xi − xi−1 − xi+1 = 4xi,

so

xi+1 = −2xi − xi−1 = (−1)i(2i+ 1)x1,

proving the lemma.

Denote by G the complement of G.

Lemma 2.7. [20, Theorem 3.6] Let G be a graph of order n. Then µi(G) + µn−i(G) = n for i =

1, . . . , n− 1.
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The following lemma comes from [9, Corollary 3.2] and subsequent remark there.

Lemma 2.8. Let G be a graph of order n with at least one edge. Then µ1(G) ≥ δ1(G) + 1 with equality

when G is connected if and only if δ1(G) = n− 1.

Lemma 2.9. [18, Theorem 4], [22, Theorems 2.5 and 2.6]. Let G be a connected graph of order n with

n ≥ 3. Then µ2(G) ≥ δ2(G) with equality only if, under reordering the vertices so that δG(vi) = δi(G) for

i = 1, . . . , n, G satisfies one of the following conditions:

(i) v1v2 /∈ E(G) and NG(v1) = NG(v2),

(ii) G is not a star, v1v2 ∈ E(G), δ1(G) = δ2(G) = n
2 and NG(v1) ∩NG(v2) = ∅.

From Lemmas 2.7 and 2.9, we have

Corollary 2.10. Let G be a connected graph of order n such that G is connected. Then µn−2(G) ≤
δn−1(G) + 1 with equality only if, under reordering the vertices so that δG(vi) = δi(G) for i = 1, . . . , n, G

satisfies one of the following conditions:

(i) vn−1vn ∈ E(G) and NG(vn−1) \ {vn} = NG(vn) \ {vn−1},

(ii) vn−1vn /∈ E(G), δn−1(G) = δn(G) = n−2
2 and NG(vn−1) ∩NG(vn) = ∅.

Let G be a graph of order n. Denote by κ(G) the connectivity of G. By the well-known Whitney’s

inequality, κ(G) ≤ δn(G). For two vertex disjoint graphs G1 and G2, their join is the graph G1 ∪G2 + {uv :

u ∈ V (G1), v ∈ V (G2)}.

Lemma 2.11. [8, Result 4.1], [16, Theorem 2.1] Let G be a connected graph of order n that is not complete.

Then µn−1(G) ≤ κ(G) with equality if and only if G is a join of two graphs G1 and G2, where G1 is a

disconnected graph of order n− κ(G) and G2 is a graph of order κ(G) with µκ(G)−1(G2) ≥ 2κ(G)− n.

Let G be a connected graph and P be a diametral path of G. For vertex z of G outside P , we denote

by ΓG,P (z) the set of neighbors of z on P , that is, ΓG,P (z) = NG(z) ∩ V (P ).

We say two matrices A and B are permutational similar if A = QBQ> for some permutation matrix Q.

3. Proof of Theorem 1.1. Theorem 1.1 follows from Theorems 3.1 and 3.2.

Theorem 3.1. Let G be a connected graph of order n with diameter d, where d ≤ n− 4. If d = 2, 3, 4,

then mG[n− d, n] ≤ n− d+ 1.

Proof. The result for d = 2 is trivial as µn(G) = 0.

Suppose that d = 3. Let P := v1 . . . v4 be a diametral path of G. Then v1v3, v1v4 ∈ E(G), so δ1(G) ≥ 2.

By Lemma 2.8, µ1(G) > δ1(G) + 1 ≥ 3. So by Lemma 2.7, µn−1(G) = n − µ1(G) < n − 3. Thus,

mG[n− 3, n] ≤ n− 2.

Now suppose that d = 4. It suffices to show that µn−2(G) < n− 4, or µ2(G) > 4 by Lemma 2.7.

Let P := v1v2v3v4v5 be a diametral path of G. Then, G[{v1, v2, v3, v4, v5}] is H0 in Fig. 3.

As n ≥ 8, there are at least three vertices outside P in G. Let u, v and w be three such vertices.
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v4 v2

v1 v5

v3

Figure 3. The graph H0.

Suppose first that u, v, and w are all adjacent to v1 in G. As P is a diametral path of G, none of u, v, and

w is adjacent to v4 or v5 in G, so all of them are adjacent to both v4 and v5 in G. Thus, δ1(G) ≥ δG(v5) ≥ 6

and δ2(G) ≥ δG(v4) ≥ 5. By Lemma 2.9, µ2(G) ≥ δ2(G) ≥ 5 > 4.

Suppose next that exactly two of u, v, and w, say u and v, are adjacent to v1 in G. Then uv5, vv5 /∈ E(G),

so uv5, vv5, wv1 ∈ E(G), implying that δG(v5) ≥ 5 and δG(v1) ≥ 4. Thus, δ1(G) ≥ 5 and δ2(G) ≥ 4. By

Lemma 2.9, µ2(G) ≥ δ2(G) ≥ 4. Suppose that µ2(G) = 4. Then δG(v5) = δ1(G) ≥ 5 and δG(v1) = δ2(G) = 4.

Note that v1 and v5 are adjacent in G with a common neighbor v3. By Lemma 2.9, this is impossible. It

thus follows that µ2(G) > 4.

Now, suppose that exactly one of u, v and w, say u, is adjacent to v1 in G. Then uv5 /∈ E(G), so

uv5, vv1, wv1 ∈ E(G). Thus, δ1(G) ≥ δG(v1) ≥ 5 and δ2(G) ≥ δG(v5) ≥ 4. As v1 and v5 are adjacent in G

and with a common neighbor v3, one gets µ2(G) > δ2(G) ≥ 4 by Lemma 2.9.

Finally, suppose that none of u, v, and w is adjacent to v1 in G. If two of them, say u and v, are

adjacent to v2 in G, then uv5, vv5 ∈ E(G), implying that δ2(G) ≥ 5, so we have by Lemma 2.9 that

µ2(G) > 4. If at most one of u, v, and w is adjacent to v2 in G, then we may assume that uv2, vv2 6∈ E(G),

i.e., uv2, vv2 ∈ E(G), so δ2(G) ≥ 4 and we have µ2(G) > 4 by Lemma 2.9.

It is evident that mKn−e[n, n] = n− 2. Note that Gn,3,2 (Gn,4,3, respectively) is an n-vertex graph with

diameter 3 (4, respectively). As Kn−1−e is a subgraph of Gn,3,2, we have µn−2(Gn,3,2) ≥ µn−2(Kn−1−e) =

n− 3, so by Theorem 3.1, mGn,3,2 [n− 3, n] = n− 2. From [27, Proposition 1], µn−3(Gn,4,3) > n− 3, so by

Theorem 3.1 again, mGn,4,3 [n− 4, n] = n− 3. Thus, the bound in Theorem 3.1 is tight.

Theorem 3.2. Let G be a connected graph of order n with diameter d, where 5 ≤ d ≤ n − 4. Then

mG[n− d, n] ≤ n− d+ 2.

Proof. Let P := v1 . . . vd+1 be a diametral path of G. As d ≤ n − 4, there are at least three vertices

lying outside P . Assume that u, v, and w are three such vertices. Let G′ be the subgraph of G induced

by V (P ) ∪ {u, v, w} and B the principal submatrix of L(G) corresponding to vertices of G′. Denote by M

the diagonal matrix whose diagonal entry corresponding to vertex z is δG(z)− δG′(z) for z ∈ V (G′). Then

B = L(G′) +M . By Lemma 2.2,

µn−d+3(G) = ρn−(d+4)+7(L(G)) ≤ ρ7(B).

By Lemma 2.1,

ρ7(B) ≤ µ7(G′) + ρ1(M).
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Thus, µn−d+3(G) ≤ µ7(G′) + ρ1(M). Obviously, ρ1(M) ≤ n − |V (G′)| = n − d − 4. If µ7(G′) < 4, then

µn−d+3(G) < n− d, so mG[n− d, n] ≤ n− d+ 2. Thus, it suffices to show that µ7(G′) < 4.

As P is a diametral path of G, any vertex outside P has at most three consecutive neighbors on P . For

z = u, v, w, let nz = |ΓG,P (z)|. If nz < 3 for some z = u, v, w, then there exist 3 − nz vertices on P so

that P remains to be a diametral path of the graph obtained by adding edges between z and the 3 − nz
vertices. By Lemma 2.3, we can assume that ΓG,P (u) = {vp−1, vp, vp+1}, ΓG,P (v) = {vq−1, vq, vq+1} and

ΓG,P (w) = {vr−1, vr, vr+1}, where 2 ≤ p, q, r ≤ d. Assume that p ≤ q ≤ r. If q − p > r − q, then we

relabel the vertices of G by setting v′i = vd+2−i for i = 1, . . . , d+ 1, u′ = u, v′ = v, and w′ = w, so we have

p′ ≤ q′ ≤ r′ and q′ − p′ ≤ r′ − q′, where p′ = d + 2 − r, q′ = d + 2 − q, and r′ = d + 2 − p. So, we assume

furthermore that q − p ≤ r − q.

Case 1. r ≥ q + 2.

Note that uw, vw 6∈ E(G). It is easy to see that G′−{vr−1vr, wvr+1} ∼= Hd+4,p,q or Hd+4,p,q−uv, where

u and v are the two vertices outside the diametral path P . By Lemmas 2.3 and 2.5, one gets

µ7(G′) ≤ µ5(Hd+4,p,q) < 4,

as desired.

Case 2. r = q + 1.

By assumption, we have p ≤ q ≤ p+ 1.

Case 2.1. q = p+ 1.

It is possible that v is adjacent to u or w. Assume that uv, vw ∈ E(G) by Lemma 2.3. Let ui = vi for

i = 1, . . . , p− 1, up = u, ui+1 = vi for i = p, p+ 1, up+3 = w, ui+2 = vi for i = p+ 2, . . . , d+ 1 and ud+4 = v.

Under this new labeling,

G′ − {up−1up+1, upup+2, up+2up+4, up+3up+5, upud+4, up+4ud+4},

is a copy of Gd+4,d+2,p+2. So

L(G′) = L(Gd+4,d+2,p+2) +R,

where R = (rij)(d+4)×(d+4) with

rij =



1 if i = j ∈ {p− 1, p+ 1, p+ 3, p+ 5},
2 if i = j ∈ {p, p+ 2, p+ 4, d+ 4},
−1 if {i, j} ∈ {{p− 1, p+ 1}, {p, p+ 2}, {p, d+ 4}},
−1 if {i, j} ∈ {{p+ 2, p+ 4}, {p+ 3, p+ 5}, {p+ 4, d+ 4}},
0 otherwise.

As R is permutational similar to L(2P2 ∪ C4 ∪ (d− 4)K1), we have ρ6(R) = 0. So by Lemmas 2.1 and 2.4,

we have

µ7(G′) ≤ µ2(Gd+4,d+2,p+2) + ρ6(R) = 4.

Suppose that µ7(G′) = 4. By Lemma 2.1, there exists a nonzero vector x such that Rx = 0 and

L(Gd+4,d+2,p+2)x = 4x. Let xi = xui for i = 1, . . . , d+ 4.
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From Rx = 0, we have L(C4)(xp, xp+2, xp+4, xd+4)> = 0, so xp = xp+2 = xp+4 = xd+4.

From Rx = 0 at up−1 and up+3, respectively, we have xp−1 = xp+1 and xp+3 = xp+5.

From L(Gd+4,d+2,p+2)x = 4x at up, we have

2xp − xp−1 − xp+1 = 4xp,

so xp−1 = −xp.

As u1 . . . up+1 is a pendant path of Gd+4,d+2,p+2 at up+1, we have by Lemma 2.6 that

xi = (−1)i−1(2i− 1)x1 for i = 1, . . . , p+ 1.

From L(Gd+4,d+2,p+2)x = 4x at up+1, we have 3xp+1−xp−xp+2−xd+4 = 4xp+1, so xp+1 = −3xp. It hence

follows that

(−1)p(2p+ 1)x1 = xp+1 = −3xp = −3(−1)p−1(2p− 1)x1,

i.e.,

(2p+ 1)x1 = 3(2p− 1)x1,

equivalently, x1 = 0. So xi = 0 for i = 1, . . . , p + 2, p + 4, d + 4. From L(Gd+4,d+2,p+2)x = 4x at ud+4, we

have

3xd+4 − xp+1 − xp+2 − xp+3 = 4xd+4.

As xd+4 = xp+1 = xp+2 = xp+4 = 0, one gets xp+3 = 0. So xp+5 = xp+3 = 0. It follows that xi = 0 for

i = 1, . . . , p+ 5. Now from L(Gd+4,d+2,p+2)x = 4x at ui for i = p+ 5, . . . , d+ 2, we have xi+1 = 0. Thus, x

is a zero vector, a contradiction. Therefore, µ7(G′) < 4.

Case 2.2. q = p.

By Lemma 2.3, we assume that uv, vw, uw ∈ E(G′).

If 3 ≤ p ≤ d− 2, then G′−{vp−2vp−1, vp+2vp+3} ∼= G7,3,2,1 ∪Pp−2 ∪Pd−p−1, so we have by Lemmas 2.3

and 2.5 that

µ7(G′) ≤ µ5(G′ − {vp−2vp−1, vp+2vp+3}) ≤ max{µ5(G7,3,2,1), µ1(Pp−2), µ1(Pd−p−1)} < 4.

If p = 2, then G′ − vp+2vp+3
∼= G7,3,2,1 ∪ Pd−p−1, so we have by Lemmas 2.3 and 2.5 that

µ7(G′) ≤ µ6(G′ − vp+2vp+3) ≤ max{µ5(G7,3,2,1), µ1(Pd−p−1)} < 4.

If p = d− 1, then G′ − vp−2vp−1 ∼= G7,3,2,1 ∪ Pp−2 and so by Lemmas 2.3 and 2.5,

µ7(G′) ≤ µ6(G′ − vp−2vp−1) ≤ max{µ5(G7,3,2,1), µ1(Pd−p−1)} < 4.

Case 3. r = q.

In this case, p = q = r. By Lemma 2.3, we assume that uv, vw, uw ∈ E(G′). Let ui = vi for

i = 1, . . . , p− 1, up = u, up+1 = vp, up+2 = v, ui+2 = vi for i = p + 1, . . . , d + 1 and ud+4 = w. Under this

new labeling,

G′ − {up−1up+1, up−1up+2, upup+2, upup+3, up+1up+3, up+2ud+4, up+3ud+4},
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is a copy of Gd+4,d+2,p. So

L(G′) = L(Gd+4,d+2,p) +R,

where R = (rij)(d+4)×(d+4) with

rij =



2 if i = j ∈ {p− 1, p, p+ 1, d+ 4},
3 if i = j ∈ {p+ 2, p+ 3},
−1 if {i, j} ∈ {{p− 1, p+ 1}, {p− 1, p+ 2}, {p, p+ 2}, {p, p+ 3}},
−1 if {i, j} ∈ {{p+ 1, p+ 3}, {p+ 2, d+ 4}, {p+ 3, d+ 4}},
0 otherwise.

As R is permutational similar to L(H ∪ (d − 2)K1) where H is a graph on 6 vertices consisting of a cycle

up−1up+1up+3upup+2up−1 and additional two edges up+2ud+4 and up+3ud+4, we have ρ6(R) = 0. So by

Lemmas 2.1 and 2.4, we have

µ7(G′) ≤ µ2(Gd+4,d+2,p) + ρ6(R) = 4.

Suppose that µ7(G′) = 4. By Lemma 2.1, there exists a nonzero vector x such that Rx = 0 and

L(Gd+4,d+2,p)x = 4x. As earlier, let xi = xui for i = 1, . . . , d+ 4. From Rx = 0, we have

L(H)(xp−1, xp+1, xp+2, xp, xp+3, xd+4)> = 0,

so xp−1 = · · · = xp+3 = xd+4.

Suppose first that p ≥ 3. From L(Gd+4,d+2,p)x = 4x at up−1, we have

3xp−1 − xp−2 − xp − xd+4 = 4xp−1,

so xp−2 = −3xp−1. As u1 . . . up−1 is a pendant path of G′ at up−1, we have by Lemma 2.6 that

xi = (−1)i−1(2i− 1)x1 for i = 1, . . . , p− 1.

Then

xp−2 = (−1)p−3(2(p− 2)− 1)x1 = −3 · (−1)p−2(2(p− 1)− 1)x1,

i.e.,

(2p− 5)x1 = 3(2p− 3)x1,

equivalently, x1 = 0, so xi = 0 for i = 1, . . . , p+ 3, d+ 4. If p = 2, this follows from L(Gd+4,d+2,p)x = 4x at

up.

Now from L(Gd+4,d+2,p)x = 4x at ui with i = p + 3, . . . , d + 2, we have xi+1 = 0. Thus x = 0, a

contradiction. Therefore, µ7(G′) < 4.

The bound in Theorem 1.1 can be improved under certain conditions.

Proposition 3.3. Let G be an n-vertex connected graph with diametral path P := v1 . . . vd+1, where

5 ≤ d ≤ n− 4. If there exist three vertices u, v, w outside P such that |ΓG,P (u)|+ |ΓG,P (v)|+ |ΓG,P (w)| ≤ 5,

then mG[n− d, n] ≤ n− d+ 1.
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Proof. Let H = G[V (P ) ∪ {u, v, w}] and E′ be the set of edges between vertices on P and u, v, w. As

|ΓG,P (u)| + |ΓG,P (v)| + |ΓG,P (w)| ≤ 5, |E′| ≤ 5. Note that H − E′ ∼= Pd+1 ∪ G[{u, v, w}]. We have by

Lemmas 2.3 and 2.5 that

µ6(H) ≤ µ1(H − E′) = max{µ1(Pd+1), µ1(G[{u, v, w}])} < 4.

Let B be the principal submatrix of L(G) corresponding to vertices of H and M be the diagonal matrix

whose diagonal entry corresponding to vertex z is δG(z) − δH(z) for z ∈ V (H). Then, by Lemmas 2.2 and

2.1,

µn−d+2(G) = ρn−(d+4)+6(L(G)) ≤ ρ6(B) ≤ µ6(H) + ρ1(M) < n− d,

as desired.

4. Proof of Theorem 1.2. Theorem 1.2 follows from Theorems 4.1 and 4.2.

Theorem 4.1. Let G be a connected graph of order n with diameter d. If 2 ≤ d ≤ bn+3
2 c, then mG[n−

2d+ 4, n] ≤ n− 2.

Proof. It suffices to show that µn−1(G) < n− 2d+ 4. If d = 2, then G is a spanning subgraph of Kn− e
for some e ∈ E(Kn), so we have by Lemma 2.3 that µn−1(G) ≤ n− 2 < n = n− 2d+ 4, as desired. Suppose

that d ≥ 3 and P := v1 . . . vd+1 is a diametral path of G. For i = 2, . . . , d − 1, let Vi be the set of vertices

of G such that the distance to v1 is i− 1. Let Vd be the set of vertices of G such that the distance to v1 is

d− 1 and the neighbors of vd+1. Evidently, vi ∈ Vi and Vi is a cut set of G for each i = 2, . . . , d. As P is a

diametral path, Vi∩Vj = ∅ if i 6= j and there is no edge between Vi and Vj if |j− i| ≥ 2. If κ(G) ≥ n−2d+5,

then

2 + (n− 2d+ 5)(d− 2) ≤ |{v1, vd+1}|+
d∑
i=2

|Vi| ≤ n,

i.e., 2d2 − (n+ 9)d+ 3n+ 8 ≥ 0, so d < 3 or d > n+3
2 , a contradiction. So κ(G) ≤ n− 2d+ 4. As d ≥ 3, G

is not a join, so we have by Lemma 2.11 that µn−1(G) < κ(G) ≤ n− 2d+ 4.

We give examples for which the bound in Theorem 4.1 is attained. If G = Kn − e, then d = 2 and

mKn−e[n, n] = n − 2. Let R1 (R2, respectively) be the graph on 8 vertices (7 vertices, respectively) with

diameter 5 in Fig. 4. By a direct calculation, we have µ6(R1) = 2 and µ5(R2) = 1. By Theorem 4.1,

mR1
[2, 8] = 6 and mR2

[1, 7] = 5, agreeing the bound in Theorem 4.1 for d = n+2
2 = 5 and d = n+3

2 = 5,

respectively.

Figure 4. The graph R1 (left) and R2 (right).

If 3 ≤ d ≤ bn+1
2 c, Theorem 4.1 may be improved as follows.

Theorem 4.2. Let G be a connected graph of order n with diameter d. If 3 ≤ d ≤ bn+1
2 c, then mG[n−

2d+ 4, n] ≤ n− 3.

Proof. The case for d = 3 is known from [27, Theorem 6], and the case for d = 4 follows from Theorem

1.1. Suppose in the following that d ≥ 5. It suffices to show that µn−2(G) < n− 2d+ 4.
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Let P := v1 . . . vd+1 be a diametral path of G. For i = 1, . . . , d − 1, let Vi be the set of vertices of G

such that the distance to v1 is i − 1. Let Vd be the set of vertices of G except vd+1 such that the distance

to v1 is d − 1 or d. Let Vd+1 = {vd+1}. By Lemma 2.3, we assume that G[Vi ∪ Vi+1] is complete for each

i = 2, . . . , d. Note that Vi is a cut set of G for each i = 2, . . . , d and that v is a cut vertex of G if and only if

v = vi and |Vi| = 1 for some i = 2, . . . , d. Let s be the number of sets V2, . . . , Vd with cardinality 1.

We divide the proof into two cases.

Case 1. δn−1(G) ≥ n− 2d+ 4.

Note that max{|V2|, |Vd|} = max{δG(v1), δG(vd+1)} ≥ δn−1(G) ≥ n − 2d + 4. Assume that |V2| ≥
n − 2d + 4 > 2 and |Vj | = min{|Vi| : i = 3, . . . , d}. Then |Vi| ≥ 2 for i = 3, . . . , d if s = 0, and |Vi| ≥ 2 for

i = 3, . . . , d with i 6= j if s = 1. Thus, if s = 0, 1, then

n+ 1 = 2 + 1 + (n− 2d+ 4) + 2(d− 3) ≤ |{v1, vd+1}|+ |Vj |+ |V2|+
d∑

i=3
i6=j

|Vi| ≤ n,

a contradiction. So s ≥ 2. Assume that |V`| = 1. Then v` is one cut vertex of G. Suppose that there

is a component G0 of G − v` such that G0 has a cut vertex. Then κ(G0) = 1 and by Lemma 2.11,

µ|V (G0)|−1(G0) ≤ κ(G0) = 1. Let B be the principal submatrix of L(G) by deleting the row and column

corresponding to vertex v`. By Lemma 2.1, ρn−3(B) ≤ µn−3(G−v`)+ρ1(B−L(G−v`)) = µn−3(G−v`)+1.

Then, by Lemma 2.2, we have

µn−2(G) ≤ ρn−3(B) ≤ µn−3(G− v`) + 1 ≤ µ|V (G0)|−1(G0) + 1 ≤ 2 < n− 2d+ 4,

as desired. Suppose that there is no cut vertices of any component of G − v`. Then s = 2 and either

|V`−1| = 1 or |V`+1| = 1, say |V`+1| = 1. As

n = 4 + n− 2d+ 4 + 2(d− 4) ≤ |{v1, vd+1, v`, v`+1}|+ |V2|+
d∑

i=3
i6=`,`+1

|Vi| ≤ n,

we have |V2| = n− 2d + 4 and |Vi| = 2 for i = 3, . . . , d with i 6= `, ` + 1, where 3 ≤ ` ≤ d− 1. If ` = d− 1,

then δG(vd+1) = 1 and δG(vn−1) = 2, so n − 2d + 4 ≤ δn−1(G) ≤ 2, which is a contradiction. So ` ≤ d − 2

and |Vd| = 2. Let B′ be the principal submatrix of L(G) by deleting the rows and columns corresponding to

vertices in Vd. Let G1 = G− Vd − vd+1. By Lemma 2.1, ρn−4(B′) ≤ µn−4(G− Vd) + ρ1(B′ − L(G− Vd)) =

µn−4(G1) + 2. Note that G1 is not a join with a cut vertex v`. By Lemma 2.11, µn−4(G1) < κ(G1) = 1.

Therefore, by Lemma 2.2,

µn−2(G) ≤ ρn−4(B′) ≤ µn−4(G1) + 2 < κ(G1) + 2 = 3 ≤ n− 2d+ 4,

as desired.

Case 2. δn−1(G) ≤ n− 2d+ 3.

By Corollary 2.10, µn−2(G) ≤ δn−1(G) + 1 ≤ n − 2d + 4. Suppose by contradiction that µn−2(G) =

n− 2d+ 4. Then µn−2(G) = δn−1(G) + 1 and δn−1(G) = n− 2d+ 3. Let u1 and u2 be two vertices of degree

δn(G) and δn−1(G) in G, respectively. By the diameter condition, G is connected. By Corollary 2.10 and

the fact that µn−2(G) = δn−1(G) + 1, we have the following two cases.
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Case 2.1. u1u2 /∈ E(G), δn−1(G) = δn(G) = n−2
2 and NG(u1) ∩NG(u2) = ∅.

Note that V (G) = {u1, u2} ∪NG(u1) ∪NG(u2). Let Ui = NG(ui) for i = 1, 2. As G is connected, there

is a vertex wi ∈ Ui with i = 1, 2 such that w1w2 ∈ E(G). The distance between any vertex pair of vertices in

{u1, u2} ∪ Ui with i = 1, 2 is at most three. Let z1 ∈ U1 \ {w1}. If z1w1 ∈ E(G), then the distance between

z1 and any vertex in U2 is at most three. If z1w1 /∈ E(G), then as δG(z1) ≥ δn(G) = n−2
2 = |U1|, we have

z1z2 ∈ E(G) for some z2 ∈ U2, so the distance between z1 and any vertex in U2 is at most three. This shows

that d ≤ 3, a contradiction.

Case 2.2. u1u2 ∈ E(G) and NG(u1) \ {u2} = NG(u2) \ {u1}.

Note that δn(G) = δG(u1) = δG(u2) = δn−1(G) = n− 2d+ 3. Then |V2|, |Vd| ≥ δn(G) = n− 2d+ 3 ≥ 2.

Let |Vj | = min{|Vi| : i = 3, . . . , d− 1}. If |Vj | ≥ 2, then

2 + (n− 2d+ 3) · 2 + 2(d− 3) ≤ |{v1, vd+1}|+ |V2|+ |Vd|+
d−1∑
i=3

|Vi| ≤ n,

i.e., n ≤ 2d − 2, which is a contradiction. So |V`| = 1 for some ` with 3 ≤ ` ≤ d − 1. Denote by B the

principal submatrix of L(G) by deleting the row and column corresponding to vertex v`.

Suppose that there is a component G0 of G− v` such that κ(G0) = 1. It then follows from Lemmas 2.2,

2.1 and 2.11 that

µn−2(G) ≤ ρn−3(B) ≤ µn−3(G− v`) + 1 ≤ µ|V (G0)|−1(G0) + 1 ≤ κ(G0) + 1 = 2 < n− 2d+ 4,

a contradiction. So there is no cut vertices of any component of G − v`, s = 1, 2, and if s = 2, then one of

v`−1 and v`+1, say v`+1, is a cut vertex of G. Thus, G− v` consists of two components, say H and F , with

v1, . . . , v`−1 ∈ V (H) and and v`+1, . . . , vd+1 ∈ V (F ).

If H and F are both complete, then d ≤ 4, which is a contradiction to the assumption that d ≥ 5.

Assume that H is not complete. Let p = |V (H)|.

If F is not complete, then as one of u1 and u2 lies in G− v` = H ∪F and δG(u1) = δG(u2) = n− 2d+ 3,

we have min{δp(H), δn−p(F )} ≤ n− 2d+ 3, so we assume that δp(H) ≤ n− 2d+ 3 (if δn−p(F ) ≤ n− 2d+ 3,

then we exchange the roles of H and F ). If F is complete, then δp(H) ≤ n− 2d+ 3, as otherwise, we have

|Vd| ≥ 2, s = 1, ` = d− 1, and so

3 + (n− 2d+ 4) + 2(d− 4) + (n− 2d+ 3) ≤ |{v1, vd+1, vd−1}|+
d∑
i=2

|Vi| ≤ n,

i.e., n ≤ 2d− 2, which is a contradiction. It then follows that κ(H) ≤ δp(H) ≤ n− 2d+ 3. By Lemma 2.11,

µp−1(H) ≤ κ(H) ≤ n− 2d+ 3. Now, by Lemmas 2.2 and 2.1, we have

n− 2d+ 4 = µn−2(G) ≤ ρn−3(B) ≤ µn−3(G− v) + 1 ≤ µp−1(H) + 1 ≤ n− 2d+ 4,

so µp−1(H) = n− 2d+ 3 = κ(H) = δp(H). By Lemma 2.11, H is a join, say H = H1 ∨H2, and one of H1

and H2, say H1, is disconnected and the other H2 has order n− 2d+ 3, so {v1} ∪ V3 ⊆ V (H1) and ` = 4.

Suppose that s = 1. Then we have

3 + (n− 2d+ 3) + 2(d− 4) + (n− 2d+ 3) ≤ |{v1, vd+1, v4}|+
d∑

i=2
i6=4

|Vi| ≤ n,
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i.e., n ≤ 2d− 1, so n = 2d− 1 and |Vi| = 2 for i = 2, . . . , d with i 6= 4. This is impossible because there are

no vertices u1 and u2 such that u1u2 ∈ E(G) and δG(u1) = δG(u2) = 2.

Suppose that s = 2. Then 4 = ` ≤ d− 2. Then H ′ = G[V (H) ∪ {v4}] is a component of G− v5 and it

is not a join. Note that δp+1(H ′) ≤ δp(H) ≤ n− 2d+ 3. So κ(H ′) ≤ n− 2d+ 3. By Lemmas 2.2, 2.1, and

2.11, we have

n− 2d+ 4 = µn−2(G) ≤ ρn−3(B′) ≤ µn−3(G− v5) + 1 ≤ µp(H ′) + 1 < κ(H ′) + 1 ≤ n− 2d+ 4,

a contradiction.

Acknowledgments. The authors thank Professors Domingos M. Cardoso, Vilmar Trevisan, Saieed

Akbari, Elismar R. Oliveira, and Stephen T. Hedetniemi for helpful comments and suggestions on an early

version of this paper. The authors would like to thank the reviewers for constructive comments and sugges-

tions. This work was supported by the National Natural Science Foundation of China (No. 12071158).

REFERENCES

[1] M. Ahanjideh, S. Akbari, M.H. Fakharan, and V. Trevisan. Laplacian eigenvalue distribution and graph parameters.

Linear Algebra Appl., 632:1–14, 2022.

[2] W.N. Anderson and T.D. Morley. Eigenvalues of the Laplacian of a graph. Linear Multilinear Algebra, 18:141–145, 1985.

[3] J.A. Bondy and U.S.R. Murty. Graph Theory. Springer, New York, 2008.

[4] R.O. Braga, V.M. Rodrigues, and V. Trevisan. On the distribution of Laplacian eigenvalues of trees. Discrete Math.,

313:2382–2389, 2013.

[5] D.M. Cardoso, D.P. Jacobs, and V. Trevisan. Laplacian distribution and domination. Graphs Comb., 33:1283–1295, 2017.

[6] J. Choi, S. Moon, and S. Park. Classification of graphs by Laplacian eigenvalue distribution and independence number.

Linear Multilinear Algebra, 71:2877–2893, 2023.

[7] J. Choi, S. O, J. Park, and Z. Wang. Laplacian eigenvalue distribution of a graph with given independence number. Appl.

Math. Comput., 448:127943, 2023.

[8] M. Fiedler. Algebra connectivity of graphs. Czechoslovake Math. J., 23(98):298–305, 1973.

[9] R. Grone and R. Merris. The Laplacian spectrum of a graph II. SIAM J. Discrete Math., 7:221–229, 1994.

[10] R. Grone, R. Merris, and V.S. Sunder. The Laplacian spectrum of a graph. SIAM J. Matrix Anal. Appl., 11:218–238,

1990.

[11] J. Guo and S. Tan. A relation between the matching number and Laplacian spectrum of a graph. Linear Algebra Appl.,

325:71–74, 2001.

[12] J. Guo, X. Wu, J. Zhang, and K. Fang. On the distribution of Laplacian eigenvalues of a graph. Acta Math. Sin. (Engl.

Ser.), 27:2259–2268, 2011.

[13] S.T. Hedetniemi, D.P. Jacobs, and V. Trevisan. Domination number and Laplacian eigenvalue distribution. Eur. J.

Comb., 53:66–71, 2016.

[14] R.A. Horn and C.R. Johnson. Matrix Analysis, Second edition. Cambridge University Press, Cambridge, 2013.

[15] D.P. Jacobs, E.R. Oliveira, and V. Trevisan. Most Laplacian eigenvalues of a tree are small. J. Comb. Theory Ser. B,

146:1–33, 2021.

[16] S.J. Kirkland, J.J. Molitierno, M. Neumann, and B.L. Shader. On graphs with equal algebraic and vertex connectivity.

Linear Algebra Appl., 341:45–56, 2002.

[17] A. Knutson and T. Tao. Honeycombs and sums of Hermitian matrices. Notices Amer. Math. Soc., 48:175–186, 2001.

[18] J. Li and Y. Pan. A note on the second largest eigenvalue of the Laplacian matrix of a graph. Linear Multilinear Algebra,

48:117–121, 2000.

[19] R. Merris. Laplacian matrices of graphs: A survey. Linear Algebra Appl., 197–198:143–176, 1994.

[20] B. Mohar. The Laplacian spectrum of graphs. In: Y. Alavi, G. Chartrand, O.R. Oellermann, and A.J. Schwenk (editors),

Graph Theory, Combinatorics, and Applications, Vol. 2, Wiley, New York, 871–898, 1991.

[21] B. Mohar. Laplace eigenvalues of graphs – a survey. Discrete Math., 109:171–183, 1992.

[22] Y. Pan and Y. Hou. Two necessary conditions for λ2(G) = d2(G). Linear Multilinear Algebra, 51:31–38, 2003.



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 40, pp. 774-787, October 2024.

787 Diameter vs. Laplacian eigenvalue distribution

[23] C. Sin. On the number of Laplacian eigenvalues of trees less than the average degree. Discrete Math., 343:111986, 2020.

[24] W. So. Commutativity and spectra of Hermitian matrices. Linear Algebra Appl., 212–213:121–129, 1994.

[25] H. Weyl. Das asymptotische Verteilungsgesetz der Eigenwerte linearer partieller Differentialgleichungen. Math. Ann., 71:

441–479, 1912 (in German).

[26] L. Xu and B. Zhou. Proof of a conjecture on distribution of Laplacian eigenvalues and diameter, and beyond. Linear

Algebra Appl., 678:92–106, 2023.

[27] L. Xu and B. Zhou. Laplacain eigenvalue distribution and diameter of graphs. Discrete Math., 347:114001, 2024.

[28] L. Zhou, B. Zhou, and Z. Du, On the number of Laplacian eigenvalues of trees smaller than two. Taiwanese J. Math.,

19:65–75, 2015.


	Introducion
	Preliminaries
	Proof of Theorem 1.1
	Proof of Theorem 1.2
	References

