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CHARACTERIZATION OF INVARIANT SUBSPACES FOR A NILPOTENT LINEAR
OPERATOR THAT ADMIT COMPLEMENTARY INVARIANT SUBSPACES*
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Abstract. The aim of this work is to solve the problem of determining the necessary and sufficient conditions for a vector
subspace invariant by a nilpotent endomorphism to admit a complementary invariant subspace for the same linear operator.
As applications, we offer results about Jordan bases associated with nilpotent linear maps and reflexive generalized inverses of
finite potent endomorphisms and square matrices.
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1. Introduction. Given an arbitrary k-vector space V, it is well-known that for every vector subspace
H C V, there exists a complementary subspace to H: that is, there exists a vector subspace S C V such
that H S =7V.

If f € Endg(V) is a linear operator on V and H is f-invariant, in general, the existence of a comple-
mentary subspace that is invariant under f is not guaranteed.

This work aims to provide a solution to the problem of the existence of vector subspaces invariant by a
nilpotent endomorphism that admit complementary vector subspaces invariant by the same linear operator.

The solution of this problem is given, using Zorn’s Lemma, in Theorem 3.4 from the following statement:
“given an arbitrary k-vector space V' and a nilpotent endomorphism g € Endg(V'), a non-trivial g-invariant
subspace H C V admits a g-invariant complementary subspace in V if and only if H satisfies the following
property: u; € H N [Im g] if and only if there exists ug € H with g(ug) = uy.”

As an application of this characterization, we study different properties of the Jordan bases for a nilpotent
endomorphism in an arbitrary vector space, whose existence was proved by M. Lépez-Pellicer and R. Bru in
[3] and, using a different technique, by the author of this work in [4]. Moreover, we offer some new results
about reflexive generalized inverses of finite potent endomorphisms and square matrices. In particular,
Proposition 4.9 shows that “if A € Mat, x,(k) is a square matrix with entries in an arbitrary field k, R(A)
denotes the range of a A, N(A) is the Nullspace of A and v € k™ is a vector with v ¢ R(A), then for
every vector ¥ € k™ with 0 ¢ N(A) there exists a reflexive generalized inverse A:T) € A(1,2) such that
Aot =9t

The paper is organized as follows. In Section 2, we briefly recall some statements of the papers [1], [4],
[5], and [7]. Section 3 deals with the main results of this work: to determine the necessary and sufficient
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conditions for a vector subspace invariant by a nilpotent endomorphism to admit a complementary subspace
invariant for the same linear operator. Finally, Section 4 is devoted to offer new results about Jordan bases
associated with nilpotent linear operators and reflexive generalized inverses of finite potent endomorphisms
and square matrices.

2. Preliminaries.

2.1. Finite potent endomorphisms. Let k be an arbitrary field, let V' be a k-vector space, and let
us consider an endomorphism ¢ of V. We say that ¢ is “finite potent” if ™V is finite dimensional for some
n, where the power means the composition @ o..").. 0. This definition was introduced by J. Tate in [8] as

a basic tool for his elegant definition of Abstract Residues.

In 2007, M. Argerami, F. Szechtman, and R. Tifenbach showed in [2] that an endomorphism ¢ is finite
potent if and only if V' admits a ¢-invariant decomposition V' = U, @ W,, such that Plu, is nilpotent, W,

is finite dimensional, and Plw, * W, — W, is an isomorphism.

Indeed, if k[z] is the algebra of polynomials in the variable z with coefficients in k, we may view V as
an k[z]-module via ¢, and the explicit definition of the above p-invariant subspaces of V is:

e U, ={v € V such that ¢™(v) = 0 for some m};
- v € V such that p(¢)(v) = 0 for some p(z) € k[x]
[ ] = .
v relatively prime to x
Note that if the annihilator polynomial of ¢ is 2™ - p(z) with (z,p(x)) = 1, then U, = Ker¢™ and
W, = Ker p(yp).

Hence, this decomposition is unique. = We shall call this decomposition the @-invariant AST-
decomposition of V.

Moreover, we shall call “index of ¢”, i(¢), to the nilpotent order of ¢y, . One has that i(¢) = 0 if and
only if V' is a finite-dimensional vector space and ¢ is an automorphism.

Basic examples of finite potent endomorphisms are all endomorphisms of a finite-dimensional vector
spaces and finite rank or nilpotent endomorphisms of infinite-dimensional vector spaces.

2.2. CN decomposition of a finite potent endomorphism. Let V' be again an arbitrary k-vector
space. Given a finite potent endomorphism ¢ € Endg(V'), there exists a unique decomposition ¢ = ¢, + ¢,,
where ¢, , ¢, € Endg (V) are finite potent endomorphisms satisfying that:

o i(p) < 1;
e ¢, is nilpotent;

* 0P, =p, 00 =0.

According to [5, Theorem 3.2], if ¢ is the Drazin inverse of ¢, one has that ¢, = p o p” o is the core
part of ¢. Also, @2 is named the nilpotent part of ¢ and one has that

D)D

(2.1) p=p1<=U,=Kerp<= W, = Imp <= (¢ =p<=i(p) <1.
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Moreover, if V. =W_@ U, is the AST-decomposition of V' induced by ¢, then ¢, and ¢, are the unique
linear maps such that:
(U_{go(v)ifveW% 0 ifveW,
L(v) =

2.2 and v) =
22) 0 ifvel, #:(v) {(p(v)ifver

2.3. Jordan bases of a nilpotent endomorphism. Let V be a vector space over an arbitrary field
k and let ¢ € Endg(V) be a nilpotent endomorphism. If n is the nilpotency index of g, according to the
statements of [4], setting U = Ker g*/[Ker g*~! + g(Ker ¢*™1)] with i € {1,2,...,n}, u;i(V, g) = dimzU{ and
Sy (v,g) & set such that 75, v,y = pi(V,g) with S, (v,g) NSy, (v,g) = 0 for all i # j, one has that there
exists a family of vectors {vs,} that determines a Jordan basis of V for ¢:

(23) BV == U {’Usi,g<’l}3i),...,gi_l(’l}si)}~
$i € Sui(v,g)
1<i:<n

Moreover, if we write H? = (vs,,g(vs,),--., 9" *(vs,)), the basis B induces a decomposition

(2.4) v= & H.
i € Spy(vig)
1<i<n

2.4. Bases of a finite potent endomorphism. Let us now consider a finite potent endomorphism
¢ € Endg (V) with CN-decomposition ¢ = ¢, + ¢, and that induces the AST-decomposition V = U, @ W,,.
Keeping the above notation, if n is the nilpotency order of ¢z, we can construct a basis By = By, U By,
of V' where
Bw, = {wy,...,w.},
is a basis of W,, (r = dim W,,) and

BULP = U {Usm(p(vsi)7"'7907;71(1}31')}7
8i € Suy(Uy )
1<1<n

is a Jordan basis of U, determined by ¢ U,
If ¢ = ¢, + ¢, is the CN decomposition of ¢, it is clear that
BU¢ = U {USiv(pz(USi)ﬂ"'7902_1(7)81‘)}7

8i € Sui(Up,p)
1<i<n

and
Kerp = D P = B )
8i € Spui(Us,0) Si € Syi(Uy )
1<i<n 1<i<n
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2.5. {1}-Inverses of a finite potent endomorphism. Let V be a k-vector space and let f €
Endg (V) be an arbitrary endomorphism. Recall that f~ € Endg (V) is a {1}-inverse of f € Endy (V) when

fof~of=1F.
The set of {1}-inverses of f will be denoted by X/(1).

It is known from [7, Lemma 3.2] that f~ € End; (V') is a {1}-inverse of f if and only if for every v € V
we have that

f=(fw) =v+u,
with u € Ker f.
With the above notation, according to [7, Proposition 3.3], one has that:
PROPOSITION 2.1. If ¢ € Endg(V) is a finite potent endomorphism, then an endomorphism @ €
Endg (V) is a {1}-inverse of ¢ if an only if ¢ satisfies that

(wn) = (¢|W¢)*1(wh) +up for each h € {1,...,r};
(@7 (vs,)) = @7 Hws,) +ul, for every s; € Sy, v, ) and j € {1,... i —1};
(vs;) = Vs, for every s; € S, v, ,0);

e o o
S S 6

where vs, €'V and uh,ugi € Kerp for each h € {1,...,r} and for every s; € S, (v, o) and j € {1,...,i—1}.

2.6. Reflexive generalized inverses of finite potent endomorphisms. Let V be again an arbi-
trary k-vector space. Given an endomorphism f € Endg(V), we say that fT € Endg(V) is a “reflexive
generalized inverse” of f when it satisfies that:

o ffofoft=f*
o foftof=1.
It is clear that f* is a reflexive generalized inverse of f when f* is a {1}-inverse of f and f is a

{1}-inverse of f*. The set of reflexive generalized inverses of f will be denoted by Xf(1,2).

Let ¢ € Endg (V) be a finite potent endomorphism. With the above notation, if C' = (¢;;) is the matrix
associated to Plw, in the basis By, , we have that

T
plw;) = ciyws,
i=1
for every j € {1,...,r}.
According to [1, Proposition 3.2], the explicit characterization of the reflexive generalized inverses of a

finite potent endomorphism is the following:

PROPOSITION 2.2. Let V be an arbitrary k-vector space and let us consider a finite potent endomorphism
¢ € Endg (V). With the previous notation, an endomorphism o+ € Endy (V) is a reflexive generalized inverse
if and only if it satisfies the following conditions:

o 0T (wy) = (‘lew)_l(wh) + > )\gi, -goi/_l(vsi,), with )\Qi, € k for each sy € Sy, (v, )
Sy € Slh’(Usm‘P)
1<i' <n

and each h € {1,...,r} and where only a finite number of the scalars {)\}S:,} are different from zero.
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o o (pi(vs,)) = ¢ (vg,) + > ;’f;j . @i/_l(vsi,), with ﬁg;;j = 0 for almost all sy €
Sit € Sy, (Uyvp)
1<i<n
SM(UW@) and j € {1,...,i—1}.
i "1 e, ;
i <)0+ (Usi) = E;:l ’YJ : wj + Z [ ;:0 sz;lgpl(vsi/)] ’thh
Sy € Sﬂi’(UvJv‘P)
1<i<n
r ’L‘Il72

L S . .
TR ST NS DN B =E )
=0

j,h=1
! Si € SHi”(Ukp»SD)

1< <n

and 55:;1 =0 for almost all sy € S, w,,,) and 1 € {1,...,i" —1}.

It is important to remark that the first and the second conditions of Proposition 2.2 coincide with the
first and the second conditions of Proposition 2.1.

Also, we wish to point out that, in general, a reflexive generalized inverse of a finite potent endomorphism
is not a finite potent endomorphism.

3. Invariant subspaces of nilpotent endomorphisms. This section contains the main result of this
work: the explicit characterization of the vector subspaces of an arbitrary vector space V' that are invariant
by a nilpotent endomorphism g € Endg(V) and admitting complementary vector subspaces that are also
invariant by g.

Henceforth, we shall say that a vector subspace H C V is non-trivial when H # {0} and H # V.

LEMMA 3.1. Let V be an arbitrary k-vector space, let g € Endi(V) be a nilpotent endomorphism, and
let H CV be a subspace satisfying the following condition:

(3.5) “uy € H N [Im g] if and only if there exists ug € H with g(ug) = uy .”
Then H =V if and only if Kerg C H.

Proof. Let us assume that H satisfies condition (3.5).

If H=1V,it is clear that Kerg C H.

Conversely, let us assume that Ker g C H and let us consider an arbitrary vector v € V.

If v € Ker g, then v € H, and when v ¢ Ker g, there exists a positive integer r > 2 such that v € Ker g"
and v ¢ Ker g™ 1.

In the second case, one has that ¢g"~'(v) € Kerg and, therefore, g"~(v) € H N [Im g]. Then, it
follows from condition (3.5) that there exists vg € H such that g(ug) = ¢" !(v). Bearing in mind that
g(uo — g""%(v)) = 0, we deduce that g"~2(v) = ug + h for a certain h € Kerg. Accordingly, ¢"~2(v) € H
and, arguing in a similar way, recurrently we get that v € H.

Accordingly, if Kerg C H, then H =V and the claim is proved. O
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PROPOSITION 3.2. Let V' be an arbitrary k-vector space, let g € Endg (V') be a nilpotent endomorphism,
and let H be a non-trivial g-invariant subspace of V satisfying condition (5.5). Then, there exists a g-
invariant subspace H CV such thatV =H®® H.

Proof. Let us consider a subspace H C V satisfying the hypothesis of this proposition and let Xy be
the set consisting of all g-invariant subspaces H' C V such that H N H' = {0}.

Since H # V, it is known from Lemma 3.1 that there exists a vector u € Ker g with @ ¢ H. Then, we
have that (u) € Xy and, therefore, X is not the empty set.

It is clear that Xy is a partially ordered set with the inclusion of vector subspaces of V.

Moreover, if {H!}ier is a totally ordered subset of Xy, then
{Hj}ier-

Hence, applying Zorn’s Lemma we obtain that Xy contains at least one maximal element H. In
particular, we have that H N H = {0}.

ser Hi € Xy is an upper bound of

With this notation, the k-subspace H C V satisfies that if 4 € H N [Im g], then v € H + H for every
v € V with g(v) = @, because if g(v) = @ is such that v ¢ H + H, g"~(v) # 0 and g"(v) = 0, then

HS H+ (v,g(v),...,g" *(v)) € Xg,

which is impossible. Accordingly, H + H satisfies condition (3.5).

To conclude the proof, if the nilpotency index of g is n, we shall check that Ker g’ C H + H for each
ie{l,...,n}.

We will proceed by induction on i.

For i = 1, if there exists v/ € Kerg with ' ¢ H + H, then H G H+ (u/) € Xy, because H + (u')
is g-invariant, and we come to a contradiction with the maximality of H in Xy. Thus, we have that
Kerg C H+ H.

Suppose that Kerg” C H + H for certain r < n — 1 and we shall prove that Ker g"t! C H + H.

Let us consider a vector v/ € Ker g™, Since g(v') € Kerg" C H + H, by condition (3.5) we know that
there exists v € H + H with g(v) = g(v ) Hence, since v/ = v+ u with u € Kerg C H+H then v’ € H+H
and we have that Ker gT"“1 C H+ H, from where we obtain that V' = Kerg™ C H + H and the claim is
deduced. |

PROPOSITION 3.3. Let V' be an arbitrary k-vector space and let g € Endg (V) be a nilpotent endomor-
phism. If Hy, Hy CV are non-trivial g-invariant subspaces of V' such that V- = Hy @& Hs, then H; satisfies

(3.5) fori € {1,2}.
Proof. Let us consider a vector vi € H;y NIm g. If v € V is such that g(v) = v; and v = u; + us with
u; € Hy and uy € Ha, then one has that v = g(u1) + g(usg) and

v1 — g(u1) = g(ug) € Hi N Hy = {0},

from where we obtain that g(u;) = v; and we deduce that H; satisfies (3.5).

Analogously, we can check that Hy satisfies condition (3.5) and the assertion is proved. ]
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THEOREM 3.4. Given an arbitrary k-vector space V' and a nilpotent endomorphism g € Endg(V), a
non-trivial g-invariant subspace H C V' admits a g-invariant complementary subspace in V' if and only if H
satisfies the following property:

"

“uy € HN[Im g] if and only if there exists ug € H with g(ug) = uy .

Proof. The statement is immediately deduced from Propositions 3.2 and 3.3. ]

REMARK 3.5. Let g € Endg(V) be a nilpotent endomorphism of an arbitrary k-vector space V' with
nilpotency index of g equal to n. It is clear that Kerg is a g-invariant subspace of V. Then, if n = 1,
one has that Kerg =V and, when n > 2, we know that Kerg # V. Hence, since Lemma 3.1 shows that
Kerg does not satisfy condition (3.5) for n > 2, it follows from Theorem 3.4 that Ker g does not admit a
complementary g-invariant subspace in V in this case.

4. Applications. The final section of this work is devoted to apply the previous results to study
Jordan bases associated with nilpotent linear operators and reflexive generalized inverses of finite potent
endomorphisms and square matrices.

4.1. Jordan bases associated with nilpotent endomorphisms. Given again an arbitrary k-vector
space V and a nilpotent linear map ¢ € Endg(V), and fixing a vector u € V different from zero, we shall
now show that there exists a Jordan basis By of V induced for g and such that v € By .

LEMMA 4.1. Let V be an arbitrary k-vector space, let g € Endi(V) be a nilpotent endomorphism, and
let v € V be a vector such that v # 0. Then, there exists a vector u € V with u ¢ Im g, g" *(u) # 0 and
g"(u) =0 for a certain n € N, such that v € {u,g(u),...,g" *(u)}.

Proof. If v ¢ ITm g, g" 1 (v) # 0 and ¢g"(v) = 0, then one has that

ve{v,g(v),...,g" " (v)}.

On the other hand, when v € Im ¢g" and v ¢ Im ¢g"*! with r > 1, let us consider a vector u € V such
that ¢g"(u) = v. Since u ¢ Im g, one has that v € {u,g(u),...,g" *(u)} for a certain n > r + 1 and the
statement is proved. ]

PROPOSITION 4.2. Given an arbitrary k-vector space V', a nilpotent endomorphism g € Endg (V) and a
vector v € V. with v # 0, then there exists a Jordan basis By of V' for g such that v € By .

Proof. Tt follows from Lemma 4.1 that there exists a vector u € V with v ¢ Im g, "~ (u) # 0, g"(u) = 0
and such that v € {u, g(u),...,¢g" ' (u)}.

If (u,g(u),...,g" *(u)) = V, then By = {u,g(u),...,g" *(u)} is a Jordan basis of V for g such that
v € By.

Let us now suppose that (u, g(u),...,g" 1 (u)) # V.

In this case, (u,g(u),...,g" 1(u)) is a non-trivial subspace of V satisfying condition (3.5), and from
Theorem 3.4, we can consider a non-trivial g-invariant vector subspace H C V satisfying that

V= (u,g(u),...,g" "(u)) @ H.
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Then, if the nilpotency index of 9 is m and

Bﬁ: U {Usivg(vsi)v'">gi_1(vsi)}7

is a Jordan basis of H for 9| one has that

By = {u,g(u),...,g" Y(u)} U By,
is a Jordan basis of V for g such that v € By. ]

LEMMA 4.3. Given an arbitrary k-vector space V', a nilpotent linear map g € Endg (V) and a vector
v eV withv#0 and v ¢ Ker g, there exists a Jordan basis By of V' for g such that {v,g(v)} C By.

Proof. If By is the Jordan basis of V' for g constructed in Proposition 4.2 verifying that v € By, when
v ¢ Ker g it is easy to check that {v, g(v)} C By. 0

Let V be again an arbitrary k-vector space and recall that a nilpotent linear map is a finite potent
endomorphism. To finish this paragraph, we shall use Proposition 2.2 to study reflexive generalized inverses
of a nilpotent endomorphism g € Endy (V') associated with a fixed v € V' such that v ¢ Ker g.

LEMMA 4.4. IfV is an arbitrary k-vector space, g € Endy (V) is a nilpotent endomorphism, and v € V
is a vector such that v ¢ Kerg, there exist nilpotent reflexive generalized inverses g+ € X,(1,2) satisfying
that gt (g(v)) = v.

Proof. Let By be a basis of V' such that {v, g(v)} C By, constructed as in the proof of Proposition 4.2.
If the structure of By is

BV: U {1)57;79(’081;)5"'?gz_l(vsi)}?
$i € Syi(v,g)
1<1<n,

then we can define the endomorphism ggv € Endg (V) as the unique linear map satisfying that:

i g;rv (gj(vsq:)) = gjil(vsqc) for every s; € Sm(V,g) and j € {1,...,i—1};
o g;ﬂ‘v (vs,) = 0 for each s; € Sy, (v,g)-

It follows from Proposition 2.2 that g‘;‘v € X,4(1,2), and it is clear that g';‘v is nilpotent. Hence, bearing
in mind that g;'v (g(v)) = v, the claim is proved. |

REMARK 4.5. We wish to point out that for an arbitrary Jordan basis By of V' for g we can define a
nilpotent reflexive generalized inverse g;'V € X,(1,2) as the one defined in Lemma 4.4.

Moreover, we wish to remark that the reflerive generalized inverses g‘;'v € X,(1,2) satisfying that
g;rv (9(v)) = v depend on the Jordan bases By chosen (in fact, bases with {v,g(v)} C By ).

4.2. Reflexive generalized inverses of finite potent endomorphisms. To finish this work, we
shall generalize Lemma 4.4 to study reflexive generalized inverses of finite potent endomorphisms.

If V is an arbitrary k-vector space and ¢ € Endg (V) is a finite potent endomorphism, let ¢ = ¢, +¢, be
the CN decomposition of ¢ as it was described in Section 2.2 and let V' = W,®U,, be the AST-decomposition
of V induced by ¢.
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We can define the reflexive generalized inverse gof € Xy, (1,2) as the unique linear map satisfying that:

_ _ (‘plww)_l(v) ifve th
+(v)_¢D(”>_{ 0 ifoeU,

where ¢P is the Drazin inverse of ¢ studied in [6].

Moreover, if By, is a Jordan basis of U, for Plo, and cp is the reflexive generalized inverse of Py,
constructed in Lemma 4.4, we can define a reflexive generahzed inverse (¢7) sy, € Xo, (1,2) as the umque
@
linear operator such that:

" 0 ifveW,
(¢, )BU@ (v) = ot (v) ifvel,

By,

LEMMA 4.6. If V is k-vector space, ¢ € Endi (V) is a finite potent endomorphism, v’ € U, is a vector
such that u' ¢ Ker ¢ and By, is a Jordan basis of U, for Poy, such that u' € By, then gogw = +
((pj)BU,, € X,(1,2) and cp;'% (p(w+u)) =w+d for all w € W,. Moreover, gogw is a finite potent
endomorphism.

Proof. All the assertions are immediately deduced from the definitions of ¢ and (¢]) By, -

With the previous notation, it is clear that (¢} ), = and (¢} ), = (¢])s, -
Uy Uy Up

PROPOSITION 4.7. Let V' be an arbitrary k-vector space and let ¢ € Endg (V) be a finite potent endo-
morphism. If v € V is a vector with v ¢ Ker @, then there exists a finite potent reflexive generalized inverse
o € X,(1,2) such that ™ (¢(v)) = v.

Proof. If V.=W, & U, is again the AST-decomposition of V' determined by ¢, we can write v = w +«’
with w € W, and «’ € U,.

If u ¢ Kerp and By, is a Jordan basis of Uy, for ¢, such that u’ € By,, one has that the finite
3

potent reflexive generalized inverse @EU defined in Lemma 4.6 satisfies that @‘EU (p(v)) =v.
@ @

Moreover, when u' € Kerg, one has that w # 0. In this case, let us consider a basis By, =
{o(w),wy, ..., w.} of W, and a Jordan basis By, of U, for Pl such that u’ € By,.

Accordingly, if
— i—1
Bng = U {Usi,@(vsi),-..,QO (vsi)}7

i € Sui(Usp)
1<i<n

then we can consider the unique linear map ¢* € End (V) satisfying the conditions:

o T (p(w)) =w+u =v;

o ¢t (wi) = (g, ) H(w) forall i € {2,...,7};

o ot (I (vg,)) = @' Hvy,) for every s; € S, ) and j € {1,...,i—1};
e T (vs,) =0 for every s; € S, (v,,¢)-

By definition of ¢, we have that ¢ (¢(v)) = v, and it follows from Proposition 2.2 that ¢t € X,(1,2).
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Furthermore, if v’ € {vs, ,(vs,, ), -, pio_l(v o)} (in fact, w = @~ !(vg, )) and the index of ¢ is n,
then Tm ()" € W, + (vs, , 0(vs, ), - -+, 9" (vs,,)), from where we deduce that ¢ is finite potent and
the statement is proved. O

PROPOSITION 4.8. Let V' be an arbitrary k-vector space, let p € Endg(V) be a finite potent endomor-
phism, and let v € V' be a vector such that v ¢ Im @. Then, for every © € V with © ¢ Ker ¢, there exists a
finite potent reflexive generalized inverse go 5 € Xo(1,2) with @jﬁ(v) = 7.

Proof. If V.= W, ® U, is the AST—decomposMon of V induced by ¢, we have that v = w + @ with
weW,, ueU, and u ¢ Im Plu, - If u € Ker¢® and @ ¢ Ker ¢*~1, it follows from Lemma 3.1 and Theorem
3.4 that there exists a ¢ Ve -invariant vector subspace H C U, such that

Thus, we can consider a Jordan basis By, of U, for Plu, with the following structure:

By, = {u,p(@),...,¢* (@)} U [ U {vs0,0(vs,), - 0" Hvs)}] -

8i € S H,9)

1§z§n

If, similar to above, we set By = {wy,...,w.} U BU¢ with {w1,...,w,} a basis of W, we can define
the endomorphism cp:;ﬁ € Endg (V) as the unique linear map that satisfies the following conditions:

o i s(wn) = (P, ) (wn) + Mo (a) + > Aot (v, ), with M2 € k, A€ k for
8it € Sy Uy )
1<i'<n
each sy € S, (v,,0) and each h € {1,...,r} and where only a finite number of the scalars {AZ,}
are different from zero;
o 0 a9 (vs,)) = ¢ (vs,) + B3 0 M (@) + > B3 " (vs,), with B39 = 0 for almost
s € Sm/(ﬁvso)
1<i'<n
all sy € Sm(ﬁ,ap) and j € {1,...,i— 1}
. @Iﬂ(vsi) =0 for every s; €S, (7.3
o v, (¢ (@) =/ (a) + > BT - o7 (vs,,) + B * (@), with 17 = 0 for almost all
St € SM /( H )
1< <n

Sit €5, (f1,) and j € {1,...,s—1}

- ~ t
o i@ =0 — ¢l (w) = S A wy + 05 86 (@)

i'—1

+ > j{:§§f¢l1%, :

Si € Sﬂi/(ﬁ,so)

1<i <n
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with ;1;} = 0 for almost all s € S, (g, and I € {1,...,i" — 1},
r i =2 s—2
a7i’—1_§: h 7 2: s,r,0+1 2: U,t ut+1
S;1 - (>\Si/ ' Chj ! ’yj ) + [ S i’ ﬁ ] + g’u 5
j,h=1 ) R 1=0 t=
S € Slh‘//(H#P)
1<i"<n
and
r i =2 s—2
a,s—1 h a ,l sy l+1 at u t+1
517, - E ()‘ﬂ “Chj "t Y5 ) + E E [ Eh + E fu u )
j,h=1 ) R 1=0 t=0
S € Sui//(Hw)
1< <n

Which is well-defined because, since gpjv(’) ¢ Kerp, we have that £2° # 0 for a certain t € {0,...,s — 2}
or § # 0 for some s € S, (/) and 1 €{0,...,7 — 2}, and therefore, we can obtain all the coefficients

{& e V€S, (it U {e°~ 1} from the elements of the set
u,t w,l
{€a Yeeqo,..s—2y ULES, }si/ESMI(1:17@);16{0,“.,1"—2}7
and a finite number of non-zero coefficients {\2, AP | gsi:d g&nd guj guy

S8 0 S0

By construction, we have that ¢, ; € X,(1,2) and ‘5:5(“) = 0. Moreover, there exists a finite number
of indices {s;,,...,$;,} such that

h
Im g@j’ﬁ C W, + (@, p(u), .. )+ Z Vsi s P(Vsy, )y - - ,gﬁi"*l(v&:l ),
=1
from where we obtain that gaj’ﬁ is finite potent and the assertion is deduced. O

Note that, in general, the reflexive generalized inverse &:5 such that ﬁjﬁ(v) = 0, that has been con-

structed in the previous proposition, is not unique.

Moreover, in Matrix Theory, Proposition 4.8 shows that:

PROPOSITION 4.9. If A € Mat, «n (k) is a square matriz with entries in an arbitrary field k, R(A) denotes
the range of a A, N(A) is the Nullspace of A and v € k™ is a vector with v ¢ R(A), then for every vector
v € k™ with 0 ¢ N(A) there exists a reflexive generalized inverse Aj,ﬁ € A(1,2) such that A;iﬁ e

EXAMPLE 4.10. To finish this work, we shall offer an illustrative example of Proposition /.9. Let A €
Mat;«7(R) be the matrix:

-9 -15 -4 2 -6 -3 16
-25 =37 -6 6 —-14 —-12 43
-17 -26 -5 4 -10 -7 29
A=1]1-34 -5 -8 8 —-19 —-16 58
-4 -5 0 1 -2 =2 6
-2 -4 -1 1 -2 -1 4
-29 —-44 -8 7 -—17 —-13 50

Readers can check that:
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the index of A is 3;
N(A) = <(O, 1,0,1,0,1, 1), (1,0, 1,0,0,1, 1));
R(A)=((1,0,1,1,1,0,1),(-1,2,0,2,0,0,1),(0,1,-1,0,0,1,1),
(2,0,1,0,—-1,0,1),(1,—-1,1,1,0,1,0));
Wy = R(A%) =((1,0,1,1,1,0,1),(~1,2,0,2,0,0,1));
U = N(A3) =((0,1,-1,0,0,1,1),(2,0,1,0,—1,0,1),(1,-1,1,1,0,1,0),
(0,1,0,1,0,1,1),(1,0,1,0,0,1,1));

where f € Endg(R") is an endomorphism such that A is the matriz associated with f in the standard basis
of R7, and R = W @ Uy is the AST-decomposition of R” determined by f.

1 2
f|Wf(2 3>7

in the basis {(1,0,1,1,1,0,1),(-1,2,0,2,0,0,1)} of Wy.

Moreover, one has that

If we consider v = (3,0,0,1,1,0,2),9 = (1,1,1,1,1,1,1) € R”, we have that v ¢ R(A) and © ¢ N(A)
and, with the notation of Proposition 4.9, our purpose is to calculate a reflexive generalized inverse AZ{) €
A(1,2).

Since v =w + u, with w = (3,-2,2,0,2,0,1) € Wy and v = (0,2,-2,1,-1,0,1) € Uy, then

By, = {(0,2,-2,1,-1,0,1),(2,1,1,1,-1,1,2),(0,1,0,1,0, 1, 0),
(1, _]-7 1; ]-»07 ]-7 O)a (1,07 ]-7 Oa 07 ]-, 1)}

is a Jordan basis of Uy for f‘Uf that allows us to compute Aer,f;'

Bearing in mind that

1 200000
2300000
0000O0UO 0O
A=P-{0 010 0 0 0f-P71,
0001000
0000O0UO0O0
0000O0T1O0
with
1 -1 0 2 0 1 1
0 2 2 1 1 -1 0
1 0 -2 1 0 1 1
P=|1 2 1 1 1 1 of,
1 0 -1 -1 0 0 0
0o 0 0 1 1 1 1
1 1 1 2 1 0 1
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and
1 1 0 0 1 0 -1
-5 -7 -1 1 -3 -2 8
-5 -8 -2 1 -3 -2 9
Pl=| 6 9 2 -1 3 2 -10]|,

11 17 3 -2 7 5 —19
-3 -5 -1 1 -2 -1 5
-14 -21 -4 2 -8 -5 24

then, if v/ ¢ N(A), every reflexive generalized inverse Aj’v, constructed as in the proof of Proposition 4.8
has the structure

-3 2 m3 0 0 0 O
2 =1 73 O 0 0 O
0 0 &3 1 0 0 O
At =P 0 0 & 0 1 0 0| P,
Asi As2 &5z Bsa Bss 0 Bsr
0 0 & 0 0 0 1

At A &z Bra Prs 0 By

with
Es3 = 113(A51 + 2X52) + Y23(2A51 + 3Xs2) + 33854 + E43855 + 63057,
and
§r3 = Y13(A71 + 2A72) + 723(2A71 + 3A72) + E33874 + EusBrs + Ee3Brr -
Now, since
3 2 1 2
-2 -1 1 -9
2 0 1 —10
Prtlol=]lo0]; Ptl1]|=]11|;
2 0 1 22
0 0 1 —6
1 0 1 —26
-3 2 m3 0 0O 0 O 2 -8
2 -1 s O 0O 0 O -1 5
0 0 &3 1 0 0 0]]o 0
0 0 €3 0 1 0 0l]o]= 0 ,
Ast As2 €53 Bsa Bss 0 Bs7 0 251 — As2
0 0 & O 0O 0 1 0 0
A A &z Bra Brs 0 By 0 2M71 — A2
and

(2,-9,-10,11,22, -6, —26) — (—8,5,0,0,2X51 — A52,0,2\71 — Ay2) =
= (10, —14,-10,11,22 — 2A51 + As2, —6, —26 — 2A71 + /\72) s

we need to solve the equations

22 — 2X51 + As2 = 10(As1 + 2A52) — 14(2A51 + 3A52) — 10854 + 11855 — 6057,



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society I I
Volume 40, pp. 606-620, September 2024.

619 Characterization of invariant subspaces for a nilpotent linear operator

and
=26 — 2X\71 + A2 = 10(A71 + 2X72) — 14(2A71 + 3A72) — 10874 + 11855 — 6577 .

Bearing in mind that a solution of these equations is:
® [55 =2; Bra=2 and Br7 =1;
® A\51=As2 = A71 = A2 =0;
® [54 = P57 = Br5 = 0;

we obtain that

—10
11
22

cCo oo ow
coocoo
MO OO = OO
cCoNne~ o oo
coococooo
N S I = I N )

T

A

I

—26

-84 128 -29 15 52 —-30 145
118 180 37 =21 72 46 —202
—-75 —114 -25 13 —45 =27 129
=1 31 48 9 -6 20 14 =53
-7 —-115 —-25 14 —46 -29 129
12 19 3 -3 8 7 -20
22 34 5 -4 13 1 =37

Readers can eastly check that Ajj € A(1,2) and

Al

v,0

N O~ R OO W
I
= e s
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