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COMMUTATORS OF SKEW-INVOLUTIONS*

XIN HOUT AND WEN-WEI LI#

Abstract. Let SL, (F) be the group of all n X n matrices over a field F with determinant 1. Denote by I (I) the (n x n)
identity matrix. A matrix A is called skew-involution if A2 = —I. It is proved that every matrix in SLa, (F) is a product of
at most three commutators of skew-involutions if F # Zs and SLo,(F) # SL2(Z2), and at most four commutators of skew-
involutions if F = Z3 and n > 1. Every complex symplectic matrix is a product of two commutators of complex symplectic
skew-involutions, and every real symplectic matrix is a product of not more than four commutators of real symplectic skew-
involutions.
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1. Introduction. Let M, (F) be the set of all n x n matrices with over a field F and let SL,(F) =

{A € M,(F)|det A =1}. An involution (a skew-involution) is a matrix A satisfying A2 =T (A% = —1I). Let
Qg € My, (F) be the skew-involution

0 I

Qop, = "l

2n |:_In 0 :|

An A € My, (F) is called symplectic if it satisfies ATQy, A = Qq,,.

Expressing elements of some matrix groups as products of involutions is an interesting topic discussed
by many scholars (see e.g. [1, 5, 6, 11, 14, 18]). Denote by [X,Y] = XY X~1Y ~! the commutator of matrices
X and Y. Decomposing matrices into commutators of involutions has also drawn the attention of scholars
(see e.g. [7, 8,9, 10, 16, 19]). In [13], Joven and Paras discussed the decomposition into skew-involutions of
the elements of SLy, (F) for an arbitrary field F and the symplectic matrix groups over the real field R and
the complex field C. In this article, we consider the decompositions into commutators of skew-involutions.

If p(z) = 22 + 1 has a root a@ € F, then A is a commutator of two involutions X and Y if and only
if A is a commutator of two skew-involutions aX and aY. Denote by charF the characteristic of F. If
charF # 2, then by Theorem 2.8 in [7], every element of the group SL, (F) can be written as a product
of at most two commutators of involutions, and therefore, it can also be written as a product of at most
two commutators of skew-involutions. If charF = 2, then an involution is also a skew-involution, and every
commutator of involutions is also a commutator of skew-involutions. Son et al. gave conclusions in Theorem
1 and Propositions 2 and 3 of [16] that every matrix in SL,,(F)(n > 1) is a product of at most two commu-
tators of (skew-)involutions when F has at least three elements, a product of at most three commutators of
(skew-)involutions when F = Zy and n is odd, and every matrix in SLy(Zs) is a commutator of (skew-
)involutions.
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If p(z) = 2% + 1 has no root in F, then the minimal polynomial of a skew-involution P € M,,(F) is the
irreducible polynomial p(z). By the rational canonical form theorem, P is similar to

0 -1
Beven-B ] ]
k k
Thus, n = 2k is even, and P is similar to Qg. Hence, every skew-involution in Moy (F) is in SLog(FF) for
some k € N, and it is similar to Q. In particular, if A is a product of commutators of skew-involutions,
then A € SLQk(F)

In this paper, we consider products of commutators of skew-involutions in SLs, (F). In Section 2, we
give some elementary properties of commutators of skew-involutions. We show in Section 3 that every
A € SLg,, (F) is a product of commutators of skew-involutions if and only if F # Zy, Z3 or n > 1. In Section
4, we prove that every real symplectic matrix is a product of four commutators of real symplectic skew-
involutions. While in Section 5, we give a necessary and sufficient condition for a symplectic matrix over the
complex number field C to be a commutator of symplectic skew-involutions and prove that every complex
symplectic matrix is a product of two commutators of complex symplectic skew-involutions.

2. Preliminaries. Denote by Sp(2n,F) the subgroup of SLs, (F) consisting of all the symplectic ma-
trices over a field F. The following gives a necessary and sufficient condition for a nonsingular matrix to be
a product of two (symplectic) skew-involutions

LEMMA 2.1. If A € M, (F) is nonsingular, then A is a product of two (symplectic) skew-involutions if
and only if there is a (symplectic) skew-involution P such that P~*AP = A~!.

Proof. Let A = ST be a product of two (symplectic) matrices with S? = T? = —1I,,. If we take P = S,
then P7*AP = —S(ST)S = TS = A~'. Conversely, if P"*AP = A~! such that P is a (symplectic)
skew-involution, then A = (—P)(PA). Here, —P is a (symplectic) skew-involution and so is PA, since
(-P)2=P?=—1I, and (PA)? = —(P7'AP)A= -A"1A = —1,. O

Since the commutator of two (symplectic) skew-involutions S and T is STS™IT~! = ST(-S)(-T) =
(ST)?, we have the following by Lemma 2.1.

COROLLARY 2.2. If A € M, (F) is nonsingular, then A is a commutator of (symplectic) skew-involutions
if and only if there is a B € M,,(F) such that B> = A and B is a product of two (symplectic) skew-involutions,
if and only if there is a B € M, (F) such that B> = A and B is similar to its inverse by a (symplectic) skew-
tnvolution.

Denote by A @ B the direct sum of the square matrices A and B. By Corollary 2.2, A2@® A~ 2 is a
commutator of skew-involutions since A2 @ A=2 = (A® A~")? and Q;, (A ® A1), = (A® A~H)~L,
Observe that

eean= [ B) (0 )10 5) (8 4]

is a commutator of two skew-involutions and also a commutator of two involutions. If A is symmetric, then
the two skew-involutions are also symplectic skew-involutions. Then, we have the following.

LEMMA 2.3. If A € M, (F) is nonsingular, then A®> ® A2 is

(a) a commutator of involutions,
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(b) a commutator of skew-involutions, and

(¢c) a commutator of symplectic skew-involutions, when A is symmetric.

Let A = (A;;) € My,(F) and B = (B;;) € My (F), where each A;; € My (F) and each B;; € M;(F). The
expanding sum of the matrices A and B is defined to be

Al @ Bin A2 @ Bio

ABB=
( Ag1 @ Ba1 Az @ B

) € Mopy2(F).

One can check that A B B is permutation similar to A @ B. Moreover, A B B is symplectic if and only if
both A and B are symplectic. The preceding is also true if “symplectic” is replaced with “involution,” or
“skew-involution.” In addition, if C' € My (F) and D € My (F), then (AH B)(CH D) = (AC)H (BD). The
preceding facts give the following remark.

REMARK 2.4. Let CSZ(m) be the set of all products of m commutators of (symplectic) skew-involutions
over F.

(a) CST(1) C CST(2) € CSL(3) C -+ .

(b) CSZ(m) is closed under expanding summation, i.e., if A € CSI(m), B € CSZ(m), then AB B €
CSZ(m). When CSZ(m) is just the set of all products of m commutators of skew-involutions, “expanding
summation” can be replaced by “direct sum.”

(¢c) CSZ(m) is invariant under (symplectic) similarity, i.e., if A € CSZ(m) and P is a (symplectic)
matriz of the same size as A, then P~1AP € CSZ(m).

(d) If A € CSI(m), then A=Y, AT € CSZ(m).
Remark 2.4 also holds for the set of all products of m (symplectic) involutions and the conclusions (b),
(c) and (d) are true for the set of all products of m (symplectic) skew-involutions.

LEMMA 2.5. If the characteristic of the field F is prime, then the quadratic equation x> +y?> +1=0 in
x and y has solutions in .

Proof. 1f charF = 2, then (0,1) is a solution of 22 + y* + 1 = 0. If charF = p # 2, then Z, is a subfield

of F. Suppose that § is a generator of Z7. Since Zf, has % square elements, it must intersect the set
p—1-Z2={p—-1,p—-1-&p—-1-¢&*, ... ,p—1—¢£*2}. Thus, there exist two elements x and y in Z,
satisfying 2 + 4% 4+ 1 = 0. O

If the characteristic is zero, there are fields wherein 2 + 1 = 0 has no root but z? 4+ 32 + 1 = 0 has
solutions in them. Here, we give an example. Let Q(v/—2) = Q[t]/(t*> +2). Then, 22 + 1 = 0 has no root in
Q[t]/(t* + 2) but (¢,1) is a solution of 2% + y? + 1 = 0 in that field.

Let h(z) = Zli:o c;z' be a monic polynomial over F with positive degree .
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is called the Frobenius block or companion matrix of A(z). The Frobenius (rational) canonical form theorem
states that if A € M, (F), then A is similar to a direct sum of Frobenius blocks @©*_ C(h;), where each
h; = p;i(x)" for some positive integer I; and irreducible polynomials p;(z).

LEMMA 2.6. Let A € M,,(F). The determinant of A% + I, is a sum of two squares.

Proof. We first consider the companion matrix of h(z). One can check that the determinant of C(h)?+1,
equals a? + b?, where

=1 1
2 2
a=1+ Z(*l)zCz—zi7 b= Z(*l)lcurl—zu
i1 i=1

if [ is odd, while

N~
(S

a=1+ Z(_l)icl—%; b= Z(_l)iCHl_zi,
=1

i=1
if [ is even.

Now we finish the proof. By the rational canonical form theorem, A is similar to a direct sum of
companion matrices ®¥_, C(h;). Suppose the degree of h; is I;. Then, A2+ 1,, is similar to @%_, (C(h:)?+11,).
The determinant of C(h;)? + I;, can be written as a? + b7 for some a; and b; in F. Then the determinant of
A% 4+ 1,, is det(A? + I,,) = I} det(C(hs)? 4+ I;,) = TI}_; (af + b7). Since the product (af + b7)(a3 + b3) =
(a;aj + b;b;)? + (a;ib; — bia;)? is still a sum of squares of two elements in F, by induction we know that the
determinant of A% + I,, can be written as p? + ¢2 for some p, ¢ € F. 0

3. Commutators of skew-involutions in SLs, (F). Let A € SLy,(F). From Section 3.2 of [13], we
know that SLo(Z3) cannot be generated by skew-involutions, and it is known that SLa(Z3) properly contains
its commutator subgroup (see [4] Section 107). So we divide our discussion into two cases: (i)|F| > 4 and
(i) n > 1 and F = Zs.

3.1. Case when |F| > 4. We first consider nonscalar matrices with determinant 1, the case A = —Is,,
and finally A = aly, with o = 1, # +1.

For the nonscalar matrices of determinant 1, we prove the following theorem.

THEOREM 3.1. IfF is a field with at least four elements, then every nonscalar A € SLa, (F) is a product
of at most two commutators of skew-involutions.

Proof. If F = Zs or if the characteristic of the field is two, then the result follows from [Son et al. [16],
Theorem 1] since every matrix in SLy, (F) is a product of at most 2 commutators of involutions, but in
such F the equation 2 + 1 has a root, so commutators of involutions can be replaced by commutators of
skew-involutions.

Suppose that F # Zs has at least 4 elements and the characteristic is different from 2. Then there exists
a € F such that o? # a2 and since F has at least 4 elements, by Main Theorem of [2] one can write the
non-scalar A € SLy, (F) as A = BC where B and C' are nonderogatory with eigenvalues o (n times) and
a~2 (n times). Both B and C are similar to the direct sum of the companion matrices C(p(z)) ® C(q(z))
where p(z) = ( —a?)" and ¢(z) = (z —a~2)". The matrix C(p(z)) is similar to (C((x —a)"))? and C(q(z))
is similar to (C'((x — a)™))~2. Then the claim follows by Lemma 2.3(b) and Remark 2.4(c). o
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Now suppose A is scalar. If B € My, (F) is a skew-involution, then I, = [B, B]. If A = —I5,, we have
the following lemma.

LEMMA 3.2. If n is even or there exist a,b € F such that a®> +b> +1 = 0, then —Iy, is a commutator of
skew-involutions in SLa, (F). Otherwise, —Ia, is not a commutator of skew-involutions in SLay, (F) and —Is
is a product of three commutators of skew-involutions in SLo(F) and no fewer.

Proof. If n = 2k is even, then

2 -2
0 I 0 I
-1 n — —Iy = )
2 4k (Ik 0) @<[k 0>

is a commutator of skew-involutions in SLy,, (F) by Lemma 2.3(b). If there exist a, b € F such that a®+b*+1 =

0, one checks that
o 0 I, al, 0bI,
I\, o) \ol, —al,)|’

and the two matrices of the commutator are skew-involutions. Thus, —Is, is a commutator of skew-
involutions in SLy, (F).

If n is odd and the quadratic equation a? 4+ b* +1 = 0 in @ and b has no solution in F, it can be proved

that —Is,, = —I4x+2 is not a commutator of skew-involutions. Otherwise, there is a B € Ma,, (F) such that
B? = — 41,2 and B is similar to its inverse via some skew-involution S by Corollary 2.2, say S™'BS = B!
and S? = — Iy, 2. Since B2 = —1I5,, there exists an R such that R"'BR = Qy,. If we set T = R"1SR, then

T is a skew-involution and 71, T = anl = —Qy,. Hence, T has the form T = (J\]\{ J\]/;4) for some
M, N € M,(F) such that MN = NM and M? + N? = —I,,. From the Frobenius (rational) canonical form
theorem, M is similar to a direct sum of Frobenius blocks by some matrix P, say P~'MP = @F_ C(h;)
and each h; is a positive integer power of an irreducible polynomial. Without loss of generality, suppose
P~IMP = M; ® M, where M; = &, C((2* +1)*) is a matrix of order 27" k;, and My = &' C(h;) is
N1 N2
N3 N4
of order 2r with r = """ k;. From MN = NM, we get (P~'MP)(P~*NP) = (P 'NP)(P~'MP). Then
My Ny = NoMy and Mo N3 = N3Mj. Since a necessary and sufficient condition for AX — X B = C to have a
unique solution is that the spectra of A and B are disjoint, we obtain Ny = N3 = 0. From M? + N? = —1,,
we get (P"'MP)? + (P~'NP)? = —I,,, which implies M? + N} = —I5, and M3 + N? = —1I,,_»,. Since n is
odd, by Lemma 2.6 we have det(M3 + I,,_o,) = det(—N3?) = —(detN4)? = p? + ¢* for some p,q € F. Since

2 2
h; is not divisible by 22 + 1 for each C'(h;) in My, we have detNy # 0 and so (defﬁ) + (m) +1=0,
which contradicts the hypothesis that a® 4+ b% + 1 = 0 has no solution in F.

an odd order matrix with each h; not divisible by x? +1. Write P~ NP as < > , where N; is a matrix

We now consider —I3. We know by the preceding that —I5 is not a commutator of skew-involutions. We
show that —I5 is not a product of two commutators of skew-involutions in SLa(F). Otherwise, there exists
a D such that —I; = D(—=D71!), and both D and —D~! are commutators of skew-involutions in SLy(IF).
Suppose D = [X,Y] and —D~! = [X,f’] with X2 = Y2 = X2 =Y2 = —[,. Since a® + b2 + 1 = 0 has no
solution in F, every skew-involution in SLy(F) is similar to Qg, say P~ XP = Qy, for some P € GLy(F).
Observe that S € SLy(F) is a skew-involution if and only if

S = (CCL _ba> where be = —1 — a? with b, c # 0 (assuming that a® 4+ b? + 1 = 0 has no solutions in F).
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One can assume
PTlyYp = (a: 4 ) where yz = —1 — 2% with y, z # 0.
z

Then, the trace of D is

trD = tr(P"'DP) = tr[P"*XP, P"'Y P] = tr [(_01 é) ; (ﬁ _yx)] =(y—2)>—-2=(y+2)*+2+42>

Similarly, it can be concluded that tr(—D~1) = (§ — 2)2 — 2 = (§ + 2)? + 2 + 472 for some 7,7, 7 € F with
—1— 2% = §2 # 0. From Corollary 2.2, —D~! and —D are similar. Thus, (§ — 2)? — 2 = tr(—D7!) =
tr(—D) = —trD = —(y + 2)?> — 2 — 42?%, which means (§ — 2)? + (y + 2)? + 422 = 0. Since a® +b>+1 =0 has
no solution in F, we have charlF # 2. If x # 0, then (g;j)2 + (%£2)% + 1 = 0 which contradicts the fact the
quadratic equation a?+b241 = 0 in ¢ and b has no solution in F. If z = 0 and y+2z # 0, then (y+z) +1=0
and the quadratic equation a? + b® + 1 = 0 has a solution ¢ = 0 and b = +Z, a contradiction. If x = 0 and
y+ 2z =0, then y = —z = %1 since yz = —1. Hence, §j = 2, which implies 32 + 22 + 1 = 0, a contradiction.
In conclusion, —I5 is not a product of two or fewer commutators of skew-involutions in SLo(IF).

Write —I = diag(y?,y~?)diag(—y 2, —y?) with y € F and y # 0,1, —1. Then, y? # y~2, otherwise y
would satisfy (z—1)(z+1)(2?+1) = 0, and we are under the assumption that y # +1 and a®+b*+1 = 0 has
no solution in I - in fact, it is enough that 22 +1 = 0 has no root in F. Since diag(y?,y~2) is a commutator of
skew-involutions from Lemma 2.3 and diag(—y~2, —2) is a product of two commutators of skew-involutions
from Theorem 3.1, —I5 is a product of three commutators of skew-involutions in SLy(F) and no fewer. 0O

COROLLARY 3.3. If charF # 0, then —Is, is a commutator of skew-involutions in SLa, (F).

Proof. If charF = p # 0, by Lemma 2.5, there exist two elements a and b in Z,, satisfying a’+b?>+1=0.
By Lemma 3.2, —I5, is a commutator of skew-involutions in SLs,, (FF). a

If A # +15, is a scalar matrix als, with determinant 1, then the following lemma holds.

LEMMA 3.4. Assume that a®" =1 and o # 1. If n is even or there exist two elements a,b in F such
that a®> +b*> 4+ 1 = 0, then als, is a product of at most two commutators of skew-involutions in SLoy, (F).
Otherwise, alsy, is a product of at most three commutators of skew-involutions.

Proof. Since a?" = 1, we have al, € SLa,(F). Write als, = BC where

n
B — @QQi—1127 C — @a2n+2—2i12.
i=1 =1

Note that C is permutation similar to (diag(1, o, a?,...,a" 1))2 @ (diag(1, o, a?,...,a""1))72 hence C is
a commutator of skew-involutions in SLy, (F) by Lemma 2.3(b) and Remark 2.4(c).

When n = 2k is even, B is permutation similar to

(@02 ) (@) -

which is also a commutator of skew-involutions in SLg, (F) by Lemma 2.3(b) and Remark 2.4(c).
When n = 2k — 1 is odd, B is permutation similar to

2 .
k—1 0 1 . k—1 0
\ a2i71 0 \ a? —
=1 =1

1 a2k‘—1 0
) (M0 )
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Since a?" = a**~2 =1, we have o1 = £1. If o®*~! = 1, then B is a commutator of skew-involutions in

SLo,(F) by Lemma 2.3(b) and Remark 2.4(b)(c). If a?*~! = —1 and there exist two elements a and b in F
such that a? + b2+ 1 = 0, then B is a commutator of skew-involutions in SLs, (F) by Lemmas 3.2 and 2.3(b)
and Remark 2.4(b)(c). Hence, aly, is a product of two commutators of skew-involutions in SLg, (F).

2k—

When n = 2k — 1 is odd and the quadratic equation a? +b? +1 = 0 in a and b has no solution in F,
write aly, = (a?I, ® a 2I,)(a"'I, ® o®I,). The first factor is a commutator of skew-involutions from
Lemma 2.3(b). Since n = 2k — 1 is odd and « # #1, the second factor a~'I,, @ oI, is not a scalar matrix.
By Theorem 3.1, it is a product of two commutators of skew-involutions. Then als, can be written as a
product of three commutators of skew-involutions in SLa,, (IF). d

From Theorem 3.1 and Lemmas 3.2 and 3.4, we get the following.

THEOREM 3.5. If F is a field with at least four elements, then every matriz A € SLa, (F) is a product of
at most three commutators of skew-involutions. Moreover, if n is even or there exist two elements a and b
in F such that a® +b*> +1 = 0, then every matriz A € SLa,(F) is a product of at most two commutators of
skew-involutions in SLa, (F).

3.2. Case when n > 1 and F = Z3. Denote by E;; the matrix with a unique nonzero entry equal to
1 in the position (4, 7).

LEMMA 3.6. The matrizc A = Iy,,_1 + 21221_2 @i ;415 141 1s similar to a product of two involutions A,
and As in SLo, (), where the multiplicities of —1 as an eigenvalue of A; and Ag have the same parity.

Proof. Let

1
—1 a3
1
-1 ass
A1: 1 9
=1 azn_22n-1
1
1 ai12
-1
1 a34
1
Ay =
1 as,—32n—2
-1
1

From the proof of [12] Theorem 2.3, we get A is similar to A;As = (—A;)(—A2) and both A; and A,
are involutions. Note that either A; and As or —A; and —As have —1 as an eigenvalue with odd (even)
multiplicity, so we get the conclusion. ]

Now we give the main result for the case when n > 1 and F = Z3.
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THEOREM 3.7. If n is an integer greater than 1, then every A € SLo,(Z3) is a product of at most four
commutators of skew-involutions.

Proof. If A is scalar, then A = Iy, or A = —I5,. By Corollary 3.3, —I5, is a commutator of skew-
involutions. In either case, A is a commutator of skew-involutions in SLa, (Z3).

If A is nonscalar, then, by Theorem 1 of [17], we can write A = BC, where B is lower triangularizable
with eigenvalues 81 = —1,6; = 1(¢ = 2,3,...,2n) and C is simultaneously upper triangularizable with
eigenvalues v; = —1,v;, = 1(: = 2,3,...,2n). Both B and C are similar to a direct sum [—1] @ @le Im,; (1)
for some positive integer m; and k, where J,,,(1) is the m; x m; Jordan blocks associated to the eigenvalue
1. By Lemma 3.6, @le JIm; (1) is similar to a product of two involutions 4; and A and both of them have
—1 as an eigenvalue with the same odd multiplicity 2] — 1 for some integer [. Then A; and A, are similar
to —Ig—1 @ Isp—2;, and [—1] ® Ay, [—1] ® As are both similar to —Iy; @ Io,_o;. Since —Iy @ Io,_o; is a
commutator of skew-involutions from Corollary 3.3 and Remark 2.4(b), both B and C can be written as
products of two commutators of skew-involutions in SLgj(Z3) by Remark 2.4(c). Hence, if A is nonscalar,
then A is a product of at most four commutators of skew-involutions. 0

Since a commutator of skew-involutions is also a product of two skew-involutions, Theorem 3.8 of [13]
can be deduced from Theorem 3.7.

It is known that SLy(Zs) and SLy(Z3) properly contain their commutator subgroups (see [4] Sections
106 and 107). Since a commutator of involutions is also a commutator of skew-involutions when 22 + 1
has a root in F, every A € SLg,(F) # SL3(Z3),SL2(Z3) can be written as a product of commutators of
skew-involutions by [7, Theorem 2.8] and [15, Lemma 1.2]. Then from Theorems 3.5 and 3.7, we can obtain
the following.

THEOREM 3.8. Every A € SLy,(F) is a product of commutators of skew-involutions if and only if
SLo, (F) # SLa(Z2), SLo(Zs).

4. Products of real symplectic skew-involutions. In [13], Joven and Paras proved that every real
symplectic matrix in Sp,, (R) is a product of six real symplectic skew-involutions. Via a similar matrix
factorization, we prove the following.

THEOREM 4.1. Every A € Sp,,,(R) is a product of four commutators of real symplectic skew-involutions.

Proof. From the proof of Theorem 4.3 in [13], we know that every A € Sp,,,(R) has the decomposition
A = QR where Q is similar to D @ D~! by a real orthosymplectic matrix P and D is a positive diagonal
matrix, and R is similar to

cosf; —sinf;
sinf; cosf;

@zaag_l< ),91,...,9neR

by a real orthosymplectic matrix S. Suppose D = diag(ds,...,d,) for some positive di,...,d, € R. Then
there exists a diagonal matrix Dy = diag(v/ds, ..., v/d,) and D? = D. By Lemma 2.3(c) and Remark 2.4(c),
@ is a commutator of real symplectic skew-involutions. Since each summand in the expanding sum of © is in
SLa(R), it follows from Theorem 3.5 and Remark 2.4(b)(c) that R is a product of at most three commutators
of real symplectic skew-involutions. Thus, A is a product of at most four commutators of real symplectic
skew-involutions. O
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5. Products of complex symplectic skew-involutions. Let A € Sp,,,(C). Since z?+1 has a root in
C, by [8, Theorem 1.1] , we know that every symplectic complex matrix can be decomposed into a product
of at most three commutators of symplectic skew-involutions. We can optimize this decomposition from
“three” to “two”. For this purpose, we need the following lemma which is called symplectic Jordan form
given by de la Cruz in [3].

LEMMA 5.1 (de la Cruz [3], Lemma 5). Each symplectic complex matriz is symplectically similar to the
expanding sum of matrices of the following forms:

o Ji(N) @ J(N)~T for N #£0,+1,
° JQk_l(E) D JQk_l(E)iT fO’/‘ e ==1, or

o te(k), where
Ok—1,k
() = [0 ( ) € My (C

0
and u = ((—=1)F1 (=1)% ... 1) is the last row of Jk(l)*—'—.

Suppose p is a square root of A # 0. Then (Ji(p) © Ji(p)~T)2% is a commutator of complex symplectic
skew-involutions by Corollary 2.2 and [13] Lemma 5.2. Since J(A)®Jy(A)~ T is similar to (Jy (p)®J (1)~ )2,
the following lemma holds.

LEMMA 5.2. If k is a positive integer and X\ # 0, then Ji(\) @ Jy(A\)~ " is a commutator of complex
symplectic skew-involutions.

By taking A = £1 in Lemma 5.2, we obtain the following corollaries.

T

COROLLARY 5.3. If k is a positive integer and € = £1, then Jog—1(€) ® Jor_1(€)™ " is a commutator of

complex symplectic skew-involutions.

COROLLARY 5.4. Ifk is a positive integer, then +(e(k)@e(k)™ ") is a commutator of complex symplectic
skew-involutions.

Since ¢(k)? is similar to ¢(k), by Corollary 2.2 and [13] Lemma 5.5, we obtain the following.

LEMMA 5.5. If k is a positive integer, then e(k) is a commutator of complex symplectic skew-involutions.

Since —e(k) has no square root in Sp,,, (C), by Corollary 2.2 —e(k) is not a commutator of complex
symplectic skew-involutions. Note that —e(k) = (—Iz)e(k), by Lemmas 5.2 and 5.5, we obtain the following.

LEMMA 5.6. Ifk is a positive integer, then —e(k) is a product of two commutators of complex symplectic
skew-involutions and no fewer.

By Corollaries 5.3, 5.4 and Lemmas 5.5, 5.6, we obtain the following.

THEOREM 5.7. Every A € Sp,,,(C) is a product of two commutators of complex symplectic skew-
involutions. Moreover, A is a commutator of complex symplectic skew-involutions if and only if for each k,
the number of the expanding summands —e(k) of the symplectic Jordan form of A is even.

Proof. The sufficiency follows from Corollaries 5.3, 5.4 and Lemmas 5.5, 5.6. It remains to show necessity.
If the symplectic Jordan form of A = B? has an odd number of expanding summands —e(k), then the
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symplectic Jordan form of B has expanding summands Jog(7) and Jor(—4) and they differ in number. Since
Joi (i)~ is similar to Joi(—i), we have that B is not similar to B~1. By Corollary 2.2, A is not a product of
two commutators of complex symplectic skew-involutions, which is a contradiction. This proves necessity. 0

Acknowledgment. The authors thank the referees very much for the many helpful suggestions and
comments that greatly improved the paper. The work was funded by Beijing Natural Science Foundation
(No. 1224036), Scientific Research Project of Beijing Educational Committee (No. KM202110028004), and
the College Natural Scientific Research Project of Anhui Province (No. 2024AH050586).

REFERENCES

[1] D. Awa and R.J. de la Cruz. Every real symplectic matrix is a product of real symplectic involutions. Linear Algebra
Appl., 589:85-95, 2020.

[2] J.D. Botha. Spectrally arbitrary, nonderogatory factorization over a general field. Linear Algebra Appl., 433:1-11, 2010.

(3] R.J. de la Cruz. Each symplectic matrix is a product of four symplectic involutions. Linear Algebra Appl., 466:382—-400,
2015.

[4] L.E. Dickson. Linear Groups with An Ezposition of the Galois Field Theory. Dover, New York, 1958.

[5] E.W. Ellers and O. Villa. Generation of the symplectic group by involutions. Linear Algebra Appl., 591:154-159, 2020.

[6] W.H. Gustafson, P.R. Halmos, and H. Radjavi. Products of involutions. Linear Algebra Appl., 13:157-162, 1976.

(7] X. Hou. Decomposition of infinite matrices into products of commutators of involutions. Linear Algebra Appl., 563:231-239,
2019.

[8] X. Hou. Decomposition of symplectic matrices into products of commutators of symplectic involutions. Comm Algebra.,
48(8):3459-3470, 2020.

[9] X. Hou. Every real symplectic matrix is a product of commutators of real symplectic involutions. Oper. Matrices, 15(4):1489—
1504, 2021.

[10] X. Hou. Products of commutators of symplectic involutions. Linear Multilinear Algebra., 70(15):2984-2997, 2022.

[11] X. Hou, S. Li, and Q. Zheng. Expressing infinite matrices over ring as products of involutions. Linear Algebra Appl.,
532:257-265, 2017.

[12] X. Hou. Corrigendum to “Expressing infinite matrices over rings as products of involutions” [Linear Algebra Appl.,
532:257-265, 2017]. Linear Algebra Appl., 587:387-391, 2020.

[13] J.P.E. Joven and A.T. Paras. Products of skew-involutions. Electron. J. Linear Algebra, 39:136-150, 2023.

[14] R. Stowik. Expressing infinite matrices as products of involutions. Linear Algebra Appl., 438:399-404, 2013.

[15] A.S. Sivatski and A.V. Stepanov. On the word length of commutators in GLy (R). K-Theory, 17:295-302, 1999.

[16] T.N. Son, T.H. Dung, N.T.T. Ha, and M.H. Bien On decompositions of matrices into products of commutators of
involutions. Electron. J. Linear Algebra, 38:123-130, 2022.

[17] A.R. Sourour. A factorization theorem for matrices. Linear Multilinear Algebra, 19:141-147, 1986.

[18] M.J. Wonenburger. Transformations which are products of two involutions. J. Appl. Math. Mech., 16:327-338, 1966.

[19] B. Zheng. Decomposition of matrices into commutators of involutions. Linear Algebra Appl., 347:1-7, 2002.



	Introduction
	Preliminaries
	Commutators of skew-involutions in SL2n(F)
	Case when |F|4
	Case when n>1 and F=Z3

	Products of real symplectic skew-involutions
	Products of complex symplectic skew-involutions
	References

