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CONSTRUCTION OF A SOLUTION TO THE RANK 2 HORN PROBLEM*

SARAH GIFTT AND HUGO J. WOERDEMANT

Abstract. Given three sets of n real eigenvalues satisfying the trace equality and the Horn inequalities, we know that there
are n X n real symmetric matrices A and B so that A has the first set of eigenvalues, B has the second set of eigenvalues, and
A + B has the last set of eigenvalues. Under the condition that B is a rank 2 matrix, we give a construction for the matrices
A and B. This construction is based on performing two orthogonal rank 1 updates on A. We end with a discussion of the
relationship between this rank 2 Horn problem and the following similar problem: given a set of n real eigenvalues, a set of 2
real eigenvalues, and a set of n + 2 real eigenvalues satisfying certain conditions, find an (n+ 2) X (n 4 2) real symmetric matrix
such that the top left principal submatrix has the first set of eigenvalues, the bottom right principal submatrix has the second
set of eigenvalues, and the full matrix has the last set of eigenvalues.
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1. Introduction. In 1962, Alfred Horn asked the question: given three m-tuples of real numbers,
A= > 2>2XN),u=(u1> > pp),and v = (v; > -+ > 1), when do there exist n x n Hermitian
matrices A and B such that 0(A) = A, 0(B) = p, and 0(A + B) = v? Several necessary conditions were
already known, but they were only sufficient in low dimensions. In particular, aside from the trace equality

n n n
DN =) v
=1 =1 =1
the eigenvalues had to satisfy certain linear inequalities of the form

(1.1) Vky oot vk, S Ay o N gy e g,

where 1 < r < n. Alfred Horn conjectured a complete list of necessary and sufficient inequalities, all of
which were of the form given in (1.1) [9]. His conjecture was proven true in the 1990s by Klyachko [11] and
Knutson and Tao [12].

Now that we know when A and B exist, the question becomes how to find these matrices. One case that
is known is when B is rank 1, see e.g. [16, 2]. Additionally, Cao and Woerdeman provided an algorithm using
semidefinite programming for finding 3 x 3 Hermitian solutions A and B [3]. The algorithm was influenced by
an earlier paper’s construction of a determinantal representation of a given two variable real-zero polynomial
[8]. In 2018, Franks presented an iterative numerical algorithm for finding A and B; however, the theoretical
probability of failure may be up to 1/3 [5, Algorithm 1], see also [6, Algorithm 5].

In this paper, we will show how to find A and B in the case when B is rank 2. The key idea behind our
algorithms is splitting B up as a sum of two rank 1 matrices. Thus, we state several results pertaining to

*Received by the editors on May 16, 2024. Accepted for publication on April 24, 2025. Handling Editor: Joao Filipe Queiro.
Corresponding Author: Sarah Gift.

fDepartment of Mathematics, Drexel University, Philadelphia, Pennsylvania 19104, USA (sg3664@drexel.edu,
hjw27@drexel.edu). Supported by National Science Foundation Grants DMS 2000037 and DMS 2348720.


mailto:sg3664@drexel.edu
mailto:hjw27@drexel.edu

Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society I I
Volume 41, pp. 304-337, May 2025.

305 Construction of a solution to the rank 2 Horn problem

rank 1 updates of matrices in Section 2. Then in Section 3 we extend these prior results in preparation for
building our algorithms. Equipped with the necessary background, in Section 4, we address the case when
all eigenvalues of A (\;’s) are distinct from each other and from all eigenvalues of A + B (vy’s). This leads
us to Algorithm 1. We discuss the implementation of the algorithm and provide an example.

Now to address the case when some eigenvalues are repeated, we detour in Section 5 to discuss the idea
of reducing the sets of eigenvalues. The results developed in this section help us simplify the case when
there are repeated eigenvalues. Equipped with these useful results, we address the case of repeated A;’s in
Section 6. Then we separately address the case when some \; equals some vy in Section 7. Combining the
results of Sections 6 and 7, we get Algorithm 2, a fully general algorithm for the rank 2 case, presented in
the Appendix.

Finally, in the last two sections we talk about generalizing our algorithm to higher rank cases and discuss
the connection between the rank 2 Horn problem and another problem, found in Li and Poon’s 2003 paper
[14]. The problem was, given eigenvalues

AIZZ)\TH /J/IZZMWH VIZ"'ZVnJrTru

when does there exist an (n+m) X (n 4+ m) real symmetric matrix D such that the eigenvalues of D are the
v's, the eigenvalues of the top left n x n block of D are the \;’s, and the eigenvalues of the bottom right
m x m block of D are the y;’s?

2. Background. We first develop some notation used throughout the paper, and then we present and
discuss a few known results that are relevant to our algorithms.

2.1. Notation. Throughout this paper, we will often refer to ordered tuples of real numbers. Thus we

define the notation A(™ for an n-tuple of non-increasing values

/\(n) = {)\1 >Ay > 2> )\n}~
Similarly, we define the notation )\(>n) for an n-tuple of strictly decreasing values

A = > A > > M)
Finally, we define the notation )\(<") for an n-tuple of strictly increasing values

A = < Ao << M)
For a positive integer m, we notate the set of integers from 1 to m as

[m] :={1,2,...,m}.

For a finite set S, we let |S| denote the number of elements of S. For a matrix A, we notate the multi-set of
eigenvalues by o(A). For a vector v, we let v; denote the ith element of v and let ||v|| denote the Euclidean
norm of v.

In this paper, anytime we write out a matrix and there is an entry missing, that entry is implied to
be zero. If there is a star in the matrix, then any value can occupy that position (assuming it satisfies the
conditions of the matrix, e.g. real or symmetric). For two matrices X and Y, the block diagonal matrix is

e

notated as

XY =
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2.2. Horn inequalities. Alfred Horn asked the question: given any n x n Hermitian matrices A and
B, if we define the real n-tuples of values A", u(™) and v(™ by

o(A) =X oB)=p™, and o(A+ B)=rv",
then for what sets of indices must (1.1) hold? In particular, if we define
T, = {(ig),jg),kg)) e ([n]")*: (1.1) must hold }
then we ask what elements are in T, ,,7 We now know, thanks to Klyachko, Knutson, and Tao [12, 11], that
Ty ={ (i1 n) € ] i+ 1 = by +1},
and for r > 2,
Domriet gy e =g ke + w’
(Z(<T)a.](<r)ak(<r)) ETr,n — and

. . +1 < < E
ZZ:l Ya, + 22:1 Jbe < Zzzl kcz + 3(52 )7 Vs € [r — 1] and (a(f),b(f),c(i)) €Ty

Even better, Klyachko, Knutson, and Tao [12, 11], proved the following result.

THEOREM 2.1. Suppose the real n-tuples of values X, u(") | and v") satisfy the trace equality, and for
all
(12,59 k) € T,
(1.1) holds. Then there exist real symmetric matrices A and B such that

o(A) = )\(n)7 o(B) = ’u(n)’ and o(A+ B) = ()

Notice that we know there are not only Hermitian matrices A and B with the specified eigenvalues but also
real symmetric matrices. Now while Horn did not prove the above results, he did conjecture them. Thus,
we say that A", 1™ and v(™ satisfy the Horn inequalities if for all (i(;),j(;), k:(;)) €T, p, (1.1) holds. We
will call the pair of real symmetric matrices (A, B) guaranteed by Theorem 2.1 a real Horn solution pair.
While we have a condition for when the real symmetric matrices A and B exist, the question remains how
to find these matrices.

2.3. Rank one updates. The goal of this paper is to provide a way of finding a solution to the rank
2 Horn problem, i.e. given eigenvalues A, x(™ and v with all but two i;’s equal to zero, we want to
find n x n matrices A and B such that

o(A) =A™, o(B)=p!", and o(A+B)=v".

We will break this problem down into constructing two orthogonal rank 1 updates. In particular, if B is a
real symmetric rank 2 matrix, then for some real orthonormal column vectors v and w, B = pvoT + psww®.
Note that the pair of subscripts (v, J) can be (1,2), (1,n), or (n—1,n), depending on the signs of the nonzero
eigenvalues of B. Now we can always take A to be diagonal, so the problem becomes finding orthonormal

vectors v and w such that
A1
o + /L,YU’UT + psww” | =™,
An
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Now the rank 1 Horn problem has already been solved, see e.g. [10, Theorem 4.3.26] or [16]. Thus, if we knew
the eigenvalues of A+ u,vv”, we could find v. Then implementing the algorithm again with A = A+ p,vv”

T

and B = psww* , we could find w. Therefore, the problem boils down to finding the eigenvalues of A, which

we will denote by p(™, such that v and w are orthogonal. To figure out the conditions on p(™ that ensure
this, we need a few results from the rank 1 Horn problem.

For this and throughout this paper, we will let A(®) be the eigenvalues of A, p(") be the eigenvalues of
the rank 1 update of A, i.e., A, and (") be the eigenvalues of the rank 2 update of A, i.e., A+ B. Then we
define polynomials f, g, and h as follows.

(2.2) f@ =[[@-2),  o@) =[[@-p)  h)=]]@-w).
(=1 =1 =1
Note that f, g, and h are the characteristic polynomials of A, A, and A + B, respectively.

Now recall the Cauchy interlacing result on the possible eigenvalues of a rank 1 update (see, e.g. [7, 19]).

THEOREM 2.2. Let A = diag(A1,...,A\n) be a real matriz and let z be a real unit vector. Assume for
some p € R, (A + pzzT) = p,
(a) If p=>0

A+ p > p1 > A,
Xi > pit1 > Aip1, 1€ [n—1]

(b) Ifp<0
Ai 2 pi 2> Nig1, i€n—1]
An > pn > A+ po ’

Note that in the rank 1 case, aside from the trace equality, the Horn inequalities on A, u(™) and p(™,
reduce to such interlacing conditions. In particular,

>\ > > A
(2'3) {Pl 12 P2 2 A2

AL > p1 2> A2 > po

)\n; 1f,U1>0:,U2::Nn
= Pu

Pn 2
An > ifﬂlz"'zun71:0>un

(AVARAYS
(AVARAYS

Assuming we are in the first case (i.e. g3 > 0), we have the following result, which is a combination of
Theorems 4.3.26 and 4.3.21 in [10].

THEOREM 2.3. Assume
PL= A1 2 p2 > Ao > > pp 2> Ap

Let A = diag(A1,...,\y) and p =Yy, pe — >.y_1 \e. Define polynomials f and g as in (2.2). If all the
Ae’s are distinct, then for z € R, o (A + ﬂZZT) = p™) if and only if for all i € [n)],

—g(N\i)
2.4 22 =
24 W)

In general, define 0 =mg < mq < --+ < mg =n such that

)\1:"':)\7711 >)\m1+1:"':)\m2 >...>)\mk—1+1:...:)\mk'
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Then o (A + MzzT) = p\") if and only if z satisfies

m4 k—1
(2.5) S o2oC limo Qi = pmet1)

J k
j=m;_1+1 ul—[é#i(/\mi - Aml)

Here, (2.5) comes from (2.4) by removing the repeated eigenvalues in the products. In particular, the
interlacing condition guarantees Ay, 11 = Pm 42 = "+ = Pmyy = Mgy, S0 if we remove Ay, 1 t0 Ay -1,
we can also remove pp,, 42 t0 P, -

Note that in both (2.4) and (2.5), the right-hand side is guaranteed to be nonnegative by the interlacing
condition and thus z; is indeed real. Using the definitions of f and g given in (2.2), we see

o _ —Ilima N = p0)

S e TS

The expression on the right-hand side appeared in a result of Fan and Pall’s on Hermitian imbedding
conditions [4, Theorem 1] and also in Mirsky’s paper on conditions for matrices with prescribed eigenvalues
and diagonal elements [15, Lemma 2]. In these papers, (2.4) appeared as a condition on bordering a diagonal
matrix to get a larger matrix with prescribed eigenvalues. The relationship between this problem and the
Horn problem was explicitly shown in the general case in Li and Poon’s paper [14, Theorem 2.2], but the
ideas date back further, see e.g. [17, Theorem 2] and [18, page 120]. The relationship in the rank 1 case is
shown in Theorems 4.3.26 and 4.3.21 in [10]. In particular, take A = diag(A1,...,A,) > 0 and p > 0 (note
we can always shift the eigenvalues to ensure these non-negativity conditions). For the Horn problem, we
want an n x n matrix B such that o(B) = {x,0,...,0} and o(A + B) = p{™). Note that for some real unit
vector z, B = puzz"T. On the other hand, for the bordering problem, we want a real vector y such that

([3#])-vom

Then it turns out there is a relationship between the vectors z and y. In particular,

y=VEA' 2z

We see this as follows.

o =¢ (A + pz2T)

(v [ ]

S
(

)

=0

g [\szAl/Q
Thus we obtain y = \/ﬁAl/zz, as desired.

Now Corollary 3.2 assumes we are updating a diagonal matrix. In our rank 2 Horn problem, we want to
perform two rank 1 updates. Thus, in order to use Theorem 2.3 a second time, we will have to diagonalize
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after the first rank 1 update. For this, it will be useful to have the following result about the eigenvectors
after a rank 1 update.

THEOREM 2.4. [1, Equation 5.1] Let A = diag(\1, ..., \n) be a real matriz and let z be a real unit vector.
Assume for some p € R, o(A+pz2T) = p™. If all \;’s and p;’s are distinct, then the eigenvector associated
with eigenvalue p; is (A — p;I,) " 2.

3. Extending the background. In preparation for developing the rank 2 Horn algorithm, we now
aim to rephrase and extend some of the background presented in Section 2.

First, we wish to rephrase Theorem 2.3 to consider the second interlacing condition given in (2.3) (i.e.
when u,, < 0). Note that in the rank 1 Horn problem, we did not need to consider such a situation since
all eigenvalues could simply be negated. However, in our current case of the rank 2 Horn problem, we may
have one positive and one negative eigenvalue, in which case negating all eigenvalues would not be helpful.
Thus we obtain the following corollary to address the negative eigenvalue situation.

COROLLARY 3.1. Assume
MZ2pL>A>pr > 2 Ay 2 py.

Let A = diag(M1, ..., \n) and p ="y, pe — >_y_; M. Define the polynomials f and g as in (2.2). If all the
A¢’s are distinct, then for z € R, o (A + uzzT) = p™) if and only if for all i € [n],
—g9(Xi)
3.6 22 = .
(3.6) Copf ()

In general, define 0 = mg <mq < --- < myp =n such that

Alz"':)\ml >)\m1+1:"':)\m2>"'>/\mk,1+1:"':)‘mk-

Then o (A + uzzT) = p\") if and only if z satisfies

7= k
j=mi_1+1 NH@;éi(/\mi = Amy)

m; k
(37) Z 2 _ Hl:l()‘mi - pmz{)

Proof. We know o(—A — pzz") = —p™. Then
—Pn = —Ap Z —Pn-1 22 —p1 = — A1

Also, the trace equality gives —u = > ,_; —pr — >_y—; —A¢. Then, using the definitions of g and f, and
replacing A¢’s, p¢’s and p by their negations, Theorem 2.3 says

R | R G R G 20)) (=1"g(N)

zs = =

Il (A = (=) p(=D)m ()

Thus we have shown (3.6). Now (3.7) is shown similarly and is analogous to (2.5), but this time the interlacing
condition guarantees A, 41 = P41 = *** = Pmgyi—1 = Amgyq, S0 if we remove Ay, 41 to Ay, 1, We can
also remove Py, 41 t0 Py, -1 d

We then easily get the following by combining this result with Theorem 2.3 in the case when all \;’s are
distinct.
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COROLLARY 3.2. Given real values )\(>n), consider the n x n matriz A = diag(A1,...,\n). If o(A +
pzzT) = p™ for some real number i € R and real unit vector z € R™, then for f and g as defined in (2.2),
22 90
(M)

For the next result, we use Theorem 2.4 to figure out the form of the unitary that can diagonalize a
rank 1 updated matrix. This will be useful in the rank 2 case because after performing a rank 1 update, we
want to diagonalize our result before performing the second rank 1 update.

LEMMA 3.3. Given )\(>"), ,0(>n), and p € R, let A = diag(A1,...,\,) and define the polynomials f and g
as in (2.2). Assume for some real unit vector z, o(A + pzzT) = p™. Let U, be an n x n real orthogonal
matriz such that

UZ (A + N’ZZT) Up = dlag (Pl,PQa s 7pn) .

Then for some signs $1,S2,...,5, € {—1,1}, the (i, j)th entry of U, is given by

53> pj = Xi
UP(Zvj): 0, Pj = Ak, k#z
Zi f(ps)
Sit—p) z’(gj) s P # A VEE [n]

Proof. Fix j € [n]. Since A + pzzT is real symmetric and the p;’s are all distinct, then the jth column
of U, is just a normalized eigenvector of A + pzz? associated with p;. If p; = A, for some ¢ € [n], that
eigenvector is plus or minus the ¢th standard basis vector e;. Otherwise, Theorem 2.4 tells us that the
normalized eigenvector for p; is

i(A — ijn)_lz

1A = piIn) 12|
It remains to show then
A—p;I,)" 2] = 9'(p;) .
(A= p;ln) 2]l 17 ()
By Corollary 3.2, we have
2 —g(\i) -1 = —g(\i)
z; = — AN—p:I,) 2| = .
W O) e e\ D By pver oW

Therefore, it suffices to show

For this, define a; to be the coefficients of the polynomial g;(z) := 9(z) _ [Tezj(x = po), i

T—p;

n—1
gj(z) = H(x —po) = Z a;z’.
=0

t£
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Note that g;(p;) = ¢’(p;). Consider the n x n matrices

1 A A2 ot pj ag
1A A2 oAt —boe “
V= . . , and C = ’ ' :
oo : 1 p ans
1A A2 L o 1 aps

Then as the determinant of a Vandermonde matrix, we have

det(V) = H (>\k — /\g).

1<t<k<n

Next, note that a,_; = 1. Using elementary row operations to eliminate p; in the second to last row, then
expanding along the second to last column of C, we have

12 Qo
-1 p; ai
det(C) = det : =det(pjlni1 — Cy,),
-1 0 pj+an_
-1 1

where Cy; is the companion matrix of the polynomial g;. Thus, det(C) = g;(p;) = 9'(p;), so

(3.9) det(VC) = | ] w—2)| g0

1<<k<n

Now computing the same determinant by first multiplying and then using cofactor expansion, we get

Lpj—=A) Moy —=A) oo A2 = M) g;(\)
Lpj—Aa) Aalpj—A2) oo A5 2(pj—Aa)  g;(Na)
det(VC) = det
Lpj = An) Aalpj = An) oo A2 = An)  gi(An)
[ =A) Ml =A) o AT = M)
" . o —Nic1) Xici(pj—Aic1) oo AP 2(pj — i
— (_1)n+z gj(/\i) det (pJ 1) 1(10] 1) n_12(pj 1)
im1 Wpj = Xis1)  Aiprlpg — Aiv1) oo AL (05 — Aigr)
L 1(p]' - )‘") )‘n(pj = An) s /\272(/)]' - )‘") |
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DY Vel
“ i D VD Vs
= (=0 ;) [T (ps = Ae) | det s
P s SR VRO Vi
1 Ay ... A2

I

(=)™ g; () | TTes = 20) IIT Qe=x)
1 Ui 1<t<k<n;
0k

(2

Equating this result with (3.9) and using the definitions of g;, g, and f, we get

ST il = 20)]

[Ti<e<k<n; (A — Ae)
{=1i or k=1

_ - 1\t g(\i) ) f(pj)
2N (05 = ) [Thcees = A)| [Ticezn e = 2]

9(Ps) _ N~ _qyen ol
;( E (Xi — pj)? [H1<£<z( )\Z)] [Hidgn()\i_)%)}

This proves (3.8), as desired. |
We end this section with one final lemma we will use later. This lemma will be proven similarly to (3.8).

LEMMA 3.4. Given A7)

pj # M for all £ € [n],

and p™, define polynomials f and g as in (2.2). Then for j € [n] such that

n

9(Xi) _
; N = pi)f'(N) 8

Proof. Define a; to be the coefficients of the polynomial g;(z) := fiwp?j = [lozj(x —po), ie

gj(x)ZHfC—Pe Zaw

LF#]
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Note that g;(p;) = ¢’(p;). Consider the n x n matrices

IEED VD VAR L 1 ao
1oX A2 ot 1 ay
V= o ) ) and K = : :
SR . e
1 Ay A2 ... And n—1

Noting that a,,_1 = 1, we have

det(VE) =det(V)det(K) = | [ w—=2)|-1= J] =)
1<t<k<n 1<t<k<n
Thus
1 /\1 - )\;L_Q {]j()\l)
Lode o 7 gi(h) n _
IT Ox=X)=det(VK) =det | | : : =S 0" g | T e =2,
1<t<k<n o : : i=1 1<e<k<n;
LA A2 g0) LR

by performing cofactor expansion along the last column. Rearranging and simplifying as in Lemma 3.3, we
get

n

— _1\n+i gj( -
172( 2 [Ti<ecr<n; (A — Ae) ; Ai —P] f' i) .

=1

¢=i or k=i

Equipped now with many useful, albeit technical results, we are ready to start developing an algorithm
for the rank 2 Horn problem.

4. Rank 2 Horn—Distinct eigenvalues case. We now assume that eigenvalues A, (™ and v(™
satisfying the trace equality and Horn inequalities are given such that all but two p;’s are zero. Our goal is
to find n X n real symmetric matrices A and B such that

O'(A) = )\(n)7 O'(B) — M(n)’ and O'(A+B) —

As previously discussed, we can always take A = diag(A1, ..., \,,) and since B is rank 2, we have B = uyva+
usww’, where t~ and s are the nonzero eigenvalues of B and v and w are orthonormal vectors. Our goal,
therefore, is to find these vectors v and w. Now we claim that it suffices to find the eigenvalues of A+ /,L,Y’U’UT,
which we denote by p(™. Indeed, if we knew p(™, we could find v because we know how to solve the rank 1
Horn problem. Then we could take a real orthogonal U such that UT (A + p,vv?)U = diag(ps, ..., pn) and
solve the new rank 1 Horn problem. In particular, we want z such that o (diag(pl7 ceesPn) + ugzzT) =),
Then w = Uz. Therefore, the problem boils down to finding the eigenvalues p(™ such that these two rank
1 Horn problems are possible and v and w end up orthogonal.

In this section, we will discuss the case when all the \;’s are distinct from each other and from all v’s.
Algorithm 1 solves the Horn problem in this case. We will deal with the case of repeated values of \;’s in
Section 6. Finally, in Section 7, we consider the case when \; = v, for some 4,k € [n]. Algorithm 2 solves
the rank 2 Horn problem in general.
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4.1. Algorithm. We begin by considering the case when \; > \; 41 for all i € [n — 1] and \; # vy, for
all i,k € [n]. Because we can simply negate all eigenvalues, we will assume without loss of generality that
w1 > 0. Thus we either have

pr 2> pe>0=pz=--=py, or 1 >0=pr="-=pp_1> fin.

In this case, we find the following conditions on our desired intermediate eigenvalues p(").

THEOREM 4.1. Given real tuples )\(>n), pw™ and 1™ satisfying the trace equality, assume p1 > 0, only
one other p; is nonzero, and \; # vy, for alli, k € [n]. Then X () and v satisfy the Horn inequalities

(n

if and only if there exists p>) satisfying all of the following.

(4.10) (Trace equality) ipi = z”: Ai +
i=1 i=1
(4.11) (Interlacing Property 1) A + 1 > p1 > A1 > pa> Ao >+ > pn = A
(4.12) (Interlacing Property 2) {p1 T2V 2 2ve 2z 2V 2o Fp2>0 .
pL2ViZp2 >V > 2 VUp 2 Pt fin, if pn <0
(4.13) (Orthogonality Property) zn:rjM =0 for somery,...,r, € {=1,1}.

9" ()]

j=1

Proof. First assume A u(") | and v(™ satisfy the trace equality and Horn inequalities. Define

fo, if ps >0
s =

i, if gy <0 .
Then for A = diag(\1, ..., A,), there exist real orthonormal vectors v and w such that
(4.14) o(A+ oot + u(;wa) =",

Define p(™ by
p\" =g (A + ulva) .

We immediately have the trace equality, (4.10), and Theorem 2.2 gives us the first interlacing property,
(4.11). Now let U, be a real orthogonal matrix such that

UPT (A+ ,ulva) U, = diag(p1,...,pn).
Then (4.14) gives
(4.15) o (diag(p1,---,pn) + u(;UpTwaUp) =,

Thus applying Theorem 2.2 again, we get the second interlacing property, (4.12). Finally, we know that v
and w are orthogonal. We want to know what this tells us about the py’s. Recall that the \;’s were assumed
to be distinct. Further, recall we defined the polynomials f, g, and h in (2.2) as follows.

f@) =Tl@=2) g =[l@—p)  h@)=]]@-mn).

=1 (=1 (=1
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Then by Corollary 3.2, for i € [n],

2 _ —g(\i)
(4.16) vy = 7#1]“(/\1‘).

Now since we also assumed \; # vy, for all i,k € [n], (4.11) and (4.12) together assure us that the p,’s are
also distinct. Then using Corollary 3.2 on (4.15), we get

T, N\2 —h(p:) T — ¢ —h(pi)
(4.17) (U w);) =t (o) = (Uyw), =t

for some sign t; € {—1,1}. Now Lemma 3.3 gave us
S5 pj =X
Up(i,j)z 07 Pj :)\k’ ki;él

v, fpj)
Sitnem) Ve PiEMVEED]

Fix ¢ € [n]. If there exists k € [n] such that A\; = pg, we have U,(i,k) = s = +1. Since U, is a real
orthogonal matrix, this means all other entries in row 7 are 0, i.e. U,(4,j) = 0 for j # k. In this case

N~y e | ki)
(4.18) wz—;UP(’J)tﬂm HE\ s (o)

Note that in this situation, since \; = pg, g(A\;) =0 = v; = 0. Otherwise, if \; # py for all £ € [n], we get

Cpf(ps) | —h(p;)
1sg'(pj) J;;M 5t (Ai —pg) \/ g (p;) \/usg’(pj)'
Vke€[n]

(4.19) wi =Y Uy(i, j)t;
j=1

Then the condition that v and w are orthogonal requires » . w;v; = 0. For a fixed i € [n] if \; = py for
some £ € [n], we noted previously that v; = 0. Thus,

N Wi — . ~maf(pi) | —h(p;)
O_; s 2 2 st pg) \/9’(pj) \/uag’(pj)

LA #Epg JipiFENk

VkE[n] | \ Vke[n]
—h(p;) \/mf(pj) —g(\)
= > Sjtj\/ TR e LR e by (4.16)
[t wsg'(ps) 9(pi) iz, =) f' (%)
Vke[n] Vke[n]
—h(p;) \/ 1 f( p; -
= Z Sjtj\/ < Z :
Jipi# Ak < nsg'(ps) i=1 p (i —p] f/()‘l)
Vke([n]

since if \; = py, for some k € [n], g(A\;) =0

— Sits _h(pj) . le(pj) . ;1 emima
- 2 (t\/ o () \/ ) m) by e 4

Jipi F Ak
Vke([n]
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X ( \/wg (pp]j)> | \/M;J(Cl(’f;) ' Z) since if p; = Ax for some k € [n], f(p;) = 0.

Jj=1
Note s;t; € {—1, 1}, and the values under the square roots are guaranteed to be nonnegative by the interlacing

conditions, so we can take the absolute value. Multiplying both sides by — 1 4 / and rearranging, we get
(4.13).

Now for the other direction, assume p(™) exists satisfying the trace equality, (4.10), the interlacing
conditions, (4.11) and (4.12), and the orthogonality condition, (4.13). Then, the interlacing condition (4.11)
gives us that A, iy, and p(™ satisfy the Horn inequalities, so combining this with the trace equality, there
exists a real unit vector v such that

o (A + ,ulva) =p,

Analogously, the interlacing condition (4.12) gives us that p(™ uy, and v satisfy the Horn inequalities,
so combining this with the trace equality, there exists a real unit vector u such that

o (diag(ps, - -, pn) + poun”) = v

If U, is the real orthogonal matrix that diagonalizes A + pyvo, ie.
Uy (A + mov")U, = diag(ps, - .., pn) = A+ v’ = U, diag(py, ..., pn)U,
then
o (Uydiag(py, ..., pn)UY + p2Upud™UT) =™ = o (A + pov” + paUpud™UT) = ™).

Finally, (4.13) guarantees that v and w := U,u are orthogonal. Thus,

T

B = oot + szpuuTUp satisfles o(B) = {u1, po,0,...,0},

Thus, there is a real Horn solution pair (A, B), so that A, (") and v(") satisfy the Horn inequalities. O

All in all, if we can find p(™ satisfying the four conditions (4.10), (4.11), (4.12), and (4.13), then we can
perform two orthogonal rank 1 updates to solve the Horn problem. In particular, we get Algorithm 1.

4.2. Discussion. Note that the heart of Algorithm 1 lies in finding a suitable tuple of values p(>") in
Step 2. The method in which we showed the existence of such values gave no obvious way to actually find
them. It is possible, though, to use a solver to numerically find the values p(>”) in Step 2. We have been
able to successfully implement this algorithm in MATLAB by using fmincon() to find p("). In particular,
we set items (i)-(iv) in Step 2 as constraints and optimized over a constant function. Note that the signs

€ {—1,1} are unknown to start with, so we ended up running fmincon() for various choices of 7; until
a solution was found. To see how fast and accurate the implementation of Algorithm 1 was, we ran 100
random trials in MATLAB for various matrix sizes, computing the time it took and the maximum error.
Here the error of a trial was the maximum difference between the inputted eigenvalues and the eigenvalues
of the outputted A, B, and A + B. The results are summarized in the following tables. Note that the PSD
trials took p1 > po > 0 and the indefinite trials took pq > 0 > .
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Algorithm 1 Solving the Rank 2 Horn Problem With Distinct Eigenvalues

Given: Real tuples /\(>n), ™ and v satisfying the trace equality and Horn inequalities. Assume all but
two p;’s are zero and for all i, k € [n], A\; # vg.

Step 1: If 0 > py—1 > iy, negate all eigenvalues. Renumber so they are in nonincreasing order.

Step 2: Find p(>n) such that the following hold for

O | [CEPY)
=1

(i) (Trace equality) >0 pi =Dy Ni + pi1.
(ii) (Interlacing Property 1) Ai +p1 > p1 > A1 > pa > Xa > - > pp > Ay

(iii) (Interlacing Property 2) {

(iv) (Orthogonality Property) > %, ;

n [h(p;)f(pi)
19" (pj)l

P1Lt 2>V 2 p1 2V > P22 2 Uy 2 Pn,
PLZ V12 P22 Vs 2+ 2 VUp 2 Pnt ln,

= 0 for some 71, ..

Step 3: Define the vector v € R" by v; = 1/% for i € [n].

Step 4: Take us = {

Else, take A = diag(Aq, ...

ta, if po >0
fons i p, <0

—h(pe)
V wsg’ (pe)’

w; =

T

g(@) =@~ po). hi@) =] ).

{=1

. Define the vector w € R™ such that for i € [n],

Ai = pe

n v hDIO (o) '
Zj:l (M—PJ')J\!J’(PJ)\ . \/T(M)’ Ai 7 pu VEE [n]

Step 5: If we negated all eigenvalues in Step 1, take A = — diag(Aq, ...
,An) and B = pyov? + psww

., €{-1,1}

,An) and B = —pyovT — psww? .

if uo >0
if 1, <0

T

Output: n x n real symmetric matrices A and B with o(A) = A", ¢(B) = u™, and o(A+ B) = v(™.

100 Random PSD Trials

100 Random Indefinite Trials

Matrix Size

Maximum Error

Time (seconds)

Matrix Size

Maximum Error

Time (seconds)

3
10
20
50

1.9429 x 10715
1.0728 x 10~ 14
8.0214 x 10~ ™
9.0872 x 10~13

1.78

4.03

9.96
115.11

3
10
20
50

1.5543 x 10715
1.6501 x 10~
4.6185 x 1014
5.5604 x 10~13

1.51

2.16

2.68
14.41

4.3. Example. To illustrate our algorithm, we provide an example. Suppose we start with

AP = (8,4,-8},

p® = {12,6,0},

u<3>:{16,3+¢57,3—J57}.
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There are many tuples of values p(>3) that satisfy the conditions of Step 2. For example, if we implement

Algorithm 1 in MATLAB and use fmincon(), as discussed in Subsection 4.2, we will get
pf) ~ {14.522183259496549, 6.805306350191621, —5.327489609688171}.

However, for the sake of this example, we choose the following values that have nice closed forms.
o® = {16,4v2,-4v2}.

In particular, we get the polynomials

f(z) = (z —8)(x — 4)(z +8) /<
g(z) = (22 — 32)(z — 16) “
h(z) = ((x — 3)* = 57)(z — 16). /

0 E g = N %

Figure 1: Polynomials f, g, and h — Distinct case.

Note that f and h, shown in Figure 1 in purple and black, respectively, were given. We had to find
an interlacing polynomial g, shown in Figure 1 in orange (i.e., the roots of g had to satisfy the interlacing
properties). The interlacing of the roots ensured all values under the square roots in Steps 3 and 4 were real.
Now ¢ had to be chosen so that the orthogonality property was also satisfied. Here we have

RaaFae  y/Iavdiv)| N VIV (-3 .
[9'(16)] 7 (42) v

(4.20)

SO

rir=1, ro=-1, and rsg=1.

In Step 3, we find

—9®) _ 1 —9(4) _ 1 and —9(=8) _ 1
12f'8) 3’ 12f7(4) 12f/(-8) /3

5|

Thus,

I
o e

In Step 4, us = ps = 6, so

8)f(-v2) _ —1
®) /6

wy = ! _ L N 1 \/h(f4\/§)g(
LT 5= 16)g(10) 67(8) (8- 4v2)g'(4v2)| 6(8) (8+4v2)lg'(-4v2)| of'
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wy = 1 B 1 . 1 \/h(—M)g(zx)f(—M) _ 2
(4-16)lg'(16)] 6f'(4) (4—4V2)|g' (4V2)] 6/'(4) (4+4V2)|g'(-4v2)| 6/"(4) V6
ws = 1 h(16)g(~8)f(16) 1 h(av2)g(-8)f(4v2) 1 \/h(%ﬁ)g(%)f(%ﬁ) _ -1
(=8 16)lg’'(16)| 6f/(=8) (=8 — 4V2)|g'(4V2)] 6f(=8) (-8 +4v2)lg' (-4v2)| 6f/(=8) NG
Then Step 5 gives
8 4 4 4 1 -2 1 5 2 5
A= 4 and  B=1200" +6ww’ = [4 4 4|+ |-2 4 2| =12 8 2
-8 4 4 4 1 -2 1 5 2 5

It can be verified that o(A) = )\(>3), o(B) = p®, and o(A + B) = v,

4.4. Uniqueness. In the example given, we noted that there were many choices of p(>3) that would
have satisfied the conditions of Step 2. Each different choice of p(>3) would have then led to a different matrix
B. In particular, since the \;’s were unique and A would continue to be diagonal, real Horn solution pairs
(A, B) and (A, B) corresponding to different choices of p(>3) would not be simultaneously unitarily similar.

In general, we have the following proposition when g # us.

PROPOSITION 4.2. Given real tuples )\(>n), w™  and v\ satisfying the trace equality and Horn inequal-
ities, assume all but two p;’s are zero and that the two nonzero u;’s are different. Further assume for all
i,k € [n], \; # vi. Then the real Horn solution pair (A, B) is unique up to simultaneous unitary similarity
if and only if there exists a unique tuple p(>n) satisfying the conditions of Step 2 in Algorithm 1.

M2, if 2 > 0
Pns 1 <0

Proof. Assume without loss of generality that p; > 0. Take ps = { . Assume we have

two real symmetric solution pairs,
(A, B) := (A, pvv” + psww™) and (A, B) := (A, 09" 4 pswa?),

where A = diag(A1,...,\,). Suppose these two solution pairs were simultaneously unitarily similar. Then
there exists a unitary matrix U such that

UAU™ = A,
U(prvv” + psww ) U* = 007 + psow” .
Note that since v and w are real vectors, we can say

U™ U* + psUww* U™ = pg 90" + pswow™.

Tk

Since we assumed p1 # g, there is a unique spectral decomposition, so Uvv*U* = 90" and Uww*U™* = ww*.
Then

(A + pov?) = o(UAU* + iy Uvo*U*) = o(A + py907).

Thus, the two solution pairs produce the same set of tuples p(>n) satisfying the conditions of Step 2. Hence, if

the real Horn solution pair (A4, B) is unique up to simultaneous unitary similarity, then there exists a unique

tuple p(>") satisfying the conditions of Step 2 in Algorithm 1. Conversely, if there are two different tuples

p(>n) and ﬁ(>") satisfying the conditions of Step 2, the corresponding solutions (A4, B) and (A, B) will not be

simultaneously unitarily similar. ]

Note that a different criterion was given in [13, Corollary in Appendix| for when the solution pair (A, B) is
unique up to simultaneous unitary similarity.
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5. Reducing eigenvalue sets. We now wish to generalize Algorithm 1 to solve any rank 2 Horn
problem. To this end, we will define when the sets of eigenvalues are reducible. This will allow us to simplify
the case when there are repeated eigenvalues. In Section 6, we will use the results obtained in this section
to generalize Algorithm 1 to the situation in which the A;’s are not necessarily distinct. In Section 7, we
generalize the algorithm to allow \; = vy for some i,k € [n]. We then combine the results of these sections
to get Algorithm 2, a general algorithm for the rank 2 Horn problem.

5.1. Reducing the eigenvalues. We begin by defining when the sets of eigenvalues are reducible.

DEFINITION 5.1. The sets of eigenvalues A(™, u(™ and v(™ satisfying the trace equality and Horn
inequalities are called reducible if there exist i, j, k € [n] such that the reduced sets of eigenvalues

AMZA2 2 N1 2 A1 2 2 Ay

P12 2 Z s 2 o1 2 1 2 2 g,
and V1 2 vp 2> 2V 2 Vg1 2 2 Uy

still satisfy the trace equality and Horn inequalities.

Note this is useful because we could find A and B that solve the Horn problem for the reduced sets of
eigenvalues. Then the solution for the original sets of eigenvalues would be

g
—, B =
A‘|

Now we will show that in our rank 2 case, there are a couple of situations in which the sets of eigenvalues
are guaranteed to be reducible. For this, we first note a corollary to Theorem 2.3 and Corollary 3.1.

A= K

B

COROLLARY 5.2. Given a tuple of real values \™), suppose for some i € [n],
Xic1 > A = X1 = - = Nk > Nk 1

(i.e. there are exactly k+1 X\g’s equal to \;). For A = diag(A1,...,\,) and some real unit vector z, suppose
o(A + pzzT) = p™ . If there are at least k + 1 py’s equal to \;, then

i+k

§ 2
|Ze| :0:>Zi:’zi+1:"':zi+k:0'
=1

Using this we can show the following.

PROPOSITION 5.3. Suppose A, (™) and v™ satisfy the trace equality and Horn inequalities. Assume
w1 > pe >0 = pus = -+ = py,. If there exists i € [n] such that \; = v; or \; = v;yo, then the sets of
etgenvalues are reducible.

Proof. Let A be a diagonal matrix with diagonal elements equal to the A;’s (the order will be specified
differently for different cases). From the assumptions we know there exist orthonormal vectors v and w
such that o(A 4 p1vvT + peww®) = v, Define p(™ := o(A + pyvv”). Then by Theorem 2.2 we have the
following interlacing conditions.

PLZA 2 p2 2> 2> pp > Ay and VI ZpL2Ve2pa 2 2 Vn 2 Pn.



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society

Volume 41, pp. 304-337, May 2025. I L

321 Construction of a solution to the rank 2 Horn problem

These conditions guarantee that if A; = v;, then p; = A;. Similarly, if A\; = v;42, then p;;1 = A;. Thus, there
is at least one pj, equal to ;. Therefore, we can consider the following cases on the number of A;’s, pi’s and
vp’s equal to A;.

(I) 1 A, 1 pg, and 1 or more vg’s.
(IT) 1 A;, 2 or more pg’s, and 1 vg.
(IIT) 1 Aj, 2 or more p’s, and 2 or more v;’s.
(IV) 2 or more A;’s, 1 p, and 1 or more vy’s.
(V) 2 or more A;’s, 2 or more py’s, and 1 or more v;’s.

We will prove each case separately.

Case (I): Assume
A = diag(Xi, A1, A2y Aim 1, A, -5 An).

Let « be such that p, = A; (note « is either ¢ or i + 1). Then by Corollary 5.2, the first value in v is zero.

1
—'—Uﬁ] such that

UT(A + pov")U = diag(pas 1,02, - - » Pa—1 Part 15 - -5 Pn);

Then there is a real orthogonal U =

and
o(diag(pa; p1, 02, - - > Pa1; Patis-- -+ Pn) + U wwU) = v,

Using Corollary 5.2 again, we get that the first value in U7 w is zero. By the structure of U, this implies the
first value in w is zero. Thus, the solution to the Horn problem has the form

Ai
A

Case (II): Since )\; is unique, by interlacing, we can only have two py’s equal to A;. In particular, A; = p; =
pi+1. Then by the second interlacing condition, p; = v;11 = p;4+1. Hence, \; = v;41. By assumption, \; = v;
or \; = V;y2, so there are at least two v;’s equal to A;. Thus this case is impossible.

Case (III): Assume

A= ) B =

so the sets of eigenvalues are reducible.

A= diag(/\i, )\1, )\2, ey )\ifl, )\i+1, ceey >\n)
As in Case II, since \; is unique, we must have exactly two pi’s equal to A;. In particular, A; = p; = piy1.

1
Then by Corollary 5.2, the first value in v is zero. Next, there is a real orthogonal U = [—'—Uﬁ] such that

UT(A + /le;T)U = diag(pi, Pit1, P15 P2, -+ s Pie15Pit2, -2 Pn)s

and
o (diag(pis Pit1, P15 P25 - - o+ Pimts Pit2s - -+ s pr) + p2UTwwU) = v,
Since there are at least two vy’s equal to A; = p; = p;+1, using Corollary 5.2 again, we get that the first two

values in UTw are zero. By the structure of U, this implies the first value in w is zero. As in Case I, this
means the sets of eigenvalues are reducible.



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society I I

Volume 41, pp. 304-337, May 2025.
S. Gift and H.J. Woerdeman 322

Case (IV): Since py, is unique, we must have exactly two A;’s equal to pr = A;. In particular, Ap—1 = pr = Mg
(so either i = k or i = k — 1). Assume

A = diag(Ap—1, Ak, A1, A2y ooy A2, Akg 1, -+ An).

Since A\p_1 = Mg, there is a 2 x 2 real orthogonal W such that for V = w

] , the first entry of Vv
In72

is zero and we still have
oA+ Vool VT + oV vl = o™,

Thus, we can take the solution to the Horn problem to be A = A and

B = Vool VT + iV vl = V(pov + poww™) VT,

o

UT(A+ paov")U = diag(pr, p1,p2s - - - Ph—15 Pkt - - -+ Pn)s

Then there is a real orthogonal U = such that

and
o (diag(pr, P1, 02, - - s Phe1s Phtls - - -5 Pn) + paU Vww VIU) = v

Since there is at least one 14 equal to \; = py, Corollary 5.2 gives us that the first value in U7 Vw is zero.
By the structure of U, this implies the first value in Vw is zero. Thus a solution to the Horn problem has

the form
A 0
A= = 5 B = ~ )
A B
so the sets of eigenvalues are reducible.
Case (V): Assume
Aa—1> X = Ao = Aat1 = - = datj > Aatjt+1,

for some j > 1 (note i = o + £ for some £ € {0,1,...,5}). Further, assume
PB—1> ANi = Pg = Pp41 = """ = PB4k > PR+k+1s
for some k > 1. Assume
A =diag(Aa, -, Aatjs AL, A2, oo Aa—1, Aatjtts - -5 An)-
If j = 1, Corollary 5.2 gives us that the first two values of v are zero. Thus for V = I,,, the first two values of

w
Vv are zero. Otherwise, j > 2, so there is a 3 x 3 real orthogonal matrix W such that for V = 7 1 ,
n—3

the first two entries of Vv is zero and we still have

o(A+ Vol VT + pyVww vy = ™),

~ ~ w
Next, there is a 2 x 2 real orthogonal matrix W such that for V =

] , the first entry of VVuw is

n—2
zero and we still have
oA+ VvVt VIVT 4 o Vvww? vIvT) = v,
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Note that since the first two values of Vv were zeros, the first two values of V'V are still zeros. Thus, we
can take the solution to the Horn problem to be A = A and

B = VVurTVIVT 4 o VvuwwTvIVT = VV (o + peww) VIVT,

Thus, a solution to the Horn problem has the form

so the sets of eigenvalues are reducible. 0

We get an analogous result for the indefinite case.

PROPOSITION 5.4. Suppose A, (™) and v™ satisfy the trace equality and Horn inequalities. Assume
w1 >0=po == plp_1 > pn. If there exists i € [n] such that \; = v;_1 or \; = v;y1, then the sets of
etgenvalues are reducible.

We omit the proof because it follows analogously to that of the previous result. The main difference is that
the second interlacing condition becomes

PLZ VL Z P22V 2 2 Py 2 VUp.

Now Proposition 5.3 and Proposition 5.4 get us the following corollary.

COROLLARY 5.5. Suppose A, 1™ and (") satisfy the trace equality and Horn inequalities, and only
two ;’s are nonzero. If the sets of eigenvalues are not reducible, then for any i € [n] such that A\; = A1,
we know A\i—1 # i # Aiv2 and for all k € [n], \; # vg.

Proof. Let A be a diagonal matrix with diagonal elements equal to the A\;’s. From the assumptions, we
know there exist orthonormal vectors v and w such that o(A + pjvv” + poww®) = v, Define p(™) :=
(A + povT).

Case 1: First assume p1 > po > 0. Then by Theorem 2.2 we have the following interlacing conditions.
PL=A 2 p2 > A= 2 pp 2> Ay and V2 P12V 2 P22 2 Vp 2 Pn.

By interlacing, if A\;_1 = A; = A\j41, then 1,41 = A\;_1. By Proposition 5.3, this means the eigenvalues are
reducible, which is a contradiction. Similarly, if A\; = A\;11 = A\;12, then v;490 = A;. Again Proposition 5.3
gives us that the eigenvalues are reducible, which is a contradiction. Thus, we have A\;_1 # A; # Aiyo.
Interlacing then assures us the only possible v; equal to A; = A\;41 are v;, v;11, and v;4o. In any case,
Proposition 5.3 gives us that the eigenvalues are reducible, which is a contradiction. Hence, for all k € [n],
)\i 75 Vi.

Case 2: Else, 1 > 0 and p,, < 0. Then by Theorem 2.2 we have the following interlacing conditions.

PL=A1Zp2 =X > 2 pp > Ay and P12V > pa > Ve > 2 pp 2 Up

By interlacing, if \;_1 = A; = Ajy1, then v; = A\;_;. By Proposition 5.4, this means the eigenvalues are
reducible, which is a contradiction. Similarly, if \; = \j4+1 = Ajy2, then v;41 = A;. Again Proposition 5.4
gives us that the eigenvalues are reducible, which is a contradiction. Thus, we have A\;_1 # A\; # Aiya.
Interlacing then assures us the only possible v, equal to A\; = A\;41 are v;_1, 4, v;41, and v;49. In any case,
Proposition 5.4 gives us that the eigenvalues are reducible, which is a contradiction. Hence, for all k € [n],
)\i 75 V. 0
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Note that Corollary 5.5 tells us
{i A =XNip {2 A = g for some £ € [n]} = 0.

Thus, we will first consider the case when \; = A; 41 for some ¢ € [n]. After, we will separately consider the
case when \; = vy for some i,/ € [n].

6. Rank 2 Horn — Repeated lambdas case. We return now to our rank 2 Horn problem. In
particular, given eigenvalues A", 1(") | and v(") satisfying the trace equality and Horn inequalities, assume
all but two u,’s are zero. This time we further assume that the sets of eigenvalues have already been reduced.
In this section, we still keep the condition that the A,’s are distinct from the vy ’s.

We will now address the case when some A/’s fail to be distinct from each other, i.e., there exists
1 € [n—1] such that A\; = A\;41. Note that since the sets of eigenvalues are reduced, Corollary 5.5 guarantees

Aie1 # N # Niya.
As in Section 4, we assume without loss of generality that u; > 0. Thus, either
pr > pe>0=pg=--=py, or 1 >0=pr="-=pp_1> fin.

As before, take

n2, if pa > 0
s = .
Ln, if pn <0

Now define the tuples i(f) and j(<n—é) by

i =fiemn=x) 070 =R\,

Take

Aiy

o

Jn—t

Then there exist real orthonormal vectors v and w such that
o (A + oot + u5wa) =",

Since the first ¢ elements of A are all eigenvalues that occur again later (in particular A;, = X\;__1), we can
always do a unitary similarity on A + pyvv” + psww? to ensure that v starts with & zeros. Thus, we assume
without loss of generality that we already have vs = 0 for s € [¢].

Taking p(™ := o(A + p1vv”) as before, we obtain again the trace equality, (4.10), and interlacing
conditions (4.11) and (4.12).

Zps =p1+ ZAS’
s=1 s=1
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MAUZPI 2N Zpa> A > 2 ppy > Ay,

PL+ s 2 VL2 pL 2 Vs 2> pa > 2 Uy > P, if ps =2 >0
P12 V1 2 P22 2 Pn 2 Vn 2 Pn T Us, lfM§:Mn<O

Since A;, = A;__1 for s € [k], the interlacing conditions ensure
iy = pigs S € [6]

Also, Corollary 5.5 ensures Aj; > Aj, > -+ > A; ,. Then, defining the polynomials

n—{ n—~¢
f@)=J[@=x)  and  g(z) = [[@@—pj),

we get that the analog to (4.16) is

2., = _Q(Ajs)
s+0 — 7y )
p1f ()\js)

s€n—1.

Since we are still assuming A\s # v, for all s, € [n], we still have py’s are distinct. Thus, analogous to (4.17),
we have that for polynomials g and h as in (2.2), and unitary U, such that

[ Piq 1
U;;F(A + U, = Pic ,
Pir
Pin—v |
| —h(piy) ( (Pjy) h( ) g
Ty = |4, —hlp; _hp”z ) —h(pjy) .. 4. TMPin—0)_
Upw= {t“ uag’(pill) nsg'( tja usg’(le) tjne w59 (Pj,_y)
Since p;, = i, Uy = I @ U for some (n — £) x (n — £) real orthogonal matrix U In particular, since

Aj,’s are unique, and the first ¢ entries of v are zero, we can use Lemma 3.3 to get that for some signs
Cj1sCias -+ Cj_, € {—1,1}, the (a,b)-entry of U, is given by

Cjo> Pjo = Aja
Up(av b) = 0, Pjs = Aj, SFa
Vg w1 f(psy)
Civ i) "\ om0 Pin F s Vs €[ =]

Then analogous to (4.18) and (4.19), for s € [n — ¢], the s + ¢th element of w is the given by

ey —h(pj,) =
Cirtir\) Tag7(pr) Ajs = P,

ZZ ngat Usye \/m —h(pjq) A, # pj. Vre[n—1{ '

Wste =

Ja e —Pja) 9" (Pja) ws9'(Pja)’

Since \;, = p;, for s € [¢], we have for a € [n — /],

flpi) — flpj)
g/ . )
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Combining this with the fact that the first £ values of v are zeros and proceeding as in the proof of Theo-
rem 4.1, we get that the analog to the orthogonality condition (4.13) is

|h(p;.)f(p;.)]
O_w v = #7
Z it 19 (pj.)]

where ¢; t;, € {—1,1}. Now for s € [{], p;, = \i,, so f(p;,) = 0. Then since the p,’s are distinct, we can
add back in the rest of the p4’s to get back exactly (4.13),

S VG
0=2 e il

The general algorithm for solving the rank 2 Horn problem is presented in Algorithm 2 in the Appendix.

For the case we just discussed, take k£ = 0 and thus a(<k) = () in the general algorithm.

6.1. Example. To illustrate this case of our algorithm, we provide an example. Suppose we start with

A =16,2,2,-1},  u® ={52,0,0}, v<4)={9+2\/ﬁ,6,9_2\/ﬁ71}.

We begin by reducing the sets of eigenvalues. In particular, we can remove
Aoy =6, pg, =0, and v, =6.

Note that while \y + o = —1 4+ 2 = 1 = v4, we cannot remove these values because the Horn inequalities
would not hold for the reduced sets of eigenvalues. Thus, we get the matrices A = [6] and B = [0]. We
continue now with the reduced sets

9 = {2a27 _1}7 M(S) = {55 270}7

- {9 +V13 9 VI3 }
v = 1s.
2 2

There are many tuples of values p ) that satisfy the conditions of Step 4, but we choose the following values

o = {3410, 2,3~ Vi0}.

that have nice closed forms.

In particular, we get

fl@) =(z=2)(x-2)(x+1)
9(x) = ((z = 3)* = 10)(z — 2)
h(z) = ((z = 9/2)* = 13/4)(z — 1),

and the orthogonality property is satisfied in the following way.

VB +VIDE+VIO)  R@F@] yIhG - VIO G- VID)

l9'(3 + /10)] - 19'(2)] \9(3—ﬁ)| =0

=0

SO
rmn=1, ro=1, and rz=—1.
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Note that the sign of ro does not matter here. Next, in Step 5, we get £ = 1 and
i1 = 2, =1, j2 = 3.
Then

f@)=(z=2)(x+1),  §(z)=((xr—3)*-10).
Thus, in Step 6, we get

_Q(Q)_ § an ﬂ— 2 which gives v =
M‘ﬁ ‘ 5f'<—1>_\[5’ Hee Y

In Step 7, ps = pu2 = 2, so

w1 = wjl
_ 1 ¢ h(3+V10)5(2)f (34 VI0) _ ! ¢ 3 - VI0)52)f(3-vi0) _ —1
2 - (3+V10))[¢/(3 + V10)| 2/'(2) (2 - (3-V10))|g'(3 - V10)| 2f'(2) V3’
2o 29'(2) V6
w3 = Wy,
_ 1 wg +VIO§(—1)f(3+ VI0) 1 W(B ~ViIDg(-1fe-vio) _ 1
(—1 = (3+V10)|g'(3 + V10)| 2f/(-1) (-1 - (3-V10))lg'(3 — V10)| 2f/(~1) V2
2
In Step 8, we get A= 2 and
-1
s oo ve [ 3 i [ 8 SRV
» T T — _
B:5vv+2ww:\?6gg+§/§§ H =] £ l e
2 1 2 1
Then for A= A® A and B = B & B, we have 0(A) = \¥, o(B) = u®, and 0(A + B) = v¥),

7. Rank 2 Horn - Lambda equals nu case. There remains one case to be addressed: when there
exist z,y € [n] such that A, = 1,. As in previous sections, we can continue to assume without loss of
generality that pq > 0 and that the sets of eigenvalues have already been reduced. Now Corollary 5.5
guarantees A\;_1 # Ay # Az+1. Thus by interlacing, there are at most two pg’s equal to A,. In particular,

Aw—l Z Pz 2 )\.L Z Pr+1 2 AJ;+1'

Thus, it is possible p, = Ay = py+1. However, it may not be necessary. Even in this case, one can try
implementing Algorithm 1. If p(>n) satisfying the properties in Step 2 exists, then the algorithm will succeed.
However, the possibility that p, = A\, = p,+1 means we are no longer guaranteed to find such p(>n). Thus we

must address this case.

As previously noted, Corollary 5.5 gives us that the current case is disjoint from the case of repeated
Ai’s. Thus we will assume all our A;’s are distinct for simplicity of argument. Then we can combine the
results of the current case with the results obtained in Section 6 to get the general algorithm.
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7.1. Simplest case. We begin by addressing the simplest instance. In particular, we assume only one
Az equals to one v,. For further simplification of our argument, we assume z = 1, i.e. Ay = v,. Since
we assumed the eigenvalue sets were already reduced, Proposition 5.3, Proposition 5.4, and the interlacing

vo, if pug >0
vy = ) .
vy if g, <0

conditions tell us

We will later generalize to the case when multiple \;’s equal multiple vy’s.

Now given A\ = v, we assume that Algorithm 1 failed and thus it is necessary to have p1 = A1 = pa.
Note that since we assumed for ¢ £ 1, \; # vy, for all k € [n], p1 = p2 are the only repeated py’s. As before,
take A = diag(A1, ..., \n) and

o, if po >0
ns = .
fons i g, <0

Then there exist real orthonormal vectors v and w such that
(7.21) o (A + oo’ + psww®) = v,

Define p(™ as before by p(™) := ¢ (A + p1vv™) . We continue to have the trace equality (4.10) and interlacing
condition (4.11).

n n

Zpézul'i_ZAfa

(=1 (=1

Mt Z2p1 2 A Zp2 > > 2 pp 2> A

All \;’s are distinct and p; = A1 = p2. Thus, Corollary 5.2 tells us the first entry of v is zero. Define the
vector o € R"~! by
[0}
v=|_|.
0,

In general, Corollary 3.2 tells us that for f and g as defined in (2.2),

V2 = —g(\i) )
fomf ()
Then using that A\; = p1, we can define
(7.22) i@ =[[@=p),  Ffl@)=]]@-N\),
=2 =2
to get
2 _ o —g(Ni+1) — —g(Nis1)

@i — Ui - — = .
U f (M) w1 f (Nig1)

Now let U, be a real orthogonal matrix such that

(7.23) UPT (A+ ,u1va) U, = diag(p1, ..., pn)-
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In particular, since A, = p; and v; = 0, we can take U, = [1] @ U,, where U, is an (n — 1) x (n — 1) real
orthogonal matrix. Thus, we have

A1 P1

1 A2 0
. + 1 [O

T .. ~
Up . v

P2

Removing the first row and column, this gives
Ug (diag()\g7 cesAn) + ,ulf)f)T) Up = diag(pa, ..., pn)-

Now, as mentioned previously, our assumptions guarantee p; = ps are the only repeated p;’s, i.e., po > p3 >
pg >+ > pp. Thus, we can apply Lemma 3.3 to get that for some signs so, s3, ..., s, € {—1,1}, the (¢, j)th
entry of U, is given by

Sj+1, Pit1 = Ait1
(7.24) Up(i, ) = 1 0, Pi+1 = Akt :

s st S e AN Ve ]

since v;11 = ¥;. Now (7.21) and (7.23) give us

(7.25) o (diag(p1, - .-, pn) + psUTwwU,) = (™.

Thus applying Theorem 2.2 again, we get the interlacing condition (4.12) as before.
PL+ s > V1 2 P12V > pay > 2V 2 py, if s =2 >0
PL V12 P22 2 P 2 Vn = P+ s, if f15 = o <0

We would like to use Corollary 3.2 on (7.25), but we cannot yet since v, = p; = p2. To deal with this, define
the real orthogonal 2 x 2 matrix

~ [€cos(f) —sin(0)
(7.26) - Lsin(ﬁ) cos(0) } ’

for some angle 6 € R and sign £ € {—1,1} such that

o Uywn| _ m .
(U w)2 *
Since p; = pa, we know
VT & v &
I 1 I ] -
Pn Pn

Thus, (7.25) gives us

o (diag(p1,-- - pn) + ps(VT & L) UTww Uy(V @ I_3)) = v™.
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Note that p; = 1, and by construction, the first entry of (VT & In,g)UEw is zero. Thus, if we define the
real vector z € R"~! by

(7.27) (VT'e L, 2)Ulw= m :

this means
g (dlag(p21 v 7pn) + M5ZZT) = ’/(n)\{’/y}
Now we can use Corollary 3.2 to get that for § as defined in (7.22) and h defined as
h(z) = [[ (& = v),
L#y
22 — —h(pi+1) .

159" (pit1)

Combining this with (7.26) and (7.27), we get that for some signs ¢9,t3,...,t, € {—1,1},

O e 1122
(Up w)1 = —tysin(6) a7 (o)’

Tt — 1 cos(0) | —P2)
(Up ) =tz cos(f) 159’ (p2)’

T —il(m) _ n
(UFw); i) T 3,4,...,m.

Now, using U, = [1] @ U,, where U, is as in (7.24), we get the analog to (4.18) is

: —ﬁ(ﬂz)
wy = —tosin(0)y | ———=,
' zsin(f) 159’ (p2)
and fori=2,3,...,n
, —h(p2) | N~y h(p))
w; = U,(5,2)ta cos(0)y | ——= + Y U,(i, j)tj(| — 22—~
ol 2)t2 cos(6) 159’ (p2) J;) o) 159" (p5)
o —B(pz) = - . . B(p)
=U,(i —1,1)ty cos(0 + i—1,5— Dt —=2L—
ol 12 oSO () = ol 5\ s (03]
v; pifp ﬁ p ) —h(pk) o
s2t2 cos(0) Ni—p2) \/ 91(P2§ \/ p2) + stk #6@’(5}0’ Ai = Pi

vi wif(p2) [ —h(p 1 f(py) | —h(p;) _ '
sata cos(0) ;725 \/ 7' (p2) \/ 57 (P2) + 2 j=s Siti ) \/ 760 Vg N7 pe Ve

Proceeding as in the proof of Theorem 4.1, we get that the analog to the orthogonality condition (4.13) is

\/ |h(p2) f(p2)| \/ Pa
(7.28) 0 = sots cos(f Z s;t;

g ()l |’

where s;t; € {—1,1}.
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7.2. General case. Now, so far we were working under the assumption that p; = p2 and all other p;’s
were distinct. In general, we define sets of indices a(<k), b(ﬁ*k), and c(<n72k) by

o= {jeln—1]:p; = pjaa),
n—k k
b = )\,

C(n72k) —

P [n\{a1,a1 + 1,a2,a0 + 1,...,ar,ar + 1}.

By interlacing we know that for s € [m)],

a ) >0
(7'29) Pas = >\as = {V o :
Vag, Hn <0

Then define the polynomials

n—k n—k
f@)=1l@-x),  §@) = ]@- )
k n—2k
L
Hs:l (.’E - Vbs), L <0

Here we are defining h such that we omit the v,’s that are equal to the repeated p,,’s, as specified in
(7.29). Then the orthogonality condition (7.28) becomes that for some real values 61, ..., 6, € R and signs
Tays---TagsTers---Ten_an € {—1,1}, we need

|}~l(pas)f(pas)| n2k |il(pcs)f(pcs)|

+ ZTCS

k
7.30 0= Ta, cOS(fs = =
(730) 2 ra oSO ST D ety

The general algorithm is presented in Algorithm 2 in the Appendix. This comes from combining the above
argument with the arguments of Section 6. When there are no repeated lambda values, as above, we have
that £ = 0 and thus i(f) = () in the general algorithm.

7.3. Example. To illustrate Algorithm 2 in the case when there is a repeated p value, we provide an
example. Suppose we start with

20 20

O = (43,1}, u® = {5,9/2,0}, u<3>={145+”05,145_”05,3}.

This time, we cannot reduce the sets of eigenvalues. Note that in this instance, Algorithm 1 will succeed
in finding distinct p(>3) (for example, implementing our algorithm in MATLAB, fmincon() will find p(>3) =
{7.380652793049324, 3.551959039935155, 2.067388167015521 }). However, to illustrate the current algorithm,

we proceed with finding p(®) that has a repeated value. In particular, in Step 4, we can choose
P =1{7,3,3}.

Then,
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so since ps = 9/2 > 0,

g

() = (z —4)(xz - 1)
g(z) = (x = T)(z - 3)
h(z) = ((x — 29/4)% — 21/80).

This gives
RGO VTR A(3)F(3)] /890
19'(7)] 20 19'(3)| 20
Thus, defining 6 such that cos(61) = \/?;5*9 and taking r; = 1, ro = —1, the orthogonality property is satisfied

in the following way.

A(3)£(3)] R(7) f(7)]
s T T g
In Step 6 we find

%
5

g4 1 ) _ 2 _

ORRG and 57 (0) =7 hich gives v= (2)
Z

Next, since cos(61) = % we have sin(f;) = y/22. Then in Step 7, we have p15 = 2 = 9/2 and

R 2Y.:. W 1 DG f(T) _ -
LS S )73 2)f'(4 —DlF DI\ 9/2)7(4)

(3
e e (9/2)7'(3
o — . — —VE9 [R(3)5()](3) +7 /(1)
CA=3FGIY (9/2)f(1) (1)
4
Then in Step 8 we get A = 3 and
1
2 8 -1 7 8 9
1 0 2 5 5 5 5 5 5
B=500" +(9/2uww” =0 0 0|+ [/8 4 /2 =]/ 4 /2
2 0 4 1 2 9 _ [z au
5 5 10 5 5 10

We can verify o(A) = A®), o(B) = u®), and o(A + B) = v,

8. Connection to Li and Poon’s problem. The Horn problem has a connection to a related problem,
found in Li and Poon’s 2003 paper [14]. The problem, which we will call the Li Poon problem, was, given
eigenvalues A (™ and v("+™) when does there exist an (n +m) x (n + m) real symmetric matrix D
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such that the eigenvalues of D are v("t™) the eigenvalues of the top left n x n block of D are A(™, and the
eigenvalues of the bottom right m x m block of D are u(™? To illustrate the connection between the two
problems, we state Li and Poon’s result, with proof, from their 2003 paper [14, Theorem 2.2].

THEOREM 8.1. Given tuples of real numbers N, pu(™  and v"*+™)  set a > |min{0, A\, fms Vngpm }-
The (n + m)-tuples

(8.31) M+a, +a,..., A +a,0,...,0),
——
m copies
(Ml+aaﬂ2+a,-~~,ﬂm+aa0;~~~a0),
——
n copies
and (1 +a,vata,...,Vnpm + a),

satisfy the trace equality and Horn inequalities if and only if there exists an (n+m) x (n+m) real symmetric
matric

A1
A2

(8.32) D= m such that o(D) = (™),
1

2

L /"L’"L -

Proof. First assume the (n + m)-tuples given in (8.31) satisfy the trace equality and Horn inequalities.
Then by Theorem 2.1, we know there are real symmetric (n +m) x (n +m) matrices X and Y such that

U(X):{)\1+a7...7)\n+a,07...,0},
o(Y)={m +a,... pm+a0,...0},
U(X+Y):{V1+aa"'7yn+m+a}.

By definition of a, X and Y are both positive semidefinite. Further, X is rank at most n and Y is rank at
most m. Thus, there is an (n +m) X n real matrix R and an (n +m) X m real matrix S such that

X = RRT and Yy =557,

RT
X+Y=RR"+SS"=[R|S] o
so the (n +m) x (n + m) matrix
RTR | RTS
STR | STS

has the same eigenvalues as X + Y, namely vy + a,...,Vppm + a. Further, RT R has the same nonzero
eigenvalues as RR”, namely A\ + a,...,\, + a. Analogously, we get that ST.S has the eigenvalues p; +

Then

RT

qT [R‘S]:

b
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Q,...,Mm + a. Taking the n x n real orthogonal matrix U; and m x m real orthogonal matrix Us such that
U1 RTRUT and Uy ST SUY are diagonal, we get that

Uy |
2

RTR| RS
STR| STS

Ul |
| uf

- aIn+m7

satisfies (8.32).

For the other direction, assume there exists an (n+m) x (n+m) real symmetric matrix D satisfying (8.32).
Then by definition of a, D + al,, 1, is positive semidefinite, so there exists an (n +m) X (n+m) real matrix
P such that D + al,.,, = PTP. Define the (n 4+ m) x n matrix P; and (n +m) x m matrix P, by

P=[P|P].
Then
e, P | PP | PPy
(8.33) Dt alnm = PP = |5 [P | P ]= PR PIR |

Thus by definition of D, we know P{ P, = diag(\; +a,..., A\, +a) and Pf P, = diag(uy + a,. .., fim + a).
Take
A=PPl and B=PRP].

Then A and B are both (n 4+ m) x (n +m) real symmetric matrices. Further,

o(A)={M +a,...,.\, +4a,0,...,0} and o(B)={p1+a,...,ptm+a,0,...,0}.
Also,
Pl
Py

?

A+B=PPl+ PP =[P | P ]

so by (8.33) and the fact that o(D) = p(*+™),
c(A+B)={vi+a,...,Vnytm +a}.

Thus, the (n + m)-tuples specified in (8.31) must satisfy the trace equality and Horn inequalities. |

This result and its proof allow us to use our solution to the rank 2 Horn problem to solve the Li Poon
problem when m = 2. In particular, if we are given A", 1(®) and v("*2) we can solve the Horn problem
for the (n + 2)-tuples as specified in (8.31). Then, as in the presented proof of Theorem 8.1, we can use this
solution to solve the Li Poon problem.

9. The next step. In this paper, we developed a general algorithm, Algorithm 2, for finding a real
symmetric solution to the rank 2 Horn problem. Note that, in particular, this algorithm gives us a solution
to the general 3 x 3 Horn problem. This is because we can always shift the eigenvalues so that one of the
;’s is zero. Then we are in a rank 2 situation. While the 3 x 3 Horn problem was previously solved in [3],
the algorithm there only gave Hermitian solutions. Our algorithm here gives real symmetric solutions.

Suppose we wanted to generalize the ideas used here to solve higher rank Horn problems. For a rank 3
matrix B, we would want to perform 3 rank 1 updates. Then we would be looking for 3 orthonormal vectors
v, w, and u such that

o (diag()\l, oy An) vt + poww® + uguuT) =M,
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We would need two sets of intermediate eigenvalues

(n) .

o (diag()\l, ceAn) ulva) ,
o (diag()\l, ceAn) oot + ugwa) .

p
mO»

This would give rise to two trace equality conditions and three interlacing conditions. Then we would also
need three orthogonality conditions since we require v L w, w L u, and v L u. Increasing the rank of B,
of course yields more requirements. We believe that a key ingredient for solving the higher rank case is to
have a good understanding of the orthogonality condition (4.13). Indeed, as illustrated in Subsection 4.3,
the key is to find a polynomial g(z) that “interlaces” the given polynomials f(z) and h(x), while at the same
time satisfying an equation like (4.20). The fact that we seek r; € {—1,1}, means in fact that the quantities

h(pi)f(pi)l
lg’ (pi)l
complementary set. A deeper understanding of this requirement will be helpful in the higher rank cases.

need to be “balanced,” in the sense that a subset of them needs to yield the same sum as the
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Appendix. Here we present the general algorithm for finding real symmetric solutions to the rank 2
Horn problem.

Algorithm 2 Solving the Rank 2 Horn Problem

Given: Real tuples A, (™ and v(") satisfying the trace equality and Horn inequalities.

Step 1: Reduce the sets of eigenvalues. In particular, if we remove Ay, ..., Aa,.s U515 -, [148,,, and
Unys ooy Uny,,, ordered such that for all £ € [m], Ao, + g, = v+,. Then set

A= diag(Aay, Aags - Aay), and B =diag(ug,, gy, - -, 18, )-

Step 2: Now consider only the remaining eigenvalues, renumbered 1 to n — m, still in nonincreasing order.
Assume at this point that exactly two remaining u,’s are nonzero.

Step 3: If 0 > pp—m—1 > ln—m, negate all eigenvalues. Renumber so they are in nonincreasing order.

Step 4: Find p(®~™) such that for sets

o ={jem-—m-1]:p=pja}, BT i=[n—m\al,
c(<" m- Qk) =[n—m]\{a1,a1 +1,a9,a2 +1,...,ax, ar + 1},

and polynomials

n—m—k n—m—=k k —u, n_—m—2k T —v,.),
f(l‘) = H (x — )\b H T — pb (;E) — {Hs—l(x s) Hsfl ( s) pa >0

i i [T =), o <0
the following hold.
(i) (Trace equality) >0 1" ps = > 0" As + p1.
(ii) (Interlacing Property 1) Ay + 1 > p1 > A1 > p2> A > - > prem > Ap—me-
PLA 2 > V1 > P12V > P> 2 VUpay 2 P, if pi2 >0

(iii) (Interlacing Property 2) . .
PLZ2VI 2 P22 V22 2 VUn—m 2 Pn—m T fn—m, if pp—m <0

(iv) (Orthogonality Property) Zg 1 Ta, €os(0s )7%;))0(’)‘“’ +y 2k Siw =0 for
some real values 61,...,0; € R and signs 74, .-, Taps Ters - - Tenmooe € 1—1,1}

Step 5: Define

ig) ={ien-—m]: N =XN_1}, jin_m_k_z) = b("_m_k)\ ;) d(g_m_%_[) = C(<n_m_2k)\i(<£)7

< I

. n—m—k—~¢ n—m—k—¢
f@y= JI G@-x) @)= [ @-p.).
s=1 s=1
—9(Xjs)

Step 6: Define the vector v such that v,, =0, v;, =0, and v;, = o F Oy
41 Js
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: . [ =R o —h(pa.)
Step 7: For p; = {um £ <0’ define the vector w by w;, = o7 oy Wa, = sin(6,) PR ArWE and

k Tay c08(01) J(pa)d(Nj ) (pay,) - =hlps) o

<Zt—1 Njs=Pa)1G (Pa,)] s (Ny) ) Ty 1sg’ (Psy)’ Ao = Pi

w;. = k Tay cos(6:) f(pat)ﬁ()‘js);l(ﬂat)
’ (Zt—l Rz —Pa)1g (Pa,)] s (Nj) )
—m—2k—{ dy h(pa,)d(Njo)f (pay)

" <Z?—1m (/\js—p;:l)\ﬁ’(pdt)\ L pd;ff’(&js) - ) , Ao 7 iy Yy € [ m =k =),

Step 8: If we negated all eigenvalues in Step 3, take A=— diag(A1, ..., An—m) and B= —prvv? — psww®.

Else, take A = diag(A1, ..., Ap—m) and B= v + pswwT.
Output: n x n real symmetric matrices A = A® A and B = B @ B satisfying o(A) =X, o(B) = p™),
and o(A + B) = v,
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