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REVERSE ORDER LAW FOR THE MOORE-PENROSE
INVERSE IN C*-ALGEBRAS*

DIJANA MOSICT AND DRAGAN S. DJORDJEVICT

Abstract. In this paper, several equivalent conditions related to the reverse order law for
the Moore-Penrose inverse in C'*-algebras are studied. Some well-known results are extended to
more general settings. Then this result is applied to obtain the reverse order rule for the weighted
Moore-Penrose inverse in C*-algebras.
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1. Introduction. Let S be a semigroup with the unit 1. If a, b € S are invertible,
then ab is invertible too and the inverse of the product ab satisfied the reverse order
law (ab)™! = b7la~!. This formula cannot trivially be extended to the Moore-
Penrose inverse of the product ab. In this paper, we investigate necessary and sufficient
conditions which are related to the reverse order law for the Moore-Penrose inverse.
The reverse order law for the weighted Moore-Penrose inverse in C*-algebras follows
as a corollary.

Let A be a unital C*-algebra. An element a € A is regular if there exists some
b € A satisfying aba = a. The set of all regular elements of A will be denoted by A~.
An element p € A is idempotent if p? = p. An element a € A is self-adjoint if a* = a.
An element x € A is positive if x = 2* and o(z) C [0,+00), where the spectrum
of element z is denoted by o(z). Notice that, positive elements are self-adjoint. If
x € A, then z*z is positive element.

The Moore-Penrose inverse (or MP-inverse) of a € A is the element b € A, if the
following equations hold [13]:

(1) aba =a, (2)bab=1"b, (3) (ab)* =ab, (4) (ba)* = ba.

There is at most one b such that above conditions hold (see [13]), and such b is denoted
by a'. The set of all Moore-Penrose invertible elements of A will be denoted by A'.
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If a is invertible, then a' coincides with the ordinary inverse of a.

DEFINITION 1.1. Let A be a unital C*-algebra and e, f two invertible positive
elements in A. We say that the element a € A has the weighted MP-inverse with
weights e, f if there exists b € A such that

(1) aba =a, (2) bab="0b, (3e) (eba)* =eba, (4f) (fab)* = fab.

The unique weighted MP-inverse with weights e, f, will be denoted by a; 7 if it
exists [11]. The set of all weighted MP-invertible elements of A with weights e, f,
will be denoted by A;f.

If 6 € {1,2,3,4,3e,4f} and b satisfies the equations (7) for all ¢ € §, then b is an
d-inverse of a. The set of all §-inverse of a is denote by a{d}. If b € a{1}, then a is
regular. If b € a{1,2} and ab = ba, then a is group invertible.

Let R be a ring with involution. An element a € R is: left *-cancellable if
a*axr = a*ay implies ax = ay; it is right *-cancellable if zaa* = yaa* implies za = ya;
and it is *-cancellable if it is both left and right *-cancellable. We observe that a is
left *-cancellable if and only if a* is right *-cancellable. In C*-algebras all elements
are *-cancellable. A ring R is called *-reducing if every element of R is *-cancellable.
This is equivalent to the implication a*a =0 = a =0 for all a € R.

Now we formulate the following result, which is well-known and frequently used
in the rest of the paper.

THEOREM 1.2. [6, 12] For any a € AT, the following are satisfied:

THEOREM 1.3. [8] In a unital C*-algebra A, a € A is MP-invertible if and only
if a is reqular.

It is useful to express the weighted MP-inverse in terms of the ordinary MP-
inverse.

THEOREM 1.4. [11] Let A be a unital C*-algebra and let e, f be positive invertible

elements of A. If a € A is regular, then the unique weighted MP-inverse al’f exists

and

aT — 6—1/2(f1/2ae—1/2)1f1/2_

e’
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In [7], Greville proved that (ab)" = bTa’ holds for complex matrices if and only
if a'a commutes with bb* and bb' commutes with aa*. Bouldin [2, 3] and Izumino
[10] generalized this result for closed range operators on Hilbert spaces. Their proofs
are based on operator theoretical methods and use properties of ranges of operators
and gaps between subspaces. In [11], a proof of the reverse order rule for the Moore-
Penrose inverse in the setting of rings with involution is presented, extending the
results for Hilbert space operators from [2, 3, 10]. This result is formulated as follows.

THEOREM 1.5. [11] Let R be a ring with involution, let a,b € R be MP-invertible
and let (1 —ata)b be left *-cancellable. Then the following conditions are equivalent:

(a) ab is MP-invertible and (ab)t = bfa';
(b) atabb* = bb*ata and bbTa*a = a*abbf.

Necessary and sufficient conditions for the reverse order rule for the weighted
MP-inverse for matrices were given by Sun and Wei in [14] in terms of the inclusion
of matrix ranges (column spaces). In [11], the result for the reverse order rule for
the weighted Moore-Penrose inverse in C*-algebras is proved, generalizing the matrix
results in [14].

Tian [15, 16] studied a group of rank equalities related to the Moore-Penrose
inverse of products of two matrices, which implies necessary and sufficient conditions
for (ab)f = bfal. The extensions of these results to the weighted Moore-Penrose
inverse are considered too. The operator analogues of these results for the Moore-
Penrose inverse are proved in [4, 5] for linear bounded operators on Hilbert spaces,
using the matrix form of operators induced by some natural decomposition of Hilbert
spaces.

In this paper, we present a purely algebraic proof of some equivalent conditions
related to the reverse order law for the Moore-Penrose inverse in C*-algebras, ex-
tending the known results for matrices [15, 16] and Hilbert space operators [4, 5].
We show that neither the rank (in the finite dimensional case) nor the properties of
operator matrices (in the infinite dimensional case) are necessary for the proof of the
reverse order rule for the Moore-Penrose inverse valid under certain conditions on
regular elements. Thus, we extend some recent results to more general settings. As a
corollary, we obtain the reverse order law for the weighted Moore-Penrose inverse.

2. Reverse order law in C*-algebras. In this section, we present necessary
and sufficient conditions for the reverse order law for the Moore-Penrose inverse to
hold. The first list of some equivalent statements is given below.
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THEOREM 2.1. Let A be a unital C*-algebra and let a,b € A~. Then the following
conditions are equivalent:

(a
(b
(c
(

) abblatab = ab;

) btatabblat = blat;

) atabb’ = bbfata;

) atabb’ is an idempotent;
)

)

)

o,

(e bbtata is an idempotent;
(f) b (afabb’)Tal = bial;

(g) (atabb))T = bbfata.

Proof. We can easy get that ab € A~ < afabbl € A~.

(a) = (c): From abb'alab = ab, we obtain afabb!(1 — afa)b = 0 and

ata(®)*((1 - a'a)b)*(1 — a’a)b = a’a(d")*b* (1 — a'a)(1 — a'a)b
=afabb’(1 —ala)b
(2.1) = 0.

Because all elements are *-cancellable in C*-algebra, we get
ata(b)*((1 — a’a)b)* = 0.
This equality implies afabb'(1 — a’a) =0, i.e.,
(2.2) atabb’ = alabblala.
Now, by (2.2), we have
atabb’ = a'abbia’a = (atabbia’a)* = (aTabb")* = bbala.
Hence, the condition (c) holds.
(c) = (d): By the equality aTabb! = bbTata, we get the condition (d):

ata(bb'a’a)bb! = aTaa’abb™bb’ = alabb'.

(d) = (a): Multiplying the assumption
atabb’ = a’abb'a’abb’

by a from the left side and by b from the right side, we have that ab = abbfalab.
Therefore, the condition (a) is satisfied.
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(d) < (e): Applying the involution to afabb’ = afabbiatabb’, we get bbiala =
bbtatabbtata. The opposite implication is analogous.

(b) = (e): The condition bfaTabb’a’ = bTal implies

b(b'a")a = bbTalabblala.

(e) = (b): Multiplying the hypothesis
boiata = bbfatabbiata

by b' from the left side and by a' from the right side, we get that the condition (b)
holds: bfal = blafabblal.

(d) = (g): Assume that aTabb! = afabbTa’abb!. Then the condition (c) holds, so
(g) follows trivially.

(g) = (d): Using the assumption (afabb")T = bbTata, we have

atabblalabb’ = aabb’ (bbTa'a)aabb’ = aTabbl (aTabb’)aabb’ = alabbl.

(g) = (f): If (atabb?)t = bbtala, then

bi(aTabb’)Tal = bTbbTa’aa’ = blal.
(f) = (g): Suppose that b'(aTabb’)Ta’ = bTa’ holds. Then
atabb (bbTata)aTabb’ = aTab(bTa")abb’ = aTabbl (aTabb")Talabb! = alabb,

bb'ata(aTabb"bbTaTa = b(bTa")ab(b'a')a = bb' (alabb’)TaTabb' (aTabbl)Tala
=b(b'(aTabd") at)a = bb'a'a,

(aTabbibbia’a)* = atabbibd’ala,

(bbTataa’abb’)* = bba’aalabb’.
Hence, (atabb")t = bbTa’a holds. O
The second list of equivalent statements follows.

THEOREM 2.2. Let A be a unital C*-algebra and let a,b,ab € A~. Then the
following conditions are equivalent:

(a) ab(ab)l = abblal;
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) a*ab = bbla*ab;
) a*abb’ = bbta*a;
) blal € (ab){1,2,3};
) btal € (ab){1,3};
) b{1,3}-a{1,3} C (ab){1,3};
) ab(ab)ta = abb;
) (abb")T = bbial;
) bf(abb®)T = bial.

Proof. Observe that ab € A~ < abbt € A~.

(a) = (b): Since ab(ab)’ = abb'a’ and ab(ab)' is self-adjoint, then

abb’a® = (abbla™)* = (aT)*bbTa*

and
(2.3) a*ab = a*ab(ab)Tab = a*(abbTa’)ab = a* (a")*bb'a*ab = a'abbia*ab.
Using the hypothesis ab(ab)! = abbial, we get abbla’ab = ab(ab)Tab = ab. This
equality implies, by Theorem 2.1 (parts (a) and (c)), afabb’ = bbfata. Now, from
(2.3), we obtain

a*ab = (aTabb"a*ab = bb'a’aa*ab = bbia*ab.

(b) = (c): If a*ab = bb'a*ab, we have
(2.4) a*abb’ = bbTa*abb’ = (abb")*abb!.
The right hand side of (2.4) is self-adjoint, which implies

a*abb! = (a*abb’)* = bbla*a.

(¢) = (d): From a*abb’ = bb'a*a, we obtain
(2.5)  abb’a’ = aatabbia’ = (a¥)*(a*abbl)a’ = (a")*bbTa*aa’ = (a¥)*bbia*.
Then
(2.6) (abbta®)* = ((a")*bbia*)* = abb'al.
Using (2.5) and (c), we get

(2.7) (abbTaab = (a")*(bbTa*a)b = (a')*a*abb'b = ab.
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Also,

biatabbial = bia* (af)*bbTataa’ = bTa*((ah)*bbTa*)(a)*a
=b(a*abba’(a")*a’ = bbbl a*aa’ (a)*a’
(2.8) =bla*(a")*a’ = blal.
By (2.6), (2.7) and (2.8), we conclude that bfa’ € (ab){1,2,3}.
(d) = (e): This part is obvious.
(e) = (f): Suppose that a3 € a{1,3} and b(?) € b{1,3}. Notice that
aa(l’?’) — (aa(l,?)))* _ (a(l,S))*a* _ (a(1,3))*(aa1a)*

(2.9) = (@M aal = aaPPaat = aal.

Since abbfatab = ab, by Theorem 2.1 (parts (a) and (c)), we have a'abb’ = bbTa'a.
From this equality and (2.9), we get

(2.10)  abb®D a1 = a(alabb’)at? = abbTafaa? = abbialaat = abbial.

Because bfa' € (ab){3}, then the element abbla' is self-adjoint and we deduce, from
(2.10), that abb™3a(13) is self-adjoint. So, b+ a3 € (ab){3}. Using the equality
(2.10) and the assumption bia’ € (ab){1}, we get

abb®3) L3 oh = abbtatab = ab,

ie., b3 q(13) ¢ (ab){1}. Hence, the condition (f) holds.

(f) = (a): Since b' € b{1,3} and a' € a{1, 3}, by the hypothesis b{1,3}-a{1,3} C
(ab){1, 3}, it follows that bTa® € (ab){1,3}. This implies

ab(ab)t = (ab(ab)")* = (abb'a'ab(ab)")*
= (ab(ab)")*(abbTa’)* = ab(ab)abb’a’
= abb'al.

(a) = (g): The equality ab(ab)’ = abbTal gives abbla’ = (af)*bbTa* and (c), by
the previous part of the proof. Now

ab(ab)ta = (abblaMa = (a")*(bbTa*a) = (a")*a*abb’ = abb'.

(g) = (b): Applying ab(ab)Ta = abbl, we have

a*ab = a*ab(ab)tab = (ab(ab)Ta)*ab = (abb’)*ab = bb'a*ab.
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(d) = (h): Suppose that bfa® € (ab){1,2,3}. Then

abb’ (bba)abb! = (abbTalab)b’ = abb',
bbiaf(abb"bbTa® = b(bTatabbia’) = bbial,
(abbbbTat)* = (abbla’)* = abblal,

(bbTatabb?)* = bbTalabb!.
Hence, (abb")! = bblal.
= : e condition (a = a' 1mplies
(h) = (d): The condition (abb")" = bbTal impli

abbTa’ab = (abb'bbTatabb’)b = abb’b = ab,
biatabbTa® = T (bbTaTabbTbblal) = bibbTal = bial,

(abbTa®)* = (abbTbba™)* = abbibbTal = abblal.
Thus, bfa’ € (ab){1,2,3}.
(h) = (i): Obvious.
(i) = (h): Assume that b (abb!)" = bTa’ holds. Now, we have
abb™bbTalabb’ = ab(blal)abb’ = abb’ (abb’)Tabb! = abb',

bblatabb vbTa’ = b(bTat)ab(bTa’) = bb (abb) abb’ (abb!)
=b(b'(abb")T) = bbTal,

(abb'bbTat)* = (ab(b'a’))* = (abbf (abb")T)* = abb! (abb')}
= abb'a’ = abb'bbla’,

(bbTatabb?)* = bbTalabb.

So, we deduce that (abb!)" = bbTa’ holds. O

THEOREM 2.3. Let A be a unital C*-algebra and let a,b,ab € A~.

following conditions are equivalent:

99

Then the



Electronic Journal of Linear Algebra ISSN 1081-3810

A publication of the International Linear Algebra Society
Volume 22, pp. 92-111, February 2011

100 D. Mosié and D.S Djordjevié

(a) (ab)tab = bialab;
b) abb* = abb*ata;
(c) bb*ata = aTabb*;
d) blal € (ab){1,2,4};
(e) bial € (ab){1,4};
(f) b{1,4} - a{1,4} C (ab){1,4};
(g) b(ab)tab = a'ab;

(h) (a'ab)t =blata;

(i) (afab)tal = blal.

Proof. Notice that ab € A~ < alab e A™.
(a) = (b): Since (ab)Tab = bTalab and (ab)Tab is self-adjoint, it follows that
blatab = (blalab)* = b*a’a(bl)*.
Then
(2.11)  abb* = ab(ab)Tabb* = ab(b'a’ab)b* = abb*a’a(b)*b* = abb*a’abb!.

Using the assumption (ab)Tab = bfatab, we obtain abb’a’ab = ab(ab)fab = ab. By
Theorem 2.1 (parts (a) and (c)), this equality gives aTabb! = bbfa’a. So, from (2.11),
we get

abb* = abb* (a'abb’) = abb*bb'a’a = abb*ala.

(b) = (c): By the condition abb* = abb*a'a, we have
(2.12) atabb* = a'abb*a’a = a'ab(aab)*.
The right hand side of (2.12) is self-adjoint, which gives

atabb* = (aTabb*)* = bb*ala.

(¢) = (d): The hypothesis bb*ata = atabb* gives
(2.13)  blatab=bTatabb’™d = b (aTabb*)(b")* = bTbb*a’a(b))* = b*a’a(b)*.
Now
(2.14) (b'aTab)* = (b*ala(b))*)* = blalab.
From the equalities (2.13) and (c), we obtain

(2.15) ab(bfalab) = a(bb*a’a)(b")* = aa’abb* (b")* = ab
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blatabb’a® = bbbTala(b")*b*a’ = b1 (bT)* (b*ata(bT)*)b*al
= b1 (b")*bT (alabb*)a’ = b7 (bT)*bTbb* ataal
(2.16) = b (b *b*al = blal.
Hence, by (2.14), (2.15) and (2.16), it follows that bfal € (ab){1,2,4}.
(d) = (e): Obvious.
(e) = (f): Assume that a™® € a{1,4} and b("% € b{1,4}. Observe that

a(1,4)a — (a(1’4)a)* — a*(a(l,4))* — (aaTa)*(a(1,4))*

(2.17) = a'aa*(a")* = afaaMYa = d'a.

It is well known that the hypothesis b'a’ € (ab){1} implies aTabb’ = bbTa'a. By this
and (2.17), we obtain

(2.18) b Mt ap = b (aFabd)b = bV bbtatab = btobtatab = btatab.

Now the condition bfal € (ab){4} implies that b(:H a4 € (ab){4}. From the equality
(2.18) and the assumption bfa’ € (ab){1}, we get

abbt oIV ab = abbfatab = ab.
Thus, b a4 € (ab){1} and the condition (f) is satisfied.

(f) = (a): Because bl € b{1,4} and a' € a{1,4}, from the assumption b{1,4} -
a{1,4} C (ab){1,4}, we get bfa’ € (ab){1,4}. Then

(ab)tab = ((ab)tab)* = ((ab)TabbTatab)*
= (bTatab)*((ab)Tab)* = blalab(ab)tab
=blalab.

(a) = (g): The equality (ab)Tab = bfaTab implies bTafab = b*afa(b?)* and (c), by
the previous part of the proof. Then

b(ab)Tab = b(bTaTab) = (bb*a’a)(d")* = a’abb* (bT)* = a'ab.

(g) = (b): From b(ab)Tab = afab, we obtian

abb* = ab(ab)Tabb* = ab(b(ab)Tab)* = ab(aTab)* = abb*a’a.

(d) = (h): Assume that bTa’ € (ab){1,2,4}. Now

atabb'ataa’ab = a'(abb’a’ab) = alab,
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blataaTabb’a’a = (bTaTabbia’)a = blala,
(afabblata)* = afabblala,

(b'a'aa’ab)* = (bTaTab)* = blaTab = bTataatab.
Thus, by definition, (afab)" = bla'a.
(h) = (d): If (afab)’ = bTata, then

abb’aTab = a(aTabb'a'aa’ab) = aa’ab = ab,
biatabb'al = (bTataatabbia’a)at = blataat = blal,

(bTaTab)* = (b'aTaaTab)* = blaTaaTab = bTatab.
Therefore, bfal € (ab){1,2,4}.
(h) = (i): Obvious.
(i) = (h): Applying the equality (afab)fa’ = bfal, we have

atabblataa’ab = atab(bTat)ab = a'ab(aTab)Tatab = alab,

blataaTabb’a’a = (bTa")ab(blat)a = (atab)Tatab(a’ab)a’a
= ((a'ab)Tat)a = bTata,

(atabb’a’a)* = atabbala,

(bTaTaa’ab)* = ((bTa)ab)* = ((a'ab)Tatab)* = ((aTab)Ta’)ab
=blaTab = bTaTaalab.
Hence, (afab)t = bfa’a. O

The combination of Theorem 2.2 and Theorem 2.3 yields a group of equivalent
conditions for (ab)’ = bfa’ to hold. Notice that the equivalences (c) and (d) of the
following theorem appear in [9, Lemma 5].

THEOREM 2.4. Let A be a unital C*-algebra and let a,b,ab € A~. Then the
following conditions are equivalent:

(a) (ab)t =blal;
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) ab(ab)t = abbia’ and (ab)Tab = blatab;

) a*ab = bbla*ab and abb* = abb*a’a;

) a*abb’ = bbta*a and bb*a'a = alabb*;

) bial € (ab){1,3,4};

) b{1,3}-a{1,3} C (ab){1,3} and b{1,4} - a{1,4} C (ab){1,4};
) ab(ab)ta = abb’ and b(ab)Tab = a'ab;

) (abb")T = bbial and (atab)’ = blata;

) b (abb®)T = btal and (atab)Ta’ = bial.

REMARK 2.5. The preceding theorems hold in rings with involution assuming
that (1 — afa)b is left *-cancellable. This hypothesis is automatically satisfied in
C* and *-reducing rings. Hence, we recover the results in [4, 5] for Hilbert space
operators. The results of Tian [16] are obtained as a special case of our results.

In the following theorem, we prove another group of equivalent conditions for
(ab)t = bfal to be satisfied.

THEOREM 2.6. Let A be a unital C*-algebra and let a,b,ab € A~. Then (ab)! =
btal if and only if (ab)? = b (atabb’)Ta’ and any one of the following equivalent
conditions holds:

(a
(b

abbfatab = ab;
bfatabblal = blaf;
atabbt = bbala;

)
)
)
) atabb’ is an idempotent;
)
)
)

[o¥)

(

(

(e) bblata is an idempotent;
(f) b (afabb’)Tal = blal;

(g) (atabb))T = bbfata.

Proof. =: From the equality (ab)’ = bfaf, we get abblatab = ab. Thus, by
Theorem 2.1, the conditions (a)-(g) are satisfied and (ab)’ = bfal = b (alabb?)Tal.

<=: Conversely, the conditions (a)-(g) imply bfa’ = bT(afabb’)Ta’. Now the
hypothesis (ab)’ = bT(aTabb’)Tal gives (ab)T = blat. O

The condition (ab)t = bf(afabb’)al in Theorem 2.6 can be replaced by some
equivalent conditions, as it can be seen in the following theorem.

THEOREM 2.7. Let A be a unital C*-algebra and let a,b,ab € A~. Then the
following statements are equivalent:
a) (ab)t = bt(atabb?)lal;

(a)

(b) (a'abbt)! — b(ab)la;

(c) (ab)t = (aTab)Ta® = bT(abbl)T;

(d) (atab)’ = (ab)ta and (abb?) = b(ab)!;
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(e) (atab)t = bf(aTabb?)T and (abb?)" = (afabdl)Tal;

(f) (ab)t = b*(a*abb*)Ta*;
(g) (a*abb*)t = (b*)(ab)t(a®)".

Proof. We can easily see that ab € A~ < a*abb* € A™.
(a) = (e): By the hypothesis (ab)! = b (aTabb’)Taf, we have
atabb' (aTabb")aTab = a'ab(ab)Tab = a'ab,
b (aTabb’)alabb’ (aTabb™)T = b (aTabb®)T,
(aTabbl (aTabb")T)* = aTabbl (aTabb)T,
(b (aTabbT)Talab)* = ((ab)Tab)* = (ab)Tab = b (aTabb")Talab.

So, (atab)t = b'(aTabb?)T.
Similarly
abb'(aabb") atabb’ = ab(ab)Tabb’ = abbT,

(aTabb")TaTabd' (aTabb’)Ta’ = (aTabb")Tal,
(abb' (atabb)Ta")* = (ab(ab)")* = ab(ab)" = abb'(a'abb!) al,

((aTabb")TaTabb’)* = (aTabb?)TaTabb'.

Thus, (abb")t = (afabb?)al.
(e) = (a): The conditions (afab)’ = bT(aTabb’)t and (abb")T = (aTabb!)Tat imply

abb'(aabb") atab = aa’abb’ (aTabb") atabb’b = aa’abb'b = ab,
bl (aTabb")TaTabb’ (aTabb")Ta’ = bT(alabb?) al,
(abb! (afabb)Tat)* = abb! (afabb?) al,

(b (aTabb")Talab)* = bl (aTabb")Talab,

ie., (ab)t = bl (aabb?)al.
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(b) = (a): From the equality (afabb)" = b(ab)ta, we get

abb’(a'abb)TaTab = abb'b(ab)taa’ab = ab(ab)ab = ab,

bl (aTabbh)Talabb' (alabb?)Ta® = bib(ab)Taa’abb’b(ab)Taa’
= b'b(ab)Tab(ab) aa’
=b'b(ab)faal
= bi(aTabb’)Tal,

(abb'(a'abb")Ta")* = (abbTb(ab)Taa’)* = (ab(ab)aa’)*
= aa'ab(ab)’ = ab(ab)" = (ab(ab)’)*
= (aa'ab(ab)')* = ab(ab)taal
= abb'b(ab)Taa’ = abbl (aTabb")Tal

(T (aTabb")TaTab)* = (bTb(ab)Taa’ab)* = (bTb(ab) ab)*

= (ab)Tabb'b = (ab)Tab = ((ab)Tab)*

= ((ab)Tabb'b)* = bib(ab)Tab
=b'b(ab)faatab = bf (afabb?)Talab.

Therefore, (ab)" = bT(aTabb’)Ta'

(a) = (c): Assume that (ab)! = b (afabb!)Ta’ holds. Then the condition (e) holds
and (ab)t = (afab)tal = bf (abb?)T.

(¢) = (d): The hypothesis (ab)! = (a'ab)a’ implies

atab(ab)Taa’ab = a'ab(ab)Tab = alab,
(ab)taatab(ab)Ta = (ab)Tab(ab)a = (ab)Ta

(aTab(ab)Ta)* = (a’ab(aTab)Ta'a)* = aTaa’ab(atab)
atab(atab)’ = (aTab(aTab)")*
(aTaatab(a’ab)?)* = aTab(a’ab)Ta’a
= afab(ab)Ta

((ab)Taa’ab)* = ((ab)tab)* = (ab)Tab = (ab)Taalab.
Thus, (afab)t = (ab)ta. By an analogy, from (ab)" = bf(abb™)t, we obtain

abb'b(ab)tabb’ = ab(ab)Tabb’ = abb',
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b(ab)Tabb™b(ab)" = b(ab)Tab(ab)’ = b(ab)T,
(abb™(ab)")* = (ab(ab)")* = ab(ab)’ = abb'b(ab)T,

(b(ab)Tabb)* = (bbT (abb?)Tabb’)* = (abb®)Tabb'bb!
(abb")Tabb" = ((abb®)Tabb’)*

((abb")Tabb'bb")* = bbT (abb’)Tabb!
b(ab)Tabb.

So, we deduce that (abb")T = b(ab)t.
(d) = (g): Suppose that (a'ab)’ = (ab)Ta and (abb!)" = b(ab)t. Now,
a*abb* (b*)¥(ab)'(a*) a*abb* = a*abb'b(ab) aa’abb*
= a*ab(ab)'abb*

= a*abb*,

(b*)f(ab)f(a*)fa*abb* (b”‘)Jf(ab)Jf(a"‘)Jr = (b*)’L(ab)Jfanfabbeb(ab)Jf(a"‘)Jr
= ()" (ab)Tab(ab)' (a*)!
= (") (ab)(a*)",

(a*abb* (b*)T(ab)T(a*)")* = (a*abb'b(ab)'(a*)")* = (a*ab(ab)t(a*)T)*
= afab(ab)Ta = (a'ab(ab)Ta)*
= a*ab(ab)t(a*)" = a*abb'b(ab)! (a*)T
= a*abb* (b*)T(ab)"(a*)T,
(") (ab)T(a*)Ta*abb*)* = ((b*)(ab)aatabb*)* = ((b*)'(ab)Tabb*)*
(ab)Tabb’ = (b(ab) abb')*
= (b*)"(ab)Tabb* = (b*)"(ab)taa’abb®

Therefore, (a*abb*)’ = (b*)T(ab)’(a*)T.

(g) = (f): From the condition (a*abb*)t = (b*)T(ab)i(a*)T, we get
b*(a*abb*)Ta* = b*(b*)T(ab)T(a*)Ta* = bib(ab)Taa’. Then, in the same way as in
the proof of (b) = (a), we conclude (ab)! = b*(a*abb*)Ta*.

(f) = (b): If (ab)" = b*(a*abb*)ta*, then

a'abb'b(ab) aatabb’ = atab(ab)abb’ = alabd?,
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b(ab)Taa’abb™(ab)Ta = b(ab)Tab(ab)Ta = b(ab)Ta

(aTabbTb(ab)Ta)* = (aTab(ab)Ta)* = a*ab(ab) (a)*
a*abb*(a*abb®) a*(a')* = (a'aa*abb* (a*abb*)?)*
= (a*abb*(a*abb*)")* = a*abb* (a*abb*)

= a'aa*abb* (a*abb*)" = (a*abb*(a*abb*)Ta* (aT)*)*
= (a*ab(ab)T (a")*)* = a'ab(ab)Ta

=alabb'b(ab)ia

(b(ab)Taa’abb™)* = (b(ab)Tabb")* = (b7)*(ab) abb*

= (b")*b* (a*abb*)Ta*abb* = ((a*abb™)Ta*abb*bb)*
= ((a*abb*)Ta*abb*)* = (a*abb®) a*abb*

= (a*abb*)Ta*abb*bb’ = ((b")*b* (a* abb*) a*abb*)*
= ((b")*(ab)Tabb*)* = b(ab) abb’

b(ab)Taa’abb.

Hence, (atabb")t = b(ab)ta. O

3. Reverse order law for the weighted MP-inverse. We can also consider
reverse order law for the weighted Moore-Penrose inverse. Based on the results in
Section 2, we now can establish various equivalent conditions related to the weighted
MP-inverse of a product of elements in C*-algebra.

COROLLARY 3.1. Let A be a unital C*-algebra and let e, f, h be positive invertible
elements of A. If a,b € A are regular, then the following conditions are equivalent:

(a) abbe faf hab = ab
(b) be faf habb afh = be faf B
(c) af habb ;= bb af na;

(@)
(e) bbE faf na s an idempotent;

() b (afhabbef)ffafh_be fafh’
(g) (af habbe f)f = bbe fa} B0

af habbe g isan zdempotent

Proof. (a) < (b): Suppose that a; = h'/2af~'/? and by = f'/?be~'/2. Then
aiby = h'/2abe=1/? and aq, by are regular if and only if a, b are regular, respectively.
From Theorem 1.4, we have a}, Y2 2af~ 1/2)Th1/2 f’1/2a§h1/2 and b;f =

—1/2(f1/2be—1/2)tf1/2 — e_l/Qbe1/2.
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It is easy to verify that the condition abb; faJ}’hab = ab holds if and only if
alblbIaJ{albl = a1b;. By Theorem 2.1, this is necessary and sufﬁcient condition for
the equality bJ{aIalble{aI = b]; which is equivalent to b af habbe faf = bLfa},h.

The rest of the proof follows analogously. We only mention that a f’habb; ;I8
regular & ffl/zafa blefl/2 is regular & aJ{alblbl is regular and, by Theorem 1.4,
(a} pabbl ) ;= (f72aarbib] f1/2)} , = 12 (alasbrb]) £1/2. O

In order to prove Corollary 3.1 (and other corollaries in this section) in ring with
involution, we need to assume that (1 — a}’ha)b is left *e,f -cancellable where the
function *e,fis not general an involution. Hence, it is not enough to assume that an
element is just cancellable.

Let e, f be positive invertible elements of a unital C*-algebra A and define z*¢f =
—1,..%
e x*f.

COROLLARY 3.2. Let A be a unital C*-algebra and let e, f, h be positive invertible
elements of A. If a,b,ab € A are reqular, then the following conditions are equivalent:

(a

a (ab)i h= abbi fa}h;

(b) a*fha b—bbT a*fhab;
(c) a*f habbT —bbJr a*fha;
(d b;fa}h E (ab){l AR}

(e
(f
(g
(

bl sal, € (ab){1,4h};

b{l 4f} a{l, 4h} C (ab){1,4h};
ab(ab)e ha = abbe f,

(abb! ), =bbl sal

bl (abbe,f)})h = bl jal,.

h
@

Proof. (a) < (b): Let a; = h'/2af~%? and by = f'/?be~1/? as in the previous
corollary. Thus, a;b; = h'/2abe'/? and ai, b1, a by are regular if and only if a, b,
ab are regular, respectively. By Theorem 1.4, we get (ab);h = e Y2(a1by)thY/? and
bi}fa}’h = e_l/QbIthl/Q.

NN G NI AN NSNS NN

Now, by Theorem 2.2,

ab(ab)z,h = abbiyfa},h & arby(a1by)t = aybiblal
<~ a*{albl = ble{a*{albl
s alab = bbl fa*f7hab.
The rest of the proof follows analogously. O

COROLLARY 3.3. Let A be a unital C*-algebra and let e, f, h be positive invertible
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elements of A. If a,b,ab € A are reqular, then the following conditions are equivalent:

(a) (ab)iyhab = b;fa}yhab;

(b) abb*>! = abb**al, ,a;

(c) bb*e’fa}’ha = a}’habb*e’f;

(d) bifa}h € (ab){1,2, 3e};

(e) b ,ah, € (ab){1,3e};

() b{l 3e}-a{l,3f} C (ab){1, 3e};

(g) b(ab)iyhab = a}yhab;

() (a}pab)] ;= bl ja} pa;

(i) (a},hab)i,fa},h = bi,fa},h'

Proof. Let a; and by be the same as in the previous corollary. For conditions (a)—

(g) we can find the equivalent expressions in terms of a; and by, and apply Theorem
2.3 to finish the proof. O

The combination of Corollary 3.2 and Corollary 3.3 gives a list of equivalent
conditions for (ab) = b af , to hold.

COROLLARY 3.4. Let A be a unital C*-algebra and let e, f, h be positive invertible
elements of A. If a,b,ab € A are regular, then the following conditions are equivalent:

)

) ab(ab) = abbe faj , and (ab)Jr nab= bT af pab;

) a*Phab = bbT a*Frab and abb*ef = abb*e faf 5

) a*’ habbT = bbT a*fha and bb*e fa} RO = af abb*ef ;
e) bl ;al, E (ab){l 3e 4h};

) b{1, 36} a{l,3f} C (ab){1, 36} and b{1,4f} - a{l,4h} C (ab){1,4h};

) ab(ab) ha = abbT f and b(ab) pab= a} hab

) (abbT )fh = bb afh and (af hab)ef = be faf ha

) b; (abbT )fh = be fafh and (af hab)e fafh = be fafh

COROLLARY 3.5. Let A be a unital C*-algebra and let e, f, h be positive invertible

elements of A. If a,b,ab € A are reqular, then the following statements are equivalent:

) (a?)i,h _T bTTf(af ha’bbeTf)f fa‘;r“ h

) (af’};abbe’f)?f = b(abze’ha;

(c) (ab)e h= (a’f ha‘b) A = b (abbe f)f ht

(d) (af’hab)e’f = (ab) na and (abbe f)f h= b(ab)e hi
) (
) (

aj hab)e J= b (af habbe f)ff and (abbe f)j . (af habb )ffa}h,
7b*ef( *fhabb*ef) *fh}
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(g) (a*fhabbref)l = (bF)*F<(ab)! , (al)h.

Proof. Let a1 and b; be the same as in Corollary 3.1. Applying Theorem 2.7 to
the equivalent expressions, in terms of a; and by, for conditions (a)—(g) we prove this
corollary. O

In the next result, we present again some equivalent conditions for the reverse
order rule for the weighted Moore-Penrose inverse.

COROLLARY 3.6. Let A be a unital C*-algebra and let e, f, h be positive invertible
elements of A. If a,b,ab € A are regular, then (ab);h = b;fa}’h if and only if
(ab)ivh = b;f(a}yhabb;f)}’fa}’h and any one of the following equivalent conditions
holds::

(a
(b

abbl’fa}’hab = ab;

. (PR S
be, pas pabbe pap;, = b, rag
c a},habb;f = bbl)fa})ha;

(e
(f

( (an,habe,f)},f = bbl,f“},ha-

bbl)fa})ha is an idempotent;

)
)
()
(d) a},habb;f is an idempotent;
)
) bi,f(a}',habbl,f)j",fa},h = bl,fa},h;
)

Proof. This proof follows from Corollary 3.1 in the same way as in the proof of
Theorem 2.6. O

Notice that in Corollary 3.6 the condition (ab);h = bl’f(a}’habb;f)}’fa},h can be
replaced with some equivalent conditions from Corollary 3.5.

Arghiriade [1] proved that (ab)’ = bfa' holds if and only if a*abb* is EP, i.e.,
a*abb* commutes with its Moore-Penrose inverse. The conjecture is: Is there a simi-
larly result involving weighted MP inverse?

4. Conclusions. In this paper, we consider a number of necessary and suffi-
cient conditions related to the reverse order law for the Moore-Penrose inverse in
C*-algebras. Applying this result we obtain the equivalent conditions for the reverse
order rule for the weighted Moore-Penrose inverse of elements in C*-algebras. All of
these results are already known for complex matrices and some of them for closed
range linear bounded operators on Hilbert spaces. However, we used the different
technique in proving the results. In the theory of complex matrices various authors
used the matrix rank to prove the equivalent conditions related to the reverse order
law. In the case of linear bounded operators on Hilbert spaces, it seems that the
method of operator matrices is very useful. In this paper, we applied a purely al-
gebraic technique. It could be interesting to extend this work to the Moore-Penrose
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inverse and the weighted Moore-Penrose inverse of a triple product.
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