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EXTREMAL SPECTRAL RADII OF UNIFORM SUPERTREES∗

GUANGLONG YU† , LIN SUN‡ , LIJUN PAN‡ , AND HAILIANG ZHANG§

Abstract. For a hypergraph G = (V,E) consisting of a nonempty vertex set V = V (G) and an edge set E = E(G), its

adjacency matrix AG = [(AG)ij ] is defined as (AG)ij =
∑

e∈Eij
1
|e|−1

, where Eij = {e ∈ E : i, j ∈ e}. The spectral radius

of a hypergraph G, denoted by ρ(G), is the maximum modulus among all eigenvalues of AG . In this paper, we represent some

results on the spectral radius changing under some graphic structural perturbations. With these results, among all k-uniform

(k ≥ 3) supertrees with fixed number of vertices, the supertrees with the maximum, the second maximum, and the minimum

spectral radius are completely determined, respectively.
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1. Introduction. In the past 20 years, some different connectivity hypermatrices (or tensors) had been

defined and been developed to explore spectral hypergraph theory [1–5, 9, 12–16,18–20,24, 27–30,32, 35, 36].

Using different hypermatrices for general hypergraphs, many interesting spectral properties have been studied

that many properties of spectral graph theory have been extended to spectral hypergraph theory. A lot of

interesting results have emerged and the spectra of hypergraphs have been further studied [6–8,10,21,22,25,

34, 39–42]. In [2], A. Banerjee introduced an adjacency matrix and use its spectrum so that some spectral

and structural properties of hypergraphs are revealed. In this paper, we go on studying the spectra of

hypergraphs according to the adjacency matrix introduced in [2].

Now we recall some notations and definitions related to hypergraphs. For a set S, we denote by |S|
its cardinality. A hypergraph G = (V,E) consists of a nonempty vertex set V = V (G) and an edge set

E = E(G), where each edge e ∈ E(G) is a subset of V (G) containing at least two vertices. The cardinality

n = |V (G)| is called the order; m = |E(G)| is called the edge number of hypergraph G. Denote by t-set a

set with size (cardinality) t. We say that a hypergraph G is uniform if its every edge has the same size and

call it k-uniform if its every edge has size k (i.e., every edge is a k-subset). It is known that a 2-uniform

graph is always called a ordinary graph or graph for short.

For a hypergraph G, we define G − e (G + e) to be the hypergraph obtained from G by deleting the edge

e ∈ E(G) (by adding a new edge e if e /∈ E(G)); for an edge subset B ⊆ E(G), we define G − B to be the

hypergraph obtained from G by deleting each edge e ∈ B; for a vertex subset S ⊆ V (G), we define G − S
to be the hypergraph obtained from G by deleting all the vertices in S and deleting the edges incident with

any vertex in S. For two k-uniform hypergraphs G1 = (V1, E1) and G2 = (V2, E2), we say the two graphs are
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isomorphic if there is a bijection f from V1 to V2, and there is a bijection g from E1 to E2 that maps each

edge {v1, v2, . . ., vk} to {f(v1), f(v2), . . ., f(vk)}.

In a hypergraph, two vertices are said to be adjacent if both of them are contained in an edge. Two

edges are said to be adjacent if their intersection is not empty. An edge e is said to be incident with a

vertex v if v ∈ e. The neighbor set of vertex v in hypergraph G, denoted by NG(v), is the set of vertices

adjacent to v in G. The degree of a vertex v in G, denoted by degG(v) (or deg(v) for short), is the number

of the edges incident with v. For a hypergraph G, among all of its vertices, we denote by ∆(G) (or ∆ for

short) the maximal degree and denote by δ(G) (or δ for short) the minimal degree, respectively. A vertex

of degree 1 is called a pendant vertex. A pendant edge is an edge with at most one vertex of degree more

than one and other vertices in this edge being all pendant vertices.

In a hypergraph, a hyperpath of length q (q-hyperpath) is defined to be an alternating sequence of vertices

and edges v1e1v2e2 · · · vqeqvq+1 such that (1) v1, v2, . . ., vq+1 are all distinct vertices; (2) e1, e2, . . ., eq are all

distinct edges; (3) vi, vi+1 ∈ ei for i = 1, 2, . . ., q; (4) ei∩ ei+1 = vi+1 for i = 1, 2, . . ., q−1; (5) ei∩ ej = ∅ if

|i− j| ≥ 2. If there is no discrimination, a hyperpath is sometimes written as e1e2 · · · eq−1eq, e1v2e2 · · · vqeq
or v1e1v2e2 · · · vqeq. A hypercycle of length q (q-hypercycle) v1e1v2e2 · · · vq−1eq−1vqeqv1 is obtained from

a hyperpath v1e1v2e2 · · · vq−1eq−1vq by adding a new edge eq between v1 and vq where eq ∩ e1 = {v1},
eq ∩ eq−1 = {vq}, eq ∩ ej = ∅ if j 6= 1, q − 1, and |q − j| ≥ 2. The length of a hyperpath P (or a hypercycle

C), denoted by L(P ) (or L(C)), is the number of the edges in P (or C). A hypergraph G is connected if

there exists a hyperpath from v to u for all v, u ∈ V , and G is called acyclic if it contains no hypercycle.

Recall that a tree is an ordinary graph which is 2-uniform, connected, and acyclic. A supertree is

similarly defined to be a hypergraph which is both connected and acyclic. Clearly, in a supertree, its each

pair of the edges have at most one common vertex. Therefore, the edge number of a k-uniform supertree of

order n is m = n−1
k−1 .

Let G = (V,E) be an ordinary graph (2-uniform). For every k ≥ 3, the kth power of G, denoted

by Gk = (V k, Ek), is defined as the k-uniform hypergraph with the edge set Ek = {e ∪ {ve1 , ve2 , . . .,

vek−2
} : e ∈ E} and the vertex set V k = V ∪ (∪e∈E{ve1 , ve2 , . . ., vek−2

}), where V ∩ (∪e∈E{ve1 , ve2 , . . .,

vek−2
}) = ∅, {ve1 , ve2 , . . ., vek−2

} ∩ {vf1 , vf2 , . . ., vfk−2
} = ∅ for e 6= f , e, f ∈ E. The kth power of an

ordinary tree is called a hypertree. Obviously, a hypertree is a supertree.

Denote by P(n, k) the k-uniform hyperpath of order n. A k-uniform superstar of order n, denoted by

S∗(n, k) (see Fig. 1), is a supertree in which all edges intersect at just one common vertex. A k-uniform

double hyperstar of order n, denote by S(n, k; l1, l2) where l1, l2 ≥ 1 (see Fig. 1), is a supertree obtained by

attaching l1 pendant edges at vertex u1 of an edge e and attaching l2 pendant edges at the other vertex u2
of edge e, where u1 6= u2.

q

q q q
q q

S∗(n, k) S(n, k; 2, 2)

u1 u2

e

Fig. 1. S∗(n, k) and S(n; 2, 2).
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Let Eij = {e ∈ E : i, j ∈ e}. The adjacency matrix AG = [(AG)ij ] of a hypergraph G is defined as:

(AG)ij =
∑
e∈Eij

1

|e| − 1
.

It is easy to find that AG is symmetric if there is no requirement for direction on hypergraph G and find that

AG is very convenient to be used to investigate the spectum of a hypergraph even without the requirement

for edge uniformity. The spectral radius ρ(G) of a hypergraph G is defined to be the spectral radius ρ(AG),

which is the maximum modulus among all eigenvalues of AG . In spectral theory of hypergraphs, the spectral

radius is an index that attracts much attention due to its fine properties [3,4,7,8,17,20,22,25,33,35,37,41].

We assume that the hypergraphs throughout this paper are simple, that is, ei 6= ej if i 6= j, and

assume the hypergraphs throughout this paper are undirected. In this paper, we represent some results on

the spectral radius changing under some graphic structural perturbations. With these results, among all

k-uniform (k ≥ 3) supertrees with fixed number of vertices, the supertrees with the maximum, the second

maximum, and the minimum spectral radius are completely determined, respectively, getting the following

result:

Theorem 1.1. Let G be a k-uniform (k ≥ 3) supertree of order n. Then ρ(G) ≤ ρ(S∗(n, k)) with equality if

and only if G ∼= S∗(n, k).

Theorem 1.2. Let G be a k-uniform (k ≥ 3) supertree of order n and with m(G) ≥ 3 satisfying that

G � S∗(n, k). Then ρ(G) ≤ ρ(S(n, k; n−1k−1 − 2, 1)) with equality if and only if G ∼= S(n, k; n−1k−1 − 2, 1).

Theorem 1.3. Let G be a k-uniform (k ≥ 3) supertree of order n. Then ρ(P(n, k)) ≤ ρ(G) with equality if

and only if G ∼= P(n, k).

Corollary 1.4. Suppose T k (k ≥ 3) of order n is the kth power of ordinary tree T . Then

(1) ρ(T k) ≤ S∗(n, k) with equality if and only if T k ∼= S∗(n, k).

(2) ρ(P(n, k)) ≤ ρ(T k) with equality if and only if T k ∼= P(n, k).

The layout of this paper is as follows: Section 2 introduces some basic knowledge and working lemmas;

Section 3 represents our results.

2. Preliminary. For the requirements in the narrations afterward, we need some prepares. For a

hypergraph G with vertex set {v1, v2, . . ., vn}, and X = (xv1 , xv2 , . . . , xvn)T ∈ Rn on G is a vector that

entry xvi is mapped to vertex vi for 1 ≤ i ≤ n.

From [26], by the famous Perron–Frobenius theorem, for AG of a connected uniform hypergraph G of

order n, we know that there is one unique positive eigenvector X = (xv1 , xv2 , . . ., xvn)T ∈ Rn++ (Rn++ means

the set of positive real vectors of dimension n) corresponding to ρ(G), where
∑n
i=1 x

2
vi = 1 and each entry

xvi is mapped to each vertex vi for 1 ≤ i ≤ n. We call such an eigenvector X the principal eigenvector of

G.

Let A be an irreducible nonnegative n×n real matrix (with every entry being real number) with spectral

radius ρ(A). The following extremal representation (Rayleigh quotient) will be useful:

ρ(A) = max
X∈Rn,X 6=0

XTAX

XTX
,

and if a vector X satisfies that XTAX
XTX

= ρ(A), then AX = ρ(A)X.
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Lemma 2.1. Let A be an irreducible nonnegative square real matrix with order n and spectral radius ρ,

Y ∈ Rn+ \ {0}n be a nonnegative vector (Rn+ means the set of nonnegative real vectors of dimension n,

{0}n = {(0, 0, . . . , 0)T }). If AY ≥ ρY , then AY = ρY .

Proof. Note the relation between the spectral radius and Rayleigh quotient for an irreducible nonnegative

square real matrix. It follows that Y TAY
Y TY

= ρ, and AY = ρY . Thus, the result follows. This completes the

proof. 2

Lemma 2.2. [38] Let A be an irreducible nonnegative square symmetric real matrix with order n and

spectral radius ρ, Y ∈ Rn+ \ {0}n be a nonnegative vector. If there exists r ∈ R+ such that AY ≤ rY , then

ρ ≤ r. Similarly, if there exists r ∈ R+ such that AY ≥ rY , then ρ ≥ r.

3. Main results. Let X be an eigenvector of a connected k-uniform hypergraph G. For the simplicity,

we let xe =
∑

i<j,vi,vj∈e
xvixvj for an edge e = {v1, v2, . . ., vk}.

Lemma 3.1. Let e1 = {v1,1, v1,2, . . ., v1,k}, e2 = {v2,1, v2,2, . . ., v2,k}, . . ., ej = {vj,1, vj,2, . . ., vj,k} be

some edges in a connected k-uniform hypergraph G; vu,1, vu,2, . . ., vu,t be vertices in G that t < k. For

1 ≤ i ≤ j, {vu,1, vu,2, . . . , vu,t} * ei, e
′
i = (ei \ {vi,1, vi,2, . . . , vi,t}) ∪ {vu,1, vu,2, . . . , vu,t} satisfying that

e′i /∈ E(G). Let G′ = G −
∑
ei +

∑
e′i. If in the principal eigenvector X of G, for 1 ≤ i ≤ j, xvi,1 ≤ xvu,1 ,

xvi,2 ≤ xvu,2 , . . ., and xvi,t ≤ xvu,t , then ρ(G′) > ρ(G).

Proof. Note that XT (AG′ −AG)X = 2
k−1

∑
(xe′i − xei) ≥ 0. It follows that ρ(G′) ≥ ρ(G). If ρ(G′) = ρ(G),

then ρ(G′) = XTAG′X = XTAGX = ρ(G). It follows that AG′X = ρ(G′)X = ρ(G)X = AGX. Without loss

of generality, suppose vu,1 /∈ e1. Then (AG′X)vu,1−(AGX)vu,1 ≥
xv1,k
k−1 > 0, which contradicts AG′X = AGX.

Consequently, it follows that ρ(G′) > ρ(G). This completes the proof. 2

Proof of Theorem 1.1. Suppose T is a k-uniform supertree of order n satisfying that ρ(T ) = max{ρ(G) : G
is a k-uniform supertree of order n}. Let X be the principal eigenvector of T and xu = max{xv : v ∈ V (T )}.
Suppose that T � S∗(n, k). Then in T , there exist edges not incident with vertex u. Suppose e′ is not

incident with vertex u. Note that T is connected. Then there is a hyperpath P = ue1v1e2v2 · · · vte′ from u

to e′. Let e′2 = (e2 \ {v1}) ∪ {u}, and T ′ = T − e2 + e′2. Then by Lemma 3.1, it follows that ρ(T ′) > ρ(T ),

which contradicts the maximality of ρ(T ). Hence, it follows that T ∼= S∗(n, k). This completes the proof. 2

Proof of Theorem 1.2. Let Λ = {G : G be a k-uniform supertree of order n and G � S∗(n, k)}.
Suppose T ∈ Λ satisfies that ρ(T ) = max{ρ(G) : G ∈ Λ}. Let X be the principal eigenvector of T and

xu = max{xv : v ∈ V (T )}. Note that T � S∗(n, k), and T is connected. Then in T , there exist a hyperpath

P = ue1v1e2.

Assertion. Except edges e1, e2, any one of other edges is incident with vertex u.

Otherwise, suppose one edge et is not incident with vertex u. Note that T is connected. Then there is

a hyperpath P = uea1va1ea2va2 · · · vatet from u to et.

Claim 1. If e1 ∈ E(P), then ea1 = e1.

Otherwise, suppose eai = e1 where 1 < i ≤ t. Then uea1va1ea2va2 · · · vaieaiu contains cycle, which

contradicts that T is a supertree.

In the same way, we get the following Claim 2.
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Claim 2. If e2 ∈ E(P), then ea1 = e1, ea2 = e2.

Therefore, there three cases to consider, which are (1) ea1 = e1, e2 /∈ E(P); (2) ea1 = e1, ea2 = e2;

and (3) e1 /∈ E(P), e2 /∈ E(P). For the case that ea1 = e1, e2 /∈ E(P), let e′a2 = (ea2 \ {va1}) ∪ {u}, and

T ′ = T − ea2 + e′a2 , where T ′ ∈ Λ. Then by Lemma 3.1, it follows that ρ(T ′) > ρ(T ), which contradicts the

maximality of ρ(T ). In the same way, for the cases (2) and (3), we can get a supertree T ′ where T ′ ∈ Λ,

such that ρ(T ′) > ρ(T ) which contradicts the maximality of ρ(T ). Thus, our assertion holds.

From the above assertion, it follows that T ∼= S(n, k; n−1k−1 − 2, 1). This completes the proof. 2

Lemma 3.2. [23] Let A be an irreducible nonnegative square matrix with order n and spectral radius ρ.

Let sAi be the ith row sum, sA = min{sAi : 1 ≤ i ≤ n}, and SA = max{sAi : 1 ≤ i ≤ n}. Then sA ≤ ρ ≤ SA
with either one equality if and only if A is regular (all of the row sums of A are equal).

From Lemma 3.2, combining with hypergraph, we can get the following corollary naturally.

Corollary 3.3. For a connected hypergraph G, we have δ ≤ ρ(G) ≤ ∆ with either one equality if and only

if G is regular, where δ is the minimum degree and ∆ is the maximum degree.

Using Lemma 3.2, we can get an improvement for Lemma 2.2.

Lemma 3.4. Let A be an irreducible nonnegative square symmetric real matrix with order n and spectral

radius ρ, y ∈ Rn++ be a positive vector. If there exists r ∈ R+ such that Ay ≤ ry, then ρ ≤ r with equality

if and only if Ay = ry. Similarly, if there exists r ∈ R+ such that Ay ≥ ry, then ρ ≥ r with equality if and

only if Ay = ry.

Proof. Using Lemma 2.2 gets that ρ ≤ r if Ay ≤ ry; ρ ≥ r if Ay ≥ ry. Next, we prove the conclusion for

ρ = r.

We first prove the conclusion that ρ = r if and only if Ay = ry under the condition Ay ≤ ry. Suppose

y = (y1, y2, . . . , yn)T . Let B =



1
y1

0 0 · · · 0

0 1
y2

0
... 0

...

0 0
... 0 1

yn

A


y1 0 0 · · · 0

0 y2 0
... 0

...

0 0
... 0 yn

. Denote by ρ(B)

the spectral radius of B. Note that the eigenvalues of B are the same to the eigenvalues of A; ρ = r means

ρ(B) = r. Note that Ay ≤ ry means SB ≤ r; ρ(B) = r means all of the row sums of B equals r by Lemma

3.2, which implies that Ay = ry. As a result, it follows that under the condition that Ay ≤ ry, if ρ = r,

then Ay = ry. Conversely, if Ay = ry, then all of the row sums of B equals r, and then ρ(B) = r = ρ.

In the same way, we get that ρ = r if and only if Ay = ry under the condition that Ay ≥ ry. This

completes the proof. 2

Lemma 3.5. (1) Suppose c > 0, d > 0, a − c > 0, b − d > 0. If a
b ≥

c
d , then

a−c
b−d ≥

a
b with equality if and

only if ab = c
d . Moreover, if ab >

c
d , then

a−c
b−d >

a
b .

(2) Suppose c > 0, d > 0, a − c > 0, b − d > 0. If a
b ≥

c
d , then

a+c
b+d ≤

a
b with equality if and only if

a
b = c

d . Moreover, if ab >
c
d , then

a+c
b+d <

a
b .

(3) Suppose a
b ≥ 1, b > c > 0. Then a−c

b−c ≥
a
b .
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Proof. (1) From a
b ≥

c
d , it follows that ab− bc ≥ ab− ad, which induces a−c

b−d ≥
a
b . In the same way, we get

that a−c
b−d >

a
b if a

b >
c
d . Then (1) follows.

(2) is proved as (1). (3) is a corollary following from (1). This completes the proof. 2

qqq
v1

qqq q
vk

Fig. 2. e0, e1, e2 in G.

e1
e0 e2

v2 v3
q

vk−1

Lemma 3.6. Let G be a hypergraph with spectral radius ρ, e0, e1, e2 be three edges in G with e0 = {v1,
v2, . . ., vk−1, vk}, satisfying that degG(v2) = degG(v3) = · · · degG(vk−1) = 1 (k ≥ 3), e1 ∩ e0 = {v1},
e2 ∩ e0 = {vk} (see Fig. 2). Let X be the principal eigenvector of hypergraph G. Then xv2 = xv3 = · · · =
xvk−1

=
xv1+xvk

(k−1)ρ−(k−3) < min{xv1 , xvk}.

Proof. For 2 ≤ i ≤ k−1, we prove xvi < min{xv1 , xvk} by contradiction. Suppose that min{xv1 , xvk} = xv1 ,

and xvz ≥ min{xv1 , xvk} for some 2 ≤ z ≤ k − 1. Let e′1 = (e1 \ {v1}) ∪ {vz} and G1 = G − e1 + e′1. Using

Lemma 3.1 gets ρ(G1) > ρ(G). But it contradicts ρ(G1) = ρ(G) because G1 ∼= G. As a result, for 2 ≤ i ≤ k−1,

it follows that xvi < min{xv1 , xvk}.

Note that ρxv2 = 1
k−1 (xv1 + xv3 +

∑k
i=4 xvi), ρxv3 = 1

k−1 (xv1 + xv2 +
∑k
i=4 xvi). It follows that

(ρ + 1
k−1 )(xv2 − xv3) = 0. Note that ρ > 1 by Corollary 3.3. Then we get xv2 = xv3 . Proceeding like

this, we get that xv2 = xv3 = · · · = xvk−1
. Thus from ρxv2 = 1

k−1 ((k − 3)xv3 + xv1 + xvk), it follows that

xv2 =
xv1+xvk

(k−1)ρ−(k−3) . Thus, the result follows. This completes the proof. 2

Simillar to Lemma 3.6, we get the following Lemma 3.7.

Lemma 3.7. Let G be a hypergraph with spectral radius ρ, e = {u, v1, v2, . . ., vk−1} be a pendant edge

in G (k ≥ 2), where degG(u) ≥ 2. Then in the principal eigenvector X of G, xv1 = xv2 = · · · = xvk−1
=

xu
(k−1)ρ−(k−2) < xu.

Lemma 3.8. Suppose G is a connected hypergraph with spectral radius ρ and principal eigenvector X. e1,

e2, e3, e4 are edges in G, where |e1|, |e2|, |e3|, |e4| ≥ 3, e1 ∩ e2 = {v1}, e1 ∩ e4 = {v2}, e2 ∩ e3 = {v3},
degG(v1) = degG(v2) = degG(v3) = 2, degG(v) = 1 for v ∈ (e1 ∪ e2) \ {v1, v2, v3}.

(1) Let e′ ⊂ (e1 ∪ e2) satisfy that {v2, v3} ⊆ e′, e′ /∈ E(G). Let G0 = G − e1 − e2 + e′ and t = |e′| (see
Fig. 3).

(1.1) If t ≥ max{|e1|, |e2|}, xv1 ≥ xv2 , xv1 ≥ xv3 , then ρ(G0) ≤ ρ(G) with equality if and only if

|e′| = |e1| = |e2| and xv1 = xv2 = xv3 . Moreover, if t > max{|e1|, |e2|}, xv1 ≥ xv2 , xv1 ≥ xv3 , then

ρ(G0) < ρ(G).

(1.2) If t ≤ max{|e1|, |e2|}, xv1 ≤ xv2 , xv1 ≤ xv3 , then ρ(G0) ≥ ρ(G) with equality if and only if

|e′| = |e1| = |e2| and xv1 = xv2 = xv3 . Moreover, if t < max{|e1|, |e2|}, xv1 ≤ xv2 , xv1 ≤ xv3 , then

ρ(G0) > ρ(G).

(2) Let e′1 = (e1 \ {v1}) ∪ {u}, e′2 = (e2 \ {v1}) ∪ {u}, e′ = {v1, u1, u2, . . ., ut−2, u} where u /∈ V (G),

ui /∈ V (G) for 1 ≤ i ≤ t− 2, G1 = G − e1 + e′1 + e′, G2 = G − e2 + e′2 + e′ (see Fig. 3).
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Fig. 3. G0, G1, G2.
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(2.1) If t ≤ min{|e1|, |e2|}, xv1 ≥ xv2 , xv1 ≥ xv3 , then ρ(G1) ≥ ρ(G), ρ(G2) ≥ ρ(G) with either equality

holding if and only if |e′| = |e1| = |e2|, xv1 = xv2 = xv3 = xu and xz = xω for z, ω ∈ (e1∪e2∪e′)\{v1, v2, u}.
Moreover, if t < min{|e1|, |e2|}, xv1 ≥ xv2 , xv1 ≥ xv3 , then ρ(G1) > ρ(G), ρ(G2) > ρ(G).

(2.2) If t ≥ max{e1, e2}, xv1 ≤ xv2 , xv1 ≤ xv3 , then ρ(G1) ≤ ρ(G), ρ(G2) ≤ ρ(G) with either equality

holding if and only if |e′| = |e1| = |e2|, xv1 = xv2 = xv3 = xu and xz = xω for z, ω ∈ (e1∪e2∪e′)\{v1, v2, u}.
Moreover, if t > max{e1, e2}, xv1 ≤ xv2 , xv1 ≤ xv3 , then ρ(G1) < ρ(G), ρ(G2) < ρ(G).

Proof. (1.1) Suppose e1 = {v1, vα(1,1), vα(1,2), . . ., vα(1,j1−2), v2}, e2 = {v1, vα(2,1), vα(2,2), . . ., vα(2,j2−2),
v3}. By Lemma 3.6, we have xvα(1,w)

= xvα(1,z)
< min{xv1 , xv2} for 1 ≤ w < z ≤ j1 − 2, xvα(2,w)

= xvα(2,z)
<

min{xv1 , xv3} for 1 ≤ w < z ≤ j2 − 2. Let Y be a vector on G0 satisfying that{
yv = min{xz : z ∈ (e1 ∪ e2) \ {v1, v2, v3}}, v ∈ e′ \ {v2, v3}
yv = xv, others.

Note that |e′| ≥ max{|e1|, |e2|}, x(v1) ≥ x(v2), x(v1) ≥ x(v3). Without loss of generality, suppose

min{xv : v ∈ (e1 ∪ e2)} = xvα(2,1)
. For v ∈ (e′ \ {v2, v3}), noting that degG0(v) = 1 and xvα(2,1)

<

min{xv1 , xv3}, we have

(AG0Y )v =
(t− 3)yv + yv2 + yv3

t− 1
=

(t− 3)xvα(2,1)
+ xv2 + xv3

t− 1

=
(j2 − 3)xvα(2,1)

+ xv2 + xv3 + (t− j2)xvα(2,1)

j2 − 1 + t− j2

≤
(j2 − 3)xvα(2,1)

+ xv1 + xv3 + (t− j2)xvα(2,1)

j2 − 1 + t− j2
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≤
(j2 − 3)xvα(2,1)

+ xv1 + xv3
j2 − 1

(by Lemma 3.5)

= ρxvα(2,1)
= ρyv.

In the same way, we get

(AG0Y )v2 =
(t− 2)xvα(2,1)

+ yv3
t− 1

=
(t− 2)xvα(2,1)

+ xv3
t− 1

≤ ρxv2 = ρyv2 ;

(AG0Y )v3 =
(t− 2)xvα(2,1)

+ yv2
t− 1

=
(t− 2)xvα(2,1)

+ xv2
t− 1

≤ ρxv3 = ρyv3 ;

for v ∈ (V (G0) \ e′), (AG0Y )v = (AGX)v = ρyv. By Lemma 2.2, it follows that ρ(G0) ≤ ρ(G). Note that Y

is positive. Combining Lemma 3.4, we find that if ρ(G0) = ρ(G), then AG0Y = ρY . Thus, it follows that

|e′| = |e1| = |e2| and xv1 = xv2 = xv3 . Conversely, if |e′| = |e1| = |e2| and xv1 = xv2 = xv3 , then it can

be checked as above that for v ∈ (e′ \ {v2, v3}), (AG0Y )v = ρyv; (AG0Y )v2 = ρyv2 ; (AG0Y )v3 = ρyv3 ; for

v ∈ (V (G0) \ e′), (AG0Y )v = (AGX)v = ρyv. Thus, it follows that ρ(G0) = ρ(G).

If t > max{|e1|, |e2|}, xv1 ≥ xv2 , xv1 ≥ xv3 , combining Lemma 3.5, as the above proof, we get ρ(G0) <

ρ(G).

From the above narrations, then (1.1) follows as desired.

(1.2) Let Y be a vector on G0 satisfying that{
y(v) = max{xz : z ∈ (e1 ∪ e2) \ {v1, v2, v3}}, v ∈ e′ \ {v2, v3}
y(v) = xv, others.

Then (1.2) is proved as (1.1).

(2.1) For both G1 and G2, let Y be a vector satisfying that
y(u) = xv1
y(v) = max{xz : z ∈ (e1 ∪ e2) \ {v1, v2, v3}}, v ∈ e′ \ {v1, u}
y(v) = xv, others.

Then (2.1) is proved as (1.1).

(2.2) For both G1 and G2, let Y be a vector satisfying that
y(u) = xv1
y(v) = min{xz : z ∈ (e1 ∪ e2) \ {v1, v2, v3}}, v ∈ e′ \ {v1, u}
y(v) = xv, others.

Then (2.2) is proved as (1.1).

Thus the result follows. This completes the proof. 2

Lemma 3.9. Let e be a new edge not containing in connected hypergraph G. Let G′ = G + e. If G′ is also

connected, then ρ(G′) > ρ(G).

Proof. Let X be the principal eigenvector of G, Y be a vector on G′ satisfying that
yv = xv, v ∈ V (G)

yv = 0, others.
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Then Y TAG′Y − XTAGX ≥ 0, Y TY = XTX. It follows that ρ(G′) ≥ ρ(G). Suppose that ρ(G′) = ρ(G).

Then ρ(G′) = Y TAG′Y = XTAGX = ρ(G), and then Y is a principal eigenvector of G′. If there exists

yv = 0, then we get a contradiction because the principal eigenvector of G′ is positive by Perron–Frobenius

theorem.

Suppose Y is positive next. Note that Y = X if Y is positive. It follows that V (G′) = V (G) now. Denote

by e = {v1, v2, . . ., vk}. Then e ⊆ V (G), and

ρ(G′)yv1 = (AG′Y )v1 = (AG′X)v1 +
1

k − 1

k∑
i=2

xvi = ρ(G)xv1 +
1

k − 1

k∑
i=2

xvi > ρ(G)xv1 ,

which contradicts ρ(G′) = ρ(G). As a result, we get that ρ(G′) > ρ(G). This completes the proof. 2

Denote by G(Dv; p, q; vp+qH) the k-uniform connected hypergraph obtained from k-uniform hypergraph

D and k-uniform hypergraph H by adding a pendant path P1 with length p at vertex v of D and adding a

path P2 with length q between vertex v and vertex vp+q of H, where D and H are two disjoint hypergraphs,

V (P1) ∩ V (D) = {v}, V (P2) ∩ V (D) = {v}, V (P2) ∩ V (H) = {vp+q} (see two examples in Fig. 4). In

particular, if H = vp+q, we denote by G(Dv; p, q; vp+q) for G(Dv; p, q; vp+qH) for short.

q q q qq q q
q q qq q qD v

v1 vp

vp+1
vp+q H

G(Dv; p, q; vp+qH)

q q q q q q q q q q q q q
G(Dv; 0, p+ q; vp+qH)

Fig. 4. G(Dv; p, q; vp+qH) and G(Dv; 0, p+ q; vp+qH).

D Hv
vp vp+1

vp+q
v1

e1
q

e2

v2
epqv2e1

e2 ep

ep+1

ep+1

Lemma 3.10. If p, q > 0, then ρ(G(Dv; p, q; vp+qH)) > ρ(G(Dv; 0, p+ q; vp+qH)).

Proof. Let X be the principal eigenvector of the uniform hypergraph G((Dv; 0, p+q; vp+qH)). Assume that

inD, the edges incident with v are ε1, ε2, . . ., εη. Let e′p+1 = (ep+1\{vp})∪{v}, G1 = G((Dv; 0, p+q; vp+qH))−
ep+1 + e′p+1. If xv ≥ xvp , then ρ(G1) > ρ(G(Dv; 0, p + q; vp+qH)) by Lemma 3.1. Let ε′i = (εi \ {v}) ∪ {vp}
for 1 ≤ i ≤ η, G2 = G((Dv; 0, p + q; vp+qH)) −

∑η
i=1 εi +

∑η
i=1 ε

′
i. If xv ≤ xvp , then ρ(G2) > ρ(G(Dv; 0, p +

q; vp+qH)) by Lemma 3.1. Note that both G1 and G2 are isomorphic to G(Dv; p, q; vp+qH). Thus, we get

that ρ(G(Dv; p, q; vp+qH)) > ρ(G(Dv; 0, p+ q; vp+qH)). This completes the proof. 2

r r r r r r r r r r r r r
Fig. 5. G(Dv0; 0, t; vt).

D v0
vp

ep ep+1

vp+1 vt
v1 r r r rrrvζ vζ+1vζ−1 vp−1 vt−1

e1 eζ−1 eζ+1 et

Lemma 3.11. Let X be the principal eigenvector of the uniform hypergraph G(Dv0; 0, t; vt). Denote by

P = v0e1v1e2v2 · · · etvt the pendant path from vertex v0 to vertex vt in G(Dv0; 0, t; vt) and ei = {vi−1, va(i,1),
va(i,2), . . ., va(i,k−2), vi} for 1 ≤ i ≤ t (see Fig. 5). Suppose xvp = max{xvi : 0 ≤ i ≤ t}. Then
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(1) p ≤ t− 1.

Let t = p+ q. Moreover, we have

(2) if p > 0, then xvi ≤ xvi+1
for 0 ≤ i ≤ p− 1, xvi ≥ xvi+1

for p ≤ i ≤ t− 1; if p = 0, then xvi ≥ xvi+1

for 0 ≤ i ≤ t− 1.

(3) if p > 0 and there exists ω ≤ p and η ≤ q such that xvp−ω ≥ xvp+η , then

(3.1) if ω ≤ η, then xvp−ω+i
≥ xvp+η−i for 0 ≤ i ≤ ω, xva(p−ω+i,1)

≥ xva(p+η−i+1,1)
for 1 ≤ i ≤ ω.

(3.2) if ω ≥ η, then xvp−ω+i
≥ xvp+η−i for 0 ≤ i ≤ η − 1, xvj = xvp for p − ω + η ≤ j ≤ p, and

xva(p−ω+i,1)
≥ xva(p+η−i+1,1)

for 1 ≤ i ≤ η.

(4) if p > 0 and there exists ω ≤ p and η ≤ q such that xvp−ω ≤ xvp+η , then

(4.1) if ω ≤ η, then xvp−ω+i
≤ xvp+η−i for 0 ≤ i ≤ ω − 1, xvj = xvp for p + 1 ≤ j ≤ p + η − ω, and

xva(p−ω+i,1)
≤ xva(p+η−i+1,1)

for 1 ≤ i ≤ ω.

(4.2) if ω ≥ η, then xvp−ω+i
≤ xvp+η−i for 0 ≤ i ≤ η, xva(p−ω+i,1)

≤ xva(p+η−i+1,1)
for 1 ≤ i ≤ η.

(5) if p > 0 and there exists ω ≤ p, η ≤ q such that xvp−ω = xvp+η , then

(5.1) if ω ≤ η, then xvp−ω+i
= xvp+η−i for 0 ≤ i ≤ ω − 1, xvj = xvp for p + 1 ≤ j ≤ p + η − ω, and

xva(p−ω+i,1)
= xva(p+η−i+1,1)

for 1 ≤ i ≤ ω.

(5.2) if ω ≥ η, then xvp−ω+i
= xvp+η−i for 0 ≤ i ≤ η − 1, xvj = xvp for p− ω + η ≤ j ≤ p, xva(p−ω+i,1)

=

xva(p+η−i+1,1)
for 1 ≤ i ≤ η.

Proof. (1) By Lemma 3.7, it follows that xvt < xvt−1
. Thus, p ≤ t− 1.

(2) Using Lemma 3.6 gets that for 1 ≤ i ≤ t− 1,

xva(i,1) = xva(i,2) = · · · = xva(i,k−2)
< min{xvi−1

, xvi}.

Note that G(Dv0; 0, t; vt) is uniform and p ≤ t− 1.

Case 1. p > 0.

Claim. xv0 ≤ xv1 ≤ xv2 ≤ · · · ≤ xvp . If p = 1, this claim hold naturally.

For p ≥ 2, we prove this claim by contradiction. Suppose that xvz (0 ≤ z ≤ p−1) is the first vertex from 0

to p−1 such that xvz > xvz+1
. Then there exists z+1 ≤ ζ ≤ p−1 such that xvz > xvz+1

≥ · · · ≥ xvζ ≤ xvζ+1
.

Let e′ = {vζ , u1, u2, . . ., uk−2, u}, e′ζ = (eζ \ {vζ}) ∪ {u}, where u /∈ V (G), ui /∈ V (G) for 1 ≤ i ≤ t − 2,

G1 = G − eζ + e′ζ + e′, G2 = G1 − {va(t,1), va(t,2), . . ., va(t,k−2), vt}. By Lemma 3.8 and Lemma 3.9, we get

that ρ(G2) < ρ(G1) ≤ ρ(G), which contradicts ρ(G) = ρ(G2) because G2 ∼= G. Thus, our claim holds.

In the same way, it is proved that xvp ≥ xvp+1 ≥ xvp+2 ≥ · · · ≥ xvt−1 . Combining Lemma 3.7, we get

that xvp ≥ xvp+1 ≥ xvp+2 ≥ · · · ≥ xvt−1 > xvt .

Case 2. p = 0. As Case 1, it is proved that xvi ≥ xvi+1 for 0 ≤ i ≤ t− 1. Thus, (2) follows.
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(3) If ω ≤ η, we let Y be a vector on G(Dv0; 0, t; vt) satisfying that

yvp−ω+i
= max{xvp−ω+i

, xvp+η−i} 0 ≤ i ≤ η;

yva(p−ω+i,j)
= max{xva(p−ω+i,1)

, xva(p+η−i+1,1)
} 1 ≤ i ≤ ω, 1 ≤ j ≤ k − 2;

yv = xv others.

As the proof of Lemma 3.8, it is proved that A(G(Dv0; 0, t; vt))Y ≥ ρ(G(Dv0; 0, t; vt))Y . Using Lemma

2.1 gets that A(G(Dv0; 0, t; vt))Y = ρ(G(Dv0; 0, t; vt))Y . Note that G(Dv0; 0, t; vt) is connected. Then

A(G(Dv0; 0, t; vt)) is irreducible. Consequently, it follows that the dimension of the eigenspace of the eigen-

value ρ(G(Dv0; 0, t; vt)) is 1. Then Y = lX for some l > 0. Then (3.1) follows.

(3.2), (4.1), and (4.2) are proved in the same way. (5) follows from (3) or (4).

This completes the proof. 2

Lemma 3.12. L0, L1, L2, . . . , Lf (f ≥ 1) are positive integers satisfying L1 ≤ L2 ≤ · · · ≤ Lf ≤ L0 − 1

and
∑f
i=0 Li = t. For an integer µ > 0, if t − µ ≥ L0, then there exists some 1 ≤ j ≤ f such that

t− µ > L1 + · · ·+ Lj, but L0 + L1 + · · ·+ Lj > t− µ.

Proof. If
∑f
i=1 Li < t− µ, then t =

∑f
i=0 Li > t− µ follows naturally. Thus, the result holds.

Suppose
∑f
i=1 Li ≥ t − µ. Note that t − µ ≥ L0 and L1 ≤ L2 ≤ · · · ≤ Lf ≤ L0 − 1. Then f ≥ 2 now,

and there exists some 1 ≤ g ≤ f − 1 such that L1 + · · · + Lg + Lg+1 ≥ t − µ, but L1 + · · · + Lg < t − µ.

Note that Lg+1 ≤ L0 − 1. Then it follows that L0 + L1 + · · ·+ Lg > t− µ, but t− µ > L1 + · · ·+ Lg. This

completes the proof. 2

r r r r r

Fig. 6. G1, G2.
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r
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ẽ2
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Lemma 3.13. D is a k-uniform hypergraph where v0 ∈ V (D). Both P = v0e1v1e2v2 · · · etvt and P0 =

v0ẽ1u1ẽ2u2 · · · ẽsus are k-uniform hyperpaths where ẽ1 = {v0, vϕ(1,1), vϕ(1,2), . . ., vϕ(1,k−2), u1}, V (D) ∩
V (P) = {v0}, V (D) ∩ V (P0) = {v0}. P1, P2, . . ., Pf (1 ≤ f ≤ k − 2) are k-uniform hyperpaths attached,
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respectively, at vertices vϕ(1,1), vϕ(1,2), . . ., vϕ(1,f) in ẽ1 satisfying 1 ≤ L(P1) ≤ L(P2) ≤ · · · ≤ L(Pf ) ≤
L(P0)− 1,

∑f
i=0 L(Pi) = t, V (D)∩ V (Pi) = ∅ for 1 ≤ i ≤ f . Let G1 be a k-uniform hypergraph of the form

G(Dv0; 0, t; vt) consisting of D and P; G2 be a k-uniform hypergraph consisting of D and P0, P1, P2, . . .,

Pf (see Fig. 6). Then ρ(G1) < ρ(G2).

Proof. For brevity, we denote by Li = L(Pi) for 0 ≤ i ≤ f . Without loss of generality, we suppose f = 3

next.

In G1, denote by ei = {vi−1, va(i,1), va(i,2), . . ., va(i,k−2), vi} for 1 ≤ i ≤ t − 1, et = {vt−1, va(t,1),

va(t,2), . . ., va(t,k−2), va(t,k−1)} where va(t,k−1) = vt. Assume that in D, the edges incident with v0 are ε1,

ε2, . . ., εη. Let X be the principal eigenvector of G1, and xvp = max{vi : 0 ≤ i ≤ t}. By Lemma 3.11, we

know that p ≤ t − 1. By Lemma 3.6 and Lemma 3.7, we know that xva(i,j) = xva(i,z) < min{xvi−1 , xvi} for

2 ≤ j, z ≤ k − 2 where 1 ≤ i ≤ t− 1, xva(t,j) = xva(t,z) for 2 ≤ j, z ≤ k − 1. By Lemma 3.11, we know that if

p > 0, then xvi ≤ xvi+1
for 0 ≤ i ≤ p− 1; if p ≥ 0, then xvi ≥ xvi+1

for p ≤ i ≤ t− 1.

Case 1. p > 0.

Subcase 1.1 t−p ≥ L0 (see Fig. 7). By Lemma 3.12, there exists 1 ≤ j ≤ 3 such that t−p > L1+· · ·+Lj ,
but L0 + L1 + · · · + Lj > t − p. Without loss of generality, we suppose j = 2. Now t − L1 − L2 > p,

t − L0 − L1 − L2 < p. Note that L3 = t − L0 − L1 − L2. For brevity and convenience, we let ξ = t − L1,

η = t− L1 − L2.

Fig. 7. G1 (t− p ≥ L0).

Subcase 1.1.1 xvη ≥ xvL3
. By Lemma 3.11, we know that xvη−1

≥ xvL3+1
.

Subcase 1.1.1.1 xv0 ≤ xva(η,1) , xvL3
≤ xva(η,2) , xvξ ≤ xva(η,3) . Let ε′i = (εi \ {v0}) ∪ {va(η,1)} for

1 ≤ i ≤ η, e′L3
= (eL3

\ {vL3
}) ∪ {va(η,2)}, e′ξ+1 = (eξ+1 \ {vξ}) ∪ {va(η,3)}; Si =

∑
v∈(εi\{v0}) xv for i = 1, 2,

. . ., η, SL3
=
∑
v∈eL3

\{vL3
}) xv, Sξ+1 =

∑
v∈(eξ+1\{vξ}) xv.

Let

G′1 = G1 −
η∑
i=1

εi +

η∑
i=1

ε′i − eL3
+ e′L3

− eξ+1 + e′ξ+1.

Then

XTA(G′1)X −XTA(G1)X =
2

k − 1
{(xva(η,1) − xv0)

η∑
i=1

Si + (xva(η,2) − xvL3
)SL3

+ (xva(η,3) − xvξ)Sξ+1} ≥ 0.

It follows that ρ(G′1) ≥ ρ(G1). Suppose ρ(G′1) = ρ(G1). Then ρ(G′1) = XTA(G′1)X = XTA(G1)X = ρ(G1).

Hence, X is also the principal eigenvector of G′1 and A(G′1)X = A(G1)X. But a contradiction comes

immediately because (A(G′1)X)va(η,1) > (A(G1)X)va(η,1) . Thus, it follows that ρ(G′1) > ρ(G1). Note that

G′1 ∼= G2. Then ρ(G2) > ρ(G1).
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Subcase 1.1.1.2 xv0 > xva(η,1) , xvL3
≤ xva(η,2) , xvt−L1

≤ xva(η,3) . Let e′1 = (e1 \ {v0}) ∪ {va(η,1)}, e′η =

(eη\{va(η,1)})∪{v0}, e′L3
= (eL3

\{vL3
})∪{va(η,2)}, e′ξ+1 = (eξ+1\{vξ})∪{va(η,3)}; S1 =

∑
v∈(e1\{v0}) xv, Sη =∑

v∈(eη\{va(η,1)}) xv, SL3
=
∑
v∈eL3

\{vL3
}) xv, Sξ+1 =

∑
v∈(eξ+1\{vξ}) xv. Note xvη ≥ xvt−L0−L1−L2

≥ xv0 ,

xη−1 ≥ xt−L0−L1−L2+1 = xL3+1. Using Lemma 3.6, we get xva(1,j) < xa(L3+1,j) < xva(η,j) < min{xvη−1 , xvη}
for 1 ≤ j ≤ k − 2. As a result, it follows that S1 ≤ Sη.

Let

G′1 = G1 − e1 + e′1 − eη + e′η − eL3 + e′L3
− eξ+1 + e′ξ+1.

Then

XTA(G′1)X −XTA(G1)X =
2

k − 1
{(xv0 − xva(η,1))Sη − (xv0 − xva(η,1))S1 + (xva(η,2) − xvL3

)SL3

+(xva(η,3) − xvξ)Sξ+1} ≥ 0.

Thus, it follows that ρ(G′1) ≥ ρ(G1). Note that (A(G′1)X)vη > (A(G1)X)vη and G′1 ∼= G2. As Subcase 1.1.1.1,

we get that ρ(G2) > ρ(G1).

Subcase 1.1.1.3 xv0 ≤ xva(η,1) , xvL3
> xva(η,2) , xvξ ≤ xva(η,3) . Let ε′i = (εi \ {v0}) ∪ {va(η,1)} for

1 ≤ i ≤ η, e′η = (eη \ {va(η,2)}) ∪ {vL3
}, e′L3+1 = (eL3+1 \ {vL3

}) ∪ {va(η,2)}, e′ξ+1 = (eξ+1 \ {vξ}) ∪ {va(η,3)}.

Let

G′1 = G1 −
η∑
i=1

εi +

η∑
i=1

ε′i − eL3+1 + e′L3+1 − eη + e′η − eξ+1 + e′ξ+1.

As Subcase 1.1.1.1 and Subcase 1.1.1.2, we get that ρ(G′1) > ρ(G1), and ρ(G2) > ρ(G1).

In the same way, for the subcases: (i) xv0 ≤ xva(η,1) , xvL3
≤ xva(η,2) , xvξ > xva(η,3) ; (ii) xv0 > xva(η,1) ,

xvL3
> xva(η,2) , xvξ ≤ xva(η,3) ; (iii) xv0 > xva(η,1) , xvL3

> xva(η,2) , xvξ > xva(η,3) ; and (iv) xv0 ≤ xva(η,1) ,

xvL3
> xva(η,2) , xvξ > xva(η,3) ; (v) xv0 > xva(η,1) , xvL3

≤ xva(η,2) , xvξ > xva(η,3) , we get that ρ(G2) > ρ(G1).

As a result, from the above narrations for Subcase 1.1.1 that xvη ≥ xvL3
, we get ρ(G2) > ρ(G1).

Subcase 1.1.2 xvη < xvL3
. By Lemma 3.11, we know that xvη−1

≤ xvL3+1
. By considering the

comparisons between xv0 and xva(L3+1,1)
, between xvξ and xva(L3+1,2)

, between xvη and xva(L3+1,3)
, as Subcase

1.1.1, we get that ρ(G2) > ρ(G1).

Subcase 1.2 t − p < L0 (see Fig. 8). Let ω = L1 + L2, ϕ = L1 + L2 + L3 + 1. By considering the

comparisons between xv0 and xva(ϕ,1) , between xvL1
and xva(ϕ,2) , between xvω and xva(ϕ,3) , as Subcase 1.1,

we get that ρ(G2) > ρ(G1).

Fig. 8. G1 (t− p < L0).

� � � � � � � � � � � � �D v0
vς vς+1 vt

v1 � � � � � �vκ vκ+1 vς−1

e1 eκ+1 eteς+1

� � � � �vL0 �
eL0

Fig. 9. G1 (p = 0).
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Case 2. p = 0 (see Fig. 9). Let κ = L0 +L1, ς = L0 +L1 +L2. By considering the comparisons between

xva(1,1) and xvL0
, between xva(1,2) and xvκ , between xva(1,3) and xvς , as Case 1, we get that ρ(G2) > ρ(G1).

This completes the proof. 2

Proof of Theorem 1.3. For k-uniform supertrees of order n, using Lemma 3.10 and Lemma 3.13 repeatedly

gets the result. This completes the proof. 2

Proof of Corollary 1.4. Note that S∗(n, k) is the kth power of the ordinary star S∗(n−1k−1 + 1, 2), P(n, k)

is the kth power of the ordinary path P (n−1k−1 +1, 2). Then the result follows from Theorem 1.1 and Theorem

1.3. This completes the proof. 2
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