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AN EXTENSION OF THE PERRON-FROBENIUS THEORY TO ARBITRARY
MATRICES AND CONES*

YAVDAT IL’YASOVT AND NURMUKHAMET VALEEVT

Abstract. We develop the Perron-Frobenius theory using a variational approach and extend it to a set of arbitrary
matrices, including those that are neither irreducible nor essentially positive, and do not preserve a cone. We introduce a
new concept called a “quasi-eigenvalue of a matrix,” which is invariant under orthogonal transformations of variables, and has
various useful properties, such as determining the largest value of the real parts of the eigenvalues of a matrix. We extend
Weyl’s inequality for the eigenvalues to the set of arbitrary matrices and prove the new stability result to the Perron root of
irreducible nonnegative matrices under arbitrary perturbations. As well as this, we obtain new types of estimates for the ranges
of the sets of eigenvalues and their real parts.
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1. Introduction. The Perron-Frobenius theorem, established by O. Perron (1907) and G. Frobenius
(1912), states that any irreducible nonnegative matrix A = (a; ;) has a simple eigenvalue A*(A) € R of the
largest magnitude; moreover, its right and left eigenvectors ¢*, 1)* are positive. Later, this theory has been
extended by M. Krein, M. Rutman (1948) to operators on a Banach space that preserved cones. Another
development of the theory was proposed by G. Birkhoff and R. Varga (1958), who extended the theory to
the essentially positive matrices, including those for which the cone of positive vectors S := {u € R™ | u; >

0,2 =1,...,n} is not necessarily preserved. Furthermore, they discovered the following identity
A A
(1.1) A*(A) = sup inf (Au,v) = inf sup M,
uess veSS (u,v)  veSY yese (u,v)

which is now known as the Birkhoff-Varga formula [5]. Here, S; =S¢\ 0, (-, ) denotes the inner product in
R™. The matrix A is said to be irreducible if A cannot be conjugated into block upper triangular form by a
permutation matrix P, and A is essentially positive matrix if it is irreducible and has nonnegative elements
off the diagonal [39]. Hereafter, A\;(A) € C, j = 1,...,n denotes the eigenvalues of A that are repeated
according to their multiplicity. For readers convenience, we provide the statement of the Birkhoff-Varga
theorem (see Theorem 2.1, Theorem 8.2 in [39])

THEOREM (Birkhoff-Varga). Assume that A is an essentially positive matriz. Then A has a real eigen-
value A*(A) such that

(a) A*(A) is a simple eigenvalue of A, and the corresponding right and left eigenvectors ¢*, ¥* are positive.
(b) A*(A) satisfies (1.1).
(c¢) A (A) =max{Re A\;(4), j=1,...,n}.
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(d) If in addition, A is a nonnegative matriz, then \*(A) = max{|\;(A4)|, j=1,...,n}.
(e) A\*(A) increases when any element of A increases.

It is common to call an eigenvalue of a matrix the Perron root if it equals the spectral radius p(A) of A.
Thus, under the hypothesis of assertion d) of the theorem the quantity A\*(A) corresponds to the Perron root
of A. At the same time, this quantity for the essentially positive matrices is not necessarily equal to the
spectral radius; moreover, it can take the values of any sign. It makes sense to call A*(A) defined by (1.1)
the quasi-Perron root.

There are numerous applications of the Perron—Frobenius theory, see, e.g., [4, 31, 35] and references
therein. This topic has gained our attention in light of the study initiated by the first author in [17, 19,
21, 22, 34], where the saddle-node bifurcation point (A*,u*) of nonlinear equations of the form F'(u,\) :=
T(u) — AG(u) = 0 is determined in terms of the saddle point of the so-called extended Rayleigh quotient [22]

R(u,v) := :j;’ (u,v) € U xV, (G(u),v) #0.

Here U,V are appropriate subsets of a normed space X, T, G : X +— X* are given maps. In particular, the
saddle point of R(u,v) can be found using the minimax formula of the form (see [17, 21, 22])

1.2 A =sup inf R .

(1.2) sup inf, (u,v)
The minimax formula (1.2) can be justified by directly substituting the saddle point (u*,v*) of R(u,v) into
(1.2) if it is known in advance, see [19, 20, 21]. It was this method that Birkhoff and Varga had used in [5] to
justify the minimax formula (1.1) (see also [11]). However, for nonlinear and infinite-dimensional equations
finding solutions is itself a challenging problem. This entails the following problem

A: Could one find the saddle point (u*,v*) of R(u,v) directly through variational problem (1.2)%.

The reader may find some answers to this problem in [8, 17, 18, 21, 22, 34], which deal with variational
problems of type (1.2), including those corresponding to nonlinear partial differential equations. At the same
time, this field of study is still in its early stages, and many important questions remain unanswered. In this
regard, finding the quasi-Perron root of the matriz A and the eigenvectors ¢*,¥* directly through variational
problem (1.1) may be viewed as a first-step problem to A.

The extension of Kerin—Rutman’s theory to cone-preserving matrices has received considerable attention
(see, e.g., [3, 6,7, 11, 13, 26, 38]). In particular, a generalization of the Birkhoff-Varga formula (1.1) for cone-
preserving matrices was studied in [11]. Note that (1.1) implies the well-known Collatz- Wieland formula:

A*(A) =max  min {(Au, €>,
u>0 e€{er,....en} (u,e)
where e; = (1,0,...,0)T, ... e, == (0,...,0,1)T € R" (see, e.g., [19]). Methods based on this formula,
the so-called Wieland’s approach, were used to generalize the Perron—Frobenius theory to a set of matrices
preserving cones [3, 28, 29, 37]. The first results on generalizing Perron’s theorem to matrices nonpreserving
cones were obtained by Birkhoff and Varga (1958). A remarkable feature of their work was that their
proposed method, along with the Perron root made it possible to determine the largest value of the real
parts of the eigenvalues of matrices. Finding the largest real part of the eigenvalues of operators is important
in many problems, including the stability analysis of solutions to differential equations, detection of the Hopf
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bifurcation, analysis of iterative algorithms, etc, see, e.g., [1, 10, 15, 16, 23, 30, 39]. It is worth noting that in
applications, and in particular in finding bifurcations of solutions, it arises matrices that are not essentially
positive or easy to classify of their type (see, e.g., [10, 34]); moreover, solutions are often sought in non-
invariant cones. Nevertheless, the development of the Birkhoff-Varga approach did not receive as much
attention as it should have. This naturally leads us to the following general problem:

B: Determine the widest class of matrices and cones for which the Perron—Frobenius theory still holds,
possibly in a generalized form.

2. Main results. In what follows, (M,,«x»(R), | - ||ar) denotes the space of real n x n matrices endowed
by standard operator norm || - |57, K(R™) is a set of self-dual solid convex cones in R", i.e., C € K(R") if
au+ pw e C, Yu,w € C, a,8 >0, C = {u € R | (w,u) > 0,Yw € C} = C, and C° :=intC # () (see
[4, 24]). We denote C := C'\ 0, K(R") := {C'| C € K(R")}. The subset of cones from K(R") that are
the positive orthant’s orthogonal transform will be denoted by Ko (R"), i.e., Ko(R") :={C € KR") | C =
US4+, U € O(n)}, where O(n) is the group of orthogonal matrixes. We call

(Au, v)
{u, v)
the extended Rayleigh quotient (cf. [17, 22]). Note that for C € K(R™), A(u,v) is well defined if (u,v) €

C x C°or (u,v) € C°x C. Let X, Y be subsets of R™ such that A(u,v) is well defined on X x Y. We say
that the minimaz principle for A(u,v) is satisfied in X x Y if

AMu,v) =

) <u7 v> # 07 U7U G Rn’

2.3 —00 < sup inf A(u,v) = inf sup A(w,v) < +oo.
(2.3) 00 jg)(vnelY (u,v) Jrelng)( (u,v) < 400

Vectors uc(A) € C and ve(A) € C are said to be the right and left quasi-eigenvectors of A in C' if the
following is fulfilled

24 A) = inf = inf A

(2.4) Ac(A) Sggvlencok(wv) mf A(uc(4),v),

(2.5) Ac(A) := inf sup A(u,v) = sup A(u,vc(A)).
veC yeCo weCe

We call A\c(A) the upper quasi-eigenvalue and A\ (A) the lower quasi-eigenvalue of A in C. Furthermore, if
OuMuc(A),vc(A)) =0, WA(uc(A),vc(A)) =0,
Ae(A) = Muc(4),vc(4)) = Ac(4) = Ac(4),

then (uc(A),ve(A)) is said to be saddle point of A(u,v) in C' x C. Observe, this implies that Ac(A) is an
eigenvalue of A and uc(A), vo(A) are the associated right and left eigenvectors of A.

Note that the quasi-eigenvalues Ac(A), Ao (A) of the matrix A € M, »,(R) in C € K(R™) is an invariant
under the orthogonal change of variable x = UTy, U € O(n). Indeed, we have

- (Au, v) (UTAUw,v)

_ . bl _ . _7 T
(26) o) =m0 By SR uetor Gy vre A,
. . (Au,v) . (UT AU, v) .
2. Ao(A) = f = f —L =) AU).
27) Ac(4) useuclw)oq}relc (u,v) uesl‘}[llpco’l)El[I}TC (u,v) Ayre(U7AU)

Our first result provides certain answers to problems A, B.
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THEOREM 2.1. Assume that A € Myxn(R), C € K(R™). Then the minimax principles for A(u,v) are
satisfied in C' x C° and C° x C, that is,

2.8 inf A = inf A d inf A = inf A .
29 Sep 2 M) = gl sap AL v) and sup JE A 0) = T sep A

Moreover, there exist right and left quasi-eigenvectors uc(A),vc(A) € C of A in C.
If uc(A) € C° (ve(A) € C°), then the minimaz principle for Au,v) is satisfied in C° x C°, and

Ac(A) = sup inf A(u,v) = inf sup A(u,v),

ueCo veCe veC? yeCo
Ao(A) = sup inf A(u,v) = inf sup A(u,v)).
(Ae(A) = sup inf A(w.v) = inf | sup A(u.v)

Furthermore, if uc(A),vc(A) € C°, then A\c(A) = AMuc(A),vc(A)) is eigenvalue and uc(A), ve(A) are

corresponding right and left eigenvectors of A in C.

REMARK 2.2. Theorem 2.1 entails that if C° does not contain right and left eigenvectors of A, then
ve(A) € OC or/and uc(A) € 9C.

REMARK 2.3. Identities (2.8) imply A\c(A) > Ao (A). Indeed, by (2.8)

Ae(A) = inf A < inf A < inf A =Xc(A).
Ac(4) sup inf (“’“)—f;lé’wlenca (u,v)_iggvlenco (u,v) = Ac(A)

The following result takes advantage of the fact that the Perron—Frobenius theory in Theorem 2.1 extends
to arbitrary matrices and cones.

THEOREM 2.4. Assume that A € M, x,(R), C € K(R™).

If ve(A) € C°, then

(2.9) )\0(14 + D) —AC(A) < Cl(A,C)HDH]\/[, VD e Man(R),
moreover, if D <0, then
(2.10) Ac(A+ D) < Ac(4).
If uc(A) e C®, then
(2.11) Ao(A+ D) = Ac(A) > —co(A,C)||D||ar, VD € Mysn(R),
moreover, if D > 0, then
(212) Ac(A+ D) > Re(A),
where
[l ]
2.13 c1(A,C)=sup —————, (A,C)=sup —7F—F— < +0.
(219 A= ey O TR T ),

In particular, if uc(A),vc(A) € C°,

(2.14) ‘Xc(A +D)— Ac(A)| < Co(A,C)||D||M7 VD e Man(R),
(2.15) Ac(A+ D) —Ac(A)| < co(A,C)||Dllar, VD € Myxn(R),

where co(A, C) := max{ci(A,C),ca(A4,C)}.
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We say that a matrix A has sign-constant elements off the diagonal if one of the following is satisfied:
a;; >0ora;; <0foralli,je{l,...,n}, ¢ # j. In what follows, we denote by Mis¢, (R) the set irreducible

nxn
matrix with sign-constant elements off the diagonal.

THEOREM 2.5. Assume that A € ME¢, (R), then As, (A) is a simple eigenvalue of A, and us, ,vs, are
the corresponding positive right and left eigenvectors. Moreover, (us, ,vs,) is a saddle point of A(u,v) in
Sy which is unique up to the multipliers of us, and vs, . Furthermore, the function s (-) is continuous on

(Mpsn(R), || - [|ar) at any point A € M5, (R) in the following sense

(2.16) max{|Ag, (A+ D) = As, (A)],[As (A + D) = As, (A} < co(A, O)ID]|,

VD € Myxn(R), where co(A,C) does not depend on D, moreover, Ag, (A+ D) > As, (A) if D > 0, and
s, (A+ D) < As, (A) if D<0.

We emphasize that inequalities (2.14), (2.15), and (2.16) are related to Weyls inequality [33] for the eigen-
values of symmetric matrices; moreover, they generalize it to arbitrary matrices. Furthermore, (2.16) means
that the Perron root of irreducible nonnegative matrices is stable under arbitrary perturbations, which may
be thought of as a generalization of Weyl’s assertion on the stability of the spectrum of symmetric matrices
under perturbations on the manifold of symmetric matrices [33].

Clearly, As, (A) in (2.16) is the Perron root if A is an irreducible nonnegative matrix. But A + D may
not even be the irreducible non-negative matrices, and thus, Ag, (A + D), As, (A + D) might be not the
eigenvalue and Perron root of A+ D. In this regard, it appears that (2.16) provides a definite answer to the
question posed by Meyer in [30] about the continuity of the Perron root depending on the arbitrary matrices.

Recall that a matrix A is normal if ATA = AAT. It is well known that for any real normal matrix
A there exists a set of invariant subspaces V;, 1 < j < n —1 of A with [ € [0,n/2] such that dimV} = 2,
ImA(A)|y, #0, 5 =1,...1, and dimV; = 1, ImA(A)|y; =0, j = 20 +1,...,n. Here, A(A)|y, denotes the
eigenvalue of the operator A restricted on invariant subspaces V;.

THEOREM 2.6. Assume that A € My, x,(R) and C € K(R™). Then

(1)
A4+ AT . - A4+ AT
=5 )1 J=1n) £ Ac(4) < Xe(4) < max{d; (5 —

(2°) If A is a normal matriz, then

(2.17)  min{\;(

min Re);(A) < Ao(4) < Ac(4) < max Re);(4), VC € K(R™).

1<j<n 1<j<n
REMARK 2.7. Note that the eigenvalues of the symmetric matriz (A + AT)/2 are real. Thus, if A is a
skew-symmetric matriz, then A(A) = Ac(A) =0 for any C € K(R").

THEOREM 2.8. Assume that A is a real normal matriz, C € Ko(R™).

(1°) fv,nC°=0,%vi=1,...n—1, then

Ac(A) = max Re);(A), Ac(4) = min Rel;(A).

1<j<n 1<j<n
(2°) IfJie{1,...,n} such that V,NC° # 0, then
Ac(4) = Ao (A) = Re N (A).
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3. Main corollaries. Let \;(A) for i € {1,...,n} be a real eigenvalue of A. We denote by ¢;,; right
and left eigenvectors corresponding A;(A4). In what follows, we use notation span(Z) for the linear span of
aset Z C R".

COROLLARY 3.1. Let \;(A) fori € {1,...,n} be a real eigenvalue of the matriz A.

(i) If there exists a right (left) eigenvector ¢; (1;) of A such that span(¢;) N C° # @ (span(v;) N C° # (),
then A\i(A) < Ao (A) (\i(A) > Ac(A)).

(i) If there exist right and left eigenvectors ¢;, ¥; of A such that span(¢;) N C° # (), span(¢;) N C° # 0,
then Ao (A) = Ao (A) = \;(A). The inverse statement is also true.

Some statements of the Perron—Frobenius and Birkhoff-Varga theorems still hold under hypothesis of
Theorem 2.1 and certain additional conditions.

COROLLARY 3.2. (i) If A € My,xn(R) is a nonnegative matriz, then
(3.18) s, (A) > max{|\;(4)|, j=1,...,n} >0,
moreover, if in addition s, (A) is an eigenvalue of A, then
(3.19) As, (A) = max{|\;(4)|, j=1,...,n} > 0.
(ii) If A € Myyn(R) is a matriz with nonnegative elements off the diagonal, then
(3.20) As, (A) > max{Re\;(A), j=1,...,n},
moreover, if in addition s, (A) is a real part of an eigenvalue of A, then
(3.21) As, (A) = max{Re\;(A), j=1,...,n}.
COROLLARY 3.3. Assume that A is a real symmetric matriz and C € Ko(R™).
(a) If span(¢;) NC° =0 for any eigenvector ¢;, i € {1,...,n} of A, then

Ac(A) = max A\;(A), Ao(A) = min A;(A).

1<j<n ° 1<j<n
(b)  If there exists an eigenvector ¢; of A such that span(¢;) N C° # 0, then A\c(A) = Ao (A) = Ni(A).
Define d(C,C") := |I=Ul||a for C,C" € K(R™), U € O(n) such that C’ = UC. It is easily seen that d(C, C")

is a well-defined metric on K(R™). The topology induced on K (R™) due to this metric will be denoted by
7(0(n)).

COROLLARY 3.4. Assume that A € M, x,(R), C € K(R") and uc(A),vc(A) € C°. Then the map
Ay (A) is continuous on (K (R™),7(0O(n))) at C. Moreover, if C" € K(R") such that d(C,C") is sufficiently
small, then
(3.22) max{[Acr(4) = Ac(A)], [Acr(A) = Ac(A)[} < es(4, C)d(C, C7),
where c3(A,C) does not depends on C".

REMARK 3.5. The minimaz principle for A\(u,v) may not hold in C° x C°. Indeed, consider

A:((Z) ;))7 C:S+::{x€R2\O|xlzo’xQZO}.
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Observe,
A A A A
sup inf (Au,0) _ sup inf (Au, v) =1, inf sup (Au,0) _ inf sup (Au, v) =2.
u€Ss veSy <U'7 U) u€Sq veSy (u, U) veS] uesq \U, U> vEST uesy <u’ U>
Meanwhile,
A A
inf M|u=(1 or =2 = sup inf {Au, v) =2,
veSe (u,v) : ues, vESS (u,v)

and thus, As, = Sup,eg, infvese A(u,v) = infyese sup,eg, A(u,v) = 2, us, (A) = (1,0)T. By the same
reasoning, Ag, = SUP,,¢ 50 infyes, AMu,v) =inf,eg, SUDe 59 Au,v) =1, vs, (A) = (0, nHT.

REMARK 3.6. The right and left quasi-eigenvectors uc(A),vc(A) of matrices may be not eigenvectors
in the usual sense, and the quasi-eigenvalues Ac(A), Ao (A) may be not eigenvalues. Indeed, consider

A:(i _11), C=8,:={xecR*\0| 2, >0, 2o > 0}.

Then A\ (A) = 1 — i, XAa(A) = 1+ i with corresponding eigenvectors ¢ = (i,1)T, (1,7)T. However, by
Theorem 2.8, we have A\c(A) = Ac(A) =1 =min;—1 2 Re \;(A) = max;—; 2 Re \;(A), with the right and left
quasi-eigenvectors equal to (1,0)T.

REMARK 3.7. The proof of Theorems 2.1, 2.5 provides a new approach to the proof of the Perron-
Frobenius and Birkhoff-Varga Theorems. Indeed, from these results, it follows that if A € M!S, (R) is

nXxXn

a nonnegative matriz, then (3.19) holds true, while (3.21) is satisfied if A € M¢, (R) is a matriz with
nonnegative elements off the diagonal. Thus, Theorem 2.5 and Corollary 3.2 yield the Perron—Frobenius
and Birkhoff-Varga Theorems. Moreover, the theorem is supplemented with new properties of the essentially

positive matriz such as continuity (2.16).

REMARK 3.8. The matrices with sign-constant elements off the diagonal arise in a multitude of scientific
disciplines and practical applications, see, e.g., [/, 39].

REMARK 3.9. The Birkhoff-Varga formula (1.1) and its generalizations (2.4), (2.5), being variational,
allows us to apply variational methods to numerically finding quasi-eigenpairs of matrices, such as gradient-
based algorithms and other non-iterative methods, see, e.g., [2, 19, 20, 34]. Thus, in particular cases,
such as irreducible nonnegative matrices, variational formulas (2.4), (2.5) can produce algorithms for finding
eigenpairs based on new principles, which may have certain advantages (see, e.g., [19, 20]) over the commonly
used ones, see, e.g, [14, 25] and references therein.

REMARK 3.10. We believe that the generalization of formula (1.2) may be developed for other spectral
problems in matriz theory, such as nonlinear spectral problems [32, /0], and spectral problems for multilinear

forms [9, 12] [41].

REMARK 3.11. Identifying the largest real part of eigenvalues of matrices with nonzero imaginary parts
is important in finding solutions to various problems, see, e.g., [1, 10, 15, 16, 23, 39]. For instance, verifying
that max Re A;j(A) > 0 is crucial in the detection of the Hopf bifurcation, see, e.g., [10, 15, 16]. Meanwhile,

<j<n

existing methods of verifying this condition, such as the Routh—Hurwitz criterion, see, e.g., [15], are often
difficult to apply, especially for large matrices see, e.g., [10]. An alternative strategy is provided by Corollary
3.2, Theorems 2.6, 2.8 for addressing this problem, and it can be anticipated that its further development
will produce the desired outcome.
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4. Proofs of Theorem 2.1 and Corollaries 3.1, 3.2, 3.3. A function f : X — R defined on a
convex subset X of a real vector space is quasiconvez if for all z,y € X and « € [0, 1] we have

flaz + (1 —a)y) <max{f(z), f(y)}.

A function whose negative is quasiconvex is called quasiconcave. A function that is quasiconvex and quasi-
concave said to be quasilinear (see [36]).

Our method is based on Sion’s minimax theorem [36]:

THEOREM (Sion). Let X be a compact convex subset of a linear topological space andY a convex subset

of a linear topological space. If f is a real-valued function on X XY with

o f(x,-) upper semicontinuous and quasi-concave on'Y, Vo € X, and
o f(-,y) lower semicontinuous and quasi-convex on X, Vy € Y,

then the minimazx principle is satisfied

sup min f(x,y) = min su z,y).
yegzexf( y) xexyegf( y)
Let us prove
PROPOSITION 4.1. Let A € M,x,(R), C € K(R™). Then the functions A(-,v), Yo € C and A(u, ),
Vu € C are quasilinear on C°.
Proof. Let v € C°, u,w € C. Consider
a{Au,v) + (1 — a) (Aw,v)
(au+ (1 — a)w,v)

fla) =Maou+ (1 — a)w,v) = , a€][0,1].

Calculate

(Aw,v) (u,v) — (Au,v) (w, v)
(au+ (1 — a)w,v)?

Hence if (Aw, v) (u, v)—(Au,v) (w,v) # 0, then f/'(a) > 0or f'(a) < 0,V € (0, 1), whereas if (Aw, v) (u,v)—

(Au,v) (w,v) =0, then f'(a) =0, Yo € (0,1). This implies that

f'e) =

, a€(0,1).

min{A(u, v), A(w,v)} < AMou + (1 — a)w,v) < max{A(u,v), A(w,v)}, «€ (0,1).
Hence, A(+,v) is quasiconvex and quasiconcave function, and therefore, is a quasilinear on C. The proof for
A(u, ) is similar. d
PROPOSITION 4.2. \jp,r(u) := inf,eco A(w,v) s a upper semicontinuous functional in C.

Proof. Let (¢,)521 be a countable dense set in C°. Clearly,
Ning () = i0f Au.6,). ue C.

Hence, for any 7 € R,
o0

{ueCl ing(u) <7} = | J{ueC|Mu.gn) <7}
n=1
It is easily seen that A(+, ¢, ) is a continuous function in C, forn = 1,.... Hence, the set {u € C' | A(u, ¢) < 7}
is open in C, and therefore, {u € C | Aj¢(u) < 7} is open for any 7 € R. This means that A, f(u) is a
upper semicontinuous functional. ]
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Proof of Theorem 2.1: Clearly, sup,c¢ infyeco A(u,v) > —oo and inf,eco sup,co A(u,v) < 4+00. Since

sup,ec infyece A(u,v) < infyeco sup,cc A(u, v), we have

—00 < inf A(u,v) < inf Au,v) < .
00 ztelg Jnf, (u,v) < Jnf, Stelg (u,v) < 400
Define By = {z € C': ||z|| < 1}. Clearly, dB; := {x € C': ||z|| = 1} is a compact in R”. By homogeneity
of A(,v) in C, we have Ac(A) := sup,cc infyece A(u,v) = SUp,,cpp, infyece A(u,v). By Proposition 4.2,
Ainf(u) = inf,cco A(u,v) is upper semicontinuous on By, and therefore, there exists uc € OB, such that
Ac(A) = infyeco Muc, v) = sup,ee infyece A(u,v).

Recall that C := C'\0. It is easily seen that there exists a sequence of compact convex subsets B (¢) C By,
€ € (0,1) such that By(e) C By(€'), Ve > € and U.~oB1(€) = By. Since A(+,-) € C(By(e) x C°), Proposition
4.1 and Sion’s theorem yield

sup inf A(u,v) = inf sup A(u,v), €€ (0,1).
u€By () VEC? vEC? yeB (¢)

Using A(+, ) € C(B1(e) x C°) it is not hard to show that

4.23 inf  sup A(w,v) — inf sup A(u,v), as € — 0.
( ) uecoueBl(e) ( ) veC? ye By ( )

Since Ues0Bi1(€) = By, there exists € > 0 such that ue € Bi(e€) for any € < €. Hence,

sup inf A(u,v) = sup inf A(u,v) = Ac(4), Ve€ (0,¢),
u€ B (€) veCe u€B; VEC?

and consequently, by (4.23) we get the minimax principle for A(u,v) in C' x C°

sup inf A(u,v) = inf sup A(u,v).

5D 28 M) = 2, Sup Al )
Similar arguments apply for proving the existence of the left quasi-eigenvector ve(A) € C and that the
minimax principle for A(u,v) in C° x C holds.

Assume that uc(A) € C°. This implies Ac(A) = sup,cc infyece A(u,v) = sup,eco infyeco A(u,v).
Hence, we have

— . > . > . — N
Ac(4) vlencf'o ilelg Au,v) > vlencf*o useué)o AMu,v) > useug)o vlencf'o Au,v) = Ac(A4),

and thus,

Aco(A) = vlencfo useugo AMu,v) = usellgo vlencfo AMu, v),

that is, the minimax principle in C° x C° holds true. The same reasoning applies to the case va(A) € C°.

We thus have, if uc(A),vc(A) € C?, then A\o(A) = A (A), and

Ac(A4) = Ac(4) = inf Auc(A),v) < Muc(A), vo(4)),

Ao(4) = Ac(A) = Sup. A(u, v (A4)) = Muc(A), vo(A)).
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Thus, Ac(4) = Muc(A),vc(4)) = infyeco A(uc(A4),v) = sup,cco Ay, ve(A)). Since uc(A),vo(A) are
internal points in open set C°, this implies 9, A(uc(A4),vc(A)) = 0, I (uc(A),ve(A4)) = 0, and thus,
uc(A), ve(A) are right and left eigenvectors of A with eigenvalue A\¢(A).

Proof of Corollary 3.1: (i) By Theorem 2.1, there exists a left quasi-eigenvectors ve(A) € C of A.
Hence, since span(g;) N C° # (),

— s (Au,vc(A)) _ (Agi,vc(A))
AC(A) = ueC’p" <u,vC(A)> <¢“ ”Uc(A)>

The case span(v;) N C° # () is handled by the similar method.

> = \i(A).

(ii) If span(¢;) N C° # (,span(ep;) N C° # O, then by the above Ac(A) < X\i(A) < Ao(A). Since
Ac(A) > Ao(A), we derive Ac(A) = N(A) = Ao(A) = X(¢4, ;). Hence, using (2.4), (2.5), we infer that
uc(A) = ¢4, vo(A) = 1; up to multipliers. The converse statement can be proved similar.

Proof of Corollary 3.2: (i) Let \;(A) € C, i = 1,...,n be an eigenvalue of A. Suppose ¢; € C" is
a corresponding right eigenvector, i.e., Ap; = \;(A)g;. Since A > 0, |X\;(A)||di| = [Ni(A)di| < A|p;|, and
consequently,

(Aloi],v) ‘
M|gil,v) = —= > [ M(A)], Ywe ST, i=1,...,n.
Hence by (2.4), we have
(Aloi],v)

> inf 20U S (4],

- .. (Au,v)
As, (A) = sup inf ——+ >
5+ &y od 0

uesy vES (u,v)
Vi=1,...,n, and thus, we obtain (3.18). Assume that \g, (A) is an eigenvalue. Then by (3.18), Ag, (4) > 0,
and therefore, Ag, (4) € {|\;(A)], j =1,...,n}. Hence (3.19) holds true.

(i) Clearly, there exists a sufficiently large v > 0 such that A 4+ I is a nonnegative matrix, where I
is an identity matrix. Then by (i), Corollary 3.2, we obtain Ag, (A) + v > |A;(4) +~] > Re(Xi(4)) + 7,
Vi=1,...,n, and consequently, Ag, (A) > Re(X\;(A)), i =1,...,n, which yields (3.20). The proof of (3.21)
is similar to (3.19).

Proof of Corollary 3.3: Given (2.6)—(2.7), it is sufficient to prove the assertions of the corollary for
diagonal matrix A = diag(\1,...,An). In this case, ¢; = e;, i € {1,...,n} and we may assume that
A <. < Ay Let C € Ko(R™). Tt is easily seen that the only following is possible: (1) span(e;) N dC # 0,
Vi € {1,...,n}; (2) e; such that span(e;) N C° # (. Note that cases (1) and (2) imply assumptions (a) and
(b) of the corollary are satisfied, respectively. Moreover, case (1) means that C coincides with some orthant
of R™.

Assume that (1) is satisfied. Since w;v; > 0, ¢ = 1,...,n, for any u := (uy...up), v, := (V1...0p)
belonging the orthant C', we have

- . <AU, 1)> . anl()‘l — )\n)uivi
Ac(A) = f < f ==
o= B g SR T ) N

On the other hand,
Ac(A) = sup inf {Au, v)

> if Aenv)
ueC veEC? <U,U

T weCo (en,v)

= A\
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Hence, we get Ac(A) = A\, = max;j<j<, A;(A). By a similar argument, we have A (A) = minj<;<y, A;(4).

Assuming that 2) is true, assertion (b) follows directly from Corollary 3.1.

5. Proofs of Theorems 2.4. Since vc(A) € C° inf,yp (u,vc(A)) > 0, where OB, = {z €
C : |lz|| = 1}. Thus, A(-,vc(4)) is a continuous bounded function on C, and therefore, we have
Ac(A) = sup,eco Au, vo(A)) = sup,co Ay, ve(A)). From this and by Theorem 2.1, we derive

ot +0) =sup g ST <y SETRRITEN <
(Auve(A) . (Duvo(A))  (Due(4)
S o) o Tw o) 2T S )

(5.24)

Note that D (A) lul
U, Ve u
sup —V———— < ||D vo(A)|| sup ———.
S o (A)) S D] az lve ( )Ilu P Tur o (A))
II-]

Since inf, .55 (u,vc(A)) > 0, by the homogeneity of ooy We have

[[ul
0< sup ————— =¢1(4,C) < +o0,
2. Turwotayy — A
Thus, we have proved (2.9). Clearly, if D < 0, then (5.24) implies (2.10). Proof of (2.11), (2.12) are similar.

Let uc(A),vc(A) € C°. Then by Theorem 2.1, A\c(A4) = Ac(A) = Ao (A). Since A\c(A+D) > A\o(A+D),
(2.9), (2.11) imply

—c2(A,O)||D|ar € Ac(A+ D) — Ac(A) < Ac(A+ D) — Ac(A) < e1(A4,C)|| D],

VD € Mpxn(R). Thus, we get (2.14), (2.15).

6. Proofs of Theorem 2.5 and Corollary 3.4. First, we prove Theorem 2.5.

Proof of Theorem 2.5: To be specific, consider the case a;; <0, Vi # j. In view of that A — Xer (A)I €
Mis¢ (R), the inequality Aug, — Xer(A)uer > 0, for ug, € S4 implies that ug, € S¢. Therefore,

nxn

(us, ,vs,) # 0, and thus, A(us, ,vs, ) is well defined. Hence, by Theorem 2.1

s, (A) = Ag, (A) = sup inf A(u,v) = insf Mus, ,v) < Mus, ,vs, ).

u€Se V€St veSt

On the other hand,
Asy (A4) > AS+ (A) = sup )‘(U’US+) > /\(uS+,Us+).
u€sg

Thus,

(6.25) As, (A) = Ag, (A) = inf Aug,,v) = sup A(u,vs,) = Aus,,vs, ).

vESt u€St
Hence and since ug, € S¢, we have d,A(us, ,vs,) = 0, ie., AT’uS+ = As, (A)vs, . Since AT — As, (A €
M5, (R), equality ATvg, — Ag, (A)vs, = 0 can only be achieved if vg, € S¢, and hence, by (6.25) we get

OuA(us, ,vs,) = 0. Thus, the first part of the theorem is proved.
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The uniqueness of ug, (A) and vg, (A) up to multipliers is a consequence of the Perron-Frobenius
theorem. Indeed, since by the assumption A is an irreducible matrix with sign-constant elements off the
diagonal, one can find a sufficiently large v > 0 such that (A + vI) or (—A + «I) are irreducible matrices
with non-negative elements. Hence by the Perron-Frobenius theorem, ug, (A) and vg, (A) are unique up to
multipliers of the right and left eigenvectors of (A +~I) or (—A +~I).

Since ug, (A),vs, (A) € 5S¢, Theorem 2.4 yields (2.16).

Proof of Corollary 3.4: Let C' = UC with U € O(n). Observe

— — . <UTAUu,v> — T

Aci(A) = Avc(4) = sup Jmf T Ac(UTAU).
Since uc(A),vc(A) € C°, Theorem 2.4 yields
(6.26) Acr(A) = Ac(A)] = Ac(UTAU) = Ac(A)] < co(A, C)|UT AU — A]l.

By Stone’s theorem there exists a self-adjoint matrix G such that U = exp(G), and therefore, U = I +
G + 0(||G||) for sufficiently small ||G||, where o(]|G||) is a little-o of ||G|| as |G| — 0. From this, UT AU =
A+ [A,G] +o(|G|) with [A,G] := AG — GA, and thus

(6.27) IUTAU — Al = [[[4,G] +a(IGID]| < IGII[A, G + a(D)] < es(A, O)G]l,

for sufficiently small ||G||. Here G = G/||G||, and a constant c3(A,C) € (0,400) does not depends on G.
Since d(C,C") = || U = I|| = ||G + o(J|G|) ||, we have ||G]| — 0 as d(C,C’) — 0. This by (6.26), (6.27) implies

Aer(4) = Ac(A)] < es(A,C)d(C, C").
The rest of (3.22) is obtained similarly.

7. Proof of Theorem 2.6. First we prove (2°). It is easily follows from (2.4)

(7.28) e(A) = sup inf ALY o gy, w0 (D)
uECUECO <U7'U> ueR"\O <u,u> ZL’E(C"\O:Imz:O <<x’x>>

Here ((z,y)) := Y1, #;J;, x,y € C". The set J := {z = ((Az,z)) | z € C", ((x,z)) = 1} is called the
field of values of A (see [27]). It is known that for the normal matrix A, J coincides with the convex hull
H(A(A)) of the set of eigenvalues {\;(A), i =1,...,n} (see [27], p. 168). This by (7.28) implies that

Ac(A) < supRe(H(A(A))) = max{Re(\;(4)), i=1,...,n}.

Similarly, from (2.4) and by the minimax principle (2.8) in C' x C°, we have

— . (Au,v) . (Av,v)
) Mc(A) = inf > f
(7.29) co(4) velo f’fég u, vy velﬂ%\o (v,v) ’

and therefore A\c(A4) > inf Re H(A(A)) = min{Re \;(A4), i = 1,...,n}. In the same way, using the minimax
principle (2.8) in C° x C, we derive

min{Re A\;(A), i =1,...,n} < As(A) < max{Re(A\;(4)), i=1,...,n},
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Let us now prove (1°). Observe,
A+ AT
< +2 u,u>—(Au,u>, Yu € R™.

Hence, by (7.28), (7.29)

- A+ AT, u
AT L )\C(A) < sup <(—)’>
ueCe 2 (u,u) wel 2 (u, u)
Note that A + AT is a symmetric, and consequently normal matrix. Hence, the same arguments as in the
above proof of (1°) implies that

A+ AT
2

A+ AT
2

min{ \;( Y] i=1,...,n} < Ac(A) < max{\( )| i=1,...,n},
where we take into account that the eigenvalues of the symmetric matrix A + A7 are real. The inequality

for Ao(A) in (2.17) is obtained similarly.

8. Proof of Theorem 2.8. It is well known (see, e.g., [27]) that for any normal matrix A there
corresponds an orthogonal matrix U4 that reduces A to the canonical form, i.e.,

Q(r1,61)

(830) U?;AUA = OA — Q(Thel) ’

H21+1

Hon |

where 6; € [0,27), 1, € R, i=1,...1,0<1<n/2, u; € R, i=2l+1,...,n, and the matrix Q(r, d) is defined

as follows
cos @ —sin 6

Q(r,0) =r [

Note that A (Q(r,0)) = r(cos 8+ isin 0), A2 (Q(r,0)) = r(cos 6 —isin #), and thus, Re A;(Q(r,0)) = rcos 0,
7=1,2.

0 cosd ], 6 e€l0,2m), reR.

In light of (8.30) and (2.6)—(2.7), it is sufficient to prove the assertions of the theorem for the matrix in
the canonical form O4 with C' € Ky(R™). Without loss of generality, we may assume that [ = n/2. Note
that in this case we have V; = span({e;,e;41}), i =1,...,1L.

Let C € Ko(R™). Tt is easily seen that the only following is possible: (1) V; N 9C # 0, Vi € {1,...,n},
or (2) 3V; such that V; N C° # (). Note that (1) and (2) imply assumptions of (1°) and (2°) of the theorem,
respectively. Additionally, (1) implies that C' coincides with some orthant, which without losing generality
may be assumed to be a nonnegative orthant of R™.

Assume that (1) is satisfied. Observe,

- . . (Oau,v)
= fi
AelOa)=sup W, ey 25 )
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and thus, Ac(O4) > maxi<j<, ReAj(4). On the other hand, by Theorem 2.6, we have Ac(O4)
maxi<j<n, ReXj(O4). Hence, we get Ac(04) = maxi<j<np ReX;j(O4). By a similar argument, A-(O4) =
ming <j<n Aj(Oa).

IN

Assume that (2) is true. Without loss of generality, we may assume that i = 1, i.e., V1 N C° # ), and
therefore, span(e;) N C° # () or span(ez) N C° # (). Suppose span(e;) N C° # ( is fulfilled, and 7 sin 6 > 0.

By Theorem 2.1, there exists a quasi-eigenvectors vo(A) € C, and thus,
(ATve(A) = Ao (A)ve(A),w) <0, Yw € C°.

Hence, (ATvc(A) — Ao(A)ve(A),er) < 0, and consequently, (rcos @ — Ao(A))vy + versin § < 0. Since
vy, v2,78in @ > 0, we derive from here that rcos § < A-(A4). Similarly, using uc(A) € C, we derive
(Auc(A) — Ao(A)uc(A),er) > 0, and consequently, (rcos @ — Ac(A))u; — ugrsin @ > 0. Hence, by
uy,uz,Tsin @ > 0, we obtain rcos § > Ac(A). Since A\c(A) > Ao (A), we infer A\c(A) = A\o(A) = rcos § =
ReA1(O4). The case rsin 6 < 0 is handled in the same way.
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