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THE SIGNLESS LAPLACIAN SEPARATOR OF GRAPHS∗

ZHIFU YOU† AND BOLIAN LIU†

Abstract. The signless Laplacian separator of a graph is defined as the difference between

the largest eigenvalue and the second largest eigenvalue of the associated signless Laplacian matrix.

In this paper, we determine the maximum signless Laplacian separators of unicyclic, bicyclic and

tricyclic graphs with given order.
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1. Introduction. Let G be a simple graph with n vertices and m edges. A

connected graph is called a c-cyclic graph if c = m − n + 1. A connected graph

is unicyclic (resp., bicyclic, tricyclic) when m = n (resp., m = n + 1,m = n + 2).

Denote by δ(G) and ∆(G) the minimum and the maximum degree, respectively. Let

A be the adjacency matrix of G. Since A is symmetric, its eigenvalues are real and

can be written in descending order: λ1(G) ≥ λ2(G) ≥ · · · ≥ λn(G). The Laplacian

matrix of G is defined as L = D − A, where D = diag(d1, d2, . . . , dn) is the diagonal

matrix of vertex degrees. The Laplacian spectrum of G (the spectrum of its Laplacian

matrix) consists of the values µ1(G) ≥ µ2(G) ≥ · · · ≥ µn(G) = 0. The signless

Laplacian matrix of G is defined as Q = D + A. Denote the eigenvalues of Q by

q1(G) ≥ q2(G) ≥ · · · ≥ qn(G) ≥ 0.

The separator SA(G) of G is the difference between its largest and second largest

eigenvalues, i.e., SA(G) = λ1(G) − λ2(G). In [1], Li et al. defined the Laplacian

separator SL(G) as the difference between its largest and second largest Laplacian

eigenvalues, i.e., SL(G) = µ1(G) − µ2(G).

The set of trees, unicyclic graphs and bicyclic graphs of order n are denoted by

Tn, Un and Bn, respectively.

Li et al. [1] obtained:

Theorem 1.1. ([1]) If T ∈ Tn with n ≥ 4, then SA(T ) ≤
√

n − 1. Equality holds
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if and only if T ∼= K1,n−1.

Theorem 1.2. ([1]) (1) If T ∈ Tn with n ≥ 3, then SL(T ) ≤ n − 1, and equality

holds if and only if T ∼= K1,n−1.

(2) For any T ∈ Tn with n ≥ 6, if T is neither K1,n−1 nor T 2
n , then SL(T ) <

n− 5+
√

5
2 , where T 2

n is the tree obtained by joining two isolated vertices to two pendant

vertices of K1,n−2.

Theorem 1.3. ([1]) If U ∈ Un with n ≥ 6, then SL(U) ≤
√

n − 3, and equality

holds if and only if U ∼= U1
n, where U1

n is the graph obtained by attaching n−3 pendant

vertices to a common vertex of C3.

Similarly, the signless Laplacian separator SQ(G) is the difference between its

largest and second largest signless Laplacian eigenvalues, i.e., SQ(G) = q1(G)−q2(G).

In fact, Das [2] has proved five conjectures among a series of 30 conjectures

(see [3]) on Laplcian eigenvalues and signless Laplacian eigenvalues of G. And two

conjectures are related to the signless Laplacian separator.

Conjecture 1.4. ([3]) If G is a connected graph of order n ≥ 4, then q1−q2 ≤ n

with equality holding if and only if G ∼= Kn.

Conjecture 1.5. ([3]) If T is a tree of order n ≥ 4, then q1 − q2 ≤ n − 1 with

equality holding if and only if G ∼= K1,n−1.

It is well known that the Laplacian matrix and signless Laplacian matrix of G

have the same eigenvalues when G is bipartite (see [4]). Then Conjecture 1.5 can be

directly deduced from Theorem 1.2.

In this paper, we determine the maximum signless Laplacian separators of uni-

cyclic, bicyclic and tricyclic graphs with given order.

2. Preliminaries. Werefer to the signless Laplacian eigenvalues asQ-eigenvalues.

In this section, we present some lemmas about Q-eigenvalues.

Lemma 2.1. ([5]) For e /∈ E(G), the Q-eigenvalues of G and G′ = G+e interlace,

i.e.,

q1(G
′) ≥ q1(G) ≥ q2(G

′) ≥ q2(G) ≥ · · · ≥ qn(G′) ≥ qn(G).

Denote by d(v) and N(v) the degree and set of neighbours of vertex v, respectively.
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Lemma 2.2. ([6]) q1(G) ≤ max{d(v)+m(v) : v ∈ V } and m(v) =
∑

u∈N(v)
d(u)
d(v) .

Lemma 2.3. ([7]) Suppose c ≥ 0, and G is a c-cyclic graph with n vertices with

∆ ≤ n − 2. If n ≥ max{c + 5, 2c + 3}, then q1(G) ≤ n.

In [2], Das obtained:

Lemma 2.4. ([2]) If G is a connected graph, then q1 − q2 ≤ ∆ + 1.

We will determine the maximum Q-separator among unicyclic, bicyclic, and tri-

cyclic graphs according to the maximum degree ∆.

By Lemma 2.4, it is easy to see:

Lemma 2.5. If G is connected and ∆(G) ≤ n − 4, then SQ(G) ≤ n − 3.

In the following, we first characterize the subgraphs which are contained in a

c-cyclic graphs with ∆ = n − 3 or ∆ = n − 2.

Lemma 2.6. Let G be a connected c-cyclic graph with n ≥ 7 vertices. If c ≥ 1

and ∆(G) = n−3, then G must have one of Hi (i = 1, 2, . . . , 12) as a subgraph, where

Hi are depicted in Figure 1.
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Figure 1. Subgraphs contained in c-cyclic graphs with c ≥ 1 and ∆ = n − 3.

Proof. Since ∆ = n−3, G has the subgraph K1,n−3 and two vertices non-adjacent

to the ∆-degree vertex. Note that c ≥ 1. Then G has one of H1, H2, . . ., H12 as a

subgraph.
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Table 2.1

The second largest Q-eigenvalues of Hi (i = 1, 2, . . . , 12).

H1 H2 H3 H4 H5 H6 H7 H8 H9 H10

4 3.3675 3.3880 3.2149 3.2470 3.2384 3.8360 3.4142 3.1129 3.7321

H11 H12

3.5565 2.7935

Lemma 2.7. Let G be a connected c-cyclic graph with n ≥ 7 vertices. If c ≥ 1

and ∆(G) = n − 2, then G contains one of Hj (j = 13, 14, 15) as a subgraph, where

Hj are depicted in Figure 2.

Proof. Since ∆ = n− 2, G has the subgraph K1,n−2 and one vertex non-adjacent

to the ∆-degree vertex. Note that c ≥ 1. Then G has one of H13, H14, H15 as a

subgraph.
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Figure 2. Subgraphs contained in c-cyclic graphs with c ≥ 1 and ∆ = n − 2.

By computer calculations, we have q2(H13)
.
= 3.3441, q2(H14)

.
= 2.7636 and

q2(H15)
.
= 3.1404.

3. The maximum Q-separator of unicyclic graphs.

Lemma 3.1. Let U be a unicyclic graph with n vertices. If n ≥ 7 and ∆ = n− 3,

then SQ(U) < n − 3.

Proof. Let U be a unicyclic graph with n (n ≥ 7) vertices. By Lemma 2.3,

q1(U) ≤ n holds. By Lemma 2.6, U contains one of Hi (i = 1, 2, . . . , 12) as a subgraph.

Then U has Hi + Nn−7 as a spanning subgraph, where Nn−7 is the null graph of

order n − 7. By Lemma 2.1 and Table 2.1, if U contains Hi (i = 1, 2, . . . , 11), then

q2(U) ≥ q2(Hi + Nn−7) = q2(Hi) > 3. We have SQ(U) < n − 3.

Suppose U contains H12 as a subgraph. Note that ∆ = n−3. By Lemmas 2.1 and

2.2, then q1(U) ≤ n−3+ 2n−(n−3)−1−1
n−3 = n−2+ 4

n−3 and q2(U) ≥ q2(H12 +Nn−7) =

q2(H12). Hence SQ(U) ≤ n − 2 + 4
n−3 − 2.7935 < n − 3 holds for n ≥ 7.

Lemma 3.2. Let U be a unicyclic graph with n vertices. If n ≥ 7 and ∆ = n− 2,

then SQ(U) < n − 3.
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Proof. Suppose n ≥ 7. By Lemma 2.3, then q1(U) ≤ n. By Lemma 2.6, U

must contain H13, H14, or H15 as a subgraph and Hj + Nn−7 a spanning subgraph.

If U contains H13 or H15, then q2(U) ≥ q2(Hj + Nn−7) = q2(Hj) > 3. Hence

SQ(U) < n − 3.

Suppose U contains H14 as a subgraph. Note that ∆ = n−2. By Lemma 2.2, then

q1(U) ≤ n−2+ 2n−(n−2)−1
n−2 = n−1+ 3

n−2 . Hence SQ(U) ≤ n−1+ 3
n−2−2.7636 < n−3

holds for n ≥ 7.

Denote by U1
n the unicyclic graph obtained from C3 by attaching n − 3 pendant

edges to a common vertex of C3.

Lemma 3.3. If n ≥ 7, then n − 3 < SQ(U1
n) = r1 − r2 < n, where r1 and r2 are

the first two largest solutions of the equation x3 − (3 + n)x2 + 3nx − 4 = 0.

Proof. Consider the characteristic polynomial of Q(U1) which is

Φ(Q(U1
n);x) = (x − 1)n−3[x3 − (3 + n)x2 + 3nx − 4].

Suppose f(x) = x3 − (3 + n)x2 + 3nx − 4. Note that n ≥ 7. By direct calculations,

we have

f(n + 1) = n2 − n − 6 > 0, f(n) = −4 < 0, f(3) = −4 < 0,

f(1) = 2n − 6 > 0 and f(0) = −4 < 0.

The roots of the equation f(x) = 0 lie in (0, 1), (1, 3) and (n, n + 1). Then

n < q1(U
1
n) < n + 1 and 1 < q2(U

1
n) < 3. Hence n − 3 < SQ(U1

n) = r1 − r2 < n.

Lemma 3.4. If 3 ≤ n ≤ 6, then SQ(U) ≤ SQ(U1
n) = r1 − r2 < n for n =

3, 4, 5, 6, respectively, where r1 and r2 are the first two largest solutions of the equation

x3 − (3 + n)x2 + 3nx − 4 = 0.

Proof. The unique unicyclic graph is C3
∼= U1

3 if n = 3. For n = 4, there are two

unicyclic graphs and SQ(U) ≤ SQ(U1
4 )

.
= 4.5616 − 2. For n = 5, there are 5 unicyclic

graphs and SQ(U) ≤ SQ(U1
5 )

.
= 5.3234 − 2.3579.

By the table of graphs on six vertices [8] and direct calculations among the 13

unicyclic graphs, SQ(U) ≤ SQ(U1
6 )

.
= 6.2015 − 2.5451 holds.

Combining Lemmas 2.5 and 3.1–3.4, we arrive at the main result of this section:

Theorem 3.5. Let U be a unicyclic graph with n vertices. If n ≥ 3, then

SQ(U) ≤ SQ(U1
n) = r1−r2 < n−1, where r1 and r2 are the first two largest solutions

of the equation x3−(3+n)x2+3nx−4 = 0, and equality holds if and only if U ∼= U1
n.
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4. The maximum Q-separator of bicyclic graphs. By Lemma 2.5, we only

need to consider bicyclic graphs with ∆ ≥ n − 3.

Lemma 4.1. Let B be a bicyclic graph with n vertices. If n ≥ 7 and ∆ = n − 3,

then SQ(B) < n − 3.

Proof. Similar to Lemma 3.1, if B contains Hi (i = 1, 2, . . . , 11) as a subgraph,

then SQ(B) < n − 3.

Suppose B contains H12 as a subgraph. By Lemma 2.2, then q1(B) ≤ n − 3 +
2(n+1)−(n−3)−1−1

n−3 = n− 2 + 6
n−3 . Hence SQ(B) ≤ n− 2 + 6

n−3 − 2.7935 < n− 3 holds

for n ≥ 7.

Lemma 4.2. Let B be a bicyclic graph with n vertices. If n ≥ 7 and ∆ = n − 2,

then SQ(B) ≤ n − 3.

Proof. Similar to Lemma 3.2, if B contains H13 or H15, then SQ(B) < n − 3.

Suppose B contains H14 as a subgraph. Note that ∆ = n− 2 and B is a bicyclic

graph. Then B contains a subgraph obtained from H14 by adding an edge. There are

six such subgraphs and the minimal q2-value is 3. Hence SQ(B) ≤ n − 3.

The bicyclic graphs with n vertices and ∆ = n − 1 are B1
n and B2

n (Figure 3).
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Figure 3. Bicyclic graphs with ∆ = n − 1 and n vertices.

In [7], by computer calculations, one of the present authors has obtained that the

characteristic polynomials of Q(B1
n) and Q(B2

n) are (x−1)n−4(x−3)[x3− (n+3)x2 +

3nx − 8] and (x − 1)n−4(x − 2)[x3 − (n + 4)x2 + 4nx − 8], respectively.

Lemma 4.3. If n ≥ 7, then SQ(B2
n) < n − 3 < SQ(B1

n) = r1 − 3, where r1 is the

largest solution of the equation x3 − (n + 3)x2 + 3nx − 8 = 0.

Proof. Let f(x) = x3 − (n + 3)x2 + 3nx − 8. We have

f(n + 1) = n3 − n − 10 > 0, f(n) = −8 < 0, f(3) = −8 < 0,

f(2) = 2(n − 6) > 0 and f(0) = −8 < 0.

The roots of the equation f(x) = 0 lie in (0, 2), (2, 3) and (n, n + 1). Then
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n < q1(B
1
n) < n + 1 and q2(B

1
n) = 3. Hence n− 3 < SQ(B1

n) = r1 − 3, where r1 is the

largest eigenvalue of the equation x3 − (n + 3)x2 + 3nx − 8 = 0.

Let g(x) = x3 − (n + 4)x2 + 4nx − 8. Note that n ≥ 7. We have

g

(

n +
1

3

)

=
1

27
(9n2 − 30n − 227) > 0, g(n) = −8 < 0,

g(4) = −8 < 0, g

(

10

3

)

=
4

27
(15n − 104) > 0,

g(1) = 3n − 11 > 0 and g(0) = −8 < 0.

The roots of the equation g(x) = 0 lie in (0, 1), ( 10
3 , 4) and (n, n + 1

3 ). Then

n < q1(B
2
n) < n + 1

3 and 10
3 < q2(B

1
n) < 4. Hence SQ(B2

n) < n + 1
3 − 10

3 = n − 3.

Lemma 4.4. Let B ba a bicyclic graph with n vertices. If n = 4, 5, or 6, then

SQ(B) ≤ SQ(B2
n).

Proof. There is only one bicyclic graph B2
4 for n = 4. For n = 5, there are five

bicyclic graphs. By direct calculations, we have SQ(B) ≤ SQ(B2
5)

.
= 5.7785−2.7108 =

3.0677.

By the table of graphs on six vertices [8], there are 19 bicyclic graphs. By direct

calculations, then SQ(B) ≤ SQ(B2
6)

.
= 6.4940 − 3.1099 = 3.3841.

By Lemmas 2.5 and 4.1–4.4, we have:

Theorem 4.5. Let B be a bicyclic graph with n vertices.

(1) If n ≥ 7, then SQ(B) ≤ SQ(B1
n) = r1 − 3, where r1 is the largest solution of

the equation x3 − (n + 3)x2 + 3nx − 8 = 0, and equality holds if and only if U ∼= B1
n.

(2) If n = 4, 5, or 6, then SQ(B) ≤ SQ(B2
n).

5. The maximum Q-separator of tricyclic graphs.

Lemma 5.1. Let F be a tricyclic graph with n vertices. If n ≥ 9 and ∆ = n − 3,

then SQ(F ) < n − 3.

Proof. As in Lemmas 3.1 and 4.1, if F contains Hi (i = 1, 2, . . . , 11) as a subgraph,

then SQ(F ) < n − 3.

Suppose F contains H12 as a subgraph. By Lemma 2.2, then q1(F ) ≤ n − 3 +
2(n+2)−(n−3)−1−1

n−3 = n− 2 + 8
n−3 . Hence SQ(F ) ≤ n− 2 + 8

n−3 − 2.7935 < n− 3 holds

for n ≥ 9.
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By the proof of Lemma 4.2, we similarly obtain:

Lemma 5.2. Let F be a tricyclic graph with n vertices. If n ≥ 9 and ∆ = n − 2,

then SQ(F ) ≤ n − 3.

Let F be a tricyclic graph with ∆ = n−1. Then F ∼= F i
n (i = 1, 2, . . . , 5) depicted

in Figure 4.
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Figure 4. Tricyclic graphs with ∆ = n − 1 and n vertices.

Lemma 5.3. If n ≥ 9, then SQ(F 1
n) = r1 − 3 > n − 3 > SQ(F i

n) (i = 2, . . . , 5),

where r1 is the largest solution of the equation x3 − (n + 3)x2 + 3nx − 12 = 0.

Proof. By computer calculations or [7], the Q-characteristic polynomials of F i
n

are as follows.

The characteristic polynomial of Q(F 1
n) is

Φ(Q(F 1
n);x) = (x − 1)n−5(x − 3)2[x3 − (n + 3)x2 + 3nx − 12].

Let f1(x) = x3 − (n + 3)x2 + 3nx − 12. Note that n ≥ 9. Then

f1(n + 1) = n2 − n − 14 > 0, f1(n) = −12 < 0, f1(3) = −12 < 0,

f1(2) = 2(n − 8) > 0 and f1(0) = −12 < 0.

The roots of the equation f1(x) = 0 lie in (0, 2), (2, 3) and (n, n + 1). Then

n < q1(F
1
n) < n + 1 and q2(F

1
n) = 3. Hence n − 3 < SQ(F 1

n).

The characteristic polynomials of Q(F 2
n) and Q(F 3

n) are equal,

Φ(Q(F 2
n);x) = Φ(Q(F 3

n);x) = (x − 1)n−5(x − 2)2[x3 − (n + 5)x2 + 5nx − 12].
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Let f2(x) = f3(x) = x3 − (n + 5)x2 + 5nx − 12. Note that n ≥ 9. Then

f2

(

n +
1

3

)

=
1

27
(9n2 − 39n − 338) > 0, f2(n) = −12 < 0, f2(5) = −12 < 0,

f2

(

10

3

)

=
2

27
(75n − 412) > 0 and f2(0) = −12 < 0.

The roots of the equation f2(x) = 0 lie in (0, 10
3 ), (10

3 , 5) and (n, n + 1
3 ). Then

n < q1(F
2
n) = q1(F

3
n) < n + 1

3 and 10
3 < q2(F

1
n) = q1(F

3
n) < 5. Hence SQ(F 2

n) =

SQ(F 3
n) < n + 1

3 − 10
3 = n − 3.

The characteristic polynomial of Q(F 4
n) is

Φ(Q(F 4
n);x) = (x − 1)n−5(x − 3)[x4 − (n + 6)x3 + (6n + 7)x2 − (7n + 12)x + 20].

Let f4(x) = x4 − (n + 6)x3 + (6n + 7)x2 − (7n + 12)x + 20. Note that n ≥ 9. Then

f4

(

n +
1

2

)

=
1

16
(8n3 − 36n2 − 178n + 241) > 0, f4(n) = −12n + 20 < 0,

f4(5) = −10(n − 1) < 0, f4

(

7

2

)

=
1

16
(98n − 695) > 0,

f4(1) = −2n + 10 < 0 and f4(0) = 20 > 0.

The roots of the equation f4(x) = 0 lie in (0, 1), (1, 7
2 ), (7

2 , 5) and (n, n+ 1
2 ). Then

n < q1(F
4
n) < n + 1

2 and 7
2 < q2(F

4
n) < 5. Hence SQ(F 4

n) < n + 1
2 − 7

2 = n − 3.

The characteristic polynomial of Q(F 5
n) is

Φ(Q(F 5
n);x) = (x − 1)n−5(x − 2)[x4 − (n + 7)x3 + (7n + 12)x2 − (12n + 12)x + 40].

Let f5(x) = x4 − (n + 7)x3 + (7n + 12)x2 − (12n + 12)x + 40. Note that n ≥ 9. Then

f5

(

n +
1

2

)

=
1

16
(8n3 − 44n2 − 146n + 579) > 0, f5(n) = −12n + 40 < 0,

f5(4) = −8 < 0, f5

(

7

2

)

=
1

16
(14n − 81) > 0,

f5(2) = −4(n − 6) < 0 and f5(0) = 40 > 0.
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The roots of the equation f5(x) = 0 lie in (0, 2), (2, 7
2 ), (7

2 , 4) and (n, n + 1
2 ). Then

n < q1(F
5
n) < n + 1

2 and 7
2 < q2(F

5
n) < 4. Hence SQ(F 5

n) < n + 1
2 − 7

2 = n − 3.

By Lemmas 2.5 and 5.1–5.3, we have:

Theorem 5.4. Let F be a tricyclic graph with n vertices. If n ≥ 9, then SQ(F ) ≤
SQ(F 1

n) = r1 − 3, where r1 is the largest solution of the equation x3 − (n + 3)x2 +

3nx − 12 = 0, and equality holds if and only if U ∼= F 1
n .
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[3] D. Cvetković, P. Rowlinson, and S.K. Simić. Eigenvalue bounds for the signless Laplacian. Publ.

Inst. Math. (Beograd), 81(95):11–27, 2007.

[4] R. Merris. Laplacian matrices of graphs: a survey. Linear Algebra Appl., 197/198:143–176, 1994.
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