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KEMENY’S CONSTANT AND THE LEMOINE POINT OF A SIMPLEX∗

KAREL DEVRIENDT†

Abstract. Kemeny’s constant is an invariant of discrete-time Markov chains, equal to the expected number of steps

between two states sampled from the stationary distribution. It appears in applications as a concise characterization of the

mixing properties of a Markov chain and has many alternative definitions. In this short article, we derive a new geometric

expression for Kemeny’s constant, which involves the distance between two points in a simplex associated with the Markov

chain: the circumcenter and the Lemoine point. Our proof uses an expression due to Wang, Dubbeldam, and Van Mieghem

of Kemeny’s constant in terms of effective resistances and Fiedler’s interpretation of effective resistances as edge lengths of a

simplex.
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1. Introduction. A discrete-time Markov chain is a sequence X0, X1, . . . of random variables on a

state space X , where for all k > 0 the distribution of Xk+1 only depends on Xk. Under suitable conditions,

the distribution of Xk converges to a distribution π, the stationary distribution. Pick an arbitrary state x

and let y be a random state sampled from π. Then, the average number of steps it takes the Markov chain

starting at state x to reach state y is independent of y and is called Kemeny’s constant (see Theorem 2).

Different explanations have been offered for why Kemeny’s constant is a constant: based on the maximum

principle [11], on the combinatorics of spanning forests [15], and on potential theory and random walks [2].

At the same time, many alternative expressions have been found for Kemeny’s constant, for instance based

on the spectrum or group inverse of matrices associated with the Markov chain [17, 13, 5, 4] or based on

the effective resistance [19]. Moreover, following its interpretation as an invariant that reflects the average

mixing behavior of a Markov chain, there have been several applications of Kemeny’s constant [1, 16]. For

more on the history, theory, and applications of Kemeny’s constant, we refer to [3].

Wang, Dubbeldam, and Van Mieghem showed that for a certain class of Markov chains—those cor-

responding to random walks on undirected graphs—Kemeny’s constant can be expressed in terms of the

commute time1. For two states x and y, the commute time cxy is the average number of steps it takes the

Markov chain starting at x to reach y and then x again. As the commute time of a random walk on a graph

is proportional to the so-called effective resistance [6], Fiedler’s geometric theory of effective resistances [12]

leads to the following: for each (suitable) Markov chain, there exists a simplex S whose vertices are iden-

tified with states in X and whose squared edge lengths correspond to commute times between states (see

Theorem 3). Our main result is related to the following two points associated with this simplex S: the
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circumcenter is the unique point at equal distance from all vertices, and the Lemoine point is the unique

point whose total squared distance to all facets (codimension-one faces) of S is minimal; see Proposition 7

for an algebraic characterization. We prove the following expression of Kemeny’s constant in terms of these

geometric quantities.

Theorem A. In a finite, irreducible, aperiodic, reversible, loop-free Markov chain, Kemeny’s constant

K is equal to

K = R2 − ‖γ − `‖22,

where γ is the circumcenter at distance R from each vertex of S, the simplex whose squared edge lengths are

given by the commute times of the Markov chain, and ` is the Lemoine point of S.

Example 1. Consider the three-state Markov chain in the left figure below.

The stationary distribution of the Markov chain is π = ( 4
10 ,

3
10 ,

3
10 ) and the commute times are c12 =

3.75, c23 = 5 and c13 = 3.75. These commute times are the squared edge lengths of the triangle on the right:

‖v1 − v2‖2 = ‖v1 − v3‖2 =
√

3.75 and ‖v2 − v3‖2 =
√

5. The circumcenter γ and Lemoine point ` of the

triangle are at distance ‖γ − `‖2 = 0.2372 and the circumradius is R = 1.1859. By Theorem A, Kemeny’s

constant is 1.18592 − 0.23722 = 1.35. This agrees with other definitions, see for instance equation (2.1) in

Section 2.

The proof of Theorem A is given in Section 4 and amounts to an application of the powerful tools and the

dictionary between simplices and graphs – and by extension certain Markov chains – set up by Fiedler in [12]

and further developed by the author in [8, 9, 10]. The conditions on the Markov chain are quite restrictive, but

many of these conditions are necessary to define Kemeny’s constant. Moreover, the conditions of Theorem A

are satisfied by random walks on finite connected undirected graphs, which is an important class of Markov

chains.

To avoid confusion, we note that in contrast to other works on Kemeny’s constant, Theorem A and the

rest of this article are no attempt at explaining or providing intuition why Kemeny’s constant is a constant.

We simply prove a new geometric expression for Kemeny’s constant. An implicit suggestion, however, is

that Fiedler’s simplex geometry might be a useful tool for problems in Markov chain theory. For more on

this connection, see [12] or [9].

Organization: The rest of this article is organized as follows. Section 2 introduces Markov chains and

Kemeny’s constant. In Section 3, we introduce the simplex associated with a Markov chain (Theorem 3).

Section 4 then introduces the points of interest in this simplex (Proposition 7) and proves the main result

(Theorem 8 (=A)).

2. Markov chains, Kemeny’s constant, and commute times. A discrete-time Markov chain M

is a sequence (Xn)n∈N of random variables on a state space X , where the distribution of Xk+1 only depends
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on Xk. This distribution can be characterized by the transition probabilities

Pxy := Pr[Xk+1 = y |Xk = x] for all x, y ∈ X .

We will assume that |X | is finite which means that P is a matrix, the transition matrix. A finite Markov

chain is fully determined by its state space, the distribution π0 of its initial state, and its transition matrix

and we may thus write M = (X , P, π0). We will assume that M is irreducible and aperiodic: there exists a

finite t0 > 0 such that for all integers t ≥ t0, the matrix P t has all entries positive. Under these assumptions,

the distribution of Xn converges to a unique distribution π, the stationary distribution [18].

For two states x and y, the hitting time hxy from x to y is the expected number of steps of the Markov

chain starting at x to reach y; more precisely

hxy := E (min {t ∈ N : X0 = x and Xt = y}) ,

with expectation over realizations of the Markov chain. We note that hxx = 0 for every state x. For a fixed

state x and a random state Y with distribution π, the expected hitting time from x to Y is equal to

Kx := E(hxY ) =
∑
y∈X

π(y)hxy,

where the expectation is over realizations of the random state Y . The interest in the quantity Kx stems

from the observation, first noted in [14], that Kx is independent of x.

Theorem 2. In a finite, irreducible, aperiodic Markov chain M with stationary distribution π and hitting

times h, the value Kx =
∑

y∈X π(y)hxy is independent of x. This common value is called Kemeny’s constant

and is denoted by K = K(M).

Since Kx is independent of x, we can rewrite Kemeny’s constant as

K =
∑
x

π(x)Kx =
∑

x,y∈X
π(x)π(y)hxy =

1

2

∑
x,y∈X

π(x)π(y)(hxy + hyx).

The sum hxy +hyx is the expected number of steps it takes a Markov chain which starts at x to reach y and

then x again. This is called the commute time and is denoted by cxy := hxy +hyx. Note that c is symmetric

and cxx = 0 for every state x. As shown in [19], this gives Kemeny’s constant as

(2.1) K =
1

2

∑
x,y∈X

π(x)π(y)cxy.

For Theorem 8, we require two further assumptions on the Markov chain M . First, we assume that M is

loop-free2, which means that Pxx = 0 for every state x and second, we assume that M is reversible, which

is defined by the condition Pxyπ(x) = Pyxπ(y) for every pair of states x and y. We collect the assumptions

for further reference:

(2.2) M is a discrete-time, finite, irreducible, aperiodic, reversible and loop-free Markov chain.

We will say that M is a (2.2)-Markov chain if it satisfies these conditions.

2Without this assumption, the transition matrix cannot be represented by a Laplacian matrix (see Section 3).
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3. The simplex associated with a Markov chain. A d-dimensional simplex S is the convex hull of

d+ 1 affinely independent points in Rd, which are called the vertices of S. A face of a simplex is the convex

hull of a subset of its vertices, and every face is again a simplex. A one-dimensional face is called an edge,

and a (d− 1)-dimensional face is called a facet.

Theorem 3. Let M be a (2.2)-Markov chain on X . Then there exists an (|X |− 1)-dimensional simplex

whose squared edge lengths are equal to the commute times of M .

Our proof combines the derivation of Chandra et al. [6] for the relation between commute time and effective

resistance, with Fiedler’s result that the effective resistance is the squared Euclidean distance between the

vertices of a simplex [12]. We first prove a technical lemma on certain matrices that can be associated with

Markov chains. Let L be the symmetric |X | × |X | matrix with diagonal entries Lxx = π(x) and nonpositive

off-diagonal entries Lxy = −π(x)Pxy for all x 6= y. This is known as the Laplacian matrix (of the weighted

graph associated with M) and is a well-studied object in algebraic and spectral graph theory [7].

Lemma 4. Let L be the Laplacian matrix associated with a (2.2)-Markov chain on X . Then there exists

a matrix L† which is the inverse of L on span(1)⊥ and which can be decomposed as L† = V TV , where V is

a (|X | − 1)× |X | matrix with affinely independent columns and V 1 = 0.

Proof. Note that by construction Lxx = −
∑

y Lxy for all x, which means that the rows of L sum to

zero. From the quadratic form determined by the Laplacian matrix

fTLf =
∑
x

f(x)

(∑
y 6=x

Lxyf(y) + Lxxf(x)

)
=
∑
x

f(x)
∑
y 6=x

Lxy(f(y)− f(x))

=
∑

x,y∈X
Lxy(f(y)− f(x))(f(x)− f(y))

= −
∑

x,y∈X
Lxy(f(x)− f(y))2 ≥ 0,(3.1)

we find that L is the positive semidefinite. Furthermore, the quadratic form (3.1) is equal to zero if and only

if f(x) = f(y) whenever Lxy 6= 0 or, equivalently, whenever Pxy 6= 0. By irreducibility of M , this implies

that fTLf is zero if and only if f is constant on X . Thus, L is positive semidefinite with ker(L) spanned by

the constant vector; in particular, L is invertible when restricted to span(1)⊥. This is a classical result, see

for instance [7].

The Moore–Penrose pseudoinverse L† of L is the unique matrix which satisfies

L†LL† = L†, LL†L = L, (LL†)T = LL†, (L†L)T = L†L.

This matrix always exists uniquely and its definition implies that L† is positive semidefinite and has ker(L†)

spanned by the constant vector. Furthermore, L† is the inverse of L in ker(L)⊥ = span(1)⊥. Since L† is

positive semidefinite of rank |X | − 1, there exists a full-rank |X | × (|X | − 1) matrix V = [v1 . . . v|X |]
T such

that L† = V TV and V 1 = 0.

Now suppose for contradiction that the columns of V are not affinely independent. Then 0 =
∑|X |

i=2 ri(vi−
v1) for some nonzero coefficients r2, . . . r|X |. But then we can define new coefficients r̃i = ri for i 6= 1 and

r̃1 = −
∑|X |

i=2 r̃i which sum to zero, i.e., r̃ ⊥ span(1), and satisfy 0 =
∑|X |

i=1 r̃ivi; in other words r̃ ∈ ker(V ).
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However, since V has full rank and V 1 = 0, we know that ker(V ) = span(1) and thus r̃ ⊥ ker(V ). This

contradiction proves that the columns of V must be affinely independent and completes the proof.

We are now ready to prove Theorem 3, which associates a simplex to every (2.2)-Markov chain.

Proof. (of Theorem 3) Let M be a (2.2)-Markov chain. Since M is irreducible, the hitting times h are

finite and well defined. Fix a state x, then the hitting times to x satisfy the recursion

htx =
∑
z∈X

Ptz(1 + hzx) for all t ∈ X\x.

Multiplying both sides by π(t) and using the fact that
∑

z Ptz = 1, we obtain

(3.2) π(t) =
∑
z∈X
−Ltz(htx − hzx) for all t ∈ X\x,

where we recall that Ltz = −π(t)Ptz are off-diagonal entries of the Laplacian matrix. We now analyze this

system of equations using matrix and vector notation. We consider the following functions on the states as

vectors in R|X |: the stationary distribution π, the constant vector 1, the hitting times hx : t 7→ htx to x and

the indicator function δx : y 7→ 1 iff y = x. Equation (3.2) can then be written using the Laplacian matrix

L as

Lhx = π + αxδx,

where αx is some constant which indicates that (3.2) is determined except at the diagonal. Using 1Tπ = 1

and 1TL = 0, which holds by construction of L, we find that this constant equals

0 = 1TLhx = 1Tπ + αx1T δx = 1 + αx ⇒ αx = −1.

Since x was an arbitrary state, we may repeat the derivation above for y to obtain Lhy = π− δy. Combining

the expressions for x and y, this yields

(3.3) L(hx − hy) = δy − δx.

Multiplying (3.3) from the left with (δy − δx)TL†, where we recall that L† is an inverse of L in span(1)⊥ as

in Lemma 4, we find

(δy − δx)T (hx − hy) = (δy − δx)TL†(δy − δx).

With the definition of the commute times and using the decomposition L† = V TV , we obtain

(3.4) cxy = (δy − δx)TL†(δy − δx) = (δy − δx)TV TV (δy − δx) = ‖vy − vx‖22.

Since the columns v1, . . . , v|X | of V are |X | affinely independent points in R|X |−1 by Lemma 4, they are the

vertices of a (|X | − 1)-dimensional simplex. By (3.4), the squared edge lengths of this simplex are equal to

the commute times in M , which completes the proof.

4. Special points in the simplex and Kemeny’s constant. The relation between the Markov chain

M and the simplex S can be thought of as an embedding which maps the states of M onto the vertices of S

and distributions on X to points in S. More generally, this embedding associates to every point in R|X |−1 a

unique unit-sum function on X which we call its coordinates3: the coordinates of a point p are denoted by

3This is called the “barycentric coordinates” in [12].



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 40, pp. 766-773, October 2024.

771 Kemeny’s constant and the Lemoine point of a simplex

p̂ and are uniquely determined by
∑

x p̂(x) = 1 and
∑

x p̂(x)vx = p, where vx is the vertex associated with

state x.

We start with two lemmas that express distances between points and facets of the simplex in terms of

their coordinates.

Lemma 5 ([12, Cor. 1.4.14]). Let M be a Markov chain with stationary distribution π and associated

simplex S. The distance from a point with coordinates p̂ to the facet SX\x opposite the vertex associated with

x is equal to |p̂(x)/
√
π(x)|.

Lemma 6 ([12, Cor. 1.2.10]). Let M be a (2.2)-Markov chain with associated simplex S and commute

times c. The squared distance between two points a, b ∈ R|X |−1 with coordinates â and b̂ is equal to

‖a− b‖22 = −1

2

∑
x,y∈X

cxy[â(x)− b̂(x)][â(y)− b̂(y)].

Proof. Let V = [v1 . . . v|X |]
T be the matrix with vertices of the simplex S as columns, such that a = V â

and b = V b̂. Since cxy = (vx − vy)T (vx − vy) = vTx vx + vTy vy − 2vTx vy, the commute time matrix equals

C = 1νT + ν1T − 2V TV where ν = diag(V TV ). We then find

‖a− b‖22 = (â− b̂)TV TV (â− b̂) = (â− b̂)T [1νT + ν1T − 1
2C](â− b̂) = − 1

2 (â− b̂)TC(â− b̂),

where we use that coordinates are unit-sum functions and thus 1T (â− b̂) = 0.

We can now consider the two points of interest for the main result.

Proposition 7 ([12, Cor. 1.4.13, Thm. 2.2.3]). Let M be a (2.2)-Markov chain with simplex S and

commute times c.

• The circumcenter γ is the unique point at equal distance R from all vertices of S. Its coordinates

γ̂ are determined by the equations
∑

y cxyγ̂(y) = 2R2 for every state x.

• The Lemoine point ` is the unique point at minimal total squared distance to the facets of S. Its

coordinates equal ˆ̀= π.

Proof. We start with the circumcenter. For every state x, the distance from the vertex vx (with coordi-

nates v̂x = δx) to the circumcenter γ is equal to R. By Lemma 6, we find

R2 = d2(vx, γ) = −1

2
[δx − γ̂]TC[δx − γ̂] = δTxCγ̂ − 1

2 γ̂
TCγ̂.

Since R and 1
2 γ̂

TCγ̂ are independent of x, so must δTxCγ̂ be, and thus Cγ̂ = α·1 for some α ∈ R. Introducing

this expression back into the equation above, we obtain α as

R2 = δTxCγ̂ − 1
2 γ̂

TCγ̂ ⇐⇒ R2 = α− 1
2α ⇐⇒ α = 2R2.

We thus find that γ̂ must satisfy Cγ̂ = 2R2 · 1 which completes the first part of the Proposition.

We continue with the Lemoine point and follow the derivation of Fiedler in [12, Thm. 2.2.3]. Let p be

a point in R|X |−1. By Lemma 5, the total squared distance from p to the facets of S is equal to

∑
x∈X

d2(p, SX\x) =
∑
x∈X

p̂(x)2

π(x)
=
∑
x∈X

p̂(x)2

π(x)

∑
x∈X

π(x) ≥
(∑

x∈X
p̂(x)

)2
= 1.
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Here, we used the fact that π and p̂ are unit-sum vectors and the Cauchy–Schwarz inequality
(∑

x uxvx
)2 ≤(∑

x u
2
x

)(∑
x v

2
x

)
with ux = |p̂(x)|/

√
π(x) and vx =

√
π(x). Equality in the Cauchy–Schwarz bound is

achieved if and only if ux = vx, and thus p̂(x) = π(x) in this case. In other words, the smallest total squared

distance to all facets is 1 and this is achieved by the point with coordinates π, as claimed. This completes

the proof.

We note that the Lemoine point always lies in the interior of the simplex S because π(x) > 0 for all x.

On the other hand, the circumcenter lies inside the simplex if and only if γ̂(x) ≥ 0 for all x. In [9, Ch. 6],

this condition is related to a notion of “nonnegative discrete curvature” for the weighted graph associated

with simplex S. What does γ̂ ≥ 0 imply for a Markov chain?

With Proposition 7 and Lemma 6, we can now prove the main result; this is Theorem A from the

introduction.

Theorem 8. In a finite, irreducible, aperiodic, reversible, loop-free Markov chain, Kemeny’s constant

K is equal to

K = R2 − ‖γ − `‖22,

where γ is the circumcenter at distance R from each vertex of S, the simplex whose squared edge lengths are

given by the commute times of the Markov chain, and ` is the Lemoine point of S.

Proof. Let M be a (2.2)-Markov chain with stationary distribution π, commute times c and associated

simplex S. The squared distance between the circumcenter γ and the Lemoine point ` equals

‖γ − `‖22 = −1

2

∑
x,y∈X

cxy[ˆ̀(x)− γ̂(x)][ˆ̀(y)− γ̂(y)] (Lemma 6)

= −1

2

∑
x,y∈X

cxy[π(x)− γ̂(x)][π(y)− γ̂(y)] (Proposition 7)

=
∑

x,y∈X

[
− 1

2cxyπ(x)π(y) + cxyπ(x)γ̂(y)− 1
2cxyγ̂(x)γ̂(y)

]
= −1

2

∑
x,y∈X

cxyπ(x)π(y) + 2R2
∑
x∈X

(π(x)− 1
2 γ̂(x)) (Proposition 7)

= −K +R2 (Equation (2.1)).

This completes the proof.
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