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ON A SCHUR COMPLEMENT INEQUALITY FOR THE
HADAMARD PRODUCT OF CERTAIN TOTALLY
NONNEGATIVE MATRICES*

ZHONGPENG YANG! AND XIAOXIA FENG#

Abstract. Under the entrywise dominance partial ordering, T.L. Markham and R.L. Smith
obtained a Schur complement inequality for the Hadamard product of two tridiagonal totally non-
negative matrices. Applying the properties of the Hadamard core of totally nonnegative matrices,
the Schur complement inequalities for the Hadamard product of totally nonnegative matrices is ob-
tained, which extends those of T.L. Markham and R.L. Smith for tridiagonal totally nonnegative
matrices [T.L. Markham and R.L. Smith. A Schur complement inequality for certain P-matrices.
Linear Algebra and its Applications, 281:33-41, 1998.]. This result improves the refinement and
range of applications for these inequalities.
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1. Introduction. Let R™*™ S;* be the sets of m x n real and n x n real
symmetric positive definite matrices, respectively. The Léwner partial ordering on
positive semidefinite matrices A and B is defined as A > B if and only if A — B is
positive semidefinite. The Hadamard product of two m x n matrices A = (a;5) and
B = (b”) is denoted by AoB = (aijbij).

Let A € R™ ™ be partitioned as follows

(1.1) A= {iu 312} , where A1; € R¥*F and Ayy € R X(=F) g invertible.
21 A2

The matrix
(1.2) AfAgy = Ayy — A1 Ay) Ay
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is the Schur complement of Ass in A.

In the Lowner partial ordering, T.L. Markham and R.L. Smith presented a Schur
complement inequality for the Hadamard product of real symmetric positive definite
matrices partitioned as in (1.1) (see [10, Theorem 1.2]), where the Schur complement
is determined by (1.2) as follows

(13) (AOB)/(AQQOBQQ) ZA/AQQOB/BQQ, A,B S STJLr

If all the minors of A € R™*™ are nonnegative (positive), we call A as totally
nonnegative (positive) matrix, written A € TNy, (TP, ) (see [2]). When m = n,
we simply write as TNy, ,, = TN,,. A.S. Crans, S.M. Fallat, and C.R. Johnson [2]
pointed out that this class arises in a long history of applications, and it has enjoyed
increasing recent attention (see [1], [2], [4], [6], [10], [14]). It plays a crucial role in
Economics, and has great influence on other branches of Mathematics.

Under the entrywise dominance partial ordering (namely, when every element of
A — B is nonnegative, written A > B), T.L. Markham and R.L. Smith proved:

PRrROPOSITION 1.1. [10, Theorem 2.1] Let A, B € T'N,, both be tridiagonal and
partitioned as in (1.1). If Ass, Bay and Agg o B are invertible, then the inequality
(1.3) holds.

The matrices in the following Example 1.2 come from [9] and [10] as follows

EXAMPLE 1.2. Let

8 12 13.05 1 1 0
0 2 3 90.03 105 70

By [9] and [10], we know that both A and B are totally nonnegative matrices. In
1970, T.L. Markham proved A o B ¢ T'N3 (see [9]), and A and B satisfy (1.1) with
A =8, By =1, and (Ao B)/(Ass 0 Bay) = —10, A/Asy 0 B/Bay = (2/25)(1/50) =
(1/25)2. Thus

(A ¢} B)/(AQQ o BQQ) < A/AQQ o B/BQQ.
Therefore, the inequality (1.3) does not hold for the matrices A and B that are
not tridiagonal totally nonnegative ones.

Based on the above fact, T.L. Markham and R.L. Smith indicated that it is clear
we cannot hope to improve [10, Theorem 2.1] (Proposition 1.1 in this paper).

When A € R™*" Ala|f] is the submatrix of A lying in the rows indexed by
a C (m) = {1,2,...,m} and columns indexed by 5 C (n), its complementary sub-
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matrix is written by A(«|B), and Ala|a] = Ala], A(ala) = A(a). Ala|B) is the
submatrix of A lying in the rows indexed by « and deleting the columns indexed by
3, its complementary submatrix is A(a|8]. For a given index set «, there exists a
permutation matrix P such that the matrix A partitioned as (1.1) has the following
form

Ala]  Alaja)

(1.4) PTAP = [A(aa] Alo)

} ER™™ aC(n), |af =k,

when A(a) is invertible, write the Schur complement of A(«) in A as
(1.5) PTAP/(PTAP)yy = AJA(a) = Ala] — Ala|a)A(a) "t Aalal,
where PT AP/(PT AP)a is the Schur complement of PT AP in (1.4) defined by (1.2).

Corresponding to (1.2), F. Zhang pointed out that Schur complements can be
formed with respect to any nonsingular submatrix, not just a leading principal sub-
matrix (see [16, p. 20]).

Obviously, when a = {1,2,...,k} (i.e., the permutation matrix P in (1.4) is the
identity one), the Schur complement A/Ass determined by (1.2) is a special case of
A/A(a) determined by (1.5).

Under the Lowner partial ordering, B. Wang and F. Zhang [11, Theorem 2] proved
a general form of the inequality (1.3) as follows

(40 B)/(A(a) o B(a)) = A/A(a) 0 B/B(a), a C (n), A,B e S} (n).

Since the positive property of the class S;' is invariant under permutation similar-
ity, and S, is closed under the Hadamard product of real symmetric positive definite
matrices (see [8]), the authors of [11], [12], [13], and [15] studied the situation of the
partitioned block corresponding to o = {1,2,...,k}, then by the permutation simi-
larity (1.4), the same conclusion for the general Schur complement A/A(«) defined
by (1.5) can be derived.

In 1970, T.L. Markham pointed out that the Hadamard product of the totally
nonnegative matrices is not closed in general [9] (also [8] and [16]). From [16, p.
127], we know that the class T'N,, of totally nonnegative matrices does not have
the invariant property under the permutation similarity. Thus, similar to [10], our
research for T'N,, shall carry through under the partitioned form (1.1) in the following
discussion.

If AJ/A(a) € Q for an arbitrary A € €2, then the class Q is called to be a SC-
closed (see [8] and [16]); if © is o SC-closed for all a, then Q is SC-closed ([16, p.
111]). By [5], [8], [10], [11], [13] and [16], the discussion for the class with the SC-
closure property is very convenient. C.R. Johnson and R.L. Smith (see [16, Chapter
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4]) pointed out that although the totally positive matrix class TP, is o SC-closed for
some index sets «, but TP, is not SC-closed in general.

The definition of the Hadamard core for totally nonnegative matrices was given
in [2] as follows

(1.6) CI'Npn ={A€TNppn:BETNy,, = Ao BTN, .}

When m = n, CT'N,, ,, is abbreviated as CTN,,.

By applying the properties of the Hadamard core for totally nonnegative matrices,
we obtained a new lower bound for the determinant of the Hadamard product of two
totally nonnegative matrices (see [14]).

Applying the properties of the Hadamard core for totally nonnegative matrices,
we obtain the Schur complement inequalities for the Hadamard product of totally
nonnegative matrices, which extend the results of T.L. Markham and R.L. Smith.
Therefore, the restriction of tridiagonal totally nonnegative matrices in [10, Theorem
2.1] can be generalized, and the accuracy of the inequalities can be improved.

2. Preliminaries. The Cauchy-Binet formula (see [7, Section 0.8.7, p. 22]) will
be used in the following discussion: when A € R™*!, B € R**™, then

(2.1) det(AB)[a|f] = ZdetA[aM detB[y|8], o C (m), B C (n).

~

If there exist lower, upper triangular matrices L, U such that A = LU, then
the matrix A is said to have LU-decomposition. The LU-decomposition plays an
important role in the discussion of totally nonnegative matrices.

By the Cauchy-Binet formula (2.1), [1, Theorem 3.5] or [6, Theorem 5.5], we have

LEMMA 2.1. Let A € R™*", then A € T'N,, if and only if there are lower and
upper triangular matrices Ay, Ay € TN, such that A = AyAr.

Although we know that T'N,, is not SC-closed from [16, p. 127], the following
Lemma 2.2 indicates that T'N,, is a SC-closed, where a = {1,2,...,k} and A =
A(a) is invertible, 1 < k < n — 1. This is an important tool in our paper.

Though T. Ando discussed the case for totally positive matrices, by applying the
similar method, we can derive the following Lemma 2.2 from [1, Theorem 3.9].

LEMMA 2.2. Let A € TN,, a = {1,2,...,k} and A(a) be invertible, then
A/A(a) € T Ny.
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THEOREM 2.3. Let A€ TN, a={1,2,...,k} and A(c) be invertible, then

Q- { Ala|a)A(e) ' A(ala]  Alala)

Aalol A(a) ] € 1

Proof. According to Lemma 2.1, assume that the LU-decomposition of A is

ac[ ol el

(2.2) A(ala]  Aa)
_ [ Ayla]Ap[a] + Aylala)AL(ale]  Avlala)Ar(a) ] — ApAL
Ay ()AL (ala] Ay (a)Ap(a) ’
_ | Avla]  Aylala) | Arla] 0
where Au = { 0 Aula) } L= [ Ag(ala] Ap(a) } &1

Furthermore, from (1.1), (2.2), and Lemma 2.2, it follows that

(2.3) AJA(a) = Ala] — Alaja)A(a) "t A(ala] = Aya]ALla] € TN.

By (2.2) and (2.3), we have
(2.4) Ala|a)A(a) Tt A(ala] = Ala] — A/A(a) = Aplala)AL(alal.

Moreover, from (1.1) and (2.2), we have Ala|a) = Aylaja)Ar(a), A(ala] =
Av ()AL (alal, A(a) = Ay(a)AL(a), thus from (2.4), it follows that

= [ Akl Ay el Alofe) | T vl

Aala] Aa) Av(a) } [Ar(ala) Ap(e)].

Thus by Ay, Ap, € TN, again, we know

[ Avlala)

Ay (o) ] € TNnnk, [AL(ale] Ap(a)] € TNy—kn,

thus A € TN,, through (2.1). O

The foundations (2.3) and (2.4) in the proof of Theorem 2.3 stem from the dis-
cussion of T. Ando for totally positive matrices (see [1, Theorem 3.9] and its proof).

[3, Theorem 15] states “Let A be nxn totally nonnegative matrix with detA(1) #

0. Then A — xFj; is totally nonnegative for all z € [0, (hgif—%], where E;; =

diag(1,0,...,0)”.

From the proof of [3, Theorem 15], we have

T € n 1II and only 1 ( ) 11 € ns S n, de 7é .
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If let « = {1} in Theorem 2.3, by the Schur Complement property [16], we have

AJAQ) = g8ty thus ALDAD) T AQ] = ann - g5

Furthermore, from Theorem 2.3,

~ TARAQD)TAQN] AD] detA
A= A1) Ay | = A Geraq) Pu € T

Thus by (2.5), it follows that [3, Theorem 15] can be obtained by Theorem 2.3.
From [10, Section 3], [2, Theorem 2.6] and Theorem 2.3, it follows that
LEMMA 2.4. If the tridiagonal matriz A € TN,,, then A€ CTN,,.

According to [2, Corollary 3.5], we can obtain

LEMMA 2.5. Let A = (a;;) € TN3, then A € CTN3 if and only if

(11022033 + A31Q12023 > A11023032 + 421012033,

11022033 + (2113032 = A11023032 + A21012a33.

3. Main results. Like [10], the matrix inequalities in this section will be given
under the entrywise dominance partial ordering.

THEOREM 3.1. Let A,B € TN,,, o ={1,2,...,k}, A(a), B(a) and A(x) o B(«)
be all invertible. Ifﬁ € CTN,, then
(3.1)
(Ao B)/(A(a) o B(a)) = A/A(a) o Bla] + Ala] o B/B(a) — A/A(a) o B/B(«)
> A/A(0) o Bla] > A/A(a) o B/B(a),
(3.2)
(Ao B)/(A(a) o B(a)) = A/A(a) o Bla] + Ala] o B/B(a) — A/A(a) o B/B(«)
> Ala] o B/B(a) > A/A(a) o B/B(«).

Proof. Applying (1.1), (1.2) and Theorem 2.3, we have A € TN,, and

[ Blala)B(0)'Blala] Blala) | [ Blo] - B/B(a) Blaja)
B‘[ B(ala] B(o) }‘[ Blola]  B(a) ]GTN"'

Since A € CTN,, and the definition of the Hadamard core given by (1.6), then

= [ (Alal - A/A(@)) o (Bla] - B/B(a)) Alala) o Blala)
Aob { Afala] o B(ala] Afa) o B(a) ]GTN”'
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Thus using (1.1), (1.2), and Lemma 2.2 again, it follows that
(AoB)/(A(a) o B(a))
— (4la] - A/A(a)) o (Bla] - B/B(a))
~ (Ala]a) o Blala)) (A(a) o B(a) "' (4 (ale] o Bleo])
= Afa] 0 Bla] - (Alala) o Blala)) (A(a) o B(a)) ™' (A(ala] o B(ala])
— (Ale] o B/B(a) + A/A(e) o Bla] — A/A(a) o B/B(w))
— (40 B)/(A(a) o B(0)
— (Ala] o B/B(a) + A/A(a) o Blo] — A/A(a) o B/B()).

Note that (A o E)/(A(a) o B(a)) € TNy, by Lemma 2.2, hence, we know it is
entrywise nonnegative. Therefore

(3.3) (AoB)/(A(a) o B(a)) > A/A(c) o Bla] + Ala] o B/B(a) — A/A(c) 0 B/B(«).

By (2.1) and (2.4), we know that both
Alaja)A(a) "t A(ala] = Ala] — A/A(a) and Bla|a)B(a) ' B(ala] = Bla] — B/B(a)

are totally nonnegative matrices. From Lemma 2.2, we have A/A(«), B/B(a) € TNy,
Since Ala], Bla] € T N, thus from (1.2) and (2.4), it follows that
A/A(a) o Bla] + Ala] o B/B(a) — A/A(a) o B/B(«)

= A/A(a) o Bla] + (Alo] — A/A(a)) o B/B(a)

> A/A(a) o Bla]

= A/A(e) o (B/B(a) + Blala)B(a) ™" B(ala]),
so (3.1) can be obtained by (3.3).

In the same way, since
A/A(@) o Bla] + Ala] o B/B(a) — A/A(a) o B/B(a)

Alo] o B/B(a) + A/A(a) o (Bla] — B/B(a))
ZA[ | o B/B(a)

= A/A(a) o B/B(a) + (Ala]a)A(a) "' A(ala]) o B/B(w),
using (3.3) again, then (3.2) holds. O

THEOREM 3.2. Let A,B € TN,, a ={1,2,..., k}, and A(a), B(a) and A(a) o
B(a) be invertible. If B € CTN,, then the inequalities (3.1) and (3.2) hold.
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Proof. Because the Hadamard product of matrices is commutative, and thus by
the proof of Theorem 3.1, we know the conclusions of Theorem 3.2 hold. 0

By using Theorems 3.1 and 3.2, we have the following result.

THEOREM 3.3. Let A,B € TN,, a = {1,2,...,k}, simultaneously, A(«), B(«a)
and A(a) o B(a) are all invertible. If A € CTN,, or B € CTN,, then both (3.1) and
(3.2) hold.

COROLLARY 3.4. Let A,B € TN, a ={1,2,...,k}, A(a), B(a) and A(a)oB(«)
be all invertible. If A or B is tridiagonal, then the inequalities (3.1) and (3.2) hold.

Proof. When A € T'N,, and is tridiagonal, by Lemma 2.4, we have Ace CTN,,
furthermore, it follows that the inequalities (3.1) and (3.2) hold by Theorem 3.1. In
the same way, when B € T'N,, and is tridiagonal, the conclusions hold from Theorem
3.2.0

4. Some remarks. By Corollary 3.4, we know the assumptions of [10, Theorem
2.1] (Proposition 1.1 in this paper) are a special cases of Theorems 3.1-3.3. Thus the
inequality (1.3) derived by T.L. Markham and R.L. Smith can be strengthened and
improved by (3.1) and (3.2).

8 4 1 10 8 3
EXAMPLE 4.1. Let A= 3 2 1 |, B= 6 7
1 1 1 1 2 1 |
1 3 17 1 00
There are totally nonnegative matrices Ay = 1 1 |,Ar=2 1 0 |,
0 0 1 | 11 1
1 2 3 1 00
and BU = 01 3 s BL = 3 1 0 such that A = AUAL, B = BUBL,
0 0 1 1 21
thereby, we have A, B € T N3 by Lemma 2.1(A € T'N3 can also be obtained from [14,

Example 3.6]).

Let « = {1,2}. Then A(a) = B(a) = A(a) o B(a) = 1 are all invertible.
According to (1.1) and Theorem 2.3, it follows that

11
+_ [ Alela)A(e)~ ' Aala]  Alala)
A= Alalo] (o) 1 1 1 € TN;.

For an arbitrary matrix C € T'N3, by means of AoC=Cc€ TN3 and (1.4), we
get A € CTN3. Thus the inequalities (3.1) and (3.2) hold by applying Theorem 3.1.
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Since A, B(€ T'N3) are not tridiagonal, they do not satisfy the hypothesis of [10,
Theorem 2.1]. This indicates that the applicable range of the results in our paper is
broader than the one in [10], or the restriction that A, B € TN,, are all tridiagonal
can be extended.

Thus from (1.2), (3.1) and (3.2), we get

(AoB)/(A(a) o B(«))
[T 2
B { 15 8 }
> A/A(a) o Bla] 4+ Ala]) o B/B(a) — A/A(a) o B/B(a) = |: I; 286 :|
> A/A(a) o Bla] = [ I(Q) 274 ];

(AoB)/(A(a) o B(«))
[ 2
B { 15 8 }
ZA/A(Q)OB[Q]—FA[O[]OB/B(Q)_A/A(Q)OB/B(Q) _ |: I; 286 :|

These lower bounds for (Ao B)/(A(a) o B(a)) are better than the one A/A(a) o

B/B(a) — [ 469 ? } given by (1.3).

For A = (a;;) in Example 4.1, we have ai1a22a33 + ag1a13a32 = 19 < 20 =
a11a23a32 + a21a12033, thereby, we know A ¢ CT' N3 by Lemma 2.5.

Easily, our assumption is the same as the one of [10, Theorem 2.1]. Theorems
3.1-3.3 and Example 4.1 show that the inequality (1.3) for the Hadamard product
of tridiagonal totally nonnegative matrices can be improved on the refinement of
inequalities and their applicable range.

EXAMPLE 4.2. Let C = (¢;5) =

w O ©
(=230 JlN @)
O O W

There are totally nonnegative matrices Cy = , Cp

S O N

S NN

W N =
Il

— N DN

NN O

w o O
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such that C = CyCp, so C € TN3 by Lemma 2.1. And
€11C22€33 + €31C12C23 = C11C22€33 + C21C13C32 = 796 > €11C23C32 + Co1C12C33 = 648,
then C' € CT N3 by Lemma 2.5.

Let a = {1}, by (1.1) and Theorem 2.3, we get

5 6 3
~ | Claja)C(a)™1C(ala]  Cla|a) — (s
¢~ Clalol I R I

By 611622/8\33 + /8\31/6\12/6\23 =468 < 611623632 + /0\21612/0\33 = 504 and Lemma 2.5, we
obtain C' ¢ CTNs.

Corresponding to [10, Theorem 2.1] (Proposition 1.1 in our paper), if we add
the condition “A € CTN,” to our conclusions, from Lemma 2.4, we know that the
additive condition is naturally satisfied when A € TN, is tridiagonal. However, the
situation is very different for general totally nonnegative matrices. In general, A €
CTN,, cannot be obtained by A e CTN, by Example 4.2. Neither can A€ CTN,
be obtained by A € CTN,, by Example 4.1.

EXAMPLE 4.3. Let the totally nonnegative matrices A, B be the same as in
Example 1.2.

According to [10, Example 2.2], when a = {1}, we have A[a]a)A(a) tA(ala] =
7.92, and Bla|a)B(a) ! B(ala] = 0.98. Thus

7.92 12 13.05
~ [ Alaja)A(a) " Alale] Alala) T = (G
ap A=A el R R
098 1 0
= B[a|a)B(a)*1B(a|a} B[OZ|OZ) - —(h..
(4.2) B[ B(ala] B(a) } 9?)%3 12045 ;g 0

Furthermore, using (4.1) and (4.2), it follows that

11022033 + Q31012023 = 166.32 < 270.72 = Q11023032 + G21012033,
/611/622333 +/b\21/b\13/b\32 = 1646.4 < 2910.6 = 311323332 +/621/612/b\33.

Thus we have A ¢ CTN,, and B ¢ CTN,, by Lemma 2.5.
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Example 4.3 reveals that the reason that the inequality (1.3) does not hold for
totally nonnegatlve matrices in [10, Example 2.2] lies in it not sat1sfy1ng the condition
“A e CTN,, or Be CTN,”. Examples 4.1-4.3 show the condition “A g CTN,, or
Be CTN,> for A, B € T'N,, in Theorems 3.1-3.3 are reasonable in our paper.
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