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RATIONAL SOLUTIONS OF THE MATRIX EQUATION p(X) = A∗
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Abstract. We extend Theorem 1 of R. Reams, A Galois approach to m-th roots of matrices with rational entries, LAA,

258:187–194, 1997. Let p(λ) be any polynomial over Q, and let A ∈Mn(Q) have irreducible characteristic polynomial f(λ) with

degree n. We provide necessary and sufficient conditions for the existence of a solution X ∈ Mn(Q) of the polynomial matrix

equation p(X) = A. Specifically, we find necessary and sufficient conditions for f(p(λ)) to have a factor of degree n over Q.
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1. Introduction. Let A be an n × n matrix with rational entries, let f(λ) denote the characteristic

polynomial of A, and suppose further that f(λ) is irreducible. Let p(λ) be a polynomial of degree m with

rational coefficients. We are interested in finding rational solutions X of the matrix equation p(X) = A.

This problem has been considered in the literature before. In [15], a purely algebraic approach is taken

for the special case p(λ) = λm with m odd. A more constructive approach for general p(λ) was taken in [3]

in case f(λ) is irreducible. In [9], the condition that f(λ) is irreducible is relaxed to A being nonderogatory,

following a constructive approach very much related to the one in [3]. Another, more numerical approach

can be found in [5, 6, 7]. Allowing for any complex solution, the problem of finding solutions to p(X) = A,

with p(λ) being a holomorphic function, was considered in [4]; see also [18, 19].

The special case where p(λ) = λm, that is, the case where X is an mth root of A, has been studied in

detail in several papers; see for example [10, 12, 14, 21, 22]. The case where the additional symmetry of

H-selfadjointness is involved is treated in [8].

The goal of the paper is as follows: given a polynomial p(λ) with rational coefficients, and given an n×n
rational matrix A, find conditions in terms of the characteristic polynomial f(λ) of A and the polynomial

p(λ) for the existence of a rational solution X. One such a condition is mentioned in a paper by Robert

Reams [15]; he attributes this result to previously unpublished work by Tom Laffey and Bryan Cain. They

showed that existence of a rational solution of p(X) = A is equivalent to the polynomial f(p(λ)) having

a factor h(λ) of degree n in Q[λ], where Q[λ] denotes the ring of polynomials in the indeterminate λ with

rational coefficients.

Reams considers the special case p(λ) = λm, where m is an odd integer greater than 2, subject to

the following extra condition. Let µ1, . . . , µn be the eigenvalues of A (or, equivalently, the roots of f(λ)).
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Introduce the splitting fields K of f(λm) and L of f(λ) over Q. For some choice of γ1, . . . , γn, where γmi = µi,

suppose that Q(γ1, . . . , γn) ∩Q(e2πi/m) = Q, where Q(γ1, . . . , γn) denotes the field extension of Q obtained

by adjoining γ1, . . . , γn to Q. Under these conditions, Reams shows that there is a rational matrix X such

that Xm = A if and only if there is the following relation between the orders of the two related Galois

groups: |Gal(K : Q)| = φ(m)|Gal(L : Q)|, where φ(·) is Euler’s φ-function.

In Section 3, we expand on the condition of Laffey and Cain and connect it to a condition found in the

paper [3] by Michael P. Drazin, which results in an explicit construction of the factor h(λ). It will be shown

that for a matrix A with irreducible characteristic polynomial and for general p(λ), there is an additional

condition on solvability of a scalar polynomial equation which is equivalent to the solvability of p(X) = A

with a rational solution X. This replaces the condition of Reams on the orders of the Galois groups and

holds in more generality. Section 4 extends the result to the case where A is a simple matrix, that is, the

case where A has n distinct eigenvalues.

In [9, Theorem 7.1], the equation p(X) = A is considered using a predominantly linear algebraic ap-

proach, leading to a result for nonderogatory matrices A. The starting point for this approach is a construc-

tion given in [3], and if a rational solution exists it can be constructed explicitly following the approach in

[9]. Finally, we restate the existence result in a purely algebraic way in Section 5.

2. Preliminaries. We shall use the following notation: the eigenvalues of A (and hence the roots of

f(λ)) are denoted by µi, i = 1, . . . , n, and in case we have h(λ) given, then the roots of h(λ) are denoted by

γi, i = 1, . . . , n. Here and in the sequel, n is a natural number.

We recall in this section several definitions and results for the convenience of the reader. Notation will

conform with usual practices in abstract algebra, see, for example, [13]. In particular, we will adopt the

convention of referring to roots (or zeroes) of a polynomial f(λ), which will also be taken to mean solutions

of the polynomial equation f(λ) = 0.

Let f(λ) be a monic polynomial of degree n over Q. Write

f(λ) = (λ− µ1)(λ− µ2) · · · (λ− µn),

where µj ∈ Q for each j, with Q denoting the algebraic closure of Q. The Galois group of f(λ) over

Q is defined to be the group of automorphisms of Q(µ1, · · · , µn) which fix Q. We denote this group by

Gal(Q(µ1, · · · , µn) : Q) or simply by G when the context is clear.

In the sequel, we will require our Galois group G to act on a certain set of roots. We therefore state the

necessary definitions. Let H be a group and X a set. A group action of H on X is a map:

· : H ×X → X,

where we write h · x for the value of the map on the pair (h, x), satisfying the following properties:

(i) e · x = x for all x ∈ X, where e is the identity element of H.

(ii) h1 · (h2 · x) = (h1h2) · x for all h1, h2 ∈ H and all x ∈ X.

A group H is said to act transitively on X if for all x, y ∈ X, there exists an element h ∈ H such that

h · x = y.

The following result can be found in [20, Proposition 22.3] or [2, Section 10.10].
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Theorem 2.1. [20, Proposition 22.3] Let f(λ) ∈ Q[λ] be irreducible and monic. Let X = {µ1, . . . , µn}
be the roots of f(λ), which lie in some fixed algebraic closure of Q. Let G be the Galois group of f(λ). Then

G acts transitively on X via the action:

g · µ = g(µ),

where g ∈ G, µ ∈ X.

We recall here the spectral mapping theorem for the finite dimensional case. For a proof, see, for example,

[17, Theorem 8.3].

Theorem 2.2. [17, Theorem 8.3] Let V be a finite dimensional vector space over an algebraically closed

field F. Let T : V → V be a linear map with spectrum σ(T ), and let p(λ) ∈ F[λ]. Then

σ(p(T )) = p(σ(T )) = {p(µ) | µ ∈ σ(T )}.

The following proposition is a special case of [3, Proposition 2.3]. The proposition is stated in [3] for

nonderogatory matrices. Since f being irreducible implies that A is nonderogatory, the version we state here

is a special case.

Proposition 2.3. [3, Proposition 2.3] Let A,X ∈ Mn(Q) and p(λ) ∈ Q[λ], and suppose that the char-

acteristic polynomial of A, denoted by f(λ), is irreducible and that A = p(X). Then, for each eigenvalue µj
of A, j = 1, . . . , n, the equation p(γ) = µj has at least one solution γ = γj ∈ Q(µj).

3. Main results. The main theorem that we prove in this article is an extension of Theorem 1 of [15]

and is stated as follows. In [15], only the case p(λ) = λm with odd m is considered.

Theorem 3.1. Let p(λ) be any polynomial over Q and let A ∈ Mn(Q) have irreducible characteristic

polynomial f(λ) with degree n. Let µi, 1 ≤ i ≤ n, denote the roots of f(λ). Then the following are equivalent:

(i) A = p(X) has a solution over Q;

(ii) f(p(λ)) has a factor h(λ) of degree n over Q;

(iii) There exist an eigenvalue µ ∈ σ(A) and an element γ ∈ Q(µ) such that p(γ) = µ.

It will follow from the proof that the third statement above is also equivalent to: for every eigenvalue

µ ∈ σ(A), there is an element γ ∈ Q(µ) such that p(γ) = µ.

The implication (i) implies (iii) follows from [3, Proposition 2.3]. We will provide an alternative inde-

pendent argument in the proof below.

Proof. The equivalence of (i) and (ii) is already stated as [15, Proposition 1], which attributes the result

to T.J. Laffey and B. Cain. For completeness’ sake, we provide the main ideas of the proof. Assuming

(i) holds, let X be a rational solution of p(X) = A, let h(λ) be the minimal polynomial of X, and let

γi, i = 1, . . . , n be the eigenvalues of X. By the spectral mapping theorem p(γi) = µi (after possibly

reordering), and since f(λ) is irreducible, this means that the γi are all different, as are the µi. Hence, h(λ)

is a polynomial of degree n in Q[λ]. Moreover, by the Cayley–Hamilton theorem f(A) = f(p(X)) = 0, and

hence h(λ) divides f(p(λ)).

Conversely, suppose h(λ) is a polynomial of degree n in Q[λ] which divides f(p(λ)). Let Ch denote

the companion matrix of h(λ). Then p(Ch) is similar to A, because f(p(Ch)) = 0 and f(λ) is irreducible.
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Hence, there is an invertible rational matrix S such that S−1p(Ch)S = A. Take X = S−1ChS, then

p(X) = p(S−1ChS) = S−1p(Ch)S = A.

(ii)⇒ (iii). Let h(λ) ∈ Q[λ] be a factor of degree n of f(p(λ)), and let us say h(λ) = (λ−γ1) · · · (λ−γn),

where γi ∈ Q, for 1 ≤ i ≤ n.

Then f(p(γi)) = 0, so that p(γi) = µji for some ji ∈ {1, 2, . . . , n}. Hence, µji ∈ Q(γi).

Denote by [Q(γi) : Q] the degree of the field extension Q(γi) over Q. Then, since n ≥ [Q(γi) : Q] =

[Q(γi) : Q(µji)] · [Q(µji) : Q] and [Q(µji) : Q] = n, it follows that [Q(γi) : Q] = n, so h(λ) ∈ Q[λ] must be

irreducible. By the same argument, [Q(γi) : Q(µji)] = 1, and hence γi ∈ Q(µji), so that in fact Q(γi) =

Q(µji). This shows part (iii).

(iii) ⇒ (ii). Let µ be an eigenvalue of A such that there is a γ ∈ Q(µ) with p(γ) = µ. Without loss of

generality, possibly after renumbering the µi, we may assume that this holds for µ1, and let us denote γ by

γ1.

Since f(λ) is irreducible, the Galois group G of f(λ) acts transitively on {µ1, · · · , µn}. That is, by

Theorem 2.1, for each µj ∈ σ(A) there is an automorphism gj in G such that gj(µ1) = µj . Define γj = gj(γ1),

and take

h(λ) = (λ− γ1)(λ− γ2) · · · (λ− γn).

Then p(γj) = p(gj(γ1)) = gj(p(γ1)) = gj(µ1) = µj , because p(λ) has rational coefficients, and gj fixes Q.

Hence f(p(γj)) = f(µj) = 0, and since the µj are all different, so are the γj . Thus, h(λ) is a divisor of

f(p(λ)) of degree n.

It remains to show that h(λ) ∈ Q[λ]. We shall show this in a direct manner based on the use of

elementary symmetric polynomials, see, for example, [2]. The proof is based on the fact that

h(λ) =

n∑
j=0

λn−j(−1)jej(γ1, . . . , γn),

where ej(γ1, . . . , γn) is the elementary symmetric polynomial of degree j, that is

ej(γ1, . . . , γn) =
∑

1≤i1<i2<···<ij≤n

γi1γi2 · · · γij .

In a similar manner,

f(λ) = (λ− µ1) · · · (λ− µn) =

n∑
j=0

λn−j(−1)jej(µ1, . . . , µn),

and since we know that f(λ) ∈ Q[λ], we have that ej(µ1, . . . , µn) ∈ Q for j = 1, . . . , n.

Now, since γ1 ∈ Q(µ1), and f(λ) is the minimal polynomial of µ1 over Q, there are rational numbers

α0, . . . , αn−1 such that

γ1 = α0 + α1µ1 + α2µ
2
1 + · · ·+ αn−1µ

n−1
1 .

Applying gi left and right we obtain

γi = α0 + α1µi + α2µ
2
i + · · ·+ αn−1µ

n−1
i ,
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for the same α0, . . . , αn−1. We have to show that ej(γ1, . . . , γn) ∈ Q for j = 0, 1, . . . , n. To see this, note

that by inserting the formulas for γi in terms of µi, we have

ej(γ1, γ2 . . . , γn) = ej

n−1∑
j=0

αjµ
j
1,

n−1∑
j=0

αjµ
j
2, . . . ,

n−1∑
j=0

αjµ
j
n

 .

This is a symmetric polynomial in µ1, . . . , µn with rational coefficients. By the fundamental theorem of sym-

metric polynomials (see [2, Theorem 5.1]), any symmetric polynomial in µ1, . . . , µn with rational coefficients

has a unique representation as a polynomial in e1(µ1, . . . , µn), . . . , en(µ1, . . . , µn) with rational coefficients.

Since the numbers ej(µ1, . . . , µn) are rational as well, it follows that also the numbers ej(γ1, . . . , γn) are

rational.

In Theorem 1 of [15], for the special case p(λ) = λm with m > 2, a connection is made between the

solvability of Xm = A and the orders of the Galois groups of f(λm) and f(λ). As stated in [15], the

equivalence of (i) and (ii) in Theorem 3.1 does not require the condition Q(λ1, . . . , λn)∩Q(ζ) = Q for some

choice of roots λ1, . . . , λn of f(λm), as given in Theorem 1 of [15]. Moreover, Theorem 3.1 does hold when

m = 2. This is in contrast with the main theorem in [15], which does not hold for m = 2. To illustrate this

point, consider f(λ) = λ3 + 3, then the following example shows that f(λ2) = λ6 + 3 has no factor h(λ) of

degree 3 in Q[λ].

Example 3.2. Consider

A =

 0 1 0

0 0 1

−3 0 0

 .
The matrix A has characteristic polynomial f(λ) = λ3+3. We take p(λ) = λ2. The roots of f(p(λ)) = λ6+3

are given by γk = 6
√

3ei(π/6+kπ/3) for k = 0, 1, . . . , 5. The minimum polynomial of each of these roots is of

degree 6. Since f(p(λ)) is irreducible over Q, this is the minimum polynomial for each of these roots. Hence,

for each of these roots we have [Q(γk) : Q] = 6. From the proof of Theorem 3.1, this would have to be 3

for the existence of a rational matrix X such that X2 = A. None of the γk are in Q( 3
√

3) or in Q( 3
√

3eiπ/3)

because that would imply that the minimal polynomial of such a γk would have degree 3 rather than 6. �

The previous example is a special case of the following proposition.

Proposition 3.3. Suppose p(λ) ∈ Q[λ] is a monic quadratic polynomial, and that f(λ) ∈ Q[λ] is

irreducible and of degree n. Furthermore, assume that for every root µ of f(λ) = 0 there is a γ ∈ Q(µ) such

that p(γ) = µ. Then the splitting field of f(p(λ)) over Q is equal to the splitting field of f(λ) over Q.

Proof. Notice that for every complex number µ there are two solutions γ1, γ2 of p(λ) = µ. Let p(λ) =

λ2 + p1λ+ p0. Then γ1γ2 = p0 − µ. Hence, if γ1 ∈ Q(µ), then also γ2 ∈ Q(µ).

Let Q(µ1, . . . , µn) be the splitting field of f(λ) over Q. By assumption, for each µi there is at least one

γi1 ∈ Q(µi) such that p(γi1) = µi. As argued above, it follows that also the other solution γi2 must be in

Q(µi), so both solutions are in Q(µ1, . . . , µn). The roots of f(p(λ)) = 0 are given by the 2n solutions of

p(λ) = µi, for i = 1, . . . , n, and therefore Q(γ11, γ12, γ21, γ22, . . . , γn1, γn2) ⊂ Q(µ1, µ2, . . . , µn).

Since µi = p(γi1) for all i = 1, . . . , n the other inclusion is evident.

It is clear that a similar argument will fail when p(λ) is of degree larger than 2. This is illustrated in

the following example.
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Example 3.4. Let A =

[
1 −2

−4 1

]
. The characteristic polynomial of A is f(λ) = (λ − 1)2 − 8, which

is irreducible. The splitting field of f(λ) is Q(
√

2); the eigenvalues of A are 1 ± 2
√

2. One checks directly

that with p(λ) = λ3 − 4λ + 1 and X =

[
0 1

2 0

]
, we have p(X) = A. Then f(p(λ)) = (λ3 − 4λ)2 − 8 =

λ6 − 8λ4 + 16λ2 − 8, which factorizes as:

f(p(λ)) = (λ2 − 2)(λ4 − 6λ2 + 4) = (λ2 − 2)((λ2 − 3)2 − 5).

Hence, the six roots of f(p(λ)) = 0 are given by ±
√

2,±
√

3±
√

5. Thus, the splitting field of f(p(λ)) is

Q(
√

2,
√

3 +
√

5). �

To illustrate the fact that the connection made in [15] between the solvability of Xm = A and the orders

of the Galois groups of f(λm) and f(λ) is very specific for the case p(λ) = λm with m > 2, we consider in

the next example these two Galois groups for a quadratic polynomial p(λ).

Example 3.5. Let p(λ) = λ2 − λ− 1 and let f(λ) = λ3 + 3λ2 + 21λ− 11. Then f(λ) is irreducible over

Q. Take

X =

 1 0 2

−1 1 0

0 3 1

 .
Then f(λ) is the characteristic polynomial of A := p(X):

A = X2 −X − I =

−1 6 2

−1 −1 −2

−3 3 −1

 .
The roots of f(λ), calculated using the cubic formula, are

µ1 = (
3
√

6)2 − 3
√

6− 1,

µ2 = −1− 1

2

[
(

3
√

6)2 − 3
√

6
]

+
1

2
i
√

3
[
(

3
√

6)2 +
3
√

6
]
,

µ3 = −1− 1

2

[
(

3
√

6)2 − 3
√

6
]
− 1

2
i
√

3
[
(

3
√

6)2 +
3
√

6
]
.

The composition is f(p(λ)) = λ6 − 3λ5 + 3λ4 − λ3 + 18λ2 − 18λ − 30 and can be factored as f(p(λ)) =

(λ3 − 6)(λ3 − 3λ2 + 3λ+ 5). According to Theorem 3.1, there is a rational solution X to p(X) = A. This is

the case by construction.

The roots of f(p(λ)) are as follows:

γ1 =
3
√

6;γ2 = −1

2
3
√

6− i
√

3

2
3
√

6; γ3 = −1

2
3
√

6 + i

√
3

2
3
√

6;

γ4 = − 3
√

6 + 1;γ5 = 1 +
1

2
3
√

6 + i
1

2

√
3

3
√

6; γ6 = 1 +
1

2
3
√

6− i1
2

√
3

3
√

6.

When these roots are inserted into p(λ), we obtain the following: p(γ1) = µ1 = p(γ4), p(γ2) = µ2 = p(γ5),

p(γ3) = µ3 = p(γ6). The first three roots are the roots of λ3 − 6, while the last three roots are the roots of

λ3 − 3λ2 + 3λ+ 5, which are also the eigenvalues of X.
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It is easy to see that Q(µ1, µ2, µ3) = Q( 3
√

6, i
√

3). Since γi ∈ Q( 3
√

6, i
√

3) for i = 1, . . . , 6, the split-

ting fields of f(p(λ)) and f(λ) coincide, and hence also the Galois groups Gal(Q(γ1, . . . , γ6) : Q) and

Gal(Q(µ1, µ2, µ3) : Q) coincide. �

Connection with a constructive approach of Drazin’s paper. Next, we consider how the main

result of this paper connects with a more constructive approach which originates in the paper by Drazin, [3].

The setting is the same as above: A is an n× n matrix with entries in Q, with an irreducible characteristic

polynomial f(λ), and p(λ) is a polynomial with coefficients in Q. We summarize the results of [3]. If

p(X) = A has a solution X with entries in Q, for every eigenvalue µj of A (j = 1, 2, . . . , n), there is at least

one γj ∈ Q(µj) such that p(γj) = µj (see [3, Proposition 2.3]).

Conversely, let p(γ) = µ for some eigenvalue µ of A and some γ ∈ Q(µ). Since f(λ) is irreducible, f(λ)

is the minimum polynomial of µ over Q and hence [Q(µ) : Q] = n. Let Aw = µw, so w is the eigenvector

of A corresponding to eigenvalue µ. Then the entries of w are in Q(µ), so there is an n× n matrix W with

entries in Q such that Wvn(µ) = w, where vn(µ) is the vector vn(µ) =
[
1 µ µ2 · · · µn−1

]T
.

Following [3], we can now construct X as follows. From the fact that we want p(X) = A, and the fact

that A is nonderogatory, it follows from [4] that X is a polynomial in A. Hence, we have Xw = γw. The

latter equation can also be expressed as XWvn(µ) = γWvn(µ). Since γ ∈ Q(µ), there is an n× n matrix C

with rational entries such that γWvn(µ) = Cvn(µ). It can be shown (see [3]) that W is invertible, so solving

X from XW = C produces an n× n matrix X with rational entries such that p(X) = A.

Number of solutions. Introduce the following terminology: a solution γ of p(λ) = µi will be called

admissible for µi if γ ∈ Q(µi). Two admissible solutions γr and γs for µi are called G-connected if there

exists an element g of G such that g(γr) = γs, that is, the set of all elements which are G-connected to γr
is the G-orbit of γr.

Proposition 3.6. Let A be an n×n matrix over Q with irreducible characteristic polynomial f(λ), and

let p(λ) be any polynomial over Q. Then for every eigenvalue µ of A the number of admissible γ is the same,

and this number equals the number of rational solutions to p(X) = A.

Proof. Let γi be an admissible solution of p(λ) = µi for 1 ≤ i ≤ n. We use a set of n G-connected

admissible elements to construct the factor h(λ). It cannot occur that two distinct admissible elements

γ1i and γ2i associated with µi are both G-connected to the same admissible element γj associated with µj .

Indeed, if g ∈ G fixes some eigenvalue µi, then the restriction g|Q(µi) must be the identity, and hence g must

fix each admissible element associated with µi since by definition they all lie inside Q(µi). From this, it also

follows that the number of admissible γ associated with an eigenvalue µi is the same for every eigenvalue µi.

Now the number of rational solutions to p(X) = A is equal to the number of admissible solutions of

p(λ) = µi (see [3]). Therefore, the number of solutions of p(X) = A is equal to the number of admissible

elements associated with any eigenvalue.

4. The simple case. By using the idea of working separately with the irreducible parts of the char-

acteristic polynomial of a simple matrix and using the companion-Jordan form of the matrix, we can prove

the following result. Recall that a matrix is called simple if the algebraic multiplicity of each eigenvalue is

1. In particular, when the characteristic polynomial of the matrix is irreducible, then the matrix is simple,

but the converse is not always true.
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Proposition 4.1. Let A ∈Mn(Q) be a simple matrix. Let the characteristic polynomial of A be f(λ) =

f1(λ)f2(λ) · · · fr(λ), for some r, where fi(λ) are distinct, irreducible, and of degree ni. Let p(λ) ∈ Q[λ].

Then p(X) = A has a solution B ∈Mn(Q) if and only if fi(p(λ)) has a factor of degree ni in Q[λ], for each

1 ≤ i ≤ r.

Proof. Let A ∈Mn(Q) be simple with characteristic polynomial f(λ) = f1(λ)f2(λ) · · · fr(λ), where fi(λ)

is irreducible and of degree ni. By the companion-Jordan form (see [9, Theorem 2.1], also [16]), there exists

an invertible matrix T ∈Mn(Q) such that

(4.1) A = T−1(C1 ⊕ · · · ⊕ Cr)T,

where Ci is the ni × ni companion matrix of the polynomial fi(λ). Here, C1 ⊕ · · · ⊕ Cr denotes the block

diagonal matrix with block (matrix) entries C1, · · · , Cr.

Suppose p(X) = A has a solution B ∈Mn(Q). Then by [9, Proposition 5.1], B is of the form:

B = T−1(B1 ⊕ · · · ⊕Br)T,

where the sizes of Bi correspond to those of Ci. Now, from p(B) = A we obtain r different equations

p(Bi) = Ci, 1 ≤ i ≤ r, since we can write

T−1p (B1 ⊕ · · · ⊕Br)T = p
(
T−1(B1 ⊕ · · · ⊕Br)T

)
= p(B) = A

= T−1 (C1 ⊕ · · · ⊕ Cr)T.

It is easy to check the facts that p(X1 ⊕ · · · ⊕ Xr) = p(X1) ⊕ · · · ⊕ p(Xr) and T−1p(X)T = p(T−1XT )

for any polynomial p(λ) and square matrices Xi and X. Remember that Ci has irreducible characteristic

polynomial fi(λ). Therefore, by [15, Proposition 1], or our main Theorem 3.1 above, fi(p(λ)) has a factor

of degree ni in Q[λ] for all 1 ≤ i ≤ r.

Conversely, let fi(p(λ)) have a factor of degree ni in Q[λ] for all 1 ≤ i ≤ r. Then, again by [15,

Proposition 1] or the main Theorem 3.1 above, p(X) = Ci has a solution with Ci as in (4.1), that is, there

is a Bi ∈Mni
(Q) such that p(Bi) = Ci. Hence, we have p(B1 ⊕ · · · ⊕Br) = C1 ⊕ · · · ⊕ Cr and then

p(B) = p
(
T−1(B1 ⊕ · · · ⊕Br)T

)
= T−1p (B1 ⊕ · · · ⊕Br)T
= T−1 (C1 ⊕ · · · ⊕ Cr)T = A.

Thus, p(X) = A has a solution B in Mn(Q).

5. The nonderogatory case. Let A be nonderogatory, and assume that the characteristic polynomial

is given by f(λ) = f1(λ)d1 ·f2(λ)d2 · · · fr(λ)dr with the fi(λ)’s pairwise coprime and irreducible and of degree

kj . We follow the construction of Theorem 7.1 in [9]. Let p(λ) =
∑l
i=0 piλ

i ∈ Q[λ].

Assume that for each eigenvalue µ of A there is a solution γ ∈ Q(µ) of p(γ) = µ. If µ is a root of fj(λ),

let Gj be the Galois group of fj(λ), and consider the factor hj(λ) of degree kj of fj(p(λ)) which we obtain

using the explicit construction in the proof of Theorem 3.1, that is, we consider the action of Gj on γ to

obtain the kj roots of hj(λ). Denote these roots by γj,1, . . . , γj,kj . Now assume that for each j for which

dj > 1, there is at least one γ ∈ Q(µj) such that for each pair of roots γj,s and γj,t we have that condition
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(13) in [9] is satisfied, that is:

l∑
m=1

pm

m−1∑
i=0

γij,sγ
m−1−i
j,t 6= 0.

Then, according to Theorem 7.1, part (iii) in [9] there is a rational solution X to p(X) = A. This gives a

completely algebraic sufficient condition for the existence of a rational solution. However, the condition is

not necessary, as pointed out in [9].

Open problems. Theorem 3.1 and its proof may be used to consider several problems that are a

variation of the one we discussed in this paper. To be precise, it is good to restate our interest: given a

rational matrix A and a polynomial p(λ) ∈ Q[λ], we are interested here and in [9] in necessary and sufficient

conditions for the existence of a rational matrix X such that p(X) = A and in an explicit construction. One

might also consider the following purely algebraic problem, inspired by Theorem 3.1. Given an irreducible

polynomial f(λ) ∈ Q[λ] with degree n, what can be said about the set of polynomials p(λ) for which the

equivalent conditions (ii) and (iii) in Theorem 3.1 are satisfied? One might restrict this first to consider the

set of polynomials of at most a fixed degree.

Alternatively, one might consider the following problem. Given a polynomial p(λ) ∈ Q[λ], find all pairs

of rational matrices (X,A) such that p(X) = A with the characteristic polynomial of A irreducible. Note

that this is equivalent to the problem of finding irreducible f(λ) ∈ Q[λ] such that the equivalent conditions

(ii) and (iii) in Theorem 3.1 are satisfied. The problem may also be considered for pairs (X,A) with A

nonderogatory.

The latter problem may be viewed as a special case of a far more difficult problem, which may be

described as follows. Given a rational polynomial R(x, y) in two variables, can we find a pair of rational

matrices (X,Y ) such that R(X,Y ) = 0? The problem stated earlier amounts to R(x, y) = y−p(x), while the

problem studied in recent literature has R(x, y) = 0 describing an elliptic curve y2 = p(x) with p of degree

3. The study of matrix points on elliptic curves over a finite field is an active area of current research. The

focus is on counting the number of solutions, see [1, 11].
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