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EXTREMAL SPECTRAL RADII OF UNIFORM SUPERTREES*

GUANGLONG YUT, LIN SUN#, LIJUN PAN!, AND HAILIANG ZHANGS

Abstract. For a hypergraph G = (V, E) consisting of a nonempty vertex set V = V(G) and an edge set E = E(G), its
adjacency matriz Ag = [(Ag)i;] is defined as (Ag)i; = ZEEEij Ie\%l’ where E;; = {e € E : i,j € e}. The spectral radius
of a hypergraph G, denoted by p(G), is the maximum modulus among all eigenvalues of Ag. In this paper, we represent some
results on the spectral radius changing under some graphic structural perturbations. With these results, among all k-uniform
(k > 3) supertrees with fixed number of vertices, the supertrees with the maximum, the second maximum, and the minimum
spectral radius are completely determined, respectively.
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1. Introduction. In the past 20 years, some different connectivity hypermatrices (or tensors) had been
defined and been developed to explore spectral hypergraph theory [1-5,9,12-16, 18-20, 24, 27-30, 32, 35, 36].
Using different hypermatrices for general hypergraphs, many interesting spectral properties have been studied
that many properties of spectral graph theory have been extended to spectral hypergraph theory. A lot of
interesting results have emerged and the spectra of hypergraphs have been further studied [6-8,10,21,22,25,
34,39-42]. In [2], A. Banerjee introduced an adjacency matrix and use its spectrum so that some spectral
and structural properties of hypergraphs are revealed. In this paper, we go on studying the spectra of
hypergraphs according to the adjacency matrix introduced in [2].

Now we recall some notations and definitions related to hypergraphs. For a set S, we denote by |S|
its cardinality. A hypergraph G = (V, E) consists of a nonempty vertex set V = V(G) and an edge set
E = E(G), where each edge e € E(G) is a subset of V(G) containing at least two vertices. The cardinality
n = |V(G)| is called the order; m = |E(G)| is called the edge number of hypergraph G. Denote by t-set a
set with size (cardinality) t. We say that a hypergraph G is uniform if its every edge has the same size and
call it k-uniform if its every edge has size k (i.e., every edge is a k-subset). It is known that a 2-uniform
graph is always called a ordinary graph or graph for short.

For a hypergraph G, we define G —e (G 4 €) to be the hypergraph obtained from G by deleting the edge
e € E(G) (by adding a new edge e if e ¢ E(G)); for an edge subset B C E(G), we define G — B to be the
hypergraph obtained from G by deleting each edge e € B; for a vertex subset S C V(G), we define G — S
to be the hypergraph obtained from G by deleting all the vertices in S and deleting the edges incident with
any vertex in S. For two k-uniform hypergraphs G; = (V1, E1) and Gy = (Va, E»), we say the two graphs are
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isomorphic if there is a bijection f from V; to V5, and there is a bijection ¢ from F; to E, that maps each

edge {v1, va, ..., vk} to {f(v1), f(v2), ..., fug)}

In a hypergraph, two vertices are said to be adjacent if both of them are contained in an edge. Two
edges are said to be adjacent if their intersection is not empty. An edge e is said to be incident with a
vertex v if v € e. The neighbor set of vertex v in hypergraph G, denoted by Ng(v), is the set of vertices
adjacent to v in G. The degree of a vertex v in G, denoted by degg(v) (or deg(v) for short), is the number
of the edges incident with v. For a hypergraph G, among all of its vertices, we denote by A(G) (or A for
short) the maximal degree and denote by §(G) (or § for short) the minimal degree, respectively. A vertex
of degree 1 is called a pendant vertex. A pendant edge is an edge with at most one vertex of degree more
than one and other vertices in this edge being all pendant vertices.

In a hypergraph, a hyperpath of length q (¢-hyperpath) is defined to be an alternating sequence of vertices
and edges v1e1vg€s - - - VgeqUq+1 such that (1) vy, ve, ..., v441 are all distinct vertices; (2) e1, eq, ..., e4 are all
distinct edges; (3) v;, vip1 €e;fori=1,2,...,¢; (4) e;Nejp1 =vipr fori=1,2, ..., ¢—1; (5) e;Ne; =0 if
|i — j| > 2. If there is no discrimination, a hyperpath is sometimes written as ejez - - eq_1€4, €102€2 - - - Vg€q
or vieivaes - - Vgeq. A hypercycle of length g (g-hypercycle) viejvaes - - vg_1€q_1V4eqv1 is obtained from
a hyperpath viejvaes - v4_1€4—1v, by adding a new edge e, between v; and v, where e, Ne; = {v1},
eqNeg1 ={vg}, eqNe; =01if j#1,g—1, and |g — j| > 2. The length of a hyperpath P (or a hypercycle
(), denoted by L(P) (or L(C)), is the number of the edges in P (or C'). A hypergraph G is connected if
there exists a hyperpath from v to u for all v,u € V', and G is called acyclic if it contains no hypercycle.

Recall that a tree is an ordinary graph which is 2-uniform, connected, and acyclic. A supertree is
similarly defined to be a hypergraph which is both connected and acyclic. Clearly, in a supertree, its each
pair of the edges have at most one common vertex. Therefore, the edge number of a k-uniform supertree of

n—1

order n is m = 7=7.

Let G = (V,E) be an ordinary graph (2-uniform). For every k > 3, the kth power of G, denoted
by G¥ = (V*,E*), is defined as the k-uniform hypergraph with the edge set E* = {e U {ve,, Vey, - .-
Ve, o} : e € E} and the vertex set VF = V U (Ucep{Ve,; Ve, -+ Ver_»}), Where V N (Uee p{0e,, Vegs - - -
Vep 5}) = 0, {Vey, Vegs vy Vep ,} NA{Vf, vy ooy vp ,} = 0 for e # f, e, f € E. The kth power of an
ordinary tree is called a hypertree. Obviously, a hypertree is a supertree.

Denote by P(n, k) the k-uniform hyperpath of order n. A k-uniform superstar of order n, denoted by
S*(n, k) (see Fig. 1), is a supertree in which all edges intersect at just one common vertex. A k-uniform
double hyperstar of order n, denote by S(n, k;l1,l3) where l1,13 > 1 (see Fig. 1), is a supertree obtained by
attaching [; pendant edges at vertex u; of an edge e and attaching lo pendant edges at the other vertex us
of edge e, where u; # us.

S*(n, k) )

S(n, k; 2,2
Fig. 1. §*(n,k) and S(n;2,2).
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Let E;; ={e € E :i,j € e}. The adjacency matriz Ag = [(Ag);;] of a hypergraph G is defined as:

('AG)ij = Z |€|171‘

e€E;;

It is easy to find that Ag is symmetric if there is no requirement for direction on hypergraph G and find that
Ag is very convenient to be used to investigate the spectum of a hypergraph even without the requirement
for edge uniformity. The spectral radius p(G) of a hypergraph G is defined to be the spectral radius p(Ag),
which is the maximum modulus among all eigenvalues of Ag. In spectral theory of hypergraphs, the spectral
radius is an index that attracts much attention due to its fine properties [3,4,7,8,17,20,22,25,33,35,37,41].

We assume that the hypergraphs throughout this paper are simple, that is, e; # e; if ¢ # j, and
assume the hypergraphs throughout this paper are undirected. In this paper, we represent some results on
the spectral radius changing under some graphic structural perturbations. With these results, among all
k-uniform (k > 3) supertrees with fixed number of vertices, the supertrees with the maximum, the second
maximum, and the minimum spectral radius are completely determined, respectively, getting the following
result:

Theorem 1.1. Let G be a k-uniform (k > 3) supertree of order n. Then p(G) < p(S*(n, k)) with equality if
and only if G =2 S*(n, k).

Theorem 1.2. Let G be a k-uniform (k > 3) supertree of order n and with m(G) > 3 satisfying that

G %2 8*(n,k). Then p(G) < p(S(n, k; £=1 — 2,1)) with equality if and only if G = S(n, k; ¥=1 — 2,1).

Theorem 1.3. Let G be a k-uniform (k > 3) supertree of order n. Then p(P(n,k)) < p(G) with equality if
and only if G 2 P(n, k).

Corollary 1.4. Suppose T* (k > 3) of order n is the kth power of ordinary tree T. Then
(1) p(T*) < S*(n, k) with equality if and only if T = S*(n, k).
(2) p(P(n, k) < p(T*) with equality if and only if T* = P(n, k).

The layout of this paper is as follows: Section 2 introduces some basic knowledge and working lemmas;
Section 3 represents our results.

2. Preliminary. For the requirements in the narrations afterward, we need some prepares. For a
hypergraph G with vertex set {v1, va, ..., v, }, and X = (Ty,, Tuy,---, Ty, ). € R™ on G is a vector that
entry x,, is mapped to vertex v; for 1 <i <n.

From [26], by the famous Perron—Frobenius theorem, for Ag of a connected uniform hypergraph G of
order n, we know that there is one unique positive eigenvector X = (2, , Ty, ..., T,,)7 € R%, (R, means
the set of positive real vectors of dimension n) corresponding to p(G), where > 7" | x% = 1 and each entry
Zy, is mapped to each vertex v; for 1 < ¢ < n. We call such an eigenvector X the principal eigenvector of

g.
Let A be an irreducible nonnegative n X n real matrix (with every entry being real number) with spectral

radius p(A). The following extremal representation (Rayleigh quotient) will be useful:

- XTAX
P = weiXzo XTX

and if a vector X satisfies that )g(TTA;( = p(A), then AX = p(A)X.
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Lemma 2.1. Let A be an irreducible nonnegative square real matrix with order n and spectral radius p,
Y € R} \ {0} be a nonnegative vector (R} means the set of nonnegative real vectors of dimension n,
{0} = {(0,0,...,0)T}). If AY > pY, then AY = pY.

Proof. Note the relation between the spectral radius and Rayleigh quotient for an irreducible nonnegative
square real matrix. It follows that Y;TAYY = p, and AY = pY. Thus, the result follows. This completes the
proof. a

Lemma 2.2. [38] Let A be an irreducible nonnegative square symmetric real matriz with order n and
spectral radius p, Y € R% \ {0} be a nonnegative vector. If there exists v € Ry such that AY < rY, then
p < r. Similarly, if there exists r € Ry such that AY >rY, then p > r.

3. Main results. Let X be an eigenvector of a connected k-uniform hypergraph G. For the simplicity,

we let z, = g Ty, Ty, for an edge e = {v1, v2, ..., v }.

1<j,vi,vj€e
Lemma 3.1. L@t €1 = {Ul,l; ULQ, ceey Ul,k}; €y = {’0271, ’1)272, ceey 'UQ’]C}7 ey ej = {1)]',1, ijg, ceey 'Uj,k} b€
some edges in a connected k-uniform hypergraph G; vy 1, Vy2, ..., Uyt be vertices in G that t < k. For

1 <i < g, {vu1,vu2, - vuet € oein€f = (e \ {vin,vi2, o vie}) U {vu1, Va2, vag} satisfying that
e; € E(G). Let G =G =Y e;+ ) e;. If in the principal eigenvector X of G, for 1 <i < j, x4, | < Ty, |,
Lo o < Lvy,2s -+ and Lo 4 < Lvy,is then p(g/) > /J(g)

Proof. Note that X7 (Ag — Ag)X = 727 Yo (zer — 2¢,) > 0. It follows that p(G') > p(G). If p(G') = p(G),
then p(G') = XTAg X = XTAgX = p(G). It follows that Ag: X = p(G")X = p(G)X = AgX. Without loss
of generality, suppose v,,1 & e1. Then (Ag/ X),, , —(AgX)v, , > w,:i’l’“ > 0, which contradicts Ag: X = AgX.
Consequently, it follows that p(G’) > p(G). This completes the proof. O

Proof of Theorem 1.1. Suppose T is a k-uniform supertree of order n satisfying that p(7) = max{p(G) : G
is a k-uniform supertree of order n}. Let X be the principal eigenvector of T and z,, = max{z, : v € V(T)}.
Suppose that T 2 S§*(n,k). Then in T, there exist edges not incident with vertex u. Suppose €’ is not
incident with vertex u. Note that 7 is connected. Then there is a hyperpath P = uejviesvs - - - v4e’ from u
to e'. Let €5 = (e2 \ {v1}) U{u}, and T/ =T — ez + €5. Then by Lemma 3.1, it follows that p(7") > p(T),
which contradicts the maximality of p(7). Hence, it follows that 7 = §*(n, k). This completes the proof. O

Proof of Theorem 1.2. Let A = {G : G be a k-uniform supertree of order n and G % S*(n,k)}.
Suppose T € A satisfies that p(7) = max{p(G) : G € A}. Let X be the principal eigenvector of T and
Xy = max{z, : v € V(T)}. Note that T 2 §*(n, k), and T is connected. Then in T, there exist a hyperpath
P = uejvies.

Assertion. Except edges eq, ey, any one of other edges is incident with vertex wu.

Otherwise, suppose one edge e; is not incident with vertex u. Note that 7 is connected. Then there is
a hyperpath P = ueq, Vg, €q,Va, * - Va, ¢ from u to e;.

Claim 1. If e; € E(P), then e,, = e;.

Otherwise, suppose e,, = e; where 1 < ¢ < t. Then ueq, Vo, €ayVa, * * * Vo, €q; % contains cycle, which
contradicts that 7 is a supertree.

In the same way, we get the following Claim 2.
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Claim 2. If e; € E(P), then ey, = €1, €4, = €2.

Therefore, there three cases to consider, which are (1) e,, = e1, ea € E(P); (2) eq, = €1, €q, = €9;
and (3) e1 ¢ E(P), ex ¢ E(P). For the case that e,, = e1, ea ¢ E(P), let e, = (ea, \ {va, }) U {u}, and
T =T — ea, +€g,, where T' € A. Then by Lemma 3.1, it follows that p(7") > p(7), which contradicts the
maximality of p(7T). In the same way, for the cases (2) and (3), we can get a supertree 7' where 7' € A,

such that p(T") > p(T) which contradicts the maximality of p(7). Thus, our assertion holds.

From the above assertion, it follows that T = S(n, k; Zf_% —2,1). This completes the proof. a

Lemma 3.2. [23] Let A be an irreducible nonnegative square matriz with order n and spectral radius p.
Let SZA be the ith row sum, sg = min{s;4 :1<i<n}, and Sy = max{sf :1<i<n}. Thensa <p<S8y
with either one equality if and only if A is regular (all of the row sums of A are equal).

From Lemma 3.2, combining with hypergraph, we can get the following corollary naturally.
Corollary 3.3. For a connected hypergraph G, we have § < p(G) < A with either one equality if and only
if G is regular, where § is the minimum degree and A is the mazimum degree.

Using Lemma 3.2, we can get an improvement for Lemma 2.2.

Lemma 3.4. Let A be an irreducible nonnegative square symmetric real matriz with order n and spectral
radius p, y € Rl | be a positive vector. If there evists v € Ry such that Ay < ry, then p < r with equality
if and only if Ay = ry. Similarly, if there exists r € Ry such that Ay > ry, then p > r with equality if and
only if Ay =ry.

Proof. Using Lemma 2.2 gets that p < r if Ay < ry; p > r if Ay > ry. Next, we prove the conclusion for

p=r.
We first prove the conclusion that p = r if and only if Ay = ry under the condition Ay < ry. Suppose
= 0 0 - 0 y7 0 0 - 0
0 = 0 = 0 0 % 0 : 0
Yy = (y17y27' . 7yn)T~ Let B = A . Denote by p(B)
0 0 : 0 St 0 0 ° 0 wyn

the spectral radius of B. Note that the eigenvalues of B are the same to the eigenvalues of A; p = r means
p(B) = r. Note that Ay < ry means Sg < r; p(B) = r means all of the row sums of B equals r by Lemma
3.2, which implies that Ay = ry. As a result, it follows that under the condition that Ay < ry, if p = r,
then Ay = ry. Conversely, if Ay = ry, then all of the row sums of B equals r, and then p(B) = r = p.

In the same way, we get that p = r if and only if Ay = ry under the condition that Ay > ry. This
completes the proof. a

Lemma 3.5. (1) Supposec>0,d>0,a—c>0,b—d>0. If § > 4, then $=5 > ¢ with equality if and

b—d
only if 3 = 5. Moreover, if ¢ > 2, then ;=7 > 7.

(2) Suppose ¢ >0,d >0,a—c>0,b—d>0. If § > 5, then ate < % with equality if and only if

b+d
a_ e ra ¢ atc _ a
7 = G- Moreover, if 3 > G, then 3775 < §.

(3) Suppose § >1,b>c>0. Then =5 >

a
b -
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Proof. (1) From % > g, it follows that ab — bec > ab — ad, which induces ﬁ > %. In the same way, we get
that =5 > ¢ if ¢ > <. Then (1) follows.
(2) is proved as (1). (3) is a corollary following from (1). This completes the proof. O
€1 ‘o €9

G Cio

Fig. 2. eg, €1, ez in G.

Lemma 3.6. Let G be a hypergraph with spectral radius p, ey, e1, ea be three edges in G with eq = {v1,
V2, ..., Uk—1, U}, Satisfying that degg(ve) = degg(vs) = - -degg(vg—1) =1 (k > 3), e1 Ney = {v1},
ea Neg = {vr} (see Fig. 2). Let X be the principal eigenvector of hypergraph G. Then Ty, = Xy, = -+ =

Q?vl Ivk

Ly = F—D)p—(k—3) < min{a:vl,arvk}.

Proof. For2 <i < k—1, we prove z,, < min{z,,,Z,, } by contradiction. Suppose that min{z,,, z,, } = =,
and x,, > min{z,,,x,,} for some 2 < z <k —1. Let ¢] = (e1 \ {v1}) U{v.} and G; =G — e1 +¢]. Using
Lemma 3.1 gets p(G1) > p(G). But it contradicts p(G1) = p(G) because G; =2 G. As aresult, for 2 <i < k—1,
it follows that x,, < min{z,,, <y, }-

Note that pzy, = 75 (Tv, + Tv, + 2524 To,)s PTyy = 7og (Toy + Toy + Zfﬂl Zy;). It follows that
(p+ ﬁ)(:ﬂv2 — Zy,) = 0. Note that p > 1 by Corollary 3.3. Then we get x,, = z,,. Proceeding like

this, we get that @y, = 2y, = -+ = @y, _,. Thus from px,, = 25 ((k — 3)zy, + 2y, + 2y, ), it follows that
Ty % Thus, the result follows. This completes the proof. a

Simillar to Lemma 3.6, we get the following Lemma 3.7.

Lemma 3.7. Let G be a hypergraph with spectral radius p, e = {u, v1, va, ..., Vk—1} be a pendant edge
in G (k> 2), where degg(u) > 2. Then in the principal eigenvector X of G, Ty, = Ty, = +++ = Ty, =
F Do) < Tu:
Lemma 3.8. Suppose G is a connected hypergraph with spectral radius p and principal eigenvector X. e,
ea, €3, eq are edges in G, where |e1|, |eal, |esl,|es] > 3, ex Nea = {v1}, e1 Nes = {va}, ea Nes = {vs},
degg(v1) = degg(ve) = degg(vs) =2, degg(v) =1 for v € (e1 Uea) \ {v1,v2,v3}.

(1) Let €' C (e1 Ues) satisfy that {ve,vs} C e, ¢ ¢ E(G). Let Go =G —e; —ex + ¢ and t = |€/] (see
Fig. 3).

(1.1) If t > max{lei|,|e2al}, Tv, = Ty, Twy, > Tu,, then p(Go) < p(G) with equality if and only if

ell = lea| and xy, = x4y, = Ty,. Moreover, if t > max{|e1],|ea|}, Tv, = Tu,, Ty, = Tyy, then

| >
p(Go) < p(G).
(1.2) If t < max{le1],|ezal}, v, < Tuy, Toy < Toy, then p(Go) > p(G) with equality if and only if

= le1| = le2] and xy, = Ty, = Ty,. Moreover, if t < max{|e1],|ezl}, Tv, < Ty, To, < Ty, then

)
(2) Let ) = (ex \ {v1}) U{u}, e} = (e2 \ {v1}) U{u}, € = {v1, w1, ua, ..., us_a, u} where u ¢ V(G),
w @V(G) for1<i<t—2,G=G—e1+e\+¢,G=G—ex+eh+e (see Fig. 3).
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eee €4 €1 @ €3 e o0

V2 U1 U3

eee €4 0 €3 eee
(%) U3

Go

eee €4 0@ €3 oo e @ e

e e e €4 U’U,3 €3 e 00 eee €y UU3 €3 oo e

gl gQ
Fig. 3. Go, G1, Ga.

(2.1) If t <min{le1], |eal}, Tvy > Tuy, Tuy > Tuy, then p(G1) > p(G), p(G2) > p(G) with either equality
holding if and only if |¢/| = |e1| = |ea|, Ty, = Tuy = Ty = Xy, and T, = Xy, for z,w € (e3UeaUe’)\{v1, v2, u}.
Moreover, if t < min{le1], |e2|}, Tv, > Ty, Ty, = Ty, then p(G1) > p(G), p(G2) > p(G).
(G

>
(2.2) If t > max{ey, ea}, Ty, < Tuy, Ty, < Tyy, then p(Gr) < p(G), p(G2) < ) with either equality
holding if and only if |¢'| = |e1| = |ez|, Ty, = Ty, = Ty = Ty and x, = x,, for z,w € (e1UeaUe’)\ {v1,v2,u}.

Moreover, if t > max{e1, €2}, Ty, < XTuy, Tu, < Tuy, then p(G1) < p(G), p(G2) < p(G).

Proof. (1.1) Suppose e; = {vy, Va(1,1)r Va(1,2)s - -+ Va(l,j1—2)s v}, ex = {v1, Va(2,1) Ya(2,2)s - -+ Va(2,j2—2)»
v3}. By Lemma 3.6, we have .y, , ., = Tu, (., < Min{Zy,, Ty, } for 1 <w <2 <1 =2, Ty, 0 = Toan, <
min{z,, , Ly, } for 1 <w < z < j3 — 2. Let Y be a vector on Gy satisfying that

Yyp =min{z, : z € (e Uea) \ {v1,v2,v3}}, v e\ {ve,vs3}
Yo = T, others.
Note that |¢/| > max{|e1],|e2|}, z(v1) > z(ve), z(v1) > z(vs). Without loss of generality, suppose
min{z, : v € (e1 Uea)} = my,,,,. For v € (¢ \ {vz,v3}), noting that degg,(v) = 1 and z,_,,, <
min{x,, , Ty, }, we have

(t - 3)3/1; + Yvy + Yo (t - 3)33%(2,1) T Ty + Ty

(Agoy)v: 1 = -1

(j2 - 3)xva(2,1> + Xy, + Ty + (t - j2)1'11a(271>
Ja—14+t—172

< 2 = 3)Tuun) + o + o + (= 2)%vaoy
- Jo—14+t—172
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< (-72 - 3)3711&(2,1) t Ty + Toy
N Je—1
= vaa(271) = py’u

In the same way, we get

(by Lemma 3.5)

(t - Q)xva(2,1) + Yo (t - 2)1:11(!(2,1) + Loz

(Agoy)vz = t— 1 = t _ 1 S vaz = py’Uz;
(t - 2)1771(1(2,1) + Yuy (t - 2)‘T7)a(2,1) + Loy
(AQOY)UB = 1 = i1 < PToy = PYuy;

forve (V(Go)\ ¢), (Ag, Y )y = (AgX)y = py,. By Lemma 2.2, it follows that p(Go) < p(G). Note that YV
is positive. Combining Lemma 3.4, we find that if p(Gy) = p(G), then Ag,Y = pY. Thus, it follows that
'] = le1] = |ea] and x,, = @y, = X4,. Conversely, if |¢/| = |e1] = |ea] and x,, = @y, = X4, then it can
be checked as above that for v € (¢/ \ {v2,v3}), (Ag,Y)v = pyv; (AGeY )vs = PYus; (AGyY vy = pyug; for
v e (V(Go)\¢), (A6, Y)» = (AgX)y = py,. Thus, it follows that p(Gy) = p(G).

If t > max{l|e1|, |ea|}, Ty, > Tyy, Ty, > Xoy, combining Lemma 3.5, as the above proof, we get p(Go) <

p(G)-
From the above narrations, then (1.1) follows as desired.

(1.2) Let Y be a vector on G, satisfying that

{ y(v) = max{x, : z € (ey Uea) \ {v1,v2,v3}}, v eEe \{ve,v3}
y(v) = 20, others.

Then (1.2) is proved as (1.1).

(2.1) For both G; and Ga, let Y be a vector satisfying that

y(u) = 2o,
y(v) =max{x, : z € (eg Uea) \ {v1,v2,v3}}, v ee \{v1,u}
y(v) = 20, others.

Then (2.1) is proved as (1.1).

(2.2) For both G; and Ga, let Y be a vector satisfying that

y(u) = 2o,
y(v) =min{x, : z € (e; Uea) \ {v1,v2,v3}}, v ee \{v,u}
y(v) = 20, others.

Then (2.2) is proved as (1.1).

Thus the result follows. This completes the proof. a

Lemma 3.9. Let e be a new edge not containing in connected hypergraph G. Let G' = G +e. If G’ is also
connected, then p(G') > p(G).

Proof. Let X be the principal eigenvector of G, Y be a vector on G’ satisfying that
Yo =Ty, v EV(G)

Yy =0, others.
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Then YT AgY — XTAgX >0, YTY = XTX. Tt follows that p(G") > p(G). Suppose that p(G') = p(G).
Then p(G') = YT AgY = XTAgX = p(G), and then Y is a principal eigenvector of G’. If there exists
y» = 0, then we get a contradiction because the principal eigenvector of G’ is positive by Perron—Frobenius
theorem.

Suppose Y is positive next. Note that Y = X if Y is positive. It follows that V(G’) = V(G) now. Denote
by e = {v1, va, ..., vx}. Then e C V(G), and

k
1
p(g/)ym = (Ag/Y) (.Ag/ Z'I’Uz = xvl + m ;mvi > p(g)x’vu
which contradicts p(G') = p(G). As a result, we get that p(G') > p(G). This completes the proof. O

Denote by G(Dv;p, q; p+qH) the k-uniform connected hypergraph obtained from k-uniform hypergraph
D and k-uniform hypergraph H by adding a pendant path P; with length p at vertex v of D and adding a
path P, with length ¢ between vertex v and vertex v,44 of H, where D and H are two disjoint hypergraphs,
V(P)NV(D) = {v}, V(P.) NV(D) = {v}, V(P) NV(H) = {vp1q} (see two examples in Fig. 4). In
particular, if H = v,4,, we denote by G(Dv;p, ¢; vp+q) for G(Dv; p, ¢; vpyqH) for short.

Ul
€p
v v Yp Up+1
2...Oop--- -
€] es ep  Cp+1
2

€9 €p
G(Dvip, ¢ vp+gH) G(Dv; 0,p + ¢; vp1qH)
Fig. 4. G(Dv;p, ¢; vp+qH) and G(Dv; 0, p + ¢; vp1gH).
Lemma 3.10. If p,q > 0, then p(G(Dv;p, q; vp+qH)) > p(G(Dv;0,p + q; vpigH)).

Proof. Let X be the principal eigenvector of the uniform hypergraph G((Dv; 0, p+q; vp+qH)). Assume that
in D, the edges incident with v are ey, €2, .. ., £ Let €)1 = (ept1\{vp})U{v}, G1 = G((Dv; 0, p+q; vp44H))—
ept1 + €y If 2y > 2y, then p(G1) > p(G(Dv; 0,p + q,vp+q7-l)) by Lemma 3.1. Let ¢} = (&; \ {v}) U{vp}
for 1 <i<mn, Go=G((Dv;0,p+ g vprqH)) — 20 € + 200, € If @y <z, then p(G2) > p(G(Dv; 0,p +
¢; Vp+qH)) by Lemma 3.1. Note that both G; and Gy are isomorphic to G(Dv;p, q; vp+qH). Thus, we get

that p(G(Dv;p, ¢;vp4qM)) > p(G(Dv; 0, p + q; vp+qH)). This completes the proof. O
—U,, =, e —, qft.lo.vt
el €¢—1  €¢+1 €p €p+1

Fig. 5. G(Duo; 0, t;vy).
Lemma 3.11. Let X be the principal eigenvector of the uniform hypergraph G(Duvy;0,t;v). Denote by
P = vpe1v1eavs - - - e;vy the pendant path from vertex vy to vertex vy in G(Dvo;0,t;v¢) and e; = {v;—1, Va(i,1);
Va(i,2)s ++ 5 Va(ik—2), Vi} for 1 <i <t (see Flig. 5). Suppose x,, = max{z,, : 0 <i <t}. Then
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p<t-—1.
Lett = p+ q. Moreover, we have

(2) if p>0, then xy, <y, for0<i<p—1, xy, >z, forp<i<t—1;if p=0, then x,, > x,,,
for0<i<t-—1.
(3) if p> 0 and there exists w < p and n < q such that x., , > x.,,,, then

(3.1) ifw<mn, thenxy, ., >y, for0<i<w, N forl1 <i<w.

(3.2) if w >, then xy, ., > @y, _,

LV (p—cwti,1) Z Lg(ptn—it1,1) for 1<i< UE

for0<i<n—1 2, =a, forp—w+n<j<p, and

(4) if p > 0 and there exists w < p and n < q such that x.,,_, < x,,,, then

(4.1) if w < m, then 2y, ., <@y, ., for0<i<w—1, 2 =2, forp+1<j<p+n-w, and
Toatpoitin) S Tvapin-izrny JOT 1T <1< w.

(4.2) ifw>n, then xy, ., <@y, for0<i<m, Ty, Loy < Togpin i for 1<i<m.

(5) if p > 0 and there exists w < p, n < q such that ., , = x,,,, then

(5.1) if w < m, then o, ., =Ty, , for0<i<w—1, 2, =a, forp+1<j<p+n-—w, and
Tva(powtin) = Fla(pin—it1,1) Jorl<i<w.
(6.2) ifw>mn, thenwy, . =Ty, , , for0<i<n—1,z, =z, forp—w+n<j<p, Ty wiiny =

Ty pm—i41.1) for1<i<n.

Proof. (1) By Lemma 3.7, it follows that z,, < 2,,_,. Thus, p <t —1.

(2) Using Lemma 3.6 gets that for 1 <4 <t —1,

Lvginy = Poaaey = " = Tugu—2) < mm{xw_l,xvi}.

Note that G(Duvy;0,¢; v;) is uniform and p < ¢ — 1.
Case 1. p > 0.
Claim. z,, <y, <@y, <+ < 2,. If p=1, this claim hold naturally.

For p > 2, we prove this claim by contradiction. Suppose that z,,, (0 < z < p—1) is the first vertex from 0
to p—1 such that =, > x,_,,. Then there exists z+1 < ¢ < p—1suchthat z,, >z, , > > Ty, < Tyey, -
Let €' = {v¢, u1, ug, ..., up—2, u}, e¢ = (e¢c \ {v¢}) U{u}, where u ¢ V(G), u; ¢ V(G) for 1 <i <t -2,
Gi=G—ec+ e’C + €', Go = G1 — {Va@,1)s Va(t,2)s -+ 5 Va(t,k—2)s V¢}. By Lemma 3.8 and Lemma 3.9, we get
that p(G2) < p(G1) < p(G), which contradicts p(G) = p(G2) because Go = G. Thus, our claim holds.

In the same way, it is proved that Ty, 2 Typpy = Tuyppy =000 2 Ty Combining Lemma 3.7, we get
that xvp Z xUerl Z xl)p+2 2 tee Z xvt,l > mvt-

Case 2. p = 0. As Case 1, it is proved that x,, > x,, , for 0 <i <t —1. Thus, (2) follows.
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(3) If w < n, we let Y be a vector on G(Duy;0,t;v;) satisfying that
yvp—w+i = maX{xUp—erwx’U;ﬁnfi} 0 S Z S na

y“a(p—wri,j) = max{m”a(p—wﬂ.l)’x”a<p+n—i+1.1>} I<i<w 1< J< k— 25

Yp = Ty others.

As the proof of Lemma 3.8, it is proved that A(G(Duvo;0,t;v:))Y > p(G(Dup;0,t;v:))Y. Using Lemma
2.1 gets that A(G(Dup;0,t;v:))Y = p(G(Dvg;0,t;v,))Y. Note that G(Duvy;0,t;v:) is connected. Then
A(G(Dug; 0, t;v4)) is irreducible. Consequently, it follows that the dimension of the eigenspace of the eigen-
value p(G(Duo;0,t;v;)) is 1. Then Y =X for some [ > 0. Then (3.1) follows.

(3.2), (4.1), and (4.2) are proved in the same way. (5) follows from (3) or (4).

This completes the proof. |
Lemma 3.12. Lo, L1, Lo, ..., Ly (f > 1) are positive integers satisfying Lw < Ly < --- < Ly < Ly —1
and Z{:o L; = t. For an integer p > 0, if t — p > Lo, then there exists some 1 < j < f such that
t—pu>Li+---+Lj, but Lo+ Ly +---+L; >t—p.

Proof. If sz:l L; <t—p, then t = Zf;o L; >t — p follows naturally. Thus, the result holds.

Suppose Y2, L; >t — p. Note that ¢ — u > Lo and Ly < Ly < --- < Ly < Ly — 1. Then f > 2 now,
and there exists some 1 < g < f—1such that Ly +---+Lg+Lgy1 >t —p,but Ly + -+ Ly <t —p.
Note that Lgy1 < Lo — 1. Then it follows that Lo + Ly +---+Lg >t —p, but t — > Ly +--- + Ly. This
completes the proof. a

Od“ g

Flg 6. gl, gg.
Lemma 3.13. D is a k-uniform hypergraph where vg € V(D). Both P = vgejvieqvs - -evy and Py =

V€11 Exug - - Esus are k-uniform hyperpaths where é1 = {vo, Up(1,1)5 Vp(1,2)5 -5 Vp(1,k—2) ,ur}, V(D) N
V(P) = {vo}, V(D) NV(Py) = {wo}. P1, Pa, ..., Py (1 < f<k—2) are k-uniform hyperpaths attached,
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respectively, at vertices vy(1,1), Vyp(1,2)s -+ Vp(1,f) 0 €1 satisfying 1 < L(Py) < L(P2) < --- < L(Py) <
L(Py) -1, Zf;o LP;)=t, V(D)NV(P;) =0 for1 <i < f. Let G1 be a k-uniform hypergraph of the form
G(Duy; 0,t;v¢) consisting of D and P; Ga be a k-uniform hypergraph consisting of D and Pgy, Py, P, ...,
Py (see Fig. 6). Then p(G1) < p(G2).

Proof. For brevity, we denote by L; = L(P;) for 0 < i < f. Without loss of generality, we suppose f =3

next.

In Gi, denote by e; = {vi—1, Va(i,1)» Va(i,2)s -+ Va(ik—2), Vi} for 1 < i <t —1, e = {vi—1, Vage,1),
Va(t,2)> - -+ Va(t,k—2)s Ua(t,kq)} where vg(;,k—1) = v¢. Assume that in D, the edges incident with vg are €1,
€2, ..., y. Let X be the principal eigenvector of G, and x,, = max{v; : 0 <i < t}. By Lemma 3.11, we

know that p < ¢ — 1. By Lemma 3.6 and Lemma 3.7, we know that z,,, , = v, ., < min{z,, ,,z,,} for
2<j,z<k—2wherel1 <i<t-—1, Toge sy = Tvgsy for 2 < j,z <k —1. By Lemma 3.11, we know that if
p >0, then z,, <z, , for 0 <i<p—1;if p >0, then z,,, >z, , for p<i <t —1.

Case 1. p > 0.

Subcase 1.1 t—p > L (see Fig. 7). By Lemma 3.12, there exists 1 < j < 3such that t—p > L1+---+Lj;,
but Lo + Ly + --- 4+ L; > t — p. Without loss of generality, we suppose j = 2. Now t — L; — Ly > p,
t—Lo— L1 — Ly < p. Note that Ly =t — Ly — L1 — Lo. For brevity and convenience, we let £ =t — Ly,
n = t— L1 — LQ.

€e+1 €t

v vr Un—1 v Ve—1 &3 Ve+1 Vg1
1....<>.3/¥—>-... < e e e Od...ovt
€1 6L3 617

Fic. 7. G1 (t —p > Lo).

Subcase 1.1.1 z,, > z,, . By Lemma 3.11, we know that @, , > 2y, _,,.

Subcase 1.1.1.1 @y, < Ty, 105 Topy, < Tugyays Toe < Tugq- Let € = (& \ {vo}) U {vagy 1)} for
1<i<n, ey, = (e \{ves}) U{vama) }s €eqr = (eer1 \ {ve}) U{vams) s Si = Xveeifooy) To for i =1, 2,
2o M, Sy = ZUEELS\{UL3}) vy Sgt1 = ZUE(GHI\{'U{}) T

Let
n n
Gi=0G1— ) ety e —er, +ep, —ecr1+eeyr.
=1 i=1
Then
2 U
XTA(QDX - XTA(Q1>X = m{(l‘va,(n,l) - xvo) ZSZ + (mva(n,z) — Lo, )SLS + (mva(n,s) — Lo )S€+1} > 0.
1=1

It follows that p(G;) > p(G1). Suppose p(G}) = p(G1). Then p(G}) = XTAG)HX = XTA(G)X = p(G1).
Hence, X is also the principal eigenvector of G and A(G;)X = A(G1)X. But a contradiction comes
immediately because (A(G1)X)v,, ., > (A(G1)X)u,,,,- Thus, it follows that p(G;) > p(G1). Note that
G1 = Ga. Then p(Gz) > p(G1).
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Subcase 1.1.1.2 2y, > Ty, 15 Top, < Tugyas Toe oz, < Tu,q- Let €)= (e1\ {vo}) U{van}, € =

(en\{va(n DU{vo}, e, = (ers\{vrs DU{vana) }s €1 = (et \{ve)U{va(n.9) 1 S1= 2opc e\ fuoy) Tos Sn =

Zve(ev\{“a(ml)}) vy S, = ZveeLs\,{vLs}) Ty, Sep1 = ZUE(%H\{U&})xv' Note z,, > x“t*LOTLlsz Z Ty,
Typ-1 2 Tt—Lo—L—Lo+1 = TLg+1. Using Lemma 3.6, we get @y, , ;) < Ta(La+1.5) < Tuagyy) < min{z,, _,, Ty, }
for 1 <j <k —2. As aresult, it follows that S; <§,,.

Let
Gir=Gi—e1+ep—e;te,—er, +ep, —ecr1+egy.
Then

2
XTA(gi)X - XTA(Gl)X = m{(‘rvo - x”a(n,l)>S77 - (‘Tﬂo - xva(n,l))Sl + (x”a(nﬂ) - 'rULs )SL3

F(Zu,(y5) — Toe)Sex1} > 0.

Thus, it follows that p(G7) > p(G1). Note that (A(G1)X)., > (A(G1)X),
we get that p(G2) > p(G1).

and G = Gy. As Subcase 1.1.1.1,

n

Subcase 1.1.1.3 @y, < Ty, 15 Tory > Tugyays Toe < Tugq- Let € = (& \ {vo}) U {vagy1)} for
L<i<n, e = (en\{vaga ) Ulvish ep 0 = (ensen \{vrs}) U{vama}s €epn = (eern \ {ve}) U{vaga }-

Let

n n
! ! ! !/ !
GlzGlfg 6¢+E €i — €Lyt+1 T €p 11 — €yt € — €1+ €eyy.

i=1 i=1

As Subcase 1.1.1.1 and Subcase 1.1.1.2, we get that p(G}) > p(G1), and p(Ga2) > p(G1).

In the same way, for the subcases: (1) Zv, < T, 1)) Tor, < Togyays Tve > Togyays (1) Ty > Tug s
Ty, > Ty Tve < Tuggyai (iil) @y, > Tognnys Tong > Tugiy s Toe > Tuga and (iv) x,, < Ta(n 1y

Ty, > Lo,y ays Tog > Loy s (V) Ty > Togn1ys Tong < Toggyas Tog > Loy, 50 W get that p(Ga) > p(G1).
As a result, from the above narrations for Subcase 1.1.1 that z,, > z,,_, we get p(G2) > p(G1).

Subcase 1.1.2 z,, < x,,,. By Lemma 3.11, we know that z,, , < z,,_,,. By considering the
comparisons between ., and z,,, Lat1,1)?
1.1.1, we get that p(G2) > p(G1).

between z,, and z, between z,, and w, as Subcase

a(L3+1,2)? a(L3+1,3)?

Subcase 1.2 ¢t —p < Lo (see Fig. 8). Let w = L1 + Lo, ¢ = L1 + Lo + Ls + 1. By considering the
between Ty, and Ty between z,,_, and Tuy,5)0 B8 Subcase 1.1,

comparisons between z,, and Ty,
we get that p(Ga) > p(G1).

1)

€1 Cp+1

v VL, U, Vw+1 v V41
| S S i =i e S
€r, o) (&3

FiG. 8. G1 (t —p < Lo).

U1 vL Vi U1 Us— Vg Vet
| S < T i i =t
€Lo Crtl €ot1 et

Fic. 9. G1 (p=0).
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Case 2. p =0 (see Fig. 9). Let k = Lo+ L1, s = Lo+ L1 + Lo. By considering the comparisons between

Ty, ., and @y, , between @y, ,, and z,,, between z,,, , and z,_, as Case 1, we get that p(G2) > p(G1).

This completes the proof. |

Proof of Theorem 1.3. For k-uniform supertrees of order n, using Lemma 3.10 and Lemma 3.13 repeatedly
gets the result. This completes the proof. a

Proof of Corollary 1.4. Note that S*(n, k) is the kth power of the ordinary star S*(2=1 +1,2), P(n, k)
is the kth power of the ordinary path P(% +1,2). Then the result follows from Theorem 1.1 and Theorem
1.3. This completes the proof. a
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