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COALESCING SETS PRESERVING COSPECTRALITY OF GRAPHS ARISING FROM
BLOCK SIMILARITY MATRICES*

SAJID BIN MAHAMUD', STEVE BUTLER!, HANNAH GRAFFS$, JIAH JINY, NICK LAYMAN?, TAYLOR LUCKI,
NOAH OWEN# AND ANGELA YUANTf

Abstract. Coalescing involves gluing one or more rooted graphs onto another graph. Under specific conditions, it is
possible to start with cospectral graphs that are coalesced in similar ways that will result in new cospectral graphs. We present
a sufficient condition for this based on the block structure of similarity matrices, possibly with additional constraints depending
on which type of matrix is being considered. The matrices considered in this paper include the adjacency, Laplacian, signless
Laplacian, distance, and generalized distance matrix.
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1. Introduction. A famous problem in spectral graph theory is whether it is possible to “hear the
shape of a graph,” meaning whether a graph can be uniquely identified by its set of eigenvalues associated
with a matrix. There are many cases of pairs of non-isomorphic graphs that have the same set of eigenvalues.
Such graphs are called cospectral, and so the answer in general is “no,” though whether you can hear the
shape of a graph for almost all graphs is still an open problem (see [9, 14, 15]).

A common method for constructing large cospectral graphs is to start with small cospectral graphs and
augment them in some way. One popular method is known as coalescing, which can be thought of as gluing
graphs together at specified vertices (see Section 2). This was used by Schwenk [13] to establish that almost
all trees have a cospectral mate for the adjacency matrix, which was later extended by McKay [12] to the
Laplacian, signless Laplacian, and distance matrices. Coalescing has also been used for other constructions,
e.g., Heysse [10] used coalescing to form cospectral pairs for the distance matrix with arbitrarily large
difference in the numbers of edges.

While coalescing is well understood for certain matrix families (e.g., adjacency, Laplacian, and signless
Laplacian; see [7, 8]), which can use sparseness to give combinatorial methods to compute characteristic poly-
nomials, it is poorly understood for other matrix families which are dense (e.g., distance). While coalescing
has been previously used on the distance matrix, in those cases, the arguments relied heavily on special
graph structures for the characteristic polynomial (see McKay [12]) or for eigenvector arguments (see Heysse

[10]).
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The goal of this paper is to establish sufficient conditions for constructing cospectral graphs by use of
coalescing in terms of the structure of the similarity matrices of the base graphs used. We will establish
results for the adjacency, Laplacian, signless Laplacian, distance, and generalized distance matrices. In
particular, this paper marks significant progress in understanding coalescing for distance matrices and the
construction of cospectral graphs for distance matrices (see [1, 2, 11]).

We also answer “no” to the following conjecture related to the distance matrix which was the original
motivation for this research.

CONJECTURE 1.1 (Butler et al. [7]). Let Gy and Ga be two graphs with subsets of vertices By C V(Gy)
and By C V(G2) such that coalescing the same (connected) rooted graph onto all the vertices of By in Gy
and the vertices of Bs in Go always results in cospectral pairs for the distance matriz. Then, coalescing the
same (connected) rooted graph onto all the vertices of V '\ By in G1 and the vertices of V' \ Bg in Ga will
also always result in cospectral pairs for the distance matriz.

See Fig. 7 for graphs where this is not true (in this case, By = By = ().

In the remainder of the introduction, we will formally define the matrices associated with graphs and
give some relevant definitions that will be useful. In Section 2, we will formally define coalescing and discuss
how to use block structure of the similarity matrix to label graphs and their coalescings. In Section 3, we
will state and establish our main results, which is followed in Section 4 of various examples and applications
of our results.

1.1. Basic definitions. In this paper, we will assume that all graphs are simple (no loops or weighted
edges) and undirected.

DEFINITION 1.1. For a vertez v in a graph G, the degree of v, denoted degq(v), is the number of neighbor

vertices of v.

For a pair of vertices u,v in a graph G, the distance between u and v, denoted distG(u,v), is the length
of the shortest path between u and v. If u = v, then distg(u,v) = 0. If u and v are in separate components,
then distg(u,v) = co.

We will consider the following three different matrices associated with graphs.

DEFINITION 1.2. Let q be fized. The g-Laplacian matrix of a graph G, denoted L(C?) or L9 when G is
clear from context, is defined entry-wise by

gdega(u) ifu=w,
L@ =41 if u and v are adjacent in G,

0 otherwise.

We note that L(® is the adjacency matrix, L(}) is the signless Laplacian, and L(~1) is the negative of
the Laplacian. We use this convention as the proof of the main result is identical for these three matrices.

DEFINITION 1.3. The distance matrix of a connected graph G, denoted Dg or D when G is clear from

context, is defined entry-wise by D, , = distg(u,v).

Given a function f : {0,1,...} = R, the generalized distance matrix of a connected graph G, denoted
Dé or Df when G is clear from contest, is defined entry-wise by Df , = f(dista(u,v)).
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Examples of generalized distance matrices that have been studied before include the squared distance
matrix with entries (dist(u7v))2 (see [5]), and the exponential distance matrix with entries sdist(%v) (
[4, 6]).

see

We will denote a block diagonal matrix by

B, O --- O
O By -~ O
Bi®By&-- & B = . .
O O - B

Moreover, for a matrix M, we will let M[S,T] denote the submatrix consisting of the rows in S and the
columns in T, where S, T are subsets of indices of rows/columns. We will use I to denote the identity
matrix, J to denote the all 1’s matrix, and O the all 0’s matrix. For notational convenience, we will suppress
the notation about the sizes of I, J, and O as that can be determined from context.

2. Coalescing and graph labeling. As introduced earlier, we can think of coalescing graphs as gluing
two graphs together on a common vertex. It is also possible to coalesce several graphs simultaneously.

DEFINITION 2.1. Given graphs G with vertex v and a rooted graph H, the coalescing of H onto v, denoted
G o, H, is the graph formed by taking the disjoint union of the graphs G and H and then identifying the root
of H and v as the same vertex.

Given a subset V; C V(G) and a rooted graph H, the coalescing of H onto V;, denoted by G oy, H, is the
graph constructed by taking the disjoint union of the graph G and |V;| copies of H, and then for each v € V;
taking a unique copy of H and identify the root of that H and v as the same vertez.

Given Vi,...,Vy CV(G) and rooted graphs Hy, ..., Hy, we will let G 451 v, H; denote the graph formed
=
by the coalescing of H; onto V; fori=1,... ¢.

When we coalesce the graph K (the graph of a single vertex) onto a vertex v, the result does not change
the graph structure at v. In particular, we can always treat every coalescing of multiple graphs by taking the

vertices of V(G) into a disjoint partition of sets V1, Vs, ..., V; and then forming G él v; H; where H; might
1=
possibly be Kj.

The special case of coalescing when the partition consists of a single set, e.g., G oy () H, is referred to
in the literature as a cluster of two graphs [3, 16].

2.1. Labeling vertices in a coalescing of graphs. A useful ingredient in establishing our main
result will be using our vertex partition Vi,...,V; to give a labeling for our graph G and the corresponding

graph G ’él VL-Hi-

For the graph G, we label the vertices as i:1:k which indicates the k-th vertex of V; with 1 < k < |V;].
An example of this labeling is seen in Fig. 1(a), where the blocks Vi, Vs, V5 are indicated with rectangles.
Now label the vertices of H; with 1,...,|V(H;)|, where 1 is the root (the vertex we coalesce on). An example

of this labeling is seen in Fig. 1(b). Then the labeling for G -51 v, H; will be i:j:k, which indicates vertex j
=

in the copy of H; that was coalesced onto the vertex i:1:k. We will use the notation i:j to denote the set of
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vertices {i:j:k |k € V;}. Finally, we group the vertices of G o Vi H; into blocks of the form :5. An example

of this grouping into blocks is shown in Fig. 1(c). We note that with this convention that the blocks of the
form i:1 correspond with the blocks of the graph G corresponding with our vertex partition.

1:1 1:2 1:3

@1@ HQZ @
L3
Hg:

(a) G (b) H13H27H3 (C) GélvzH'L

Fic. 1. An example of the block labeling associated with coalescing.

It will be informative to compare the distance matrix for the graphs G and G=G 0 v, H; from Fig. 1.

1=1
These are as follows, where we have labeled the blocks of the corresponding graphs using the convention
outlined above to the left of the matrices. (We associate the vertices with the rows/columns by arranging
them in lexicographical order.)

1:1 0 1 21[3|4 4

1 0 1|23 3

2 1 0|1]2 2

Da =

2:1 3 2 1]0]1 1

3:1 4 3 210 1

4 3 211 0
1:1 01 2|1 2 3|2 3 4[3|4 4|5 5|5 5
1 0 1|12 1 2|3 2 3[2|3 3|4 4|4 4
2 1 03 2 1|4 3 2|12 23 3[3 3
1:2 1 2 3|0 3 4|1 4 5|45 5|6 6|6 6
2 1 2|3 0 3|4 1 4(3|4 4|5 5|5 5
3 2 14 3 0|5 4 12|33 3|4 4|4 4
1:3 2 3 4|1 4 5|0 5 6|56 6|7 7|7 7
Do 3 2 3|4 1 4|5 0 5|45 5|6 6|6 6
G 4 3 2|5 4 1/6 5 0|3|4 4|5 5|5 5
2:1 3 2 14 3 2|5 4 3|01 12 2|2 2
3:1 4 3 2/5 4 3|6 5 410 1|1 2|1 2
4 3 2|5 4 3|6 5 4|11 02 1]2 1
3:2 5 4 3|6 5 4|7 6 521 2|0 3|1 3
5 4 3|6 5 4|7 6 522 1|3 0[3 1
3:3 5 4 3|6 5 4|7 6 521 2|1 3|0 3
5 4 3|6 5 4|7 6 522 1|3 1|3 0
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The key to our approach is to observe that the blocks of the two matrices are similar up to shifting in
predictable ways. More precisely we have the following.
LEMMA 2.2. Let M be the distance matrix for the graph G and let N be the distance matrixz for the graph
G 4C[€>1 ViH“ then
1=
o Mliy:1,40:1) 4+ aJ if i1 # s,
NTiv:jr,iaije] = S P
Mliy:1,i0: 1)+ ad + (8 — @) if i1 = ia,
where a = disty, (1,j1) + distw,, (1,j2) and 8 = disty, (j1,J2). (Recall that 1 corresponds with the root of
the corresponding H;, on which we coalesce.)
Proof. When i1 # i, any path connecting 41:71:k1 with is:j2:ko must travel through the two cut vertices
i1:1:k; with i:1:k2 (locations of where coalescing occurred). In particular, the shortest path is naturally
split into three parts with the distance as follows:

diStm1 (1,j1) + diStg(illllk‘l, ig:l:kjg) + CliStHi2 (l,jg).

The first and the last terms are independent of the choices of k1 and ks so can be pulled out as an additive
constant (o) for each entry, the middle term then comes from M][i;:1,i2:1].

When iy = i2 = 4, the result is similar with the exception of k; = ky = k (the diagonal terms). In
this case, the shortest path does not go through G but stays inside of H; (that is, we are finding distance
internally to the graph H; that was glued onto i:1:k). So we can add « to all entries (the +a.J) and then on
the diagonal subtract out o and add S = disty;, (j1, jo2). O

3. Main results. Our main results involve a sufficient condition for constructing cospectral graphs
from coalescing based off of similarity matrices and, in particular, block similarity matrices. We start by
showing how to use the block structure of the similarity matrix to partition the vertices.

DEFINITION 3.1. Let S = By @ --- @ By be a similarity matriz for Mg, and Mg,, matrices associated
with the graphs G1 and Go. Then a similarity vertex partitioning Vi, ..., Vp is a partitioning of the vertices
of G1 and Go by associating the vertices in the rows corresponding with block B; with vertex set V.

We now state our main results; each one of them dealing with coalescing and similarity vertex partitioning
for different families of graphs.
THEOREM 3.2. If G1 and G5 are cospectral for the L\ matriz with similarity matriz S = By ®- - - & By,
4 4
then for the similarity vertex partitioning Vi, ...,V the graphs G o v, H; and G2 o v, H; are cospectral for
1= 1=
the L9 matriz for any choice of graphs Hy, ..., Hy.
THEOREM 3.3. If G1 and G2 are connected graphs which are cospectral for the D matrix with similarity
matriz S = B1®- - -® By satisfying SJ = JS, then for the similarity vertex partitioning Vi, ...,V the graphs
‘ ¢ ) . .
G1 ,Olei and Go ° v, H; are cospectral for the D (distance) matriz for any choice of connected graphs
i= i=
Hy,... Hy.

The difference between Theorems 3.2 and 3.3 is that in the latter case we need the assumption SJ = J.S;
we will discuss the necessity of this assumption in Section 4.

THEOREM 3.4. Given a graph G let G be the graph with V(G®) = V(G) and E(GW) = {{u,v} |
distg(u,v) = t}. Let G1 and G4 be connected graphs. If the matriz S = B1 @ --- ® By is simultaneously
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a similarity matrix for th) and Gét) for the matriz L©) (adjacency matriz) for t = 0,1,2,..., then for
I ‘

the similarity vertex partitioning Vi, ..., Vy the graphs Gy o v, H; and G o v, H; are cospectral for the DY
1= 1=

(generalized distance) matriz for any choice of connected graphs Hy,...,H, and any choice of function f.

3.1. Proof of Theorems 3.2, 3.3, and 3.4. We assume that all graphs are labeled using the con-
ventions given in Section 2.

Let M be the matrix that we are considering. We have that S is a similarity matrix so we can assume
that SMg,S™! = Mg,, or more conveniently SMqg, = Mg,S. In particular, submatrices are equal so
(SMg,)[i1:1,i2:1] = (Mg, S)[i1:1,i2:1]. Finally, using that S is block diagonal this becomes

(1) BilMGI[illl,igll] = MGz[illl,igil]BiQ.
—~ ¢ —~ ¢
Let G1 = Gy ° v, H; and G2 = G2 ° v, H;. To show that Ma is cospectral with Mé;, we will produce
= i=
a similarity matrix S so that SMg- = Mg S. Our desired similarity matrix is

§:Bl69"'@Bl@BQ@"'@BQ@"‘@Be@'“@BE«
N—_————

|V (Hy)| times |V (H2)| times |V (Hp)| times

We note in passing that since S is a similarity matrix, it must be invertible so each individual block is
square and invertible. Now since S is a block diagonal matrix and each block on the diagonal is square and
invertible it itself is also invertible.

To establish gMa =M é\ﬁ it suffices to establish it for a collection of submatrices which cover the
matrix. In particular, it suffices to show that (§Mé\1)[i1:j1,i2:j2] = (Mé;g)[il:jl,izzjg] for all possible

i1, 1, %2, jo. As before, using that S is block diagonal this reduces to verifying
(2) Bi, Mg [i1:1,i2:52] = Mg; lir:ju, i2:52] Bi,,
to establish the result.

Verification of (2) for Theorem 3.2. For M = L@ we have the following for G (and similar result
with GQ)I

MGl[ilil,illl] + qdegHil (1)[ if il = iz and jl = jg = 1,
Mg, [i1:1, i2:1] if iy #dp and j1 = jo =1,
Mé\l [il:j17i2:j2} = qdegHil (]1)[ if i1 = i and jl :jg > ].,
I if i1 = i and {j17j2}€E(H1>,
O else.

In this case, we have that (2) follows in each case by appropriate combination of (1) (for when j; = jo = 1),
B;,I =1IB;,, and B;,;0O = O = OB,;,. We illustrate with the case i; = i and j; = jo = 1, the other cases
are handled similarly.
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Bi, Mg [iv:g1,i2:52) = Bi, (Mg, [i1:1,91:1] + g degy, (1)])

1
1)Bi1[
= MG2 [iltl,ilil]Biz + qdegHil 1)1—312

= (Mg, [ir:1,i1:1] + gdegy, (1)I)B;,

= B1'1]\4G1 [illl,illl} + qdegH“(
(

== M(’;; [ilijl,igle]Biz.

Verification of (2) for Theorem 3.3. From SJ = JS, we have B;, J = JB,,, which follows using the
same argument as (1).

For M = D and Lemma 2.2, we have the following for G; (and similar result with Gs):

L MGl[illl,i221]+OéJ if il 752'2,
Mg-lir:j1,d2:52) = L P
! Mg, [i1:1 i 1]+ ad + (B —a)I  if iy =g,

where o = distp, (1,71) +distp,, (1,j2) and 8 = disty, (j1,j2). Note that 3 and « are independent of G
and Gs.

In this case, we have that (2) follows in each case by appropriate combination of (1), B;, I = IB;,, and
B;,J = JB,;,. We illustrate with the case i1 = 42, the other case is handled similarly.

Bi, Mg-[ir:j1,i2:52) = Biy (Mg, [ir:1,09:1] + o + (8 — a))
= B;, Mg, [i1:1,i2:1] + aB;, J + (8 — «)B;, I
= Mg,li1:1,i2:1)B;, + aJB;, + (8 — a)IB;,
= (Mg, lir:1,i2:1] + o + (B — a)I) By,
:M@[ilzjl,igsz]BiQ.

Verification of (2) for Theorem 3.4. For M = D/, we will let Ag)p denote the adjacency matrix

(L)) for G,(;t) for p = 1,2. Since S is a similarity matrix for the adjacency matrices for th) and th) it
follows that SA(CQ = AgiS for t =0,1,2,.... By the same argument as (1), we have for all t =0,1,2,...

(3) By, A [ir:1,ip:1] = AD [i1:1,i2:1] B,

For G; (and similarly G3) we have:

Me, lin:1,izl] = Y (AR [ir:1,in:1).

t>0

Because entries are based off of distance, we can apply Lemma 2.2 and note that internally in our blocks
that distances all shift in uniform ways. In particular, we have the following for G; (and similar result with
Ga):

S F(t+ )AL [ir:1, z:1] if iy # i,

>0

ST Ft+ )AL i+ F(B)] i iy = ia,

t>1

Mg [iv:jr,izija] =
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where o = distp, (1,71) +distp,, (1,j2) and 8 = disty, (j1,j2). Note that 3 and « are independent of G
and Gs.

In this case, we have that (2) follows in each case by appropriate combination of (3) and B;, I = IB;,.
We illustrate with the case 71 = i, the other case is handled similarly.

B“Mé\l [il:jl,iQ:jQ] = Bi1 (Z f(t -+ Q)Agi [’ilil,iQZl] -+ f(ﬂ)])
t>1

="t +a)Bi, AL i1, ixe1] + F(8) B, I

t>1

="t +a)AQ [ir:1,i2:1) By, + f(B) B,

t>1

- (Zf(t +a) AW [ir:1in1] + f(ﬁ)[) B,

t>1

= Mg;[ir:jr,i2:j2]Bi,.

4. Comments and applications. In order to apply Theorems 3.2, 3.3, and 3.4, one must first find a
block diagonal similarity matrix. It is not always obvious, a priori, if such a block diagonal similarity matrix
exists. However, the results of this paper suggest an approach to potentially detect them. Namely, by
experimentation, e.g., using several small graphs such as stars, look for subsets of vertices where coalescing
on the same set produces cospectral graphs. This leads to a potential vertex similarity partitioning which we
can use to add additional constraints when looking for similarity matrices which will have a block diagonal
form. This was the technique that the authors used in their exploration of small cases.

We now give some comments, some examples, and some applications of the results. For many of the
graphs that are shown, we will indicate the corresponding graph6 code for reference and to simplify input
of graphs for computation and/or exploration.

4.1. Theorems 3.2, 3.3, and 3.4 give a sufficient but not necessary condition. In Butler et
al. [7], necessary and sufficient conditions were derived in the case L@, Here we state a simple version in
terms of our notation for the adjacency matrix with vertex partitioning V(G) = V3 U Vs.

THEOREM 4.1 (Butler et al. [7]). Given a graph H and U C V(H), let py u(x) denote the characteristic
polynomial of the adjacency matriz for the induced subgraph in H on the vertices U. Given graphs G1 and
G2 with the same labeling of vertices and partition V = V3 U Vs, then the graphs G, él v, H; and G 1'12)1 v, H;

are cospectral for the adjacency matriz for any choice of Hy and Hs if and only if for all k, ¢ we have

Y pasur@ = Y possur(@).

SCV1,|S|=k SCW,|S|=k
TCV2,|T|=t TCVa,|T|=¢

In Fig. 2, we give two graphs on 7 vertices for which Theorem 4.1 can be used to establish G E)l v, H;

and G4 '12)1 v, H; are cospectral for any choice of H; and Hy with V4 = {1,2,3} and V2 = {4, 5,6, 7}. However,

Theorem 3.2 does not hold as there is no block diagonal similarity matrix of the correct form (this can be
established by setting up a series of equations such a similarity matrix would need to satisfy and showing the
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system is inconsistent). So there are limitations to the coalescing results presented in this paper; nevertheless,
it does establish significantly many cases, and it is often easier to find a block similarity matrix than to check
the polynomial conditions (particularly as the number of parts in our partitioning grows).

G’1 = FOAMw G2 = FOAZg

F1G. 2. A pair of graphs for which Theorem 3.2 cannot establish coalescing cospectral results.

For Theorem 3.3, the authors found several examples for the distance matrix of graphs where experi-

¢ ¢ . . .
mentally G OV H; and G4 R v, H; are distance-cospectral for arbitrary choice of Hy, ..., Hy, but no block
1= 1=

similarity matrix satisfying the requirements of the theorem exists. One such example is shown in Fig. 3
with the vertex partitioning V7 = {1}, Vo = {2}, V3 = {3,4,5} and V; = {6,7,8}.

9‘0

0“0

G1 = GNKutO Go = GB}XV_

F1c. 3. A pair of graphs for which Theorem 3.3 cannot establish coalescing cospectral results.

QUESTION 4.1. For the graphs shown in Fig. 3 are G1 o VH and G2 o VH cospectral for arbitrary

choice of Hy, Hy, Hy,and Hy where Vi = {1}, Vo = {2}, V3 {3 4,5} and V4 ={6,7,8}?

We note that for the graphs in Fig. 3, the following is a block diagonal similarity matrix for the distance
matrix satisfying the conditions of Theorem 3.3, showing that G; %1 v, H; and Go %1 v, H; are cospectral for
the distance matrix for arbitrary choice of Hy, Ho, and Hs where V; = {1}, Vo = {2}, V3 = {3,4,5,6,7, 8}.

0 1 1 -1 1 0
1 0 1 0 -1 1

1 1 0 1 0 -1

s=Me1)es 1 0 -1 0 1 1
-1 1 0 1 0 1

0 -1 1 1 1 0

This answers the previous question in the affirmative in the case where Hz = Hy.
. . . . . L
QUESTION 4.2. Given Gy and Gs, is there a necessary and sufficient condition to establish G o v, H;
i=

¢ _ , )
and Go o v, H; are cospectral for the distance matriz for any choice of Hy,...,H;?
1=



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society I I

Volume 40, pp. 803-818, November 2024.
S.B. Mahamud et al. 812

4.2. Alternative proofs of earlier results for coalescing on the distance matrix. Coalescing for
the distance matrix has previously appeared in the literature in two cases. We now show how Theorem 3.3
can be used to establish those results.

McKay [12] used coalescing on trees to show that almost all trees have a cospectral mate. Building off
of Schwenk [13], the key was finding a pair of cospectral trees for D which had a vertex for which coalescing
an arbitrary tree at that vertex resulted in cospectral trees for D which with high probability were non-
isomorphic. McKay’s proof is based on characteristic polynomial arguments which relied heavily on the fact
that a tree was involved.

THEOREM 4.2 (McKay [12]). For the graphs shown in Fig. 4, Gy o1 H is cospectral with Go o1 H with
respect to the distance matriz for H arbitrary and connected.

(a) (G1 = D@7KAC@?G?t70777_7G7A (b) G5 = 0@I?GC@PD?G?7@77_7_7@
F1G. 4. Graphs from McKay [12].

Proof. The graphs shown in Fig. 4 have the following similarity matrix for the distance matrices which
satisfies the conditions of Theorem 3.3, S = (1) @ (1) @ 5 M where M is the following matrix.

20 7 7 =15 16 1 3 2 15 -2 —6 0 19 -14
7 21 21 8 -5 3 9 6 -8 —6 0 0 -14 11
20 7 7 =15 16 1 3 2 15 -2 19 -14 —6 0
7 21 21 8 -5 3 9 6 -8 -6 —14 11 0 0
-2 -6 -6 28 9 -—16 5 21 25 =21 2 6 2 6
5 -8 =8 2 12 14 -11 28 -2 25 —15 8 —15 8
—16 5 5 12 19 31 —13 9 —12 -9 16 -5 16 -5
-1 -3 =3 14 31 -8 29 —-16 —14 16 1 3 1 3
-3 -9 -9 -11 -13 29 34 5 11 -5 3 9 3 9
2 6 6 25 -9 16 -5 =21 28 21 -2 —6 -2 —6
—15 8 8 -2 —-12 -14 11 25 2 28 15 -8 15 -8
33 =7 =7 15 -—16 -1 -3 -2 =15 2 20 7 20 7
-7 0 11 -8 5 -3 -9 —6 8 6 7 21 7 21
=7 11 0 -8 5 -3 -9 —6 8 6 7 21 7 21

So (G o1 H is cospectral with G5 01 H with respect to the distance matrix for H arbitrary and connected.O

We note in passing that the graphs G; and G2 in Fig. 4 are the same graph with different labelings.

Heysse [10] used coalescing to show that there exist pairs of cospectral graphs with arbitrarily many
different numbers of edges. The key was finding a pair of cospectral graphs for D, which had a vertex for
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which coalescing an arbitrary graph resulted in a cospectral graph. Heysse’s proof is based on eigenvector
arguments.

THEOREM 4.3 (Heysse [10]). For the graphs shown in Fig. 5, G101 H is cospectral with Gy o1 H with
respect to the distance matriz for H arbitrary and connected.

(a) G = TtNPaGCI_! (b) Go = TtJA?TI_

F1G. 5. Graphs from Heysse [10].

Proof. The graphs shown in Fig. 5 have the following similarity matrix for the distance matrices which
satisfies the conditions of Theorem 3.3.

5 1 1 2 1 -3 -2
-1 4 1 -3 2 -1

2 -1 1 -1 2 -1 3 2

3 2 -3 2 -3 2 1 3

(He)ex 2 -1 2 -1 1 -1 3 2
-1 -3 1 4 1 4 2 -1

-1 1 -3 1 4 2 -1

-2 1 2 1 2 1 -3 5

So (G1 o1 H is cospectral with G5 o1 H with respect to the distance matrix for H arbitrary and connected.O
We note in passing that this proof shows that we could have also used vertex 2 as the vertex to coalesce.

4.3. Small examples for Theorems 3.3 and 3.4. In Fig. 6, are all eleven nonisomorphic pairs of
graphs which are cospectral for D on seven vertices; there are no nonisomorphic graphs which are cospectral
for D on six or fewer vertices. All pairs except (FqyWo, Ft@]o) are also cospectral for D/ for f arbitrary.

For all of these graphs, the similarity matrix is

-1 1 1 1
1 1 -1 1 1
=(1 1 1 —
s=mememes| | 1 1 |
1 1 1 -1

which means that for each pair we can glue an arbitrary H; onto vertex 1, an arbitrary Ho onto vertex 2, an
arbitrary Hjz onto vertex 3, and an arbitrary Hy onto the vertices {4, 5,6, 7} in both graphs and the resulting
pair of graphs will be cospectral for D and, except the final pair, D/ for f arbitrary.

4.4. On the assumption that SJ = JS in Theorem 3.3. From Theorem 3.2, we can derive the
following result for cospectral graphs with respect to L.
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(F~UXw, FW1}w)

9'9‘9

ONONO

(F~UPW, FWluW)

(FndPW, FgluW) (FqyWo, Ft@]o)

Fic. 6. All nonisomorphic graphs which are cospectral for D on seven vertices. All but the last pair are also cospectral
for Df for f arbitrary.

PROPOSITION 4.4. If G1 and Gy are cospectral with respect to L9, then Gyoy H is cospectral with
Gy oy H for any H with respect to L9,

In other words, given two cospectral graphs if we coalesce the same graph onto each vertex the resulting

graphs are cospectral.

Proof. Since they are cospectral there is a similarity matrix, and we can treat the matrix as consisting
of a single block which corresponds with all vertices. Now apply Theorem 3.2. O

One natural question is to ask if this can be extended to other matrices, and in particular the distance
matrix. Small cases (e.g. up through eight) seem to indicate the answer is “yes,”and we can establish the

following.

PRrROPOSITION 4.5. If G1 and G are cospectral with respect to the distance matriz and there exists a
similarity matriz S for these distance matrices for which SJ = JS, then Gy oy H is cospectral with Gy oy H
for any H with respect to the distance matrix.
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Proof. Since they are cospectral there is a similarity matrix, and we can treat the matrix as consisting
of a single block which corresponds with all vertices. Now apply Theorem 3.3 combined with the assumption
that SJ = JS. ]

The assumption SJ = JS cannot be dropped as there do exist cospectral graphs with respect to the
distance matrix with no such similarity matrices. For n = 9 vertices, there are 8 such pairs out of the 14597
pairs of cospectral graphs. These 8 pairs are shown in Fig. 7, and for these pairs there are no subsets of
vertices on which we can arbitrarily coalesce and maintain cospectrality for D. For n = 10 vertices, there
are 38 such pairs out of the 875864 pairs of cospectral graphs. This would seem to indicate that such pairs
of cospectral graphs that do not have a similarity matrix that commutes with J are relatively rare, which
leads to the following questions.

QUESTION 4.3. Do almost all pairs of cospectral graphs for the distance matriz have a similarity matriz
S for which SJ = JS?

QUESTION 4.4. Are there constructions to form infinitely large families of pairs of cospectral graphs for
the distance matriz that have no similarity matriz S for which SJ = JS?

This last question might be particularly challenging as a common approach to forming large families of
cospectral pairs is to start with small examples and then coalesce, but that is precisely what cannot happen
for these graphs.

4.5. Coalescing sets and unions for D. Sometimes no single block symmetric matrix captures all
possible ways to coalesce graphs onto cospectral pairs. Among other things this shows that operations, such
as unions, might not preserve the ability to coalesce.

As an example, for the graphs shown in Fig. 8, both of the following are similarity matrices for the
distance matrices of the graphs.

-1 1 1 1 0 0 0
1 1 0 0 0 1 -1
1 1 0 0 1 1 -1 0
S== 1 0 1 0 -1 0 1 |&(1)
2 0o 0 -1 1 o0 1 1
0 -1 1 0 1 1 0
0o 1 0 -1 1 0 1

Between these two similarity matrices and Theorem 3.3, this accounts for all ways to coalesce onto subsets of
vertices and maintain cospectrality. In particular, we have that G; o1 H and G501 H are always cospectral
for the distance matrix for arbitrary H; Gy og H and G og H are always cospectral for the distance matrix
for arbitrary H; but G oy 8y H and G oy gy H are not always cospectral for the distance matrix.

4.6. Forming large cospectral graphs without cut vertices for the adjacency matrix. Co-
alescing can be a tool to form large cospectral graphs, but the results always have cut vertices where the
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R

(H?BF~z~, H7Bvfn")

Wi

(HCXjZ~~, HCdcv™~

iy

(H?BDzz~, H?‘E""})

P

(H?‘Ffz~, H?‘E~"})

A\\‘q’flﬁ

",» 4\"

(H?ze| | ~, HCpV~z

&%

(H??EFbN, H?ABBBz)

He

(H?¢@f~~, H?‘E]"")

(H??EF~}, H??Ffb")

Fic. 7. All pairs of cospectral graphs on nine vertices with respect to the distance matrixz which have no similarity matriz

S satisfying SJ = JS.

coalescing occurred. For the adjacency matrix, we can get around this by using coalescing with the gener-
alized distance matrix, D,

The idea is to use functions f : 0,1,... — {0,1}.
graphs for Df and then add in edges for vertices which are given distances apart. The results will always be
cospectral. As an example, in Fig. 9, we have an example of two cospectral graphs, G; = JC0_7c]@_S?7 and
Go = JCO_7sAB_k?, and their decompositions (in the notation of Theorem 3.4). The corresponding unions
of any subset of these graphs are cospectral. The common similarity matrix for these graphs is

In other words, we can take pairs of cospectral
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(a) G1 = GE{SzwW (b) G2 = GEBb{w

Fic. 8. Graphs which have two similarity matrices for the distance matriz with different block structures.

In general, start with a pair of graphs that are cospectral for D, then build large graphs that are
cospectral for Df by coalescing. Finally, by taking unions of various distances, it is possible to eliminate cut
vertices. We also note that for any such resulting graphs that the complements will also be cospectral (by
taking the union of the complements of the distances).
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