Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society I I
Volume 41, pp. 436-451, August 2025.

EDGE-DISJOINT SPANNING TREES AND BALLOONS IN (MULTI-)GRAPHS
FROM SIZE OR SPECTRAL RADIUS*

KUN CHENG! AND ZIHAN ZHOUf¥

Abstract. A multigraph is a graph that may have multiple edges, but has no loops. The multiplicity of a multigraph is
the maximum number of edges between any pair of vertices. The spanning tree packing number of a graph G, denoted by 7(G),
is the maximum number of edge-disjoint spanning trees contained in G. A balloon of a graph G is a maximal 2-edge-connected
subgraph that is joined to the rest of G by exactly one cut edge. By b(G), e(G), and k(G), we denote the number of balloons,
the size, and the vertex-connectivity of G, respectively. In this paper, we show that for a positive integer k and any multigraph
G of order n > 2r with multiplicity m < k and minimum degree § > 2k, if e(G) > m[(}) + ("3 ")] + k, then 7(G) > k, where
r = [(6 +1)/m]. This extends the result of Fan, Gu and Lin (J. Graph Theory, 2023). Analogous results involving the size to
characterize xK(G) > k or b(G) < k — 1 of a multigraph G are also presented. In addition, we prove a tight sufficient condition
to guarantee b(G) < k — 1 in terms of the spectral radius of a simple graph G, with extremal graphs characterized.
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1. Introduction. A multigraph is a graph with possible multiple edges, but no loops. The multiplicity
of a multigraph is the maximum number of edges between any pair of vertices. Clearly, a simple graph can
be seen as a multigraph whose multiplicity is 1. In this paper, we consider finite undirected (multi-)graphs
and k always denotes a positive integer. For graph theoretic notation and terminology not defined here, we
refer to [1,2].

Let G = (V(G), E(G)) be a (multi-)graph with vertex set V(G) and edge (multi-)set E(G). The order
of G is its number of vertices, and the size is its number of edges, denoted by |G| and e(G), respectively. As
usual, let K, and Ky ,_+ be a complete graph and a complete bipartite graph of order n, respectively. In
particular, Kj ,,_1 is called a star, which is also written as S,,. For a vertex v € V(G), let Ng(v) be the set of
all neighbors of v in G and dg(v) = |[Ng(v)| be the degree of v in G. In particular, 6(G) = min,cy (q) dg(v) is
the minimum degree of G. The vertex with degree n — 1 in a star S, is called the center of S,,. For simplicity,
we may omit the subscripts G for our notations when there is no danger of confusion. The vertez-connectivity
of a connected graph G, denoted by k(G), is the minimum cardinality of a vertex-cut of G.

The study of edge-disjoint spanning trees has been shown to be very important to graphs and has many
applications in fault-tolerance networks as well as network reliability [5,14]. So it is quite interesting to
explore how many edge-disjoint spanning trees there are in a given graph. For a connected graph G, the
spanning tree packing number, denoted by 7(G), is the maximum number of edge-disjoint spanning trees
in G. A survey on 7(G) can be found in [26]. In 1961, Nash-Williams and Tutte, independently, gave a
sufficient and necessary condition to guarantee that a graph contains at least k edge-disjoint spanning trees
(see Theorem 2.2 in Section 2).
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Inspired by Kirchhoff’s MatrixTree Theorem and a problem posed by Seymour, Cioaba and Wong [4]
started to study the spanning tree packing number via the second largest eigenvalue of the adjacency matrix
of a simple graph. From then on, more and more researchers focused their efforts on the relationship between
7(G) and the eigenvalues of a graph G. For more results on this topic, we refer to [3,6,9,11,15-19,21,28].
Recently, Fan, Gu and Lin [7] studied the spanning tree packing number in terms of size. They proved that for
a connected simple graph G with minimum degree § > 2k and order n > 2(0+1), if e(G) > (542'1) + ("_‘25_1) +k,
then 7(G) > k. Our first main result extends their conclusion from simple graphs to multigraphs.

THEOREM 1.1. Let G be a connected multigraph with multiplicity m < k, minimum degree § > 2k and
ordern>2r. If e(G) = m [(5) + (";7)] + k, then 7(G) > k, where r = [(§ + 1)/m].

REMARK 1. By constructing a class of graphs, Fan, Gu and Lin [7] presented that the condition in
Theorem 1.1 is tight when m = 1.

Our second main result establishes a sufficient condition by the size of a multigraph G with given
multiplicity to ensure x(G) > k.

THEOREM 1.2. Let G be a multigraph with multiplicity m, minimum degree 6 > mk, and order n. If
e(@) > m[(kgl) + (3) + ("71);’”1) +(k—1(n—k+1)]+1, then &(G) > k, where p = [§/m] — k + 2.

REMARK 2. The condition in Theorem 1.2 is tight when m = 1. Let K" be the graph obtained from
K,, by replacing each edge with m multiple edges. Obviously, K} = K,. For n > 2ny + s, let H™? be

n,ni

the graph obtained from K[ U K* UK . . by adding all possible multiple edges between V(K[") and
V(KR )UV(K ). Taking m = 1, we have p = § — k + 2. It is easy to check that the graph H,ﬁffl

has multiplicity 1, minimum degree § and e(HIWF=1) = (") + (&) + (*7755) + (k — 1)(n — k + 1), but
K(HY) < k.

Given a simple graph G, its adjacency matriz A(G) is an n x n 0-1 square matrix whose (u, v)-entry is
1 if and only if the vertices u and v are adjacent in G. As A(G) is real symmetric, all of its eigenvalues are
real, and so we can always arrange them as A;(G) > A2(G) > -+ > A\, (G). In particular, A;(G) is referred
to as the spectral radius of G. Let D(G) be degree diagonal matriz of G. Then we call L(G) = D(G) — A(G)
and Q(G) = D(G) + A(G) the Laplacian matriz and the signless Laplacian matriz of G, respectively. We
may arrange the eigenvalues of L(G) and Q(G) by p1(G) > p2(G) > -+ > un(G) and ¢1(G) > ¢(G) >
-+ > gn (@), respectively.

For a (multi-)graph G, a cut edge of G is an edge whose deletion increases the number of components.
A maximal 2-edge-connected subgraph of G incident to exactly one cut edge of G is called a balloon in G.
Denote by b(G) the number of balloons in G. The problem of counting the number of balloons in a graph
was originally raised by O and West [25]. A cut edge that joins a balloon to the rest of the graph is called
a string, the vertex incident to the cut edge is called the neck of the balloon. O and West [25] showed that
b(@) has a close relationship with the matching number, the number of cut edges, and the total domination
number.

Very recently, the relationship between b(G) and the eigenvalues of a (multi-)graph G has been studied
in the literature. O and Cioab& [24] showed that, for & > 3 and any connected d-regular simple graph
G, if \e(G) < 6(d), then b(G) < k — 1, where d > 3 is an odd integer and 6(d) is the largest root of
23 — (d —2)2? — 2dr + d — 1 = 0. Gu [10] showed that for k& > 3 and any connected multigraph G with
multiplicity m and minimum degree &, b(G) < k — 1 if p1,_41(G) > 3 or A (G) <6 — 7 or qx(G) <26 — 1,

where | = max{[(d + 1)/m],2}. Gu and Liu [12] studied the relationship between the ratio “Z;(lé?) and
b(@G) of a simple graph G.
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Motivated by the above results, we aim to find sufficient conditions on the size or the spectral radius
which assure that b(G) < k — 1. To formulate our counting results for balloons, we need to introduce some
graphs.

Recall that K" is the graph obtained from K, by replacing each edge with m multiple edges. Let
g;;;’;lnk be the set of multigraphs obtained from K*, K}",..., K} by adding an edge to connect one

ng? trng e
vertex in K] and one vertex in K] for each i € {1,...,k}. For convenience, we use g'fki(),nlpu,nk for
g}gfnlwnk (see Figure 1, both graphs are in 92,5’5’5). For any positive integer ¢, we denote

k
m,k __ m,k . : _
NP = QG e Gt o cmin{ng,ny,...,ng} > q, E n;=nyp,
i=0
For convenience, we use N¥  for NP,
. . k
Let Si+1 be a star with vertex set {vg,v1,..., v}, where v is the center of Sgy1. If n > ijl n; + 1,

then denote by US (N1

with a vertex of K,,,, where 0 <i <k and no =n — Zk

j=1
Uk, = Uﬁ)(qw7q) for short (see Fig. 1).

) the n-vertex simple graph obtained from Syy; by identifying vertex v; of Siy1

nj. If n; = q for each i € {1,...,k}, then we set

Y

G U231,5

FIGURE 1. The number of balloons of G (resp. U§’1,5) s 3.

Our third main result establishes a sufficient condition by the size of a multigraph G with given multi-
plicity to ensure b(G) < k — 1.

THEOREM 1.3. Let G be a connected multigraph with multiplicity m, minimum degree § > k > 3 and
order n, and let | = max{[(d + 1)/m],2}. If e(G) > m[kz(é) + (";kl)] +Ek+1, thenb(G) <k —1.

REMARK 3. Taking m =1 gives | = max{d+ 1,2} =d+1. Then forn > (k+1)(6+1), any graph G in
G ko—ko41... 641 has minimum degree §, and size e(G) = mlk (L) + (")) + k, but b(G) = k. This implies
that the sufficient condition in Theorem 1.3 is tight when m = 1.

We then focus on a spectral analog for a simple graph G. We succeed in discovering a sufficient condition
for b(G) < k — 1 via the spectral radius and characterize the unique spectral extremal graph Uff’ s.1 among
the structural extremal graph family erf sS4l

THEOREM 1.4. Let G be an n-vertex connected simple graph with minimum degree § > k > 3, where
n>k(@+1)+k+1+ 3] If \M(G) > p(n,d,k), then b(G) < k — 1 unless G = Uff75+1, where p(n, 0, k) is
the largest zero of P(x), where
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Px)=z*+B+ks+k—n—08)z*+3+(—2)(n—ké —k) — 36 — k]o> + [(20 + k — 1)(n — ké—
(1.1) k) 40k +1— 38 — 3k|z + (6 + k — 0k)(n — k& — k) + 26k — 2k — 6.

The remainder of this paper is organized as follows: In Section 2, we give some essential definitions and
some necessary preliminaries, including spanning tree packing theorem (Nash-Williams 1961; Tutte 1961)
and quotient matrices. Section 3 is entirely devoted to the proofs for our main results. Some concluding
remarks are given in the last section.

2. Preliminaries. In this section, we present some of the preliminaries and former results to be used
in our arguments.

For any subset U C V(G), d(U) denotes the number of edges each of which has exactly one endpoint in
U, that is d(U) = e(U,V(G) \ U).

LEMMA 2.1 (Gu [10]). Let G be a multigraph with multiplicity m and minimum degree §, and U be a
nonempty proper subset of V(G). If d(U) < 6, then |U| > I, where | = max{[(d + 1)/m],2}.

Assume that U and W are two disjoint vertex subsets of V(G). Then let e(U, W) denote the number of
edges between U and W in G. For any partition 7 = (V1,...,V;) of V(G), let eg(m) be the number of edges
in G whose endpoints lie in different parts of 7, that is, eg(7) = Zl§i<j§t e(Vi,V;).

THEOREM 2.2 (Nash-Williams [22] and Tutte [27]). Let G be a connected graph. Then 7(G) > k if and
only if for any partition © of V(G), eq(mw) > k(t — 1), where t is the number of parts in the partition .

By the Perron—Frobenius Theorem, if G is connected, then A;(G) is simple, and there exists a positive
eigenvector, say x, corresponding to A1 (G), which is called the Perron vector of G. It will be convenient for
us to normalize so that the usual Euclidean norm is 1. Hereafter, we write x,, for the entry of x corresponding
to the vertex v € V(G).

LeEmMA 2.3 (Nikiforov [23]). Let G be a connected graph with vertex set {vi,va,...,v,}, and let x =
(T, Ty, - - - Tu, )T be the Perron vector of A(G) corresponding to A1 (G). If there exist v;, vj in V(G) such
that Ng(vi) \ {v;} = Na(v;) \ {vi}, then z,, = x,,.

LEMMA 2.4 (Liu, Lu and Tian [20], Wu, Xiao and Hong [29]). Let G be a connected graph and let x be
the Perron vector of A(G). Assume u,v € V(G) and wi,wa,...,ws € Ng(v) \ Ng(u) with s > 1. Let G*

be the graph obtained from G by deleting the edges vw; and adding the edges uw; for 1 <i <s. If x, > x,,
then )\1(G) < Al(G*)

Let M be an n x n real matrix, whose rows and columns are indexed by V' = {1,2,...,n}. Assume that
m=(V1,Va,...,V;) is a partition of V. Then M can be partitioned based on 7 as

My - My
My - My
where M;; denotes the submatrix of M, indexed by the rows and columns of V; and V}, respectively. Let b;;

be the average row sum of M;; for 1 < ¢,j <t. Usually, the ¢t x t matrix M, = (b;;) is called the quotient
matriz of M. The previous partition is equitable if for each 1 <14, j <t, any row sum of M;; equals to b;;.
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LEMMA 2.5 (Brouwer and Haemers [2], Godsil and Royle [8], Haemers [13]). Let M be a real symmetric
matriz, and let M, be its equitable quotient matrix. Then the eigenvalues of the quotient matriz M, are
eigenvalues of M. Furthermore, if M is nonnegative and irreducible, the spectral radius of M, equals the
spectral radius of M.

LEMMA 2.6. Ifn > k(6 +1)+3, then )\1(U7’f75+1) = p(n,d, k), where p(n,d, k) is the largest zero of P(x)
defined in (1.1).

Proof. Recall that Uf; 541 1s an n-vertex simple graph obtained from Sji1 by identifying each leaf of Sy
with a vertex of Ks1; and identifying the center of Sy, with a vertex of K, _y(s541). Let ng =n — k(0 + 1),
then Uff’ 541 contains K, as a proper subgraph. We partition the vertex set V(Urlf’ s+1) into the following
four parts: ng — 1 vertices of V(K,,,) with degree ng — 1, the vertex of V(K,,) with degree no +k — 1, k
vertices of degree § 4+ 1, and the remaining kd vertices of degree §. Clearly, this partition, say m, is equitable,
and the corresponding quotient matrix is

n0—2
no—l
0
0

M, =

S = O =
= o & O
S, © O

0—1
By an elementary computation, we get the characteristic polynomial of M, as

Py(x) =2* + (3 —no — 6)2® + (6ng +3 — 30 — k — 2ng)a? + (1 + 0k + 26ng + kng — 36 — 3k — ng)z+
ong + kng 4 26k — 2k — & — Skny.

Substituting ng =n — k(6 + 1) into Py(x) gives (1.1). Recall that the partition 7 is equitable and p(n, d, k)
is the largest root of P(z) = 0. By Lemma 2.5, Al(Uk,(;H) = p(n, o, k), as desired. 0

n

3. Proofs of our main results. In this section, we present the proofs of Theorems 1.1-1.4.

3.1. The proof of Theorem 1.1. In order to give the proof of Theorem 1.1, we need the following
lemmas.

LEMMA 3.1 (Fan, Gu and Lin [7]). Let a and b be two positive integers. If a > b, then
a n b - a+1 n b—1
2 2 2 2 '
LEMMA 3.2. Let a and b be two integers. If b>a >0 and b > 3, then
0t b—a < b
2 —\2/
Proof. Note that b > a > 0 and b > 3. Then

(Z) L (b;a) :a(2b—2a—3) -

as required. O

LEMMA 3.3. Let a and b be two integers. If b > a > 1, then

() (57 <)
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Proof. Note that b > a > 1. Then

(-0 3w

as desired. 0

For any partition 7 of V(G), we call a part trivial if it contains only one single vertex, otherwise we call
it nontrivial. For any subset U C V(G), let G[U] be the subgraph of G induced by U, and let eq(U) be the
size of G[U].

Proof of Theorem 1.1. We show our result by contradiction. Suppose that 7(G) < k — 1. By Theo-

rem 2.2, there exists a partition of V(G), say m = (v1,...,v,, V1,..., Vi,), with ¢; trivial parts vy,..., vy,
and t9 nontrivial parts Vi,..., V4, such that
(3.2) eqg(m) <k(t—1)—1,

where t =t +t9. If t = 1, then eg(m) < k(t—1) —1 = —1, which is impossible, so ¢t > 2. We first claim that
to > 2. Suppose to the contrary that to < 1. Then t; =t —to > ¢ — 1. Note that dg(v;) > 6 for 1 < i < t5.
Combining this with § > 2k gives

com = | 3 datwy+ 3 dvy | =1 S dG(mz%atlzk(t—l),

1<i<t; 1<j<ts 1<i<t;

[\]

a contradiction to (3.2).
CLAIM 1. 7 contains at least two nontrivial parts (say Vi, Va), such that d(V;) <6 —1 fori=1,2.

Proof of Claim 1. Suppose that the partition 7 contains at most one nontrivial part, say V, (1 < a < t3),
such that d(V,) < d—1. Then d(V;) > d for alli € {1,...,t2}\{a}. Since G is connected, we have d(V,) > 1.
Note that 0 > 2k and ¢, + to = t. Hence,

Y dely)+ Y d(V)

1<j<t; 1<i<ts

| =

eg(’/T) =

1
> B [0t1 + (t2 — 1)5 + 1]

1
> -
-2
> k(t—1),

[2k(t — 1) +1]

this contradicts (3.2). o

By Claim 1 and Lemma 2.1, we have |V;| > [ for ¢ = 1,2, where | = max{[(d 4+ 1)/m],2}. Since § > 2k
and m < k. We have [(6 +1)/m] > 3, and thus

(3.3) I = max{[(6 +1)/m], 2} > 3.
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If |V1| = max {|V4],|Val|,...,|Vi|} or |Va| = max {|Vi|, |Vz],...,|V4,|}, then without loss of generality,
we assume that |Vi| = max {|Vi|,|Val,...,|V4,|}. Since |Vi| >l and |V;| > 2 for i = 1,2, and 3 < j < i,
respectively, we have
[2)
(3.4) L< Vil =n—ti =Y Vi = Vol <n—t1 —2(ts —2) - L.
7=3
Combining (3.3) with (3.4) gives us
(3.5) n—(0t+1l—2)=n—t; — (ta—2) =1 > 1+ (t2 — 2) > max{3,t2 — 2}.
Hence,
Y eaVi) =ec(Vi) +ea(Va)+ D ea(Vi)
1<i<ts 3<i<ts
Vil V2l Vil
<
<m | (5N 2 (5
i 3<i<ts
[(m—t1 —2(ty —2) — 1 l 2
(by Lemma 3.1) <m <n ! éz ) > + (2> + (t2 —2) (2”
(= (t+1-2) = (ta—2)\ , (I
i 2 2
(/1 —(t+1-2
(by (3.5) and Lemma 3.2) <m (2> + (n ( —; )>} .
If there exists a nontrivial part, say Vj, such that |V;| = max {|Vi|, |Va|,...,|V4,|} for some j € {3,... %2},
then
(3.6) L<max{ Vil [Val} S [Vjl =n—ti = [Vi| = [Val = D) [Vil Sn—t—20—2(t> - 3).
3<i<ta,itj

Together with (3.3) and (3.6), we get
(37) n — (t+21—3) =n—11 — 2] — (t2_3) Z l+(t2—3) 2 max{?),tg —3}
Thus,

Y eaVi)=ecVi) +ea(Va)+ Y ea(Vi)

1<i<ts 3<i<ty
Vil Val [Vl
<
<m ( s )t )+ Z )
L 3<i<ty
(1 2 —t —20—2(ty — 3
(by Lemma 3.1) <m 2(2) +(ta—3) (2> n (n 1 ) (t2 ))]

:m:2(£>+(t2_3)+<n—(t+2l—3)—(t2—3)>}

2
(by (3.7) and Lemma 3.2) <m :2 (;) + <” N (H;QI N 3)” .
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By Lemma 3.3, we have

(=)

Now, combining (3.2), (3.7), (3.8) with Zlgigtl ec(v;) = 0, we have

e(G)= > ec(Vi)+ Y ec(v)+ea(r)

1<i<ty 1<i<ty

W[Ij(ﬂ?;(f)?“f%}”>’2<é>+<"“z“vw»1
=m|(,)+ " t—; "NV Sk -1 -1

¢ 3 3 2
= —mn—&—lm——m—i—k t+m—k—2lm+ﬂ+l2m+ﬂ—lmn—1.

2 2 2 2
Let g(t) = mth—&—(—mn+lm—37m+k)t+m—k—21m+3"”?"+lzm+m7"2—lmn—l be a real function
in ¢ for ¢t € [2,n — 20 + 2|. Taking the derivative of g(t) gives us ¢'(t) = mt + (—mn + lm — 32 + k). Hence,

(since t <n — 2l +2) g’(t)Sm(—H—;) +k
0+1 1
<61+ 4k
(since m < k) S—(S—l—i—%
(since ¢ > 2k) < _g_l
< 0.

Then g¢(t) is decreasing with respect to 2 < ¢t < n — 2] + 2. Therefore, g(t) < g(2).

By (3.3),

@0z () ()] r1-1on () (7)) o

where r = [(6 + 1)/m/], which contradicts the hypothesis. This completes the proof. 0

3.2. Proof of Theorem 1.2. In this subsection, we present the proof of Theorems 1.2. In order to
show Theorem 1.2, we need the following lemma.

LEMMA 3.4. Let G be a multigraph of order n with minimum degree 6 and multiplicity m. Let S be an
arbitrary vertez-cut with k vertices and A be the minimum component of G —S. Then |A| > max{[d/m] —
k+1,1}.

Proof. For each vertex v € V(A), one sees that v sends at most m multiple edges to each of the vertices
in (V(A)\ {v})US. Thus, we have

slAl < Y da(v) <mlA[(JA| + K — 1),
veV (A)



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society I I

Volume 41, pp. 436-451, August 2025.

K. Cheng and Z. Zhou 444

which implies |A| > [§/m] — k + 1. Note that V(A) is nonempty. Therefore, |A| > max{[d/m]| — x + 1,1},
as required. O

For two graphs H and G, H C G means that H is a subgraph of G. Now we are ready to prove
Theorem 1.2.

Proof of Theorem 1.2. Let S be an arbitrary minimum vertex-cut and A be a minimum component of

G — S. Clearly, G is a spanning subgraph of H:L'll"fl‘.

Suppose to the contrary that k = kK(G) < k — 1. Combining § > mk with Lemma 3.4 gives us
(3.9 |Al + & > max{[d/m] + 1,k + 1} = [§/m] + 1.

Due to the structure of H™%? | it is easy to see that G C mqmls

n,n1? n,|A|

According to (3.9), we get

C HFt where ¢ = |A| — (k=1 — k).

c=Al—(k—1—k)>[d/m] —k+2=p.
Since A is the minimum component of G — S, we know that n > 2|A| + k > 2c+ k — 1. Then
e(G) < e(HJ ),

with equality if and only if G = H, ;’j’ék_l. Combining this with Lemma 3.1 gives

e(G)ge(Hgffl):kazl) +(g>+<”62“1)+(k—1)(n_k+1)]

Ska;l)+(§>+<n_p;k+1)+(k—1)(n—k+1)],

which contradicts the hypothesis. This completes the proof. 0

3.3. Proof of Theorem 1.3. In order to prove Theorem 1.3, we need the following key lemma.

LEMMA 3.5. Letl be a positive integer, k > 3. If G € le’k, then

n

(3.10) e(G) <m [k (;) + (" B klﬂ + k.

Proof. By the definition of NTTl’k, we assume that G € Gk

Zf:o n; = n. Combining with Lemma 3.1 gives

=[5+ () <o (3)]
<o) < (1)) e

as desired. 0

ne With min{ng,...,nx} > [ and

Now we are ready to present the proof of Theorem 1.3.
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Proof of Theorem 1.3. We prove our result by contradiction. Suppose that b(G) > k. By the defini-
tion of b(G), there exist at least k pairwise disjoint 2-edge-connected subgraphs Bi, Ba,..., By such that
da(V(B;)) =1 for 1 <i < k. Note that b(G) > k > 3, one has e (V(B;),V(B;)) =0for 1 <i#j <k
Let S = V(G) \ Uj<i<i V(Bi), then dg(S) = k < 6, and so |S| > [ by Lemma 2.1. For convenience, let
n; = |V(B;)| for 1 < i < k. Recall that dg(V(B;)) = 1 < 8. We have n; > [ by Lemma 2.1. Then,
n=ny+---+ng+|S| and min{|S|,n1,...,nx} > 1. Clearly, G is a spanning subgraph of some graph H in
/\/;Tl’k. Then

e(G) < e(H),

with equality if and only if G = H. Combining this with Lemma 3.5, we conclude that

() < ety < m k() + ("5 )]+

which is a contradiction to the hypothesis. Hence, b(G) < k — 1. This completes the proof. 0

3.4. The proof of Theorem 1.4. In this section, we present the proof of Theorem 1.4. Before doing
that, we prove the following theorem, which characterizes the unique spectral extremal graph Uff’ 541 among
the structural extremal graph family N¥ ;. ;.

THEOREM 3.6. Let G € Nf,&-rl’ where § > k > 3 andn > k(5 +1) + k+ 1+ [3]. Then A\i(G) <
)\1(Uk75+1), with equality if and only if G =2 U5,5+1'

n
Proof. Choose G’ among fo s+1 such that its spectral radius is as large as possible. Then for every
G e NJ 5,1, we have

(3.11) M (G) <M (G).

Without loss of generality, we assume G’ € GF ,  where a1 > az > -+ > aj, min{ag,ar} > 6 + 1 and
Zf:o a; = n. By the definition of G¥ , . there exist k balloons in G, i.e., Kq,, Ka,, . .., Ka,. Then we

partition V(G’) into Vo UV3 U+ - - UV}, with V; = V(K,,), for 0 <4 < k. Let x be the Perron vector of A(G’),

and let u; € Vp with x,, = max,ev, 2. We are to describe the structure of G’ through the following four
claims.

CLAIM 2. Every neck of balloon K,, (1 <i<k) in G’ is adjacent to uy.

Proof of Claim 2. Suppose to the contrary that there exists a balloon K, such that its neck (say w) is
not adjacent to u;. Note that G’ € GF , . Hence, there exists u € Vo \ {u1} such that w ~ u. Now let
G1 = G —wu+wuy. Clearly, G| € Nf’ﬂl. Combining x,, > x, with Lemma 2.4 gives us A1(G1) > A\ (G),
which contradicts the choice of G’. Thus, Claim 2 holds. ]

By Claim 2, one sees that G’ = U*
fori € {1,...,k}.

CLAIM 3. zy, = MaXycy (K, ) T, fori € {1,2,...,k}. Moreover, for any i,j € {1,2,...,k} withi # j,
if a; > aj, then xy, > 1y, with equality if and only if a; = a;.

Proof of Claim 3. By Claim 2, we have dg/(u1) = ag+ k — 1. For i € {1,2,...,k}, let

V(Kai) \ {wl} = {’UL’U%, ce- 71}(2'11-71}'

(a1,a3smsar)” For convenience, let w; be the neck of balloon K,, of G’
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By Lemma 2.3, one has z,; =z, for t € {2,...,a; — 1}. Then by A(G")x = A\1(G")x, we have

(3.12) MGz = wy, + (0 = 2)xy; and M (G2, = Ty, + (@i — Dz
Thus,
(3.13) (M(G") —a; +2)zy =2y, and  (M(G) + Dy = (Mi(G) + V2w, — Ty,

Note that K,, is a proper subgraph of G’ for i € {1,2,...,k}. Then
! — P
M(G) > max {& (Ko} = max {a; —1}.
Together with the first part of (3.13), we have Tyi < Ty, for i € {1,2,...,k}, which implies x,,, =
mMaXyev (K,,) To- This completes the first part of our result.

Now, we prove the additional statement. Choose j € {1,2,...,k} \ {i}. Then by the second part of
(3.12) and the second part of (3.13), we have

(3.14) M(G) (2w, — 2wy) = (@i — Dy — (a; — Dz, and @, — 2, = Tw, = Tu,.

By the latter of (3.14), we may deduce A\ (G')(2,: — xU{) = M (G")(Tw;, — Tw; ). Together with the first part
of (3.14) one has (M(G') — a; + 1)z = (M(G') —a; + 1)z vl
and only if a; = a;. Regarding in the second part of (3.14), one has zy, > T, . ThlS completes the proof.O

If a; > ay, then Tyi =T vl with equality if

CLAIM 4. ao =6 + 1.
Proof of Claim 4. Suppose to the contrary that as > 6 + 2. By Claim 2, we have G’ = Uk

n,(a1,a2,...,a1)"

Recall that V; = V(K,,) and w; is the neck of balloon K,, in G’, for i € {1,2,...,k}. By A(G")x = M\ (G)x,

we have
(3.15) M(GNw, = Ty, + Z xy and A (G)Tw, = T, + Z Ty
veVi\{w1} veVo\{ws}
Note that a; > as. Hence, by Claim 3, we have x,, > x,,. Combining this with (3.15) gives us
(3.16) x> >,
veVr veEVa

We partition V3 into A; U Ay such that |A;| = 6 + 1 and e(As,Vp) = 0. Then, e(A41,Vp) = 1 and |A4y| =
az — (6 + 1) > 1. Therefore,

(3.17) x> Y .

vEV, vEA,

Let G2 be a simple graph obtained from G’ by deleting all edges between A; and A; and adding all
possible edges between A and Vi. Clearly, Go = (a1+\A2I St Loas.....ax)" Thus, Gy € ./\/'7]::’5+1 and
)\1(G2) — /\1(G/) Z X (A(GQ) — A(G/))X

_22%<szva>

vEAL veVy vEA;
(by (3.16) and (3.17)) >0,

ie, A\1(G') < A1(G2), a contradiction to the choice of G’. Thus, Claim 4 holds. 0
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Due to Claim 4, we have G’ = U*
CLAIM 5. a; =6 + 1.

Proof of Claim 5. Note that G’ = Uﬁ,(a1,5+1,“.,6+1)' Suppose to the contrary that a; > § + 2. We label
Vi = V(K,,) = {v1,v2,...,0q, } and Vy = V(K,,) = {u1,uz,...,uq}. Recall that x,, = max,cv, Tu.
Let x,, = maxy,ey, ». Then by Claim 3, we have w; = v;. Now, we partition V; into Fy U Fy satisfying
|Fi| =9 + 1 and e(Fs, Vp) = 0. Thus, e(F1,Vp) =1 and |Fz| = a; — (6 + 1) > 1. We proceed by considering

the following two possible cases.

J(a1,641,...,6+1)"

Case 1. D0 ey Tu > D per, To-

Let G3 be a simple graph obtained from G’ by deleting all edges between F; and Fy and adding all
possible edges between F; and Vp. Clearly, G3 = U ;.. Thus, Gz € NJ¥ 5., and

M(Gs) = M (G) = xT(A(Gs) — A(G"))x

:22%(29%—2%)

vEF, ueVy vEF
>0,

ie, A1 (G") < A1(G3), a contradiction to the choice of G.
Case 2. > ey Tu < D per, To-
Note that K,, and K,, are proper subgraphs of G’. Then,
(3.18) A1 (G') > max{\1(Kg,), \(Kqa, )} = max{ag — 1,a; — 1}.

Together with Lemma 2.3 and the definition of UT’f (a1,641,...,64+1) One has 2, = x4, for p € {3,...,a0} and
Ty, =y, for g€ {3,...,a1}.

Now, by A(G")x = A\1(G')x, we have
M(GNTyy = Ty + (a0 — 2)2y, and A\ (G)xy, = Ty, + (a1 — 2)24,.

Combining these with (3.18) gives us

x
1 w =" d z,, =
(3.19) Ty MG —ag 52 and m,,

Lyq

)\1(G/) —a1 + 2
If ag > a1, then by Zuevo T, < ZveFl T,, we have

(3.20) Xayy + (ag — Dy, = Z Xy < Z Xy = Ty, + 0Ty, .
u€Vy veEF

Substituting (3.19) in (3.20) gives us

Clo—l )
3.21 14— W72 Ve, <(1+—2  Va,.
(3:21) ( +)\1(G’)—a0+2>x1_( +)\1(G’)—a1+2>x1
Together with (3.18), ap > a1 and a; > ¢ + 2, we obtain
Cl,o—l 0

> .
)\1(G/) —a0+2 )\1(G')—a1 +2
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Combining this with (3.21) gives
Loy < Ty -

Let G4 be the simple graph obtained from G’ by deleting edges between u; and w; and adding edges
between vy (i.e., wi) and w;, where i € {2,...,k}. Clearly, G4 € N¥ ;. ,. In view of (14) and Lemma 2.4,
we have A\1(G4) > A\ (G’), a contradiction to the choice of G'.

If ag < a1, by ap > d + 1, then we are to show ag = J + 1. Suppose that ag > J + 2. Now, we partition
Vo into Dy U Do such that |Di| = 6 + 1 and e(D3, V(G') \ Vo) = 0. Thus, e(D1,V(G')\ V) = k and
|Da| =aop — (0 +1) > 1. Recall that > -y #y < >, cp Tv and [F2| > 1. Then

(3.22) qu< qug va< va.

ueDy ueVy veF; veVy

Let G5 be the simple graph obtained from G’ by deleting all edges between D; and Ds, and adding all

possible edges between Dy and V;. Clearly, G5 = U:f (1| Dal, 641, s641)" Thus, G5 € Nr]f,é—&-l’ and

M (Gs) — M (G) > xT(A(Gs) — A(G"))x

_22%<sz qu>

u€ Do veVy u€ Dy
(by (3.22)) >0,
ie, A\ (G") < M(G5), a contradiction to the choice of G'. So we do indeed have ag = ¢ + 1. Note that
a1 > ap,n > k(6+1)+k+1+4[3] and ag + a1 + (k — 1)(6 + 1) = n. Hence,

(3.23) alzmax{6+2,k+1—|— {g“}

Note that a1 > 0+ 2 and ay =a; =0+ 1 for i € {3,...,k}. Hence, by Claim 3, we have x,,, = x,,, for
i €{3,...,k} and x4, < x,,. By A(G")x = A\ (G')x, one sees

MGy, = 01y + T4, + (b — V)X, < 0y, + k).

Combining this with the first part of (3.19) and ag = 0 + 1 gives

)

.24 N — .
(3 ) ()‘1(G ) )\1(G’) — 5+ 1) Ty < kxm
By (3.18) and (3.23), we have

o )
M(G -1-
A S Wi p—
)
>a; —1— 3
>k

Together with (3.24), we obtain z,, < z,.

Let Gg be the simple graph obtained from G’ by deleting edges between w1 and w; and adding edges
between v; (i.e., w1) and w;, i = 2,...,k. Clearly, G¢ = lef,é—&-l‘ Note that x,, < x,,. Hence, by Lemma 2.4,
we have A(Gg) > A(G’), which contradicts the choice of G'. Thus, Claim 5 holds. 0
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By Claim 5, G' = U’f,5+1~ Together with (3.11), we can deduce that A;(G) < )\1(U’f75+1), with equality if

n n

and only if G = Uff’ s+1- This completes the proof of Theorem 3.6. 0

Now we are ready to prove Theorem 1.4.

Proof of Theorem 1.4. We prove our result by contradiction. Suppose that b(G) > k > 3. By the
definition of b(G), there exist at least k pairwise disjoint 2-edge-connected subgraphs Bi, Ba, ..., By such
that de(V(B;)) =1 for 1 <14 < k. Note that k > 3. Then, e (V(B;),V(B;)) =0for 1 <i#j <k.

Let S = V(G)\ U <;<i V(B;i). Thendg(S) =k < 4§, and so |S| > 6+1 by Lemma 2.1. Let n, = |V(B;)|
for 1 < i < k. Notice that dg(V(B;)) = 1 < §. Hence, by Lemma 2.1, we have n; > § + 1. Then,
n=mni+ -+ nk+|S| and min{|S|,n1,...,nr} > 6 + 1. Clearly, G is a spanning subgraph of some graph
Hin N}, . Then

AM(G) < Ai(H),

with equality if and only if G = H. Combining this with n > k(6 + 1) + k + 1 + [3], Lemma 2.6 and
Theorem 3.6 give us

Al(G) < Al(H) < Al(UTIf,zS-I—l) = p(”’v 5a k)7

with equality if and only if G = Uﬁﬁﬂ, a contradiction to the assumption A1 (G) > p(n,d, k) and G 2 U7’f75+1.
Hence, b(G) < k — 1. This completes the proof. |

4. Concluding remarks. In this paper, we mainly head in determining some relationships between
the size or the spectral radius of a (muti-)graph G with 7(G), k(G), or b(G). Theorem 1.1 (resp. Theorem 1.2)
establishes a sufficient condition by the size of a multigraph G with given multiplicity to ensure 7(G) > k
(resp. k(G) > k). Theorem 1.3 ensures b(G) < k — 1 in condition similar to the previous results, whereas
Theorem 1.4 gives a sufficient condition by the spectral radius of a simple graph G to guarantee b(G) < k—1.

For any Hermitian matrix M, we use 0;(M) to denote the i-th largest eigenvalue of M. Thus, A\;(G) =
0:(A(Q@)), ¢:(G) = 0,(Q(@)), and p;(G) = 6;(L(Q)). Inspired by Theorem 1.4, it is natural and interesting
to count the number of balloons in a simple graph G via u1(G) or ¢1(G).

The following result is commonly referred to as the Weyl inequalities (see Page 29 of [2]).

THEOREM 4.1. Let M and N be Hermitian matrices of order n. Then, for 1 <14,j <mn,

(i) 0:(M)+0;(N) <Oiyjn(M+N)ifit+j>n+1.
(ii) 0:;(M)+0;(N) >0y 1 (M +N) ifi+j<n+1.
COROLLARY 4.2. Let A be the maximum degree of a graph G. Then,
1) A+XM(G) > a(G).
(ii) u1(G) + M (G) > A.

Proof. (i) By Theorem 4.1(ii), 61 (D(G)) + 61(A(G)) = 61(D(G) + A(G)) = 61(Q(G)), i.e., A+ A (G) =

7(G).

(ii) By Theorem 4.1(ii), 61(L(G)) + 0:(A(G)) > 6, 01(D(Q)), hence, pui1(G) +
M(G) > A. 0

=
a
_l’_
B~
a
I
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Recall that p(n,d, k) is the largest zero of P(z) defined in (1.1). The subsequent result follows from
Theorem 1.4 and Corollary 4.2.

THEOREM 4.3. Let G be a connected simple graph with mazimum degree A, minimum degree § > k > 3,
and order n > k(5 +1) +k+ 1+ [5].

(i) If 1(G) = p(n, 6, k) + A, then b(G) < k — 1 unless G = U,’;(;_H.
(il) If p1(G) < A —p(n,d,k), then b(G) <k —1 unless G=UF 5 ;.
Proof. (i) Combining the assumption with Corollary 4.2(i), we get

A+ XM(G) 2 ¢1(G) = p(n,d,k) + A.

Thus, A (G) > p(n,d, k). Now, the result follows from Theorem 1.4.

(ii) Combining the assumption with Corollary 4.2(ii), we get

Thus, A (G) > p(n,d, k). Now, the result follows from Theorem 1.4. d
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