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POSITIVE DEFINITE SOLUTION OF THE MATRIX EQUATION
X=Q+AH(I®X-C)7°A*

GUOZHU YAOT, ANPING LIAOf, AND XUEFENG DUANS$

Abstract. We consider the nonlinear matrix equation X = Q+A7 (I X -C) %A (0< 4§ < 1),
where @ is an n X n positive definite matrix, C' is an mn X mn positive semidefinite matrix, I is the
m X m identity matrix, and A is an arbitrary mn X n matrix. We prove the existence and uniqueness
of the solution which is contained in some subset of the positive definite matrices under the condition
that I ® @ > C. Two bounds for the solution of the equation are derived. This equation is related
to an interpolation problem when § = 1. Some known results in interpolation theory are improved
and extended.
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1. Introduction. We consider the positive definite solution X of the nonlinear
matrix equation

(1.1) X=Q+AT(I®X -0)%4, 0<di<1,

where @ is an n x n positive definite matrix, A is an mn X n complex matrix, C
is an mn X mn positive semidefinite matrix, I is the m x m identity matrix, ® is
the Kronecker product, and A" denotes the conjugate transpose of matrix A. When
d =1, (1.1) is connected to an interpolation problem (see [1]-[3]). The special cases
of this equation have many applications in various areas, including control systems,
ladder networks, dynamic programming, stochastic filtering, statistics (see [4]).

In recent years, many authors have been greatly interested in studying both the
theory and numerical aspects of the positive definite solutions of the nonlinear matrix
equations of the form (1.1) (see [1], [3]-[18]). Some special cases of (1.1) have been
investigated. When J = 1, Ran et al [1] showed that (1.1) has a unique positive
definite solution by using a reduction method and Sun [3] obtained the perturbation
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bounds and the residual bounds for an approximate solution of (1.1). In addition,
Duan [17] proved that (1.1) always has a unique positive definite solution when C' = 0.
Hasanov [11] obtained that (1.1) has a unique positive definite solution under rigorous
conditions when C' = 0 and m = 1. In this article, we first claim that (1.1) always
has a unique positive definite solution and then use a new approach that is different
from [1] to prove our conclusions in Sections 2 and 3. We also obtain some bounds
for the unique positive definite solution of (1.1).

Throughout this paper, X > 0 (X > 0) denotes that the matrix X is posi-
tive definite (semidefinite). B ® C denotes the Kronecker product of B and C. If
B — C' is positive definite (semidefinite), then we write B > C (B > C). We use
Am(B) (oam(B)) and A\, (B) (0, (B)) to denote the maximal and minimal eigenval-
ues (singular values) of an n x n positive definite matrix B, respectively. Let P(n)
denote the set of n x n positive definite matrices, p(n) denote the matrix set de-
fined by {X € P(n) | I® X > C}, [B,C] = {X € P(n) | B < X < C} and
(B,C) = {X € P(n) | B < X < C}. Unless otherwise stated, we suppose that
I ® Q > C, the solutions of the matrix equations in this paper are positive definite
and the solution of (1.1) is in ¢(n).

2. The existence of a unique solution. In this section, we prove that (1.1)
always has a unique solution. We begin with some lemmas.

LEMMA 2.1. (1.1) is equivalent to the following nonlinear matriz equation
(2.1) Y =Q+AT(I®Y)°4,
whereY =1 X -C, Q=12Q—-C, A=1® A.
Proof. Taking the Kronecker product of I with both left sides of (1.1), we obtain
I@X —IQ[A (I X —C) %A =12Q.
Then
(2.2) IX-C—-IoANIe(IeX -0)°|IeAd)=IeQ - C.

Noting that @ A# = (I® A)f and I®Y % = (I®Y)~°, we get (2.1) by substituting
Y,Qand Afor I® X —C,I®Q — C and I ® A in (2.2), respectively. Furthermore,
(2.1) has a solution Y = I ® X — C if X is a solution of (1.1). For the converse, it is
easy to verify that (1.1) has a solution X = Q + A#FY 94 if Y is a solution of (2.1).
a

LeMMA 2.2, ([19, p.2]). If A> B >0 (or A > B > 0), then A* > B* > 0
(or A* > B*>0) for all0 < a <1, and 0 < A* < B* (or 0 < A* < B%) for all
-1 <a<0.
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To discuss the solution of (1.1), we define maps f and F' as follows:

(2.3) f(X)=Q+ATITo X -C)°A, X € ¢n),
and
(2.4) FY)=Q+A"(I®Y) %A, Y € P(mn).

Observe that the solutions of (1.1) and (2.1) are fixed points of f in ¢(n) and F in
P(mn), respectively. Let

fk(X):f[fk_l(X)]v Fk(y):F[Fk_l(Y)]v k=2.3,....

LEMMA 2.3. The map F has the following properties:

(1) If Yy > Yo >0, then F(Y2) > F(Y1) > 0 and F?(Y;) > F?(Y2) > 0.

(2) For any matrizY >0, Q < F2(Y) < F(Q), and the set {Y | Q <Y < F(Q)}
is mapped into itself by F.

(3) The sequence {F?*(Q)}32, is an increasing sequence of positive definite ma-
trices converging to a positive definite matrix Y —, which is a fived point of
F2? e, Y~ = F2(Y™), and the sequence {F**T1(Q)}, is a decreasing
sequence of positive definite matrices converging to a positive definite matriz
Y+, which is also a fived point of F?, i.e., Y+ = F2(Y ™).

(4) F maps the set {Y | Y~ <Y < YT} into itself. In particular, any solution
of (2.1) is in between Y~ and Y¥, and if Y~ =Y T, then (2.1) has a unique
solution.

Proof. The proof is similar to that of Theorem 2.2 of [6] and is omitted here. O

From (4) of Lemma 2.3, we know that (2.1) has a unique solution if Y~ = Y.
Next we will prove that Y~ =Y.

LEMMA 2.4. Let n(t) = % Then we have, for anyY >0 and t € (0,1),

F2(AY) > {1+ ()] F2(Y).

Proof. By (2) of Lemma 2.3, for any Y > 0, we have

(2.5) F2(Y) < F(Q) < A [F(Q)IL.
Hence

F2(tY) —t[1 + n(t)|F2(Y)
=Q+ A" I@FtY) PA—tl+n@®)][Q+ AT (I @ F(Y)) 4]
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=(1-)Q+ A I@(Q+t°AN(IeY)?A) A
—tAT[I® F(Y)] " A~ tn(t)F*(Y)

=(1-)Q+tA"[I @ (t5Q+t 3 AT (I Y) P A)°A
—tA" [T @ F(Y)]7°A — tn(t)F*(Y).

Since 0 < t5 <1 and 0 < t9T5 < 1, we have
t7Q < Q, t O [AH(IoY) Al < AH(I®Y) A
From Lemma 2.2 it follows that
(2.6) Q4+t AT (I oY) A > [Q+ AT (I oY) 0A~°
which implies that
27) T @3Q+t A ToY) A >[I Q+ AT (TeY) 4)?

Hence, combining (2.5), (2.6) and (2.7), we have

F2(tY) — 1L+ n@)F2(Y) > (1-HQ—tn)FA(Y)
> (1= DAa(@I — tnOA[F@QI
= (1= )An(@ — 5l [F(Q)II
= 0

ie., F2(tY) > t[1 + n(t)|F3(Y).O
LEMMA 2.5. For any Y1 > 0 and Yo > 0, we have Ay (Y1)Y2 > A (Y2)Y7.
Proof. For any Y7 > 0 and Y3 > 0, it follows that
Yo > A (Yo)I, Am(Y1) > V1.
Hence

At (Y1) Y2 = Ar(VD)Am (Ya)T > A (Ya) Y1, O

THEOREM 2.6. (1.1) always has a unique positive definite solution X and the
sequence { f¥(Xo)}32, converges to X for any Xo € p(n), where the map f is defined
by (2.3).

Proof. We first consider (2.1) since (1.1) is equivalent to (2.1) according to Lemma
2.1. From Lemma 2.3, we know that there exist positive definite matrices Y~ €
P(mn) and Y € P(mn) such that Y* > Y~ and
lim F?(Q)=Y", lim F?(Q) =

k—o0 k—o0
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We also know that the matrices Y~ and Yt are fixed points of F?, i.e.,
Y~ =F3(Y")

and

YT =F3Y™).

By Lemma 2.5, Y~ > ;\ZCI((’;;;Y*‘, we define
to = sup{t|Y~ >tV '}

Evidently, 0 < ty < 400, we now prove that tg > 1. Assume that 0 <ty <1, Y~ >
toYT. By Lemmas 2.3 and 2.4, we have

(2.8) Y =F*Y ") > F3(toY ") > to[l + n(to)|F2(Y ) = to[1 +n(te)]Y .
Since to[1 + n(to)] > to, (2.8) is contradictory to the definition of tg, and therefore
to>1, Y =Y .

Let Y = Y* (or Y~). We know that klim Fk(Q) = Y is the unique solution of
— 00

(2.1) by Lemma 2.3. Therefore, X = Q + A”Y %A is the unique solution of (1.1) by
Lemma 2.1.

It remains to prove that the sequence {F*(Yy)}32, converges to Y for any Y in
P(mn). From Lemma 2.3, we have

(2.9) Q < F*(Yo) < F(Q).
Taking F in (2.9) yields

F*(Q) < F*(Yo) < F(Q).
And taking F in (2.9) repeatedly yields

F*=2(Q) < F*(Yy) < F*1(Q), k=1,2,3,...,

FRQ) < PPN (Y) < F7HQ), k=1,2,3,....

It follows from the convergence of {F¥(Q)}2, to the unique solution Y that the
sequence {F*(Yp)}32,, converges to Y for any Yy € P(mn). From the maps f and F
defined by (2.3) and (2.4), we have

Fk(}/o)zl®fk(X0)_Ca k:1527"'7
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where Xo € p(n), Yo =I® Xo— C € P(mn). Hence

lim [I ® f*(Xo)] = lim F¥(Yp)+C
k— o0 k—o0
= Y+0C

= Q+AHIeY)A+C
= I1®(Q+ AHY°4)
= I®X,
ie., lim f*(Xo)=X.0O
k—o0
3. Some bounds for the unique solution. In this section, we present two
bounds for the unique solution (1.1).

THEOREM 3.1. Let X be the unique positive definite solution of (1.1). Then
X € [f2(Q), F(Q))-

Proof Let Y = I ® X — C. We know that Y is the unique positive definite
solution of (2.1) by Lemma 2.1, i.e.,

Thus

which implies that

Thus we have

Hence

(3.1) Q<Y <F(Q).
From Lemma 2.2 it follows that

which implies that

ie.,
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Since
FAQ)=1e Q) -C, F@Q) =1 [(Q)-C,
we have
I9f(Q)-C<IeX-C<I®fQ)-C,

ie, X €[f%(Q), f(@)].0O
THEOREM 3.2. Let X be the unique positive definite solution of (1.1). Then
I®X €lal +C,BI+C),

where the pair («, 8) is a solution of the system

o = W@
B = Q)+ a3 (A’

Proof. Let Y = I®X_— C. We know that Y is the unique solution of (2.1). From
A=1® A, we have 0,,,(A) = o (A), onm(A) = opr(A). Define the sequences {as}
and {8} as follows:

ap = (@),

Bo = Am(Q)+ 03, (AN(Q),

as = An(Q)+02,(A)57°,

Bs = Mu(Q)+03(A)ad, s=1,2,....

We will prove that the sequences {a,} and {8s} are monotonically increasing and
monotonically decreasing, respectively. Obviously,

0<ay < fp.

Hence

ar = An(Q)+0n (A5 > ao,
B = AM<Q)+UM<A> > =B

Suppose that ax > ar—1, Bk < Brx—1. Then

e = An(Q) + 02 (A8 > An(Q) + 0%, (A)B ) = au,
Beri = Q)+ 03 (A’ < Ar(Q) + 03, (A)a® | = Br.

Therefore, we can get ag > as—1, Bs—1 > Bs for s =1,2,... by induction.
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Next, we will prove that the unique solution Y of (2.1) lies in [as1, BsI], for
s=0,1,2,.... It is easy to see that

(3:2) Q<Y <Q+A"(IeQ) A
By Q > 0, (Q)I = agl, we have Y > ol and
Q+AT(I®Q)PA < Q+)(QATA
(3.3) < Par(@Q) + 20 (@) (AT
= Pol.

Combining (3.2) and (3.3), we have Y € [agl, Bol]. Suppose that Y € [ail, Bil].
Then

Y = Q+AH(I®Y) %A
> Q+p.°AHA
> [n(Q) + B 02, (AT
= ogpl

and

Y = Q+AH(I®Y) %A
< Q+aAMA
< (@) + a0 (AT
= Bl

Consequently, the sequences {as} and {8} are convergent. Let a = lim as, B =
lim B5. Then Y € [al,BI]. Since Y = I ® X — C, we have that I, ® X belongs to
§—00

[l +C,BI+C]. O
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