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A NEW WEIGHTED SPECTRAL GEOMETRIC MEAN AND PROPERTIES*

TRUNG HOA DINH'# TIN-YAU TAM?!, AND TRUNG-DUNG VUONG?

Abstract. In this paper, we introduce a new weighted spectral geometric mean:

Fi(A,B) = (A™'4,B)'/2 A 2(A~ 1, B)'/2, t€0,1],

where A and B are positive definite matrices. We study basic properties and inequalities for F;(A, B). We also establish the
Lie-Trotter formula for Fy(A, B). Finally, we extend some of the results on F;(A, B) to symmetric space of noncompact types.
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1. Introduction. Let P, be the set of all n x n positive definite matrices, H ,, be the space of all n x n
Hermitian matrices, and U(n) be the group of n x n unitary matrices. For A, B € P,,, the geometric mean
AfB = AYV?(A=Y2BA-1/2)1/2 A1/2 was firstly defined by Pusz and Woronowicz [18] in 1975. They showed
that it is the unique positive definite solution to the Riccati equation:

XA™'X =B.
It is well known [3] that the geometric mean AfB is the midpoint of the geodesic
A, B = AYV2(ATV2BATY2)E A2 e 0,1],

joining A and B under the Riemannian metric 6z(A, B) = || log(A~Y/2BA~1/2)||, where || - || denotes the
Frobenius norm [4]. See [1, 5, 10, 11, 13] for more results on the geometric mean.

The spectral geometric mean of A, B € P,, was introduced by Fiedler and Pték in 1997 [6], and one of
its formulations is

(1.1) ALB := (A"YB)2A(A74B)Y/2,

It is called the spectral geometric mean because (A§B)? is similar to AB and that the eigenvalues of their
spectral mean are the positive square roots of the corresponding eigenvalues of AB [6, Theorem 3.2].

In 2007, Kim and Lim [13] established a matrix exponential formula for the geometric and spectral
geometric means of positive definite matrices. In the same paper, they also defined the weighted spectral
geometric mean as:

(1.2) Ay B:= (A"4B) A(A4B)", te[0,1].
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It is obvious that Af; B is a curve joining A and B. In 2015, Kim and Lee [12] studied the relative operator
entropy by the spectral geometric mean. They also studied several properties similar to those of the Tsallis
relative operator entropy by the usual geometric mean. Recently, Gan, Liu, and Tam [8] and Gan and
Tam [9] studied Af;B and obtained some nice properties. A nice survey and new properties related to the
weighted spectral geometric mean Af; B can be found in the recent paper of Gan and Kim [7].

Note that in (1.2) the geometric mean A~!#B is a main component of the weighted spectral mean Af; B,
while the middle term is A, independent of . We define a new weighted mean below.

DEFINITION 1.1. Let A, B € P,,. Define
(1.3) Fy(A,B) == (A"'4,B)"/2A272(A 4, B)"/2, te0,1].

1t is obvious that Fy(A,B) = A and Fy(A, B) = B, and hence F;(A, B) is a curve joining A and B. For
t=1, F1(A, B) is the spectral geometric mean (1.1). We call Fy(A, B) weighted F-mean and it is different
from (1.2).

From the Riccati equation, it is obvious that AfX = B if and only if X = BA~!B. Therefore, F;(A, B) is
the unique positive definite solution X to

AQ(t_l)ﬂX — (A_lﬂtB)l/Q.
PROPOSITION 1.2 (See [2]). For any differentiable curve v : (—e,e) — P, with v(0) = I,
Y (0) — 15 1/t S H n
e lim 5 /5(2) = lim ~"(1/n).

Notice that for X, Y € H,, and a € [0, 1], the following curves are smooth and pass through the identity
matrix I at t = 0:

i (t) = et0—eX/2gtaY t(1-c)X/2.
Yo (t) = (1 — a)e!™ + aet,

(1) = (1 —a)e ™™™ +ae™™)™,
a(t) = Xt

5 (t) = e X gt

Applying Proposition 1.2 one obtains the following Lie-Trotter formulas:

e(lfa)X+aY — lim (et(17a)X/2netocY/net(lfa)X/Qn)n
n—00

= lim ((1 — a)et™/™ + aetY/™)n
n—oQ

= lim ((1 — a)e /™ + qe= /™)™
n—oo

— lim (etX/nﬁaetY/n)n
n—00

— lim (etX/nhaetY/n)n.
n—roo

We will establish in Theorem 3.1 the Lie-Trotter formula for F;, namely,

. 1 —
lim Ft /P(epAvepB) — 6(1 t)A+tB7
p—0

when A, B € H,,, and ¢ € [0,1]. We study basic properties and inequalities for F;(A, B) and extend some of
the results on F;(A, B) to symmetric space of noncompact type.
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2. Properties and inequalities for F;(A, B). In this section, we establish some basic properties
and inequalities for Fi(A, B). Given A, B € H,,, we denote by A < B the Lowner order, that is, B— A > 0,
that is, positive semidefinite. First, we recall some known properties [16] of the weighted geometric mean.

LEMMA 2.1. Let A,B,C,D € P, andt € [0,1]. We have

AflyB = A 'B' if A and B commute.

(aA)4:(bB) = a*~'b! (A4 B) for a,b > 0.

Al B = Bt A.

(At,B)"' = A~'¢,B~\.

M*(At:B)M = (M*AM)g:(M*BM) for any M € GL,,(C) which denotes the group of all invertible
matrices over C.

(Lowner—Heinz) Ay B < Ct,D if A< C, B<D.

7. M+ (1= NB)E(AC + (1 — \)D) > A(A§:C) + (1 — A) (B4 D), for A € [0, 1].

8. (1-t)A"1+tB~ )" ! < Af{,B < (1 -t)A+1B.

U W=

=

The following proposition lists some basic properties of F;(A, B). Some properties are similar to those
of weighted geometric mean [16] and are not hard to prove. Proofs are presented here for the sake of
completeness.

PROPOSITION 2.2. Let A, B € P,,. The following properties hold for all t € [0, 1].

Fi(A,B) = A*"'B if A and B commute.

Fy(aA,bB) = a*~ ' F,(A, B) for a,b > 0.

U*Fy(A, B)U = F,(U*AU,U*BU) for U € U(n).

F7YA,B)=F/(A',B1).

det Fy(A, B) = (det A)'~!(det B)*.

2((1 —t)A+tB~1) 712 — A2¢-1) < Fy(A,B) < 2((1 — ) A~ +tB)~Y/2 — A720=D]=1 where the
second inequality holds when 2((1 — t)A=" +tB)~Y/2 — A=2(=1 s invertible.

7. Tt F(A,B) < (Tr AV (Tr B! < (1—t) Tr A+t Tr B.

Proof. (1) Since A and B commute, so do A~! and B. Thus, A~'#,B = (A=}~ B! and we have

S Otk W

Ft(A,B) _ (A_lutB)1/2A2_2t(A_1ﬁtB)l/2 — (A—1+tBt)l/2A2—2t(A—l-‘,-tBt)l/Q _ Al_tBt.

(2) For any a,b > 0, by Lemma 2.1 (2), we have
/2

1/2 1
()6 0B)) (aa)** ((aa)'2(0B))
_ alftbt(AflﬁtB)1/2A272t(A71ﬁtB)1/2
=a' "' F,(A, B).

F;g((l/147 bB)

(3) Note that U*(A#, B)Y/2U = (U*(A#,B)U)"? and U* A2~2tU = (U*AU)*"?" for any U € U(n). Then
U*Fy(A, B)U = U*(A™'#,B)Y/2 A2~ % (A4, B)'/?U
— U*(A_lﬁtB)l/QUU*A2_2tUU*(A_lﬁtB)l/zU
= (U (A~'4,B) U) (U AU~ (U* (A4, B) U)
= F,(U*AU,U*BU),

1/2
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where the last equality follows from U*(A~1f,B)U = (U*A~'U)t,(U*BU).

(4) By Lemma 2.1 (4), we have

[ 1y, B 1/2 p2-2t (A_lﬂtB)1/2}7
( 1ﬁtB) 1/2 A2t—2 (A—lﬁtB>71/2
( )1/2 A2t72 (Althfl)l/Q
F(A B

(5) Since det(AB) = det A det B, we obtain
det Fy(A, B) = det (A™'4,B) det (A*7*") = (det A)'~"(det B)"(det A)*~* = (det A)'~*(det B)".

(6) Let X = Fi(A, B). By the Arithmetic-Geometric-Harmonic mean inequalities and the operator
monotonicity of the function X + X' when ¢ € [0, 1], we have

<A2(t1) + X1

(2.4) >

—1
1/2
) < A2EVpx — (A1, B)Y2 < ((1 —$)A~! +tB) .

Then, we have

A72(t71) x-1 —1/2
+ > ((1 —)A! +tB) .
Hence,
—1/2
x> 2((1 1AL+ tB) G
Consequently,

1
—1/2
X< [2((1 A tB) - A‘Q(t‘l)] .

Since Fy(A, B) = (Fy(A™1, B1))~!, we obtain the first inequality.
Using the second inequality in (2.4) and similar arguments, one can prove the second inequality.
(7) Let p and o be two density matrices. We show that
T={tel0,1]: Tr Fi(p,0) <1} =[0,1].
Since 0,1 € T, according to the continuity of the trace function it is enough to verify t = 1/2 € T'. We have

Tr Fy (p, o) = Tr (phio) = Tr ((p'/20p'/?)/?) < 1.

Now, let p =

A
A and o = ™E By the second property in this proposition, we have

T (Fy(p, o)) = (Tr A) (T B) T (F(A, B)) < 1
Consequently, Tr F;(A, B) < (Tr A)'~(Tr B)®. o
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REMARK 2.3. An analog of Lemma 2.1(3) for F}(A, B) is not true, that is, the equality F;(A, B) =
Fy_+(B, A) does not hold. Indeed, from the last identity we have

(A_lﬁtB)l/zAQ_Qt(A_llth)l/Q _ (A_lﬁtB)_l/szt(A_llth)_l/Q,
or equivalently,
BQt — (AflﬁtB)A272t(A71ﬁtB).
According to the Riccati equation, it implies that

A_lﬁtB _ B2tﬁA2t_2,

which is not true.

3. The Lie-Trotter formula for F;(A, B). In this section, we establish the Lie-Trotter formulas
for F(A, B). Let us start with the version for two positive definite matrices.

THEOREM 3.1. Let A,B € H, andt € [0,1]. Then

lim Fl/p(epA epB) _ e(l—t)A-&-tB.
p—0 t ’

Proof. Since F, ' (A, B) = Fy(A™', B~') we have
lim Ftl/p (epA,epB) = lim F;l/p (e_pA,e_pB) = lim Ftl/p (epA,epB).
p—0— p—0— p—0t

So we only need to prove
lim Ft(epA ePB)l/:D _ 6(1*t)A+tB.
p—0+ ’

For p € (0,1), we may express p = ——, where m € N, and s € (0,1). Set

m—+s?

X(p) = Fy(er?,eP), Y(p) = 170ATEL

We have
| Fy(eP?, ePBYH/P — ((1-D)A+EB)|
= 1X@)"" =Y (@)
(85) < IX@)Y? = XE) I+ [XG)™ =Y @)+ V0" =Y ()],

By [17, Theorem 1.1],

Ay pB 1—t)A+tB
P4, eP <10g6p[( JA+LB]

so we have
ePA4ePB || < |V (p)|| < ePlO-DIAI+HIBI]

Therefore,
1 1
IX(p)|| = || (e PA4,ePB) 2 P20 A(c—PAY, B3 |
< [le7PAePB |3 | eP2204|| [P AL, ePP 2
< e 2= IA[+tBIl] op(2—2t) | All  E[(A=t) | All+¢ ]| BI]

— PIB=3D)[IAI+2 BII]
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As pm < 1, we have || X (p)||™ < epmIG=30IAIF2IBI] < ([G=30)IAI+tIBI] < oo, Consequently, the first term
in (3.5)

IX()Y? = X ()™l = 1IX ()" = X(0)™|| < [X@)I"™IX(p)* = Il =0 as p— 0%,
since X(p) — I as p— 0" by (1.3) and s € (0,1). Similarly, the third term in (3.5)
Y @)™ =Y ®Y?| =Y = Y@ < YOI =Y @)l =0 as p— 0"

Now the second term in (3.5)
1X()™ =Y (@)™ = Z_: X" (X (p) =Y (@)Y (Y| < mM™ X (p) = Y ()],
§=0

where M := max{|| X ()|, Y (p)||}. As p(m —1) <1, we have
M™ ! < max {emm—l)[(s—zt)|\A|\+tnBu7ep(m—l)[(l—t)||A||+t||Bu]}
< max {6(3—3t)HAH+tHBH’e(l—t)l\AlHtHBH}

< 00.

oo
. . . . . k
Using the power series expansion of the matrix exponential e4 = 3 ‘2—,, we have
k=0

I-— 7% +0(p)> [<I+pzA +0(p)> (I +pB + o(p)) <I+p;4 +o(p))]t <I— % +0(p)>

— (1B o)) T4 pa+ B+ o) (1= 157 + o)
I+ p[—(1—1t)A+tB]+ o(p),

and s
_ 1
P04 — 37 i (p(2 - 20)A)F =T+ p(2—2t) A+ o(p).
k=0
Hence,

X(p) = (eprljtepB)% oP(2-20)A (eprﬁtepB)%
=[I+p(-(1—-t)A+tB)+ O(p)]% I+p2—-2t)A+o(p)|[I+p(—(1—-t)A+tB)] %
- [I + g(—(l —t)A+1tB) + O(p)} [+ p(2 — 20)A + o(p)] [I + g(—(l —t)A+tB) + o(p)]
=T+ p((1—t)A+tB) +o(p).
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As Y(p) := ePl=DAHBl — T 4 p((1 —t)A +tB) + o(p), we have || X (p) — Y(p)|| < cp? for some constant c.

Then
m

(m +3)

since M™~! is bounded. Thus, all three terms in (3.5) converge to 0 as p — 07 and hence the proof is

1X(p)™ =Y (p)"[| < mM™ 'ep? < M™lep =0 as p— 07,

completed. 0
THEOREM 3.2. Let (ay,...,am_1) € R™ ! and X1, X, ..., X, € H,,. The curve

Y(t) == Fo,, < X Fa, s (etXm Y Fa,, 3( Fo, (etX27etX1))>7

is a differentiable curve with v(0) = I and

m m
Y'(0)=> e (1= ar-1) X,
k=1i=k
k 1 —
where ag = 0 and o, = 1. In particular, if o = Pl fork=1,2,....,m—1, then v/ (0) = — ZXk.
m
k=1
Proof. Let
1 1
= Fq, le , € = le o € 267 e o € :
t F . tXo tXq tXo ) tXq t(2 20(1)X2 tXo ) tX1
= p(t)2e! @720 X (1)
where @(t) tX2ﬁ etX1 — 6,% (6tX2 txlef{;g )a1 sz _We have
d
—(t
praQ)
= 7%87% (e%et‘xle%)alei% — ei% (e%etxle%)alei%%
+OL]€7% (e% tXlefXQ)al td <e§etxle%>ei%
dt
= —%e_MTZ (em%etxleﬁ)ale_é — €_¥ (em%etxle%>ale_%%
JrOéleitXTQ(eD;z tXlef)gQ)al 1<&ef§2 etX1e fXQ +61)2(2 tXlefXQ Xo +efT tXlee )2( )67%.
2 2
Therefore,
d
TP =X+ (X + X)) = (a1 — )Xo + a1 Xy,
t=0

On the other hand,

d 1, _1d Con L 1 o9 1 d
80 = 5o(t) 7 o)l BN (1) 4 S () el TR0 (1)7E —o(t)
+(2 = 200)p(t) 2! 20X X (1),

Thus,

75“) = (011 — 1)X2 + a1X1 + (2 — 2041)X2 = (]. — O[l)XQ + OZ1X1.
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Set
(1) = Fo, (770 7(1)) = L(p) et Xma L),

where L(t) = e tXm+14, ~(t). Since

1 d

d 1 d
60 = SL(1) 73 L)' G2 amI X L(1) 4 SL(1) 3! 20m) X (1) 72 2 L(1)
(2 = 20 ) L(t) 2! 20m)Xmir X L(1)7
by the previous argument, we have
d /
&L(t) = —Xomt1 + am(Xms1 +7°(0)).
t=0
Therefore,
d m m m—+1m+41
af(t) = (1 — Oém)Xm_H + Z H (673 (1 — Otk_l) Xk = Z H Q5 (1 — ak—l) Xk,
t=0 k=1i=k k=1 i=k
where ap = 0 and au,+1 = 1. 0

4. Generalizations to semisimple Lie groups. The readers are referred to [8, 9] regarding Lie
theoretic preliminaries and notations. Let G be a noncompact connected semisimple Lie group with Lie
algebra g. Let © : G — G be a Cartan involution of G, and let K be the fixed point set of ©, which is is an
analytic subgroup of G. Denote by 6 the differential map d© of ©. Then 6 : g — g is a Cartan involution.
and g = € ® p is a Cartan decomposition, where ¥ is the eigenspace of 6 corresponding to the eigenvalue
1 and p is the eigenspace of 6 corresponding to the eigenvalue —1. For each X € g, let eX = exp X be
the exponential of X. Let P = {eX : X € p}. The map p x K — G, defined by (X,k) — eXk, is a
diffeomorphism. So each g € G can be uniquely written as:

(4.6) g = pk,

with p = p(g9) € P and k = k(g) € K. The decomposition G = PK is called a Cartan decomposition of
G. For example, when G = SL,,(C), K = SU(n), and P C P,, consisting of positive definite matrices of
determinant 1.

The mapping p — p*/?K identifies P with G/K as a symmetric space of noncompact type. The t-
geometric mean of p,q € P was defined in [17] as:

t
phig = p'/? (p*wqp*w) p/?,  telo,1].

It is the unique geodesic in P from p (at ¢ = 0) to ¢ (at ¢ = 1). It is known that pf;q = ¢f1_p and
(ptiq)~t = p~tsq~!. When t = 1/2, we abbreviate pli/2q as plq.

Denote by < the Kostant pre-order on G [14, 17, 8, 9]. Given f,g € G, by setting f <¢ ¢g means (see
[14, p. 426))

(4.7) A(f) € Alg),



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society I I
Volume 40, pp. 333-342, February 2024.

341 A new weighted spectral geometric mean and properties

where

A(g) := expconv (W (log h(g))) C A,
in which conv () denotes the convex hull of the underlying set, W is the Weyl group of (g,a), a is a fixed
maximal abelian subalgebra in p, with A as the analytic group, and h(g) is the hyperbolic component of g

in its complete multiplicative Jordan decomposition. It is known from [14, Theorem 3.1] that this pre-order
<¢ is independent of the choice of a.

Let p,q € P. Define

Fyp,q) = (0 @) 2p* 2 (p~ " eq)/?, t€[0,1].

Some properties in Proposition 2.2 can be extended to P.
PROPOSITION 4.1. Let p,q € P. The following properties hold for all t € [0,1].

1. Fy(p,q) = p*~'q¢" if p and q commute.
2. kFy(p,q)k~1 —Ft(k:pk: L kgk™t) fork € K.
3. Fy ' (pa) = F(p ' q7").

Proof. (1) When p and ¢ commute, so do p~!

and ¢. Thus, p~ ;¢ = (p~1)*~!q" and hence

Fi(p.q) = (p ' 4:0)* 0" (p Heq)? = (1) ' p? 2 (p 1) gt = pt g

The proof of (2) and (3) are similar to Proposition 2.2 (3) and (4), respectively. 0

Similarly, Theorem 3.1 can be extended to P.
THEOREM 4.2. For X,Y € p and t € [0,1],

(4.8) lim A(F, 1/9( SX,eSY)) :A(e(lft)XthY).

s—0

Proof. We will first show that

(4.9) (B q") = FY7((x(p)" (w(a))").

To show this, note that for finite dimensional representation 7, there exists an inner product on V' such that
7(2) is positive definite for all z € P [14, p. 435]. As 7w(p~t:q) = (7(p)) " *#:7(q), we have

m(F ( MY

T(F(p".q")) = (
(wl(p™ )1/“ 2 (p~g) V)
(
(

(m((p 1ﬂtq))1/2( ) (s A R
(m(p)) " tem(@) 2 (m () (w(p) " gem (@) /)"
F'r ((ﬂ(p))r,(ﬁ(q))’”)-
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By (4.9) and the fact that 7(e™X) = ¢?™(X) | where X € p, for any finite dimensional representation 7 of

G, where dm denotes the differential of 7 at the identity, we have

s 1/3 sX _sY 1 1/s/ sX _sY
w(lim F/ (e, ) = lim w5 (%, )
= lim /" (n(e"), m(e")

s—
— lim Ftl/s(eSdﬂ(X),(iSdﬁ(Y))

s—0

= (17D (X)+tdr(Y) by Theorem 3.1)

= m(e1—OX+Y),
By [14, Theorem 3.1], the compact convex sets A(F,/*(esX,e5Y)) C A converge to A(e(1=OX+Y) with
respect to the Hausdorff metric for convex sets, as s — 0, that is, the limit (4.8) holds. O

We conjecture that liH(l) Ftl/s (esX,eV) = eU=DXHY for XV € p.
S—r
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